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1. Introduction

Let N denote the set of positive integers and Ny = N U {0}. Throughout this paper g denotes a
complex variable with |q| < 1. The Bernoulli numbers B, (n € Ng) are defined by

t >\ By
pr— :th .|t <27, (11)
n=0
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and the Euler numbers E»; (n € Ng) by

o0
-D"E
secx:Z()izan", x| <7 /2.
et (2n)!

The first few values are

’ 307
Bs= . B;=0. B L Be=0. Bi=—. Bu=0
6 42’ 7=Y, 8 30’ 9 ’ 10 66’ 11 ’
L N 21
12 2730’ 13 s 14 == 15=Y, 16 = 510

and

{150:1, E;=—1, E4=5, Eg=-61, Eg=1385 Ejo=—50521,

E1p = 2702765, E14 =—199360981, Eqg= 19391512145,
The theta function ¢(q) is defined by
s 2
p@= > 4", lg<1.
n=—o0o
The Legendre-Jacobi-Kronecker symbol for discriminant —4 is defined for k € N by
4 1, if k=1 (mod 4),
(—) =14 —1, ifk=3 (mod 4),
0, ifk=0 (mod 2).
It is a classical result of Jacobi (see for example [3, Eq. (3.2.8), p. 58]) that

SR @ (S (v

deN deN
dln din

It is also known (see for example [1, Lemmas 1 and 2]) that

1—42( Z( )dz)q =0’ @9*(-9)

din
and
00 —4 2 ”—l 6 _l 2 4,
Z(; (n/d>d )q =% @ - 9 @ (-0
d|n

In this paper we generalize the identities in (1.8) and (1.9) by showing that each of

1405

(12)

(1.3)

(1.4)

(1.5)

(1.6)

(1.7)
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4 - —4 k| n
Fk(q):zl—i—E—Z(Z(T)dz’)q (k e N) (1.10)

k n=1 *deN
din

and

oo

—4
Gk (q) ;:Z( > (m)a%)q" (keN) (1.11)

n=1 "deN
din

can be expressed as a polynomial in ¢(q) and ¢(—q) with rational coefficients, and we give recurrence
relations for these coefficients.

For k e N with k > 2 and (t,u) € Né with 2t + 3u =k we define the rational numbers a(t, u)
recursively by

ay(1,0) =1, (112)
az(0,1)=1, (113)
k—2
—3k(k —1)(2k — 3 BoiBok—o1 {2k — 4
At u) = k( )( )Z 2Bak—21 (2k
(k=3)2k+ DBy & 1k—1) \21-2
t,u
X Z a(r,s)a_(t —r,u—s), k=>4. (1.14)
r,s=0
2r+3s=l
The first few values are
as(2,0) =1, (115)
as(1,1) =1, (1.16)
250 441
0,2) = — 3,00 = — 117
ag(0,2) o1’ as(3,0) o1’ (117)
a7(2,1) =1, (1.18)
ag(1,2) = 2000 ag(4,0) = 1617 (1.19)
897 36170 85 T 3617 '
For ke N and n € N, we set
orm) =y d~. (1.20)
deN
d|n

If n¢ N we set oy (n) =0. We also set o (n) := o1(n). The Eisenstein series Ex(q) (k € N) is defined by

4k &
Ex(@):=1— B > o1, (1.21)
n=1

so that

4k

E) =1, E©0)=-5—.
2k

(1.22)
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It is known that E1(q), E2(q) and E3(q) are algebraically independent [9, p. 69]. In Section 2 we prove
the following result, which makes explicit a result of Ramanujan. This result, in which we identify a

recursion for the coefficients a(t, u), is one of the main tools of this paper.

Theorem 1.1. For k e N with k > 2

E@= Y at uE(q) Es@",

(t,u)e N%
2t+3u=k

where ay(t, u) is given recursively by (1.12)-(1.14).

Taking g =0 in Theorem 1.1, and appealing to (1.22), we deduce

> atuy=1.

(t,u)eN3
2t+3u=k

Differentiating (1.23), and setting ¢ = 0, we obtain

Z (10t — 21u)ag(t, u) = —

(t,u) e Ng
2t+3u=k

6B '

(1.23)

(1.24)

(1.25)

It is easy to obtain more identities of the type (1.24) and (1.25) by further differentiations of (1.23).

Next for ke N and j€{0,1,2,...,k} we define ey (k, j), e2(k, j) and e4(k, j) as follows:

ek, j):

(t1,t2,t3,1,up,u3,ug) € N]
2t1+2t3+2t3+3uq+3ux+3u3+3us=k
ty+2t3+uy+2u3z+3us=j

t1 +ty+t3\/ur +ux+us+uy
t1,62,103 up, Uz, us, g

ez(k, ]) . Z (_1)t2+u1+u42—u2—u33uz+u3

(t1.t2.t3,U1,Uz,u3,u4) €NJ

2t142tp+2t3+3uq+3uz+3u3+3us=k
tr+2t3+up+2u3+3us=j

t1+ty+t3 uip+uy+us+uy
t1,62,t3 Uy, Uz, U3, Ug

e4(k, ]) — Z (_])U]+U42t272k3uz+U37[2]]U2~HJ3

(t1,t2,t3,u1,up,u3,uq) € N]
2t1+2t3+2t3+3uq+3ux+3u3+3ugs=k
ty+2t3+uy+2u3z+3ugs=j

t1 +ty+t3\/ur +uzx+us+uy
t1,62,103 up, Uz, us, Ug

In Section 3 we prove the following result.

Z (_1)[2+U1 +us+ug 24[1 +4t+6uq+5uy+us3 3uz+U3 53

)ak(fl + itz +t3,u1 + Uz + U3 +Uy),

)ak(ﬁ +t2 +t3,u1 + Uz + U3 +Uyg).

(1.26)

)ak(t1+t2+t3,u1+u2+u3+u4), (1.27)

(1.28)
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Table 1
Values of e1(j, k).
e1(2,0)=16 e1(5,2) = —2080
e12,1)=—16 e1(5,3) =560
e12,2)=1 e1(5.4)=—14
e1(3,0) = —64 e1(5,5 =-1
e1(3,1) =96 e1(6,0) = 4096
e1(3,2) = —30 e1(6,1) = —12288
e1(3,3)=—1 e1(6,2) = 13056
e1(4,0) =256 e1(6,3) = —5632
536856
4,1)=—512 6,4)= 222
e1(4,1) e1(6,4) 691
e1(4,2) =288 e1(6,5) = —6168
&= 1227 = 601
e1(4,3)=—32 e1(6,6) =1
e1(4,4)=1 e1(7,0) = —16384
e1(5,0) = —1024 e1(7,1) = 57344
e1(5,1) = 2560 e1(7,2) = —75264

e1(7,
e1(7,
e1(7,
e1(7,
e1(7,
e1(8,
e1(8,
e1(8,

e1(8,

e1(8,

e1(8,

e1(8,

e1(8,
e1(8,

3) = 44800
4) = —11264
5) = 768
6) =2
7)=-1
0) = 65536
1) = —262144
2) = 409600
3) = —311296
416926208
4= ————
3617
—63460352
5) = ———~
3617
6= 2115200
~ 3617
—154
. 5488
3617
8) =1

Theorem 1.2. Fork e Nwithk > 2 and r € {1, 2, 4}

k

E(d) =) _ertk, o™ (@)p* (9.

i=0

(1.29)

In Sections 4-6, using (1.23) and (1.24), we prove Theorems 1.3-1.5 respectively. These theorems
give some of the values of the e, (k, j).

Theorem 1.3. For k € N withk > 2

The first few valu

e1(k,0) = (_1)k22k’
e1(k,1) = (_])k+1k22k—1’
e1 (k, 2) = (—])kk(4k _ 7)22’(—57

e1(k,3) = %(—1)"“k(k — 2)(4k — 13)22%k=6,

B (_1)kk
4By
er(k.k) = (-=D)F,

k
> ek p=1.
j=0

e1k,k—1) (1 —2By),

es of the ey (k, j) are given in Table 1.

Theorem 1.4. For k € N withk > 2

ea(k,0) = (=1,

1
ea(k, 1) = 5(—1)“%

(1.30)
(131)
(1.32)

(1.33)

(1.34)

(1.35)

(1.36)

(1.37)

(1.38)



A. Alaca et al. / Journal of Number Theory 129 (2009) 1404-1431

Table 2
Values of ez(j, k).
€2(2,0)=1 e2(5,2) =1 e2(7’3):§
22, 1) =-1 e2(5.3) =1 92<7’4>:g
2,2)=1 5.4=> 9=
e2(2,2) = 62(’)_5 ez(’)_T
€23.0)= -1 €2(5.5) =1 @20.6=3
e2(3,1)=% €2(6,0) =1 e N=-1
2G.2=2 e2(6,1) =3 €2®.0)=1
3 62 4917 o
€2(3,3)=— (6,2) = 5505 @ D=
—1462 22670
e2(4,0)=1 e2(6.3) = — ©2®@2= 3
e 64 4917 g3 _ 11372
24, 1)=— e2(6.4)= 2o 6.3 = —e
s s o 4y 14723
e2(4.2) = €2(6,5) =~ D= 361
. o g5 _ ~17372
er(4,3) = — e2(6,6) = 26,9 = =57
. o 6.6 22670
e2(4,4) = e(7.0)=- 2.9 =357
2(5,0)=—1 ez(7,1)=% ©@7)=-4
-9
25,1 =2 e(7.2)= > =
(_1)k+1k
ea(k,2) = ——— (1 — (8k — 14)Bay).
2(k, 2) 648 (1-¢ )Bak)
(—=Dkk(k —2)
ex(k,3) = ———— (3 - 2(4k — 13)By),
23 = g, G- 2@k 13ba)

ex(k, k— j)=-eax(k, j),

k
Y ek =1
j=0

The first few values of the ex(k, j) are given in Table 2.

Theorem 1.5. For k € N with k > 2

_1 k
eatk.0)= ),
_1\k+1
a1y < DTk 4285

22k+232’<

e4(k7k_j):e4(ksj)s ]ZO,la

k
D eatk. j)=1.
j=0

j=0,1,...,k,

.k,

1409

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)

(1.46)
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Table 3
Values of e4(j, k).
es2.0)= - es(5.2)= 22 ea(7.3) = 1229

1 512 16384
e4(2,1) = ! e4(5,3) = 247 e4(7,4) = 7429

3 512 16384
es(2.2)= — es(5,4) = —> ea(7,5) = >0

16 1024 16384
ea(3,0) = ;—; ea(5,5) = % ea(7,6) = ﬁ
es3.1)= 2 ea(6,0) = —— ea(7,7) = —=

64 4096 16384

33 1011 1
@B.2=5 ea6. 1) = 115168 ea®.0)= 55536
es3,3)= — ea(6,2) = 28] ea(8,1) = oL

64 2830336 29630464

1 448037 527015
€. 0= 55 e46.3) = 757584 e4(8.2) = 55760028
eald, 1) = -~ ea(6, 4) = 381 es(8,3) = Do0u481

64 2830336 29630464

99 1011 65531779
ead.2)= 355 ea(6.5) = 115768 ea®: 4 = {51856

7 1 6361481
e4(4,3) = 52 e4(6,6) = 2096 €4(8,5) = 59630464
ead,d) = - es(7,0) = — €a(8,6) = 210>

256 16384 59260928

i 5 1681
ea(5,0)= T = = eal8.7) = s
es(5,1) = 19 es(7,2) = E e4(8,8) = 1

1024 16384 65536

The first few values of the e4(k, j) are given in Table 3.
For ke N and je{1,2,...,k}, we set

fk, ) i=eik, j) — (2% +2)eak, ) + 2% eatk, j), k=2, (1.47)

and
fa,1)=3. (1.48)

For ke N and je€{0,1,...,k}, we set

gk, j) :==e1(k, j) — (2% +1)ea(k, j) + 2% ek, j) (1.49)

and
g1.0)=—2,  gd.h=1. (150)

2 2
From (1.47)-(1.50) and Theorem 1.2, we obtain the following two results, see Sections 7 and 8.

Theorem 1.6. Fork ¢ N

k
Ex(q) — (2% +2)Ex(@®) + 22T Ei(¢*) = Y Ftk, Do ¥ (@9 (—a). (151)
j=1
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Table 4
Values of f(j, k).
f@.1n=30 f(5,4)=-2541 f(7,5)= 76023
f@.2=-15 f(5.5)=1023 £(7.6)= 57339
f@. =63 f6.1=22 £(7,7) = 16383
691
—20475 2040
f3,2)=-63 f6.2= == JERI
5683860 _7140
Bt 16,3 = =5 f&9=37
f(4,1) =60 F(6.4)= —8505315 £8.3)= 114352200
o W= ea @3 =367
8493030 —285862650
f(4,2)=-90 f(6,5) = o £(8,4) = e
1176849480
f(4,3) =540 f(6,6) = —4095 f(8,5) = ————
—1479415140
f(4,4)=-255 fa,1)=3 [8.6)= —
948161400
f(5,1)=33 f(7,2)=-9 f8,7) = =
G2 17,3 =18693 £(8,8) = 65535
f(5.3) =2574 £(7.4)=-37371
Theorem 1.7. Fork ¢ N
k : .
Ex(@ — (2% + 1) Ex(®) + 2% Ee(a) = D gk e @@ (—9).
j=0

1411

(1.52)

From Theorems 1.3-1.5 and (1.47)-(1.50) we obtain the values of the f(k, j) and g(k, j) given in

Theorems 1.8 and 1.9, see Sections 9 and 10.

Theorem 1.8. Fork ¢ N

(_])k—‘-lk
fle,)=——,
2By
—1)k+1y
f(k,k—1)=%2k<(l_2(22k_1)32k)5 k>2,

flk, k) = (=D (2% - 1),

k
Y fk jy=2%-1.

j=1
The first few values of the f(k, j) are given in Table 4.

Theorem 1.9. Fork ¢ N

1k
gk, 0) = %(2”‘ -1),

B (_1)k+1k *

(1.53)

(1.54)

(1.55)

(1.56)

(1.57)

(1.58)
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The first few values of the g(k, j) are given in Table 5.
We are now ready to define the A(k, j) (keN, je{0,1,...

and

and the B(k, j) (keN, je{0,1,...

A. Alaca et al. / Journal of Number Theory 129 (2009) 1404-1431

Table 5
Values of g(j, k).
15
£2,0)= 5 g(5,2) =-1320 g(7,3) =28032
g(2,1)=0 2(5,3) =1320 2(7,4) = —28032
—-15
82,2)= > g(5,4) =—1287 g(7,5) = 38016
—63 1023
23,00 = = 85,5 = = g(7,6) = —28671
4095 16383
g(3,1)=63 8(6,0)= =S5 g(7,7) = =
(3.2)= —63 61— —4242420 ®.0)= 65535
)= &5 V="691 EED==
63 4242420 —474079680
3,3)= — 6,2) = 81)=— %
g@3,3) 3 £(6,2) 91 g, 1) EET
0= 255 ©.3)=0 ®.2)= 739704000
84.0)=— 8(6,3) = 88.)=—=
—4242420 —531248640
4,1) = —240 6,4)= ———— 8,3)=———
g4, 1) £(6,4) o1 g@8,3) 0
4242420
g4,2)=0 £(6,5) = g(8,4=0
691
—4095 531248640
4,3) =240 6,6) = 8,5)=———
g(4,3) £(6,6) > g(@8,5) =0
—255 —16383 —739704000
4,4)=—— 7,0) = 6)= ———
£4,4 3 8(7,0) 5 g(8,6) 3617
5.0 —1023 (7.1) = 28671 7= 474079680
FSH== g = 86,1 =""3517
—65535
g(5,1) =1287 £(7,2) = —38016 2(8,8) = >
gk, k—j=—gk j), j=0,1,... .k,

k
> gk =0
j=0

B 22]( 1
Ak, j) = —E—j::

k-1
~ B Z Z Zsz AEy———
2k

fk, k—

l+m n= k j

,k}) by

A(1,0) =1,

22k 21-1

,k — 1}) recursively by

<2k - 1>f(k —1,m)A(, n)

(1.59)

(1.60)

(1.61)

(1.62)
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Table 6
Values of A(j, k).
30768 106923008
A(1,00=1 AG,2) = —— A7,3)= ———
50521 199360981
A2, 0= 1 A 3= 832 A 4= 1383168
5 70T 2659 TV 4241723
4 256 4180992
A2, 1)= AGB, 4 = — A(7,5) = ———
5 50521 199360981
1 1 4096
ABB,0)= — A6,0)= ——— A(7,6)= —
G0=5 6.0 = 5702765 (7.6) = 199360081
44 33212 1
AGB, 1) = — A6, 1) = ——— AB0) = ——
61 2702765 19391512145
16 174128 2690416
AB3,2)= A(6,2) = AB 1) = ———————
61 540553 19391512145
1 307712 586629984
A(4,0) = — A(6,3) = AB.2)= —————
1385 540553 19391512145
408 259328 6337665152
A4, 1) = — A(6,4) = AB,3) = ——
1385 2702765 19391512145
912 1024 9860488448
A4,2) = — A6,5) = ———— AB 4= ——"—
1385 2702765 19391512145
64 1 2536974336
A4,3)= —— A(7,0) = ———— AB,5) = ———
1385 199360981 19391512145
AG,0)= 1 AG D= 298932 AB.6)= 67047424
» 7 50521 T 199360981 T 19391512145
3688 22945056 16384
A, 1) = ——— A(7,2) = — AB 7= —
50521 199360981 19391512145
k—1 k—I I
Bak Bok—21 (2k —
Bk, j)=—g(k, j) — (k—1,m)B(,n)
D= 8% Z g k—1 1 &
I+m n_k j B
and
B(1,0) B(1,1) !
16’ U6

The first few values of the A(k, j) are given in Table 6 and those of B(k, j) in Table 7.
In Sections 11 and 12 we prove the two main results of this paper.

Theorem 1.10. For k e N

00 k—1
4
1+E—Z( Z( 5 )dz")q =Y Ak, e @e* Y (-g),
Zk 21\ geN =0

where the A(k, j) are given recursively by (1.61) and (1.62).

Theorem 1.11. For k e N

Z( Z(n/d>d2">q —ZB(k DY@ (—g),

deN j=0
n

where the B(k, j) are given recursively by (1.63) and (1.64).

1413

(1.63)

(1.64)
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Table 7
Values of B(j, k).
-1 3693 226132303
B(1,0)= — B(5,1)= —— B(7,3)= ————
16 4096 65536
1 —22765 —728130163
B(1,1)= — B(5,2)= —— B(7,4)= ————
16 2048 65536
1 65125 1074680289
B(22,0)= — B(5,3) = —— B(7,5) = ————
64 2048 65536
-3 —138933 —747603679
B2, 1)= — B(5,4)= —— B(7,6)= —————
32 4096 65536
5 50521 199360981
B22,2)= — B(5,5) = —— B(7,7) = ———
64 4096 65536
B@3,0) = —1 B(6,0) = 1 B(8,0) = L
© T 256 » T 16384 T T 262144
47 —16609 —336303
BB, 1)= — B(6,1) = BB, 1)= ———
256 8192 32768
—107 1036715 151365731
B(3,2)= —— B(6,2) = B(8,2)= ————
256 16384 65536
61 —1338315 —1239242981
B3.3)= — B(6,3)= ———— B®8,3)= ———————
256 4096 32768
1 10430983 25221214299
B(4,0)= — B(6,4) = ———— B(8,4)= """~
1024 16384 131072
B4 )= —103 B —4391993 e —14647792993
© T 256 T 8192 T 32768
1071 2702765 34768375291
B(4,2) = — B(6,6) = B(8,6) = —————
512 16384 65536
—779 -1 —10301740827
B(4,3)= —— B(7,0) = ——— B8, 7) = —————————
256 65536 32768
1385 298939 19391512145
B(4,4) = — B(7,1) = B(8,8) = ———
1024 65536 262144
-1 —24738669
B(5,0) = —— B(7,2) = ———
4096 65536

Theorem 1.10 is reasonably deep, at the level of Watson’s quintuple product identity via Eq. (11.9),
and Theorem 1.1 is even deeper, as it relies on Ramanujan’s striking equation (12.9) via the Ramanu-
jan 1y summation. Our proofs of Theorems 1.10 and 1.11 extend Jacobi’s formulae for six squares,
and the case k =2 of these two theorems allow us to recover the classical formula for ten squares
presented in Section 13. The value of this paper is that it aids in the effective computation of various
aspects of Ramanujan’s identities for Eisenstein series and theta functions.

2. Proof of Theorem 1.1

Let k € N. Ramanujan [6], [7, p. 141] has asserted, and Berndt [3, p. 96] has proved, that there exist
rational numbers ai(t, u) ((t,u) € N2, 2t + 3u = k), which do not depend upon q, such that

E@= Y atwE@E@", k>2. (21)
([,u)eN%
2t+3u=k
Clearly
a(1,00=1, a3(0,1)=1. (2.2)

Following Skoruppa [9, p. 68] we set
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B o0
2k n
Goyi=——— + on—_1(Mq", k=1,
2% s ngl 2%k—1(M)q Z

so that by (1.21) we have

B
sz—_—ZkEk(Q) k>1.

From [9, Eq. (2), p. 69] (see also [5, p. 266] and [8, p. 108]) we have

2k +1)(2k — 6 k=2 1ok —4
( )( ) sz22< K

1202k — 2)(2k — 3) GuGok—a, k=>4.
122k — 2)(2k — 3) 21_2) 21G2k-215

Using (2.4) in (2.5) we obtain

Ex(@)=—

3k(k — 1)(2k — 3) Z ByiBok_al (Zk—
20-2

4
(k—3)2k + 1)Box 2= I(k—1) )E’(q) B @, k=>4.

Appealing to (2.1) we deduce for k > 4

Dt wEx (@) Es(@)" = —

(t,u)eNZ
2t4+3u=k

3k(k — 1)(2k — 3) =2 ByBy_o1 (2k — 4
(k=3)2k+ DBy & Ik—) \20—

x Y ati,un)Ea(q)" Es(@)™

(ty,u1) N3
2t14+3uq =l
x Y @it un)E2 (@) E3(g)™

(t2.u2) €NZ
2ty +3uy=k—I

_ 3k(k—1)(2k —3) Z Zlesz 21<2k—4

=)

(k—3)(2k + 1)By teng =2 Ik—0 \2I
2t+3u k
t.u
XY@, )a it —r,u—9)Ex@) E3(@)".
r,s=0
2r4-3s=I

1415

(2.3)

(2.4)

(2.6)

As E»(q) and E3(q) are algebraically independent over Q, we deduce for (t,u) € N2, 2t +3u =k, k > 4

tu

ak(t,u) —_ 3k(k — 1)(2k —3) Z Bz[sz 21 (Zk —4) Z al(r’ s)ak,l(t —ru —S).

(k—3)2k+ DBy & k=1 \21—2

r,s=0
2r+3s=I

This completes the proof of Theorem 1.1.
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3. Proof of Theorem 1.2

Let k € N be such that k > 2. We just prove the theorem for r =1 as the cases r =2 and r =4 can
be treated similarly. We give a verification proof in which we start with the right-hand side. We set

(as in [3, Egs. (5.2.27), (5.2.29), p. 120])

RS
@

z2=¢*@.
From [3, Theorem 5.4.11, p. 126; Theorem 5.4.12, p. 127], we have

E2(q) = (1+ 14x +x%)2*
and
Es(q) = (1-33x—33x° +x°)25.
From (3.1)-(3.3) we deduce
E2(q) = 16¢°(q) — 16¢* (@)¢* (—q) + ¢®(—q)
and
E3(q) = —64¢"*(q) + 96¢° ()¢ (—q) — 300* (@)9® (—q) — 9" (—q).
By the multinomial theorem we have
E2(@)" = (1690%(@) — 160*(@)9* (—q) + ¥®(—)"
t
— -1 ty 24t1+4[2 8t1+4ty 4ty +8t3 o
> <t1, b t3)( ) ¢ @e*? 85 (—q)
(t1.t2,t3) NG
t1+ty+t3=t

and
E3(@)" = (—649'%(q) + 9608 (@)¢* (—q) — 30¢*(@)¢® (—q) — 92 (—q))"

_ _ 1\U1tustugH96u+suz+uzquat+uscus
= . (=1 261+5 3 5
Ug, Uz, us, s

(u1,u,u3,u4) €NG
uqptuztuztug=u

x (p]2u1+8u2+4U3 (q)¢4u2+8u3+12u4 (—Q).

Appealing to (1.26), (3.6), (3.7) and Theorem 1.1, we obtain

k
o ak—4j 4j
D ek, pe* Y @eY (-9
j=0
k
= Z Z (_1)t2+u1+u3+u424t1+4t2+6u1+5u2+u33u2+u3 53
j=0 (ty.t2.t3,U71,Uz,u3,us) €NJ

2t142tp+2t3+3uq+3uz+3u3+3us=k
tr+2t3+uz+2u3+3us=j

(3.1)

(3.2)

(3.3)

(3.4)

(3.6)
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« (l’] +t2+t3>(U1+U2+U3—|—U4

ag(ty + 1tz +t3,uy + Uz +uz + ug)
t1,62,t3 uq, Uy, Us, Ug

x ¢ (@)p¥ (—g)
_ Z (_1)t2+u1+us+u424[1+4t2+6u1+5uz+u33u2+u35u3

(t1.62.t3,u1,,u3,14) €NJ
2t1+42tp+2t3+3uq+3ux+3u3+3us=k

(t1+tz+t3)<u1+uz+u3+u4

ap(ty +tz +t3,uy +uz +us + ug)
t1,62,1t3 ug, U, Us, Uy

x (p8t1 +4ty+12uq+-8uy+4us (q)(p4t2+8t3+4u2+8u3+12u4 (_q)

t
— Z Clk(f, u) Z (71)t2 24t1 +4t; (tl 5 t3)q)8t1 +4ty (q)(p4t2+8t3 (7q)

(t,u)eN2 (t1.62.63) €N}

2t+3u=k ty+ta+t3=t

« Z (_1)u1+u3+u426u1+5u2+u33u2+us 5“3( u )
ug, Uz, us, Uy

(u1,uz,u3,14) €N§
uqtuy+ust+ug=u

x (p12u1+8u2+4u3 (q)¢4u2+8u3+12u4 (_q)

= Y @t uwE (g Es@"

(t,u) eN2
2t+3u=k

= Ex(q),
which completes the proof in the case r =1.
4. Proof of Theorem 1.3

We prove (1.30) and (1.31). Egs. (1.32)-(1.36) can be proved by similar techniques. By (1.26) we
have

t1 uq
k,o — -1 u124t1+6u1 t1,
eik,0)= Y (-1 0.0.0)\uy. 0,0,0) %@ uD

(ty,u1)eN3

2t1+3u1=k

= > D)% w

(t,u)eNZ

2t+3u=k

=2 Y at
(t,u)eN3
2t+3u=k

:(_-1)k22k

by (1.24). This proves (1.30).
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By (1.26) we have

t1+1 uq
e k,l — -1 1+u124t1+4+6u1 an(t 1,u
1k, 1) > 2( ) 0.1.0)\uy 0.0,0) %@ +1.uD
(t],U])GNO

2t1+2+3u1=k

tq up+1
§ 1 U]24[]+6U]+53 t , 1
=D t1,0,0/\u1,1,0,0 Akt U1 )

(t1.u1) €N
2t1+3u+3=k

= Y gew+ ) DM Bug w

(t.u) e NxNg (t,u) e NgxN
2t+3u=k 2t+3u=k
— (_1)k+1 22]{ Z tag(t, u) + (_1)k+1 22](713 Z ua(t, u)
(t,u)eNZ (t,u)eN3
2t+3u=k 2t+3u=k

= (=122 Nt 4 3wyt u)
(t,u)eN3
2t+3u=k

= (—1)kt1p2k=Tp

by (1.24). This proves (1.31).
5. Proof of Theorem 1.4

We prove (1.41) and (1.42). Formulae (1.37)-(1.40) can be proved using similar techniques.
For ke N with k>2 and je€{0,1,...,k} we have

eak,k—j) = Z (—1)tzturtuap—ua—us 3us-+us

(t1,t2,t3,uq,Up,Uus3,Ug) GNZJ
2t1+2ty+2t3+3u1+3uz+3u3+3uy=k
ty+2t3+ur+2uz+3ug=k—j

(t1+t2+t3><ﬂ1+ﬂ2+ﬂ3+ll4

ag(ty +tz +t3,uy + Uy +us + ug)
t1,62,t3 uq,Up, Uz, Ug

= Z (_1)t2+u1+u427u27u33u2+u3

(t1,t2,t3,11,p,u3,g) €N
2t142t2+2t3+3uq+3ux+3u3+3us=k
2t1+ty+3ug+2upy+uz=j

8 (ﬁ +tz+t3><u1+uz+u3+u4

ag(ty +ta +t3, U1 + Uz + U3 + Ug).
t1,62,t3 uq, Uy, Us, Uy

In this sum we map (t1, ta, t3, U1, Uz, us, u4) — (t3, t2, tq, ua, u3, Uz, u1). The quantities ty + uq + ug,
Uy +us, t1 +t2 +t3 and uq + uy + u3 + u4 are preserved under this transformation, and the condition
2t1 +tz + 3uq + 2uy + us = j becomes ty + 2tz + uy + 2us + 3ug = j. Thus ex(k, k — j) =ea(k, j) as
asserted.
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Also from Theorem 1.2 with r =2 we have

k
> eak, ™ @eY (—q) = Ex(q?).
j=0

Taking q = 0, we obtain (as ¢(0) =1 and Ex(0) =1)

k
Y ek =1,
j=0

which is (1.42).
6. Proof of Theorem 1.5

We prove (1.44). Formulae (1.43), (1.45) and (1.46) can be proved by similar techniques.
By (1.28) we have

_4t;—3— t1+1 u
ek, = Y (=ph2in 6“17<t1 . O)<u 00 O)ak<t1+1,u1)
(t1,u1)eN5 1,1 1, Y, Y,

2t1+2+3u1=k

At —6uq— tq up+1
—1)t1p—4h—6u1=63 19 a(ts, ug + 1
+ > =D 0.0.0)\uy 10,0 )o@ U+ D

(t1.u1) €Ng
2t14+3uq+3=k

=027 N ()

(t,u) e NxNyp
2t+3u=k

+(=DM27H33 0 N ug(t,u)

(t,u) eNgxN
2t+3u=k

=127 Y (14— 33w)a(t,u).

(t,u)eN2
2t+3u=k

Thus

> (4t —33u)ar(t, u) = (1) 2%eq (k. 1).

(t,u)eN2
2t+3u=k

Then, appealing to (1.24) and (1.25), we obtain

k=k > aftu)
(t,u) eN3
2t+3u=k
= Y @+3uadtu

(t,u) e Ng
2t+3u=k
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=3 Z (10t — 21u)ay (t, u)
(t,u)eN3
2t+3u=k
-2 Z (14t — 33w)ai (t, u)

(t,u)e Ng
2t+3u=k

k i
B S PN
2sz—F( ) 4(k, 1)

SO

(=D 1k(1 4+ 2By)
22k+232k

eq(k, 1) =

which is (1.44).
7. Proof of Theorem 1.6

For k € N with k > 2 we have by (1.47) and Theorems 1.2-1.5

k k

> Fk e @ (—q) =Y (er k. ) — (2% + 2)eatk. j) + 2% ea(k. j)) o™ (@)9* (—q)

=1 j=1

= Er(@) — (2% +2) Ex(q®) + 2% Ex (¢%).

das

e1(k,0) — (2% +2)ea (k, 0) + 2% e (k, 0)

=0.
It remains to treat the case k = 1. By [3, pp. 125, 128] we have
2 dz
E1(q) = (1 —5x)z° + 12x(1 — x)za,
2 2 dz
E1(@°) = (1 —2x)z° + 6x(1 —x)za,
4 5 2 dz
E1@)=(1—>x)z"+3x(1 —x)z—.
4 dx
Thus, by (7.1)-(7.3), (3.1) and (1.48), we have
E1(q) — 6E1(q%) +8E1(q*) =3(1 —02” =3¢ (-9) = F(1, De* (-0,

as required.

(7.1)

(7.2)

(7.3)
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8. Proof of Theorem 1.7
For k € N with k > 2 we have by Theorem 1.2 and (1.49)
Ex(@ — (227" + 1) Ex(q®) + 2% " Ex(a?)

k
=Y ek, ) — (%7 +1)ex(k, j) + 2% Teatk, )™ @9 (—q)
j=0

-

=

gk, N4 (@ (~q).
=0

[

It remains to consider the case k = 1. We have by (7.1)-(7.3), (3.1) and (1.50)

E1(@) —3E1(¢%) +2E1(q%) = —%xz2
= _§¢4(q) + %w“(—q)
=g(1,09*(@ + g(1, D (—a),
as required.
9. Proof of Theorem 1.8
This theorem follows from (1.47), (1.48) and Theorems 1.3-1.5.
10. Proof of Theorem 1.9

Egs. (1.57), (1.58) and (1.60) follow from (1.49), (1.50) and Theorems 1.3-1.5.
Appealing to (1.26)-(1.28), we obtain after some calculation

eq(k, j) +er(k.k— j) — (2% +2)ex(k, j) + 2%eq(k, j)=0, keN, k=2, je{0,1,...

Then, by (1.41), (1.45) and (1.49), we have

gk k—j=erk.k—j) — (2% +1)eatk, k — j) + 2% Tes(k, k — j)
=eitk.k—j) — (2% +1)eatk, j) + 2% les(k, j)
=—e1k, j) + 2% +1)ez (k. j) — 2% Tea(k, j)

=—-81 (k’ J)s

which proves (1.59).

Lk}

1421
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11. Proof of Theorem 1.10

For n € N we define

( _on )Bn o0 l)mflmnflqm
P = . 111
n(@) Z v (11.1)
For k € N we have
(22’(_1)sz 0 (- 1)m71m2k71qm
P
Zk(Q) + 4k Z 1+qm
m=1
o0
_ Z( 1)m+r 2k—lqmr
[ee]
:Z< Z( 1)m+(N/m)mZk 1>q
N=1 *meN
m|N
[ee]
N N
= Z(O’Zk 1(N) — (2% + 2) oy (5) + 2% oy (Z>>QN
Bar  Bak
:(22’<_1)i _ b2 (E (q) (22k+2)5k(q2)+22k+]Ek(q4)),
4k 4k
so that
B
Pa(@) = = (Ee(@ — (2% + 2) E(a?) + 22 Ei(*)), ke . (1.2)

4k

From (11.2) and Theorem 1.6 we deduce

2k

Pa(q) = — §jfm.nw“4%mw“< 9, keN, (11.3)

where the rational numbers f(k, j) are defined in (1.47). Appealing to the values of f(k, j) given in
Table 4 we obtain P,(q), P4(q), ..., P1s(q), see Table 8.
Recall from (1.10) that for k € Ny

— ioo __42kn
nm»4+EM2X (d>d)q. (11.4)

n=1 c

as
|z

From (1.7) we have (as Eg =1)

Fo(q) = ¢*(q).
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Table 8
Values of Py (q), k=1,2,...,8.

P2(q) = Ly
2(q) = ?(P (=9,
Pa(@) = 20 @0 (—0) — =¥ (~0)

8 16 '

-1 1 1
Ps(q) = ?tps(q)w“(fq) + §¢4(q)¢8(,q) - gwu(fq),

_112 40 _18 8(_ 24 120 _216_

Ps(q)—sw @9 (=) T34 @e°( q)+8<p @ “(—q) Evi4 (=9),

1 1 39 77 31
P1o(q) = —</116(q)</14(7q) < —w“(q)tps(fq) = —ws(q)w“(fq) + —<p4(q)</)16(7q) = —rp2°(fq).

Pia(g) = fwzo(q)w( —q) — 16(q)cﬂ( 0+ ¥ ‘Z(q)wlz( 9 — w 8@ (- —p+ 7 <p @e*(—q) - 2“( Q).
6231 12457
Pu(g) = —<p“<q)<p -9+ = go2°<q><p -9 — =0 @9 (-0 + =92 @e*(-0) - 234 5 @) (—q)
1911
+ 2B gyt (—g) - = 128 (—g),
56055 560515 576887
Pis(q) = ngs(q)w“(—q) - —w“(q)ws(—q) + —wzo(q)W(—q) -5 eB@e'®(—q) + —— 02 (@9* (—q)
1450407 464785 929569
-5 L@ D+ —— ¢t @9 (-9 - —— 9P ().
Now
oo o0
—4> 21) ( 4) 2% d
22 (g )d)a =20 (o )aa®
nl< deN( d d,e=1
dln
00 d
=Z(_—4>d2" q
= d 1—qd
_ io: (_l)n—l(zn _ 1)2kq2n—1
- ~ 1— q2n—1
so that by (11.4) we have
( 1)11 l(zn 1)2kq2n71
F, =14+ — , keNp. 11.5
K@ =1+ e ; 1— g 0 (11.5)
Next we set
EoFi(q)
Qu(q) := EOF—O@ k € No, (11.6)
so that
Qo(@) =1. (11.7)
y (11.5) and (11.6) we have
E 1H"-1(2n—1 2k ,2n—1
Zk an( ) ](ZZn)lq
Qu(q) = k € No. (11.8)

(— ])n 1q2n 1 ’
Zn 1 1— q2n1
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From [2, Part III, Eq. (35.6), p. 63] we have

21-1

= (2k—1
Qu@=)_ ( ‘ )22’“ P2u(q)Qak-2(q), keN.

I=1

(11.9)

Eq. (11.9) forms the basis for the inductive step. Moreover, (11.9) is what led us to the recursion

in (1.61). Appealing to (11.6), we deduce

1 &L /2k—1
Fe@=—_ ( )22’“ Po(Q) Exk—aFi—1(q). keN,

By = \21-1

so that

k—1
2k —1 _
Fu@ = Ezz( )22" 2 Py n(@Fi(q), keN.

From (11.3) and (11.10) we deduce by induction that

k—1

Fe(@) =) Ak, Do 2 (@e*(—g),
j=0

where the A(k, j) satisfy (1.61).
12. Proof of Theorem 1.11
For n € N we define
> (2m — 1)n-1g2m=1

Pr@ =Y

_ q4m-2
m=1 1 q

Our first task is to prove that

B
P3(@ = — o (Ex@ — (27" + 1) Ee(q®) + 2" Ei(d*)). ke

We have

oo

0 2k—1,2m—1
2m—1
Z ( ) _ Z (2m — 1%~ 1g@m-DEr-1

1 — g4m-—2
m=1 q m,r=1

oo

N=1 m,reN
N odd (2m-1)(2r-1)=N

o0

_ Z ( Z dzk—1>qN
N=1 deN
Nodd d[N
[o¢]

= > on-1(N)g"
N=1

Z ( Z 2m — 1)2k—1>qN

(11.10)

(12.1)

(122)
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=) o 1(N)g" - Z a1 (N)g"
N=1

N even
oo oo
= o1 =) on-12N)g?".
N=1 N=1

Using the elementary identity

oak-12N) = (2% + 1) 091 (N) + 2% o1 (N/2) =0, NeN,

we obtain
o0 o0
Y o 12NN =) (22 + 1) ou 1 (NN — 2% o1 (N/2)g*N)
N=1 N=1
o0 o0
=27 +1) Y o 1@ =221y oy 1 (N)g*
N=1 N=1
_ (22k—1 + 1) Bk (1 _E (qZ)) _ 92k-1 %(1 _E (q4))
4k 4k K2
by (1.21). Thus
Py (@) = ((1 — Ex@) = (2% +1)(1 - Ee(?)) + 2271 (1 - Ex(a%)))

- -%as @ @+ )EE) + B,

which is (12.2).
Then, appealing to Theorem 1.7, we obtain

k
B . A .
P%‘k(Q)z——j{" > gk, ¥ (@t (—q). keN. (12.3)
=0

Next, for n € Ng, we define

S5 (@)= ( > (r;—;l)dz">qm. (12.4)

m=1 eN
|m

oS

In particular by (1.7) we have

1 1
Si@) = ZgoZ(q) -7 (12.5)

Our next task is to show that for n € N we have

m

(12.6)

o0
q
Sp@=3 m o
m=1 1+ q
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We have

d=1 e=1
0 00 00
— Z dZn ( Z qde _ Z qde)
d=1 e=1 e=1
e=1 (mod 4) e=3 (mod 4)
00 9] 00
— Z dZn ( Z qd(4k+1) _ Z qd(4k+3)>
d=1 k=0 k=0
_ i d2” qd B q3d
= 1— q4d 1— q4d
0 d
Y
= 1+ qu ’

proving (12.6).
Next, by (12.6), we obtain for 6 € R

0 2np2n S noy2np2n X 2n k
(=129 (=229 k*"q

E - S = E E

(zn)’ ZH(q) (zn)‘ P ]+q2k

n=0 n=0

(=1)"(2k6)2"
- Z 1 +q2k Z (2n)! ’

that is
i (=1)n22ng2n s @ i q¥ cos 2k
— ony 222\ = 1L g2k
= (2n)! par 1+¢q
Also
o g sin? k=100 _ i ! (1 — cos(dk — 2)0)
k- 1)1 —¢%2) " & 2k—1)(1 —q¥%2)
i k—] i ( 1)n—1 (4k _ 2)2?19211
e 1)(1 q- 2) (2n)!
s n—1 Sl 2k—1 2n
4k — 2
=3 G (Z e )
= (2n)! 2k—-1)1—q )

0 n—1-2n 0 2k—1
- (D v

n=1

(12.7)
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that is

S gl sin k- 19 (=D)L
=1 (2’( — ])(] _ q4k72) - Z (211)' 2n(q) 5

by (12.1).
From [2, Part III, p. 56] we have one of the key steps in this proof, namely,

. k cos 2kg
1+4 E g cos ) q2k 1sin 2k—1)0
2k —
14q BZk a0 g% 2)

@ (q) B

Appealing to (12.7)-(12.9) we obtain

(=1"22"s3 (q) , gy GV b o
+4 277 T pln n=1 (2n)‘ (@0
Z an: =¢p*@) e
Differentiating (12.10) with respect to 6, we deduce
( 1)1122115 (q) 1 ) ( -l)n 1 2n _— _42 _)n— 1.22n
42 N Tan—1y 0 TY@L- Z T Pan@8 e

n=1

1427

(12.8)

(12.9)

(12.10)

P3, @0

—1)n— 12211 St -1 n22n
n=0 :

Thus

(—1)"22"5’z‘n(q)92n_1 _ _i (—1)"_122"1’3}(‘1)92,1_1
@n—1)! @n—1)!

M

n=1

_4§: Z (—1n=122np3 (CI)S*,(Q)BZH 1
n=1m>1,1>0 (@2m — D
I+m=n

Equating coefficients of 62"~1 (n € N), we obtain

(—1)"2%s3,.(@) _ (—~1)"2" P, (q) oo P3 (@S (@)
en—1!  @n—1) +AE=D2 g(ZI)!(Zn—Zl—l)!

so that
n—1
2n—1
S50(@) =P3, (@) +4) ( 5l )Pz,, 2@ S3(@).
=0

By (12.5) we have 14 455(q) = ©2(q) so (as S3,(@ = Gn(q))

n—1

2n—1
Gn(@) = @*@P3, (@) +4) ( "21 )P;n,z,(mcz(q).
=1

(12.11)
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From (12.3) and (12.11) we deduce by induction that
k . .
Ge@ =) Bk e (@)™ Y (-q),
j=0

where the B(k, j) are given recursively by (1.63) and (1.64).

13. Sums of ten squares

As an application of Theorems 1.10 and 1.11 we recover the classical formula [4] for the number of

representations of n (n € N) as the sum of ten squares, that is for
rio(n) = card{(xy, ..., x10) € VA |n =xI - +X%0}'
From Theorems 1.10 and 1.11 with k =2 we have

4 & —4 1 4
1+3 Z( 2 <7>d4>LI" =0’ @ 0+ ;¢ @e* (-0

n=1 " deN
d|n

and

oo

n=1 *deN
din

From (13.2) and (13.3) we obtain

2
0@ =1+ (¢"@¢" (-0 - 9’ @¢°(-)

SEE IR R G

n=1 "deN n=1 eN
d|n [n

o

Now, motivated by Eq. (9.15) on p. 119 of [4], we have

P*@9*(—9) — 0’ @9 (—9) = * @@ (1) (¢* (@) — * (—0))
= *(@¢* (—9)16qy* (¢).

by [3, Eq. (3.6.8), p. 72], where

a— g™’

v@ =) "™V =]] TR

n=0 n=1
As

oo 5

(1— g2
=] ————
,E (1 —qm2(1 — g%y’

__44n_L2 8, _16 4 ilo
Z( Z(n/d)d )q —64(ﬂ @¢°(—q) 32(p (@~ ( q)+64¢ Q).

(13.1)

(13.2)

(13.3)

(13.4)
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and

= (1—q")?
D= | 77—
g (1-¢°"

we obtain

@9 (-9 — P @e*(—q = 16g [T (1 —gH* (1 — )1 —g*)™.
n=1
Define w(n) € Z (n € N) by
a[TO-a")'(1-a*)*(1—q™ Zw(n)q
n=1

Then
Y romg* =@
n=0
>[4 4 64 4
=1 = N 7 i S 1 n
+Z<5 Z( d ) e Z(n/d) MG W(”)>q
n=1 deN deN
d|n d|n
so that
A (g, B 2
rio(m = Z( 5 )d +< Z(n/d)d w), neN.
deN deN

d|n d|n

This is the fifth formula in Eq. (9.19) on p. 121 of [4].

—4
> (m>d4 w(n) r0(n)

=

\g
—
~| 4
~—
S

deN deN

d|n d|n
1 1 1 1 20
2 1 16 —4 180
3 —80 80 0 960
4 1 256 16 3380
5 626 626 —14 8424

14. Final remarks

Taking ¢ =0 in Theorems 1.10 and 1.11 we obtain for k € N

iA(k, =1 (14.1)
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Table 9
Values of P35, (q), k=1,2,...,8.

Pi(q) = Erp“(q) - ﬁqf‘(fq),
* 1 8 1 8
Py(q) = ETA4 (@) — 357 (=),
* 1 12 1 8 4 1 4 8 1 12
Pg(q) = T4 @ — 4 @e*(—q) + 14 @e°(—q) — 6% (=9,
Pi(q) = 16<q>——rp”<q><p< g+ 39 @e" (= q)——ww( -q),
39 31
Pl (@) = —qozo(q) = —wlﬁ(q)tp“(fq) + 502 (@98 (—q) — 505 (@™ (—q) + —</J4(q)<p16(fq) = —wz"(fq).
691
Ph(@) = —9* (@) — 20(q)so( o+ 22 ’G(q)w( q - w 8(@)p'®(— —p+ 22 w (@e?°(—q) — 24(q)
EAGIES 28() 24(q)tp( q) + 158492 (q)p®(—q) — 11689 ()9 (—q) + 1168¢'* ()¢ (—q)
20 24 46] 28
— 158408 (q)¢ (®+ wmw (=q) — =),

929569
Ple@ = —5¢ ©32(q) — 2904998 (@) (—q) + 4532504 (q) 98 (—q) — 32552¢2° ()% (—q) + 325520 (q)9** (—q)

929569
— 45325¢8 (9)9?* (—q) + 29049¢* ()98 (—q) — ———¢**(—q).

128
and
K
> " B(k.j)=0. (14.2)
We leave it to the reader to show that
-1 k -1 k22(k71)
Ak, 0) = b)) , Alk,k—1)= L (14.3)
Eok Eok
and
(—1)F (—D¥Ey
B(k,0) = Py Bk, k) = e (14.4)

The referee has pointed out that Tables 4-9 suggest some conjectures concerning the signs of the
quantities appearing in them. We state these conjectures and comment briefly upon each of them.
For a real number x, we define as usual

1, if x>0,
sgnx=1 0, ifx=0
-1, ifx<0.

We recall that for k € N we have

1

sgn By = (=1, sgnEy = (=1, S DLl F . —
gn By = (=1) gn Eze = (=1) (=1 "By 20% 1)

(14.5)
Conjecture 14.1. For j, k € N with 1 < j <k we have

sgn f(k, j) = (=1)7".
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From (1.53)-(1.55) and (14.5), we see that Conjecture 14.1 is true for j=1, k — 1 and k. We have
verified Conjecture 14.1 numerically for all j € N and k € N satisfying k <20 and 1 < j <k.

Conjecture 14.2. For j € Ng and k € N with 0 < j < k we have for k=1 (mod 2)
sgng(k, ) =(-1)"7",
and for k =0 (mod 2)

(=17, ifo<j<(k/2) -1,
sgngk, j)=10, ifj=k/2,
(DI ifk/2)+1<j <k,

By (1.57)-(1.59) and (14.5), Conjecture 14.2 is true for j=0, 1, k — 1 and k, as well as for j=k/2
when k is even. Further, when k is even, the conjecture for (k/2) + 1 < j < k follows from that for
0<j<(k/2) —1 by (1.59). We have verified Conjecture 14.2 numerically for all j € Ny and k € N
satisfying k <20 and 0 < j <k.

Conjecture 14.3. For j € Ng and k e Nwith 0 < j <k — 1 we have
Ak, j) > 0.

We have verified this conjecture for k < 30. It is not clear whether it follows from Conjecture 14.1
and (1.61).

Conjecture 14.4. For j € Ng and k € N with 0 < j < k we have
sgn B(k, j) = (—1)itk,

We have verified this conjecture for all k < 30. It is not apparent whether it follows from Conjec-
ture 14.2 and (1.62).

Assuming the truth of Conjecture 14.1, we see from (14.5) that the sign of the coefficient of
@*=4(q)p*i(—q) in (11.3) is (—1)JT*=1. Similarly, assuming the truth of Conjecture 14.2, we see
from (14.5) that the sign of the coefficient of p*~%i(q)p*/(—q) in (12.3) is also (—1)J+*-1,
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