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1. Introduction

In 1995, Duke studied the non-vanishing of the value L¢(1/2, x) (see [5]), where this L-function
is associated with a cusp form f. He obtained a lower bound of the number of orthogonal cusp forms
for which Lf(1/2, x) does not vanish, where cusp forms f are weight 2 for I'g(N) and N is a prime
number. He studied the first and second moments of the value L;(1/2, x) when f varies among an
orthogonal basis of cusp forms. He obtained an asymptotic formula for the first moment and an upper
bound of the second moment. These yield the above lower bound by using Cauchy’s inequality. In the
case considered by Duke, the space of cusp forms does not include old forms. (In this case, Kowalski
and Michel expressed the above lower bound by the dimension of the space of cusp forms (see [12]).)

In 1999, Akbary extended Duke’s results to more general situation (see [1]). He considered
the space of cusp forms of weight k for I'H(N), where N is a prime number. In his case, the space
of cusp forms includes old forms and the level of them is 1. He obtained the lower bound of the num-
ber of new forms for which Lf(1/2, x) does not vanish by using Duke’s method and Pizer’s results
(see [15]).
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In 2000, Kamiya considered such type of lower bounds in general (see [11]). He was interested in
the non-vanishing of L (s, x) at a point on the central line for an orthogonal basis of the space of
cusp forms of even weight k for I'h(N), where N is a positive integer.

When N varies among a family of square-free integers satisfying ¢ (N) ~ N, where ¢ is the Euler
function, Iwaniec and Sarnak showed that at least 50% of the value L(1/2) are positive among the
set of even primitive forms of even weight and conductor N (see [10]).

In this paper, we are interested in an asymptotic formula for the first moment of the value of
L¢(s, x) at a point on the central line, where f runs over the primitive forms (normalized Hecke
eigen new forms) of weight k for I'H(N). We obtain it when k is an even integer satisfying 0 <k < 12,
or k=14 and N = p%, where p is a prime number and « is a positive integer.

First of all, we define some notations. Let S, (N) be the space of cusp forms of weight k for I'H(N).
We denote the set of primitive forms of weight k for I'y(N) by Hi(N), which is an orthogonal basis
of the space of new forms in Si(N). The inner product of the space Si(N) is defined by

(f. g = / f@E@ Y2 dxdy,
TI'o(N)\H

where z=x+iy. Let f be a cusp form and we write

f@ =) asome*™ ™.

n=1

This is the Fourier expansion at the cusp co. We put

a5 00() = )\f,oo(n)n(k’])/z.

If f e Hg(N), we know that |Af ()| < d(n) by Deligne [4], where d(n) is the divisor function, i.e.
the number of positive divisors of n. Let x be a primitive character of modulus g with (q, N) = 1. The
L-function Ly (s, x) is defined by

o0

Af,o0
Ly =3 M0
n=1

for o > 1, where s = o +it. This L-function can be analytically continued on the whole complex plane
as a holomorphic function. The main result of this paper is as follows.

Theorem 1. Let k be an even integer satisfying 0 < k < 12 or k = 14, p a prime number and « a positive
integer. Let x be a primitive character of modulus q with (q, p) = 1. For any fixed real number y, we have

rk—1) 5 L3 +iy, x)

k—1 .
() feHy(p®) (F> e
_ky 1 k k .
0(p~ttigi(1+1yh?) ffa=1,
=1-cp@+ 7 0(p~ig?(1+]yD?) ifa =2,

(a—1k

O+ D)p~“T + T 51051 + |yD?) ife >3,

where the implied constants are absolute. Here
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0 ifa=1,
cpl@)=3 pp?> -1 ifa=2,
p! ifo >3.

Remark 1. For the proof of this theorem, we construct an orthogonal basis of the space of old forms
in Section 2. But the technique does not apply to the old forms which come from the cusp forms of
level 1. That is why we need to impose 0 <k < 12 or k = 14 in Theorem 1. In the above asymptotic
formula, the implied constants would a priori depend on k, if the limitation on k were removed, but
not on any other parameter.

Remark 2. When k =2 and N = p, Duke obtained an asymptotic formula which is same as Theorem 1
(see [5]). In [10], Iwaniec and Sarnak considered a first moment of the value L(1/2, x) weighted by

INQR)L(, \/2 )1, when k is an even positive integer and N is a square-free positive integer. They
obtained that the main term of it is same order as N, as N goes to infinity with ¢(N) ~ N. When
¢(N) ~ N, their weight ¢N(2)L(1, \/2 )1 is similar to N/{f, f) because of (2.36) in [9]. Therefore
their result means that the main term of the first moment of the value Lf(1/2, x) weighted by
Petersson’s norm is same order as 1, as square-free integer N goes to infinity with ¢(N) ~ N. In
Theorem 1, the main term of the asymptotic formula is 1 — c,(a) which is also same order as 1
for any prime p and «. Kamiya obtained an asymptotic formula of the first moment of the value
L¢(1/2 +it, x) over orthogonal basis whose norm is 1. In Theorem 1, since k is less than 12 or
k = 14, there are no old forms if @ = 1. In this case, Proposition 1 in [11] is similar to our result. In
fact, we can put y =x"'N(q7)? and x = N'=V/2q7 in the proof of Proposition 1 in [11]. This yields
that the error term of (15) in [11] is estimated by

0(d(N)N~2+i(qr)?).

In the error terms of the asymptotic formula in Theorem 1, the exponents of p are negative. And
we know

1 log(kN + 1)
<k
(fs FIn N
for any new form f € Hi(N) (see [3] and [6]), where the implied constant can be explicitly written

in terms of k. By using Theorem 1, Cauchy’s inequality and Corollary 12 in [11] (Kamiya’'s results are
obtained for the orthogonal basis F whose norm is 1), we can get the following result.

Corollary 1. Let 0 < k < 12 or k = 14 be an even integer, q be a fixed positive integer, p a prime number not
dividing q, and « a positive integer. Then there exists a positive real number C such that:

e when « is fixed:

{f € He(p®) | L (1/2+1iy, x) # 0}

liminf >C,
p—>00 (1 —c(a))?p*(log p*)~2
e when p is fixed:
Hi(p®) | Lr(1/2 + iy, 0
liminfI{fe kP I Ly(1/2+1y, x) # O} > cp2.
a—00 p*(log p*)~2

We also see that there exists a positive integer M such that for p + « > M, one has

o

p

o i 2
1S & Bp™) [ L5124 iy, 30 #0) [ > €1 — (@) g mis
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Remark 3. In Corollary 1, positive constants C are absolute (i.e. doesn’t depend on ¢, p, «), but would
a priori depend on k if the restriction of k were removed.

Theorem 1 is obtained by the following consideration. By using the ‘approximate functional equa-
tion’ (see (11) below), we see that it is sufficient to study the following two sums

Afoo(m) A f 00 (MAf 0o(1)
2 (fo fope 2 (f. flpe

feHk(p®) feH(p%)

Ao 21,02 f,00(D)
Z (fsf)p“ Z <f7f)p°‘

feH(p%) feHr(p®)
for the proof of Theorem 1. Here ¢ o(n) is not defined yet, but it means the nth-Fourier coefficient
at the cusp 0 (see Section 3). Firstly we construct an orthogonal basis of the space of old forms in
Sk(p%*) by using the method of Iwaniec, Luo and Sarnak (see [9]). Secondly we show that the above
sums are expressed by certain sums over the orthogonal bases of some spaces of cusp forms. Finally,
we apply Petersson’s formula (see (10) below) to them and obtain Theorem 1.

2. Orthogonal basis

Let k be an even positive integer and N a positive integer. In general we have a decomposition
into a direct sum:

SSN=EP P s .

N=ML feH (M)

where Si(L; f) is a linear space spanned by {f|¢} which is defined by

fie(@) = €2 f(t2)

and ¢ runs over all positive divisors of L. We know dim Si(L; f) = d(L). These facts are mentioned
in [9] and we can also see them by using the result of Atkin and Lehner [2] and of Ogg [14]. This
basis {f|¢} is not always orthogonal. Let's mention some useful properties of Fourier coefficients of
primitive form f € Hi(N). The A5 (n)s are known to be real numbers for all n. We also have

34 oo =p" ifp|Nandp*{N, )
Afoo(p)=0  ifp?|N
and
{Af,oo(p”) =Af.00(P)" if p| N, 2
AfooMn) =Af oo(MAf o(n) if (m,n)=1,

where n and m are any integers and p is a prime number (see Lemma 4.5.7, 4.5.8 and Theorem 4.6.17
in [13]).
In the case when k is less than 12 or k = 14, since the set Si(1) is empty, we have

SON=B @ s 1),

m=1 feHy(p™)
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We start by constructing an orthogonal basis of Si(p“~™; f) for f € Hi(p™). The method is similar
to the one of Iwaniec, Luo and Sarnak (see [9]). They made an orthogonal basis of Si(L; f) when
N = ML is a square-free positive integer.

Put ¢; | L (i=1,2) and consider the function

F(s)=(E@5)f(t12), f(22)) 0.
where E(z, s) is the Eisenstein series defined by

Ez=y 1 Y i

Y €lo(p¥)oo\T0(p%)

and

jly,2)=cz+d fory = (2 Z)

(see (7.2.60) in [13]). We consider the residue of F(s) by two methods, one uses the residue of E(z, s)
and the other uses the residue of the Rankin-Selberg L-function associated with f. The comparison
of them yields the following lemma.

Lemma 1. Let o« and m be positive integers satisfying 1 < m < «, k an even integer and p a prime number. For
positive integer ¢; dividing p* ™ and a primitive form f of weight k for I'h(p™), we have

iers fiea)pe = hf oo (OL 2 (F, Fpa,
where € = £1€2(¢1, £2) 2.

Proof. The method of the calculations in this proof is similar to [9]. We know that the residue of
Eisenstein series E(z,s) at s=k is 3(xp®(1+1/p))~! (see Theorem 7.2.17 in [13]) and we see that

3 1\~ (
ResF(5) = 5 (1 + E) (16)7 2 fiey, fiez)pe 3)

from the definition of F(s). Here the left-hand side of (3) means the residue of F(s) at s = k. Next we
calculate the residue of F(s) by another method. Since f is a primitive form, we know that ay ., (n)
is a real number and obtain

1

0 2
F(S):/J’s_1 f f(t12) f (L22) dxdy
o -
=@m)=res) Y A7 .001)af, 00 (M2)

(£n1)s

1<ny,ny<o0
nyly=nyl,
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Put ¢/ =£1(¢1,£2)~ " and ¢ = ¢5(£1, £2)~ . We know (¢, ¢”) =1 and n1£’ = ny¢". Therefore we can
put ny =nf”, n; =nt’ (1 <n<oo) and obtain

Af, oo(nf//)kf o (nl) (¢4 Z”)
ns— k+1 (glg//)s :

F(s) = (4m)~ Sr(s>Z

n=1

We recall that ¢/ and ¢” are 1 or power of p. We have

) 10l \ 7
s foo o\ (! p! 1%2
F(s) = (4m)~ F(s>Z ot Moo () () 2 ((zm)) @

from (2). We have the relation (2.31) in [9]. Iwaniec, Luo and Sarnak suppose that N is square-free
before (2.31). But this relation holds in general, because of Ogg's result (see (4’) in [14]). Therefore

we obtain
X A% @)k 3 1\!
5‘3?( — skt )Z rk pmm <1+E) CARREA (5)
And we know
MITpm(1+3)
(f, Fim —(f D) (6)
N[+ "

for f € Sx(M), where M | N (see Theorem 7.2.17 in [13]). We can obtain Lemma 1 from (3), (4), (5)
and (6). O

Remark 4. In order to obtain Eq. (4), we have to produce Xz o) from A g 0o (M) kf oo(n€”) for any n.
When ¢ and ¢” are power of p, we can do this if p divide the level of f € Hi(p™). This explains why
we need the condition m > 1 in this lemma. From this lemma, we construct an orthogonal basis of
Sk(p®™™; f) by f € Hi(p™). Since we cannot use this construction when m = 0, we have to impose
the limitation 0 < k < 12 or k = 14, which implies that S, (1) is {0}.

Remark 5. Iwaniec, Luo and Sarnak obtained the relation between (fj¢,, fi¢,) and (f, f), when N is a
square-free integer (see [9]).

Remark 6. When N = p® with o > 1, for f € Hy(1) we can prove that

[e’e] A o jz//)L ~ J'g’
(For fo)pe =2y 2L (P15 ,00 (1)

=0 P’
p-1(, a},oo(p)>< ~ ﬂfm(p)>
Xp+1<1 p 1 p (faf)p"" (7)

instead of Lemma 1, by the similar way to the above proof. Here

C=01(01,0)7",  '=601,0)7" and =100, )72
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The complex numbers o5 (p) and Bf «(p) appear in the Euler product of L¢(s), which satisfy

{ @ fr00(D) + Bfroo (D) = Af .00 (D),
Af00(P)Bfoo(p) =1.

We want to obtain an orthogonal basis {f,} (0 <d <) which satisfies (fya, fpa)pe = (f, f)pe. We
consider a matrix T = (t;5) (0<a,b < «), where

<f|Pa’ f\pb)p"
<f7f)p°‘ .

ta,b =

This is a real symmetric matrix and t;, = 1. We denote a map {fpd} — {f|pd} O0<d<a) bya

matrix Z. Since {fpa} and {fj,q} are basis of Sk(p%; f), T = Z'Z is regular. Therefore there exists an
orthogonal matrix Q which satisfies

'QTQ =diag(A(0), A1), ..., A())

and A(d)s are non-zero real numbers. We denote {i, j}-entry of Q by g; ;. Since Q is an orthogonal
matrix, we know

- S 1, i=j
> anithj =Y _qindjn= {0’ ; ;_éj,
h=0 h=0 ’ '

Then we can write
o
fpa =A@ gqmafipm.
m=0

It is difficult to find q,, 4 explicitly, however we can estimate eigenvalues. We consider A(j) for
fixed j. There exists an index i satisfying

Iqi,jl = max {Iqn,jl}-
qi,j oghga{q’j}

Since TQ = Q diag(A(0), A(1),..., A(d)), we have
o
qi,j + Z ti,nGn,j = qi,j A(J)
h=0
h=£i
thus
o
|AG) =1 < ) ltinl <aCp(p.a), (8)
h=0
hi

where |t; y| < Cg(p, @) (i#h) and
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4p3 —3p+1+a@p*-3p+ 1))
(p—1)3logp

2 2
y p—1<1 _af,oo(p))<1_M>.
p+1 p p

We can obtain Cs(p, ) by elementary calculation. From (7), when a # b, we have

cf(p,a):p*1/2<(a+1)+

12 i 1100 (PP f 00 (D) (] ~ a},oo@))(] ~ ﬂ%,w(m)

ta,bgp p_’ p p

j=0

If a > b, we know

i o oo Py o @I, oty i 14700 (P00 (P )]

j=0 p] j=1 p]

Z d(p“f”)d(pfﬂ )

o0 . .
+1D@—-b+
<@-b+n+y YEDEDED
‘ p’
j=1
4p3 —3p+ 1+ a2p? —3p—|—1)

<(x+1)+
(p—13logp

For sufficiently large p, all eigenvalues are positive since T tends to identity matrix as p — oo,
min{A(d)} <1 since Tr(T) =« + 1, and aC(p, o) < 1. Therefore we have 1 — o Cf(p, o) < min A(d)
from (8).

Lemma 1 yields the following lemma.

Lemma 2. Let k be an even integer satisfying 0 < k < 12 or k = 14, p a prime number and « a positive integer.
Then we have an orthogonal decomposition

S0 -D D @
m=1 feHy(p™)d|p*—™

where f1 = f and

; {d’z‘f(dz) ifm>2

d— -1 k .

pV/PI—1 (@2 f(d2)—p~2ap(p)(D)3f(L)) ifm=1

ford # 1 and f € Hi(p™). We also have
A2 oo(3) ifm >2,

}‘f,oo(n):{ _
‘ dEpy/pT =1 foe(®) = PV e (P foo(2)) ifm=1
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ford # 1 and f € H(p™). Here if x is not an integer, we put Ay ,(x) = 0. Moreover this orthogonal basis
satisfies

(fa. faype =(f fhpe.

Proof. In this proof, the method is also the same as in [9]. We want to find an orthogonal basis {f;}
of Sg(p*™™; f) for f € Hx(p™). Since the space Sx(p*~™; f) is spanned by {f}¢}, let’s define f; by

fa= D" xa®fp.

g‘pa—m
Consider

<fd17 fd2>p°‘

ol d)pe = =
s J 1p¥

for d; | p*~™. We want to find x4(£) which yields

1 ifd; =dy,
8f(dy, dz)pe = {0 ifdl #di.

In this proof, we put L = p¥ ™ and N = p“ for simplicity. We can see that

N <f|€1 » f|€2>N
(Sf(d17 d2)N = Xd (Z])Xd (22)7
%% 1 ? (f. FIn
=2 Z(Z% (adz)kf,w(d£)€7%> (Zxd2 (ad@)x f,oo(de)z—%> %‘i)
al gt ek ok

by using Lemma 1 and the calculations similar to [9]. We recall that the only prime factor of L is p.
By using (1) and (2), we have

5¢(dy. dy)y = Za|Lxd1(a)Xdz(a) ifm> 2,
N S Y e Ao @2V, ©Vi ©  ifm =1
B : a1 Xy (@)Xg, (@) ifm > 2,
Yo ©Va )/ pr(©)Ve, (©)) ifm=1
where
Vi(© =3 xa(cOf.00(0)0
oL
and

A oo(P)? 1 ifc=1,
pf(C)zZ?M,oo(d)Z:H(“ﬁi(m):{1—p‘2 ;fz#l-

d|c plc p
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Let’s impose:

Vord)Yi(c)=8g,c ifm=1,

where 8, 1 is Kronecker’s delta symbol. This constraint is fulfilled by the choice

{Xd(a) =384 ifm>2,

8d.x ifm>2
() =1 /or@ apoo((@ T u(d) ifx|d m=1,
0 ifxtd, m=1.

This ends the proof of Lemma 2. O

Remark 7. Iwaniec, Luo and Sarnak obtained an orthogonal basis of S, (M; f), which is a space of old
forms in S (N), when M | N are square-free integers (see [9]). But it is difficult to obtain an asymptotic
formula of the first moment of Lg(1/2 4+ it, x) over primitive forms by using their orthogonal basis
and the method in this paper, because we do not know the value of (2.40) in [9] which appear in
their basis.

3. Petersson’s formula
We recall Petersson’s formula when k is a positive even integer and N is a positive integer. The
facts in this section are explained in [8]. For a cusp form f in Si(N), we have the Fourier expansion

of f at a cusp a and we denote its nth-Fourier coefficient by 4 o(m)yn*~1/2. In this paper, we only
consider two cusps oo and 0. For f € S(N), we denote

b
(flky)@) = (dety)? j(y,2) "f( Id> y:(g Z)GGLZ(R)-

And from definitions we can write
= k—1 .
(flko0)(2) = (f|kwN) (2) = Z)»f,O(n)nTez’””z,
n=1

where

-1
_ (0 -yN _ (0 -1
GO_OOW_(JN 0 ) and a)N_(N 0).

The cusp form f|rwy appears in the functional equation of L¢(s, x), which is

ANG; o x) =i Cy AN(1 =53 flkon, X)s 9)

where

1
ANG; fo ) = (i) <s+ —>Lf(5 x)

and C, depend on x with |[Cy|=1 (see Theorem 4.3.11 in [13]). If f is a primitive form, we know
that flxwn =Cyf and Cy =21 depending on the form f (see Theorem 4.6.15 in [13]). In Section 2
we mentioned that A . (n) is a real number when f € Hi(N), so A o(n) is also a real number.
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In the proof of Theorem 1 below, we use Petersson’s formula (see Theorem 3.6 in [8] and Proposi-
tion 2.1 in [9]). Let’s define:

Agn(m,n;a,b) =

rk— Af, a(m)lf b ()
(4 )k 1 Z N

for a and b as oo or 0, where the sum is over an orthogonal basis {f} of Si(N). This definition is
independent of the choice of the orthogonal basis. Petersson’s formula is as follows

M) (10)

AN (M, 10, 6) =8mndap + 20 ¢ Y c”su,b(m,n;c)Jk_l( ;

ceC(a,b)

where a and b are co or 0. This formula is showed in Chapter 3 in [8]. We explain the notations in
this formula. In the right-hand side of (10), 8, 1 is Kronecker’s delta symbol and the sum is over

| {c=¢N: LeN} ifa=",
C(“’b)_{{c:eﬂz teNand (¢,N)=1} ifa#b

(see Section 4.2 in [8]). The function Jx_1 is a Bessel function and S, ; means the Kloosterman sum
as

S(m,n, £N) ifa=b,
S(mN,n,£) ifa#b,

Sap(m,n;c) = i
where N means NN =1 mod ¢ (see Section 4.2 in [8]).
4. An approximate functional equation
In this section, we prove what is called an ‘approximate functional equation’ (11) when k and N

are positive. From now on we define s = ¢ +it. Let ¢ be a small positive number. For any primitive
form f in Hy(N) and X > 0, we can obtain

1 Af oo
Lf<§+iy,x> Zw " (11)

— n2+1y

where

-k 2\ S+Hiy s
i*Cy 4 1. FA+3) oAy, o(n)X(n)

= —) ¢ = XS =S s,
27i /(qZN) k<s+2+1y> s n3—s—iy

) n=1

h=(k+1)/2 and c; = —k/2 — ¢. Here the path of integration (c) in the above integral is the vertical
line {z € C| o =c}. The function Gi(s) is defined by

ridt —s)

Gr(s) = —=——.
() F(s—i—"%)

Since the method to obtain (11) is known, we recall it briefly (see Section 4.4 in [7]). For ¢ > 0 we
know
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T 2mi s
©

e L TAED (12)

and see

oo

1 1 ra+3) Af.oo() x (1) n\h
_ L — +iy, XS hlge— E 2L AN o (%)
2mi / f<s+2+ly X) s S — n3+iy ¢

(3+o) "=

On the left-hand side of this equation, we move the path of integration from the line 0 =1/2 + ¢ to
the line 0 = —k/2 — & by using the residue theorem, and we can obtain (11) by using the functional
equation (9). To achieve that, we need estimates for I"(s) and Ly (s, x) for —k/2—¢ <o <1+k/2+¢
and any t. For the gamma function, we know Stirling’s formula

1 1
logF(s):(s—5)logs—s+§log2n+05(|s|_l) (13)
for —m + 8 < args < — 4. By using this, we can see

1) =vame” 2~ 21(1+ 0 (It "))

for —m + 8§ <args<m — 4, |o/t] <cp and ¢; < o < ¢, where ¢; are absolute constants. We apply
this estimate to I"(1 + s/h). Next let’s give an estimate for Ly (s). From Stirling’s formula (13) we see

k/2—-1 )
Gs) = ] s+k-D/2+j TI'k=1/2-5)

k+1)/2—s+j TG+k+1/2)

k—1/2—s)(s+k—1/2)
j=0
’F(k—l/Z—s)
| — >

)1720’
r's+k+1/2)

Ik + it < (1+ t] (14)

for —k/2 —1/4< o <1/2. And we know

=20 +a) < (1+a 1>

d(n)
1+a

o.¢]
ILr(1+a+it, x)| gngn

Therefore the functional equation (9) yields

Li(—=k/2 — & + it, ) <k (qV/N(1 + [t])) T4

for fixed small positive constant €. By using these facts and the Phragmén-Lindel6f theorem or the
maximum modulus principle, for —k/2 — & <o <1+4k/2+ & we have

ko
LG, x) <k (qVN(1+1e))) 2777
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5. The key lemma

In what follows we consider only the special case where k is an even positive integer satisfying
0 <k <12 or k=14, p is a prime number with (g, p) =1 and N = p%*. We define:

Lt +iy, x)
&p?)= ¥ AVEILAYON

fetigpey @I P
where
(47.[)]( 1
o
wg(p*) = e

By using the approximate functional equation (11), we have

ZX(n)e " 3 Moo iFCy /<4n2>5+"yxs
o i 2 po
Z—Hy feH(pY) wf(p ) 27 (c1) rp
ra+3 1 — X(n) Ag.o(n)
—Ggls = i : ds
TSR LR S U

s—iy
n=112 feH(p%)

where h = (k+ 1)/2. We put

Af a(n)

a _ 5

Skpe (M = Z wr(p%)
feHk(p*)

for a =00, 0 and we can write

(n)e—( ) kC s+iy
Gk Z X k pa( ) — 27T)l( / X?
c1)
o.¢]
=11

F(l 5 1 X
: ra+g Gk<s+ +i )Z 1Xs_ 5 pa (M) ds. (15)

It is important to study sy pe (n) for our aim.
For an integer B satisfying 0 < 8 < o, we put

B
=J U U
m=1 feHy(p™)d|pf~—m

From Lemma 2 we can see that B (p?) is an orthogonal basis of Si(p?).
In the case of sy ,, since Hy(p) = Br(p), we obtain

A A 1
¢ (n) = E MZAk (1, 1; a, 00). (16)
k.p a)f(p) P
feBk(p)
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In the case of sy ,2, we have

Af.a() Afa(MAf oo(1)
s p2 (M) = Z a)fprZ) = Z ! uwf(pfz;o
feH(p?) feHp(p?)

_ Z )Lf,a(n))hf,oo(l)
- 2

respry P%)
B Z hpaMif o) Z Ay aMAg, oo(1)

ws(p?) wr(p?)

feHk(p) feHk(p)

From Lemma 2, for fp € Sk(p?) which is related to f € Hy(p), we have

Afpioo(i) = P <%A (") A oo )’%)
o) = ——=(PZAf.00| = )| = Af.c0(pn)P
fp.00 pz 1 f,00 D f,00

and also see that

p _
Afpo0(1) = ————=(—Af,00(D)P 2
fp.o0 \/pzi—l( fio0 )
By (1) and (2) we obtain
—_— 1 1 ifptn
A A H=—A A 1 . ’
Fpoo(MAf, 0o (1) 21 Fooo(MAf oo(1) X {(1 _p? ifp|n

When a = oo, we apply these relations to (17), and recall (6), then we obtain

Afoo(MAf oo(1)
5;?’(;2 (n) — Ak,pz (n7 ‘l7 00, oo) — Z M

2

feby  OrPY
Z )Lf,oo(n))hf,oo(l) 1 X{]’ pJ[n,
wr(?)  (p2-1)  |a—=p», pin

feBi(p)

P A 1:
= Ay (0, 1; 00, 00) — { 77 Dkp(n, 1:00,00), pin,
' 0, pln.

This is because Hy(p) = Bx(p) and (6). We consider (17) when a = 0. We have proven

fo() = \/%«f’ (’(’, ?))(z) - p*%xf,oo(p)f(z)>

for f € Hy(p) from Lemma 2. We can see that

(Fpl0.p2)(@) = ———(C; (@) = p'T Af.oo(PICs £ (PD)).

V-1

(17)

(18)
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This implies

P Coap(m). pin
A0 =1 V-1 Fhfoo(M), pi
o plin.

From (2) we obtain

pzfl/z)L
Ty 0@ g, (1) = | ~ =1 H00). P
0, pln

since Af o (n) are real and Cyhy oo (n) = Ay o(n) for f € Hi(p). From (17) we have

Af0(MAf oo(1)

0
n=A n, 1;0, —
= 110,00~ 3 MO

feBk(p)

A MAfoo(1) p2=1/2
n Z f,O(p ) f,oo() p {17 pJ[Tl,

X
2 2 -1 07 n
G, es®d =D Pl

1
= Ak,pz(nv 1;0,00) — EAk,p(n» 1;0,00)
1/2
4] B Akp(pn.1:0,00). pin,
0, pln

by using Hy(p) = Bx(p) and (6). From (18) and (19) we have

s p2 (M) = Ay p2(1, 15 0, 00)

—pz"%lAk,p(n,l;Oo,OO), pin, a=oo0,
0, pln, a=o0,
T1-1a 1:0 P2 A 1:0 =0
—pDkp@,150,00) + 5= Ak p(pn, 1;0,00), pfn, a=0,
— 2 Ak p(n, 150, 00), pln, a=0.

In the case of sy ,e for a > 3, we have

Af.a(n) AfaMAf oo(1)
a _ 2 : ) _ 2 : , ,
Sk, pe ) = a)f(p"‘) - wf(pot)
feHk(p%) feHk(pY)

— Z )Lf,u(n))hf,oo(l) _ Z )Lf,a(n))\f,oo(l)

o o
feBk(p*) @5 (p%) feBr(p*~1) @y (P%)

¥y M

o
m=1 feHy(p™) @5 (P%)

(19)

(20)

(21)
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From Lemma 2, for f € Hy(p™) we have

P2 g o0 (), a>m=2,
Af gom,00(M) =1 p+n2 _
P OO p—/pz—q()&f,oo(p(fﬁ)_)‘f,oo(p))tf,oo(pgﬂ)p H, m=1

and also see that

M moo(1) =0.

From (21) and (6) we obtain
a 1
Sie pe (M) = Ay, pe(n, 1; a, 00) — EAk’pa—I n,1; a,00). (22)

In order to estimate (16), (20) and (22), we consider Ay p(n, 1; a, 00), where k and M are positive
integers. Recall Weil’s bound on Kloosterman’s sums

|S(m. n; 0)| < (m.n.c)2cid(c)
(see [17]) and we have

Tho1 (%) < %671

for x > 0 (see (3) in [16, Section 2.3]). By using these estimates, we can see that

o0
S(n, 1: (M 4 .
> ("’“’/1 )qu( nﬁ) < d(M)n'T Mk+3

‘M
=1
and
o _
S(nM, 1; ¢ 4 /n k=1 _k
SSOHLD (ST S
— M M

From these estimates and Petersson’s formula (10), we have

0 (d(M)n'T M~k+1),

Ag M, 15 a,00) = 68p 180,00 + 1k
Oz M™2),

By applying this to (16), (20) and (22), we obtain the following lemma.

Lemma 3. Let k be an even integer satisfying 0 < k < 12 or k = 14, p a prime number and « a positive integer.
We denote the set of primitive forms of weight k for I'y(p*) by Hi(p*) and put

r'k—1) Afa()
(4m)k=1 Z (f, f)pe

s,ﬁ"pa n) =
feHg(p*)

for a =00, 0. Then we have
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5]?,pa (n) = 5n,18a,oo(l —Cp (Ol))

|»

0(n'T p~k+a), a=1, a=o0,
0<n%1p*’f‘) a=1,a=0,
+ O(nzp ) a=2,a=0,
0((a+n'z p~ =@ DS 4> a=co,
k—1 k
Oz p~'~@= D3, «>3, a=0,
where the implied constants are absolute and

0, a=1,

p@=1p@P* -7, a=2,

p~ L >3

Remark 8. The implied constants in Lemma 3 would a priori depend on k, if the limitation on k were
removed, but not on any other parameter.

6. Proof of the theorem

By using Lemma 3, we can estimate the right-hand side of (15). We divide the right-hand side of
(15) into three parts,

Sk (p*) = Epe(X) — I pe (X, Y) = I pe (X, Y),

where
xme=®"
Epa(X) = Zfsk,pa(n),
n=1 Y
-k 2\ SHY ys s
ikc 47 Xra+3) 1, X (W)sp o ()
I pa(X,Y) = —% o Gels+ = +i s,
Lo = o] /(qu“> s k( +2+y>n§ ni—s-iy

(c1)

ikCy 42\ XM (14 9) 1. X (n)sp. e ®
Iy pe (X, Y) = f Gils+s+iy) Y ——F2——ds
’ 27i q2p® S 2 nz=s=iy
(1) n<Y

Here h = (k4 1)/2 and Y > 1. We can move the path of integration in I; pe from the line o =
—k/2 — ¢ to the line o = ¢. By using (13) and (14), we have

-k 2 5+1y S
ikc 47 XSra+ 1 . X(Ms . (n)
I pe(X,Y) = Xf( ) 5 h) (S+E+ly) E —kp ds

27i q%p“ iy nz —s—iy
©) <
From Lemma 3 we can see that
&\ x e
Epe(X)=Y e (D
n=1 nz
O(p~+ yp2 e B ni 1), a=1,

— e "
=e X (1—cp(@) + .
( O+ 1)p =@ Dk=3 3% o=(R)pi-1) o >2.
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And we have
h k h n\h k k
Ze_( Bins1= 3 e i 4 Y e B 0 « X3
n<X n>X

Then we obtain

0(p+ix3), a=1,

1\h
Epe(X)=e X" (1 —cp(@)) +
» (1—cp(@) 0+ D)p~ =@ Dk-DHxh) o>2

We estimate [ pe and I pe for Y > 1. From Lemma 3 we have

r

—1

_k
2,

~
[

p
p~?

1 k(Dt 1)71

2 T +kte

n>y n2 k-1

s k+2¢e . 1 n a=1
I, pe (X, Y)<<( ) X_f_szlix n =2
n a>3

N\ N
WV

x /‘Gk(s—i-l/z—i-iy)HF(l+s/h)s’1‘|dt|
(1)
1, a=1,
<« qk+2£pasx—%—eY—s % pk—Z7 o = 27
pk/z—l’ a>3

X / |Gr(s +1/2 +iy)| |7 (A +s/h)s™" | |ds],
(c1)

lie
ngy N2

ap 1 "o -
- k=1
I2p(XY)<<<27T> XY ——x1n'Tp2, =2,
n
x /|Gk(s+1/2+iy)||F(l +s/h)s™ | |ds|
(&)
1, a=1,
< ngpa(7§+8)X7£Y§78 % pk—Z, a=2,
pl</2717 o >3
x f\ck(s+1/2+iy)ur(1+s/h)s*1\ |ds].
)

From (14) we have

/ |Gr(s +1/2+iy)| |7 A +s/h)s™" | |ds]
(1)

r erae MO+
<</(1+|t+y|) — 2 ho
—00

dt|
b+a+%|

(23)
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1—-2¢ t
r1+——+i-||ldtl.

o0
< /(1+|t+y|)’<+2£ i

To estimate this integral, we use (13) and

log I'(s)| = /27 |t|°2e~ 21 (1 + 0 (1t "))

361

(24)

(25)

for —m +8 <args <m =4, |%| <1 and |o| < C, where C is an absolute constant. We have (25) by
using Stirling’s formula (13). On the right-hand side of (24), we apply (13) to the integral (24) for

|t| < 2h and (25) to the integral (24) for |t| > 2h. Then we have

/‘Gk(s+1/2+iy)H1"(l—i—s/h)s’]“dsl<< (1+ 1yl
(c1)

By the same type of calculations we have

o0
. _ 2
/\Gk(s+1/z+zy)||r(1+s/h)s 1ds| < f(1+|t+y|) ¢
(&) —00
2
< (1T+1y)™.
Therefore we obtain
[ L,
Inpe (X, Y) < g2 pe X578y =2 (14 |y)) 2 x | ph2,
k/2—1
p
and
k k L
Iz,pa (X, y) < q2£p0t(77+8)x*€y?78 (1 + |y|)28 % pk727
k/2—1
p
We put Y = p*X~1q%(1 + |y|)? and obtain
1, o
_k K k k—2
Iipe (X, Y) 4+ I pe (X, Y) K X72¢ (14 y]) x { P*°% «
pi !«

From the estimates (23) and (26) we have

Epot (X)+ ILPa(X, Y)+ Iz’pot (X,Y)

- 03X + X 2gk 1 +1y DY),
= (1—cp(@) + 1 0(p~1/27kX5 4+ X~ 5g*(1 + |yDkpk~2),
O((Ot + 1)p—1—(0l—1)k+(a

)k+28.

a=1,
a=2,
a>3
a=1,
oa=2,
o >3.
=1,
:2’
>3.

—1) k k k
T X2+ X"2¢°(1+|yDkp2 ),

r(1=8+i8) e
'

(26)
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We put
1
p'"%q(1+|y)). a=1,
X=1,2-3 _
p7xq(1 + |y, a=2,
1 a-1
p*T 2T Eq+yD), a=3,

so that Y > 1, as needed, and we obtain

Sk(p¥) = Epe (X) + I1,pe (X, Y) + Iz pe (X, Y)

_ k1 k k
. O(p~2tagz(1+y])?2), a=1

(L1 k k
=e (1 —cp@) + 1 0(p~ig5 (1 +1yD?). a=2,
O((@+1)p "= THFHigh a1+ |y, a>3

From (12) we see

2mi
M -5

S
ef(%)h:L/XSL(]—FF)ds:lﬁLL. / e h)
S 2mi S

=1+40(X"%)
and we obtain Theorem 1.
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