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1. Introduction

For a positive definite quadratic form Q (y) = Q (y1, ..., ¥¢) in £ > 2 variables with integral coeffi-
cients, we can write it in Siegel’s notation as
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_ 1A — 1 tAy — TR 1 2
Q) = Alyl = Jy'Ay = Zauyzy, +5 Zauyi,
i<j i
where y' is the transpose of y, and the matrix A = (ajj) has integral entries which are even on the

diagonal, i.e., ajj =0 (mod 2) for 0 <i < £. Then the corresponding Epstein zeta-function is initially
defined by the Dirichlet series

Zo):= Y > QWi y07 (11)
Y1€Z  yeel
Y15, y0)#(0,...,0)

for Mes > £/2. We can also rewrite it, in the same region, as

Zo(s) = Zann’s,

n>1
where a, is the number of the solutions of the equation Q (y) =n with y € Z¢. It is known that Zg(s)

has an analytic continuation to the whole complex plane C with only a simple pole at s = ¢/2, and
satisfies the functional equation of Riemann type

(@ )27)’T($)2o () = (4" /27) > °r (/2 = )25 (4/2 =) (s€0),

where d is the discriminant of Q and Q (y) := 1y*(dA~ ")y (cf. [9]).
If we write for any integer k > 1,

Zo(s) =) a(mn>,

n>1

then

ag(n) = Z Qny - - - Q.-

ny---ng=n

In particular aq(n) = ap. It seems interesting to study the asymptotic behavior of the sum anx ag(n).
It is easy to show that its main term is

Res (Zq (s)*x°s™1) = x“/2 Py (logx),
s=¢{/2
where Py(t) is a polynomial in t of degree k — 1. Then the real hard work is to study the error term

AKQ. %) =) ar(n) — x7* Py (logx). (12)

n<x

In 1912, Landau [7] proved that for £ =2, AT(Q,x) € x1/3t¢ where and throughout this paper &
denotes an arbitrarily small positive constant. Landau’s method can also be applied to treat the general
case. In fact his method implies that for k > 1 and ¢ > 2,

A;‘:(Q, X) << X[/Z*@/(kf‘)‘])#‘é'.
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Later Chandrasekharan and Narasimhan [1] were able to delete the ¢ in the exponent of x. In [9],
Sankaranarayanan improved these classical results by showing that for k > 2 and ¢ > 3,

AF(Q,x) « xY21 ke, (1.3)

Recently inspired by Iwaniec’s book [5], Lii [8] was able to improve (1.3) for the quadratic forms

of level one (see [5, Chapter 11]). These quadratic forms are defined by Q (y) = lA[y] with diag(A) =
diag(A~1) =0 (mod 2), where diag(A) denotes the set of entries on the diagonal of the matrix A.
Moreover we have that det(A) = 1, A is equivalent to A~!, and the number of variables satisfies

£ =0 (mod 8). Denote by Q, the set of quadratic forms of level one with ¢ variables. For Q € Q,, we
have (see [5, (11.32)] or [8, Lemma 2.1])

ap = Agogp—1(M) +afrm, Q) m=1),
where
(27.[){/2 i
Api=————— = d*,
“=aprap ;

¢(s) is the Riemann zeta-function, I"(s) is the Gamma function and as(n, Q) is the nth Fourier coef-
ficient of a cusp form f(z, Q) of weight ¢/2 with respect to the full modular group SL(2, Z). Thus

Zo(5) =Al(s—£/2+ 1))+ L(s, f) (Res > £/2), (1.4)

where L(s, f) is the Hecke L-function associated with f(z, Q). According to the well known Deligne’s
work [2], we have

laf(n, Q)| <n“27V2¢(m), (15)
where 7(n) is the divisor function. With the help of these properties, Lii proved, by complex inte-

gration method, a better estimate than Sankaranarayanan’s (1.3) for all k > 3 and 8 | £. For r > 0, the
r-dimensional divisor function t.(n) is defined by

() =) wmn= (Nes>1).

n>1

The r-dimensional divisor problem concerns the estimate of the error term

. _ rySe—1) _ _
A0 =) Tr(m) —Res(¢(9)'X's™!) = ) () — xGy (log), (16)

n<x n<x

where G.(t) is a polynomial of degree r — 1 if r > 1 and Go(t) =0. It is known that
Ar(0) <X (x> 2) (1.7)
where
6o =0, 01 =0, 6, = 131/416, 63 =43/96 (1.8)

and
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(3r —4)/(4r), if4<r<s,
35/54, ifr=9,
41/60, ifr =10,
7/10, ifr=11,

Or

Il
—_

=

©
=

r—2)/(r+2), if 12 <r <25,
r—1/r+4), if 26 <r <50,
(31r —98)/(32r), if51<r<57,
(7r —34)/(7r), if r > 58.

(The case of r =0, 1 is trivial. See [3] for r =2, [6] for r =3 and [4, Theorem 13.2] for r > 4.) Lii’s
result (see [8, Theorem 1.2]) can be stated as follows

X€/271/2+8’ ifk:3,

Xl/2—1-‘r9k-'rs7 ifk > 4. (110)

AR(Q, %) <<{

In this short note, we can further improve Sankaranarayanan’s (1.3) with k =2 and Lii’s (1.10) with
k=3.

Theorem 1. Let k > 2 and 8 | £. Then for any quadratic form Q (y) € Qg, we have

AZ(Q , X) < XZ/27]+9’(+8 ,
where 6, is the exponent in (1.7).
For comparison, we note that

€/2-1/2-0.185... ifk=2,

02146 =
/2= 146 {6/2—1/2—0.052... ifk =3,

which are better than (1.3) with k =2 and (1.10), respectively.
For k=2 or 3, we also can establish £2-type result.

Theorem 2. Let 2 < k < 8 and 8 | £. If there is a positive constant § such that
0 <(k—1)/2k)y—8 O<r<k—1), (1.11)
then for any quadratic form Q (y) € Q¢ and € > 0, we have
AF(Q, x) = 2 (x"/27THE=D/EW (1og x) k=1)/ @) (1og, x)P (logy x) 77 F) (112)

where i := (kZ/&+D _ 1)k + 1)/ (2k) and y, := (3k — 1)/ (4k).
In particular (1.12) holds unconditionally for k = 2 or 3.

Our method is different from [8]. First we shall establish relations between Aj(x) and A;(Q,x)
and then deduce Theorems 1 and 2 from known O-type and £2-type estimates for Ag(x).
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2. Preliminary lemmas

This section is devoted to establish three preliminary lemmas, which will be needed in the proof
of Theorems 1 and 2.

Lemma 2.1. For any € > 0, we have

X

f A dE <pp X (x> 1),
1

where

1/2—1/r, ifr=2,4,6,8,
8= ) (2.1)
1/2-1/0+1), ifr=1,3,57.

Proof. By Perron’s formula [11, Theorem II.2.3], we obtain, with b:=1+ 1/logx,

X 1 b+ico X
/Ar(u)du = i / Fr(s; x)ds —/uGr(logu)du, (2.2)
0 b—ico 0

where b:=141/logx and F(s; x) :=¢(s)"x*T1/{s(s + 1)}.
Let max{1 — 6/r, 0} < a < 1. By using the classical estimate

)max{(lfa)/3,0}

£(s) < (It +2 log(|t| +2).

we deduce that for all e >0 and T > 0,
‘Fr(S; X)“dS' < (X2T72 +X1+aT72+max{(lfa)r/3,0})(logT)r’
aLo<b,|t|=T
and
/ |Fr(s; %)|lds| < ¥*T ! (log T)".
o=b,|t|>T

Using the preceding estimates and shifting the line of integration from o =b to o = a, the residue
theorem implies that

b+ico b+iT
! Fr(s;x)ds = ! / Fr(s;x)ds+ 0 Xz(lo "
27 rE0E=om ] e T %8
b—ioco b—iT
X 1 a+iT
=/uGr(u)du+—, / Fr(s; x)ds
2mi
0 a—iT

X2 . x1+a .
+ O(T(logT) + m(lOgT) ),
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where we have used the relation

X

RElS(Fr(S; X)) =/uGr(u)du.
0

Making T — oo and inserting the obtained formula into (2.2), we find that

X 1 a+ioo
/Ar(u)du:—, / Fr(s; x)ds
21i

1 a—ioo

+00 .
1+a |§(a+1t)|r

<X
(t]+ 1)?

When r =2, 4,6, 8, the last integral is convergent for any a > 1/2 — 1/r > max{1 — 6/r, 0} (see [4,
Lemma 13.1 and Theorem 13.4]). For r =2k — 1 (1 <k < 4), we have

+00 . +00 . 1/2  +o0 . 1/2
gatior | [ le@+inptd o ¢@t+inP
qel+12 =~ (el +1)? (e +1)2

—00 —00 —00

<00
provided a >1/2 —1/(2k) =1/2 —1/(r + 1) > max{1 — 6/r, 0}. This completes the proof. O

Lemma 2.2. For r > 0, we have

> nmn'? T =x2Gr(logx) + X2 AL () + O (x/27 1), (2.3)

n<x

where G (t) is a polynomial of degree r — 1 with the convention that G§(t) = 0 and the constant 8, > 0 is
given by (2.1). In particular

> nmnt/? =x2Gy (logx) + 0 (x!/2710r), (2.4)
n<x

Proof. With the help of (1.6) and Lemma 2.1, a simple partial summation yields

X X

> mnt/?! =/t@/z—l(tcr(logt))’dw/t‘f/z‘1 dA(t)

n<x 1 1—

=x"2G} (logx) +x"/2 71 Ap(x) + O (x*/2710r),
This completes the proof. O

In order to state our third lemma, it is necessary to introduce some notation.
By (1.4), we can write, for ies > £/2,



1740 G.S. Lii et al. / Journal of Number Theory 131 (2011) 1734-1742

Zo)'= ) ACGEG)LEs, HTe(s—e/241),

o<r<k
ts— 02+ D = > A=) T F LG, T Zo (5
o<r<k
These imply that
@y = Y AL Y b (d)rmmt>, (25)
o<r<k dm=n
wn'> = Y (“D)TAKG Y ardar(m), (2.6)
o<r<k dm=n

where by, and ¢, are defined by the relations

£ Lis, =) b, ()KL, T =) crmn”,
n>1 n>1

for RNes > £/2.

Lemma2.3.Let j >0,k >2,0<r<k 8|£andb > (£ + 2)/4. Then for any quadratic form Q (y) € Q, and
dk,r = bk,r or Cg r, we have

di r(n
Z' k’rg( ) Kol x=2), (2.7)
n<x n
dy. (n)(logn)’
Z . ( )(9 gn) — C;(i.k, r,6)+0(x_0+(e+2)/4+8) x>2), (2.8)

n<x
where C¢(j, k,1,0) is a constant.

Proof. By the definition of by, and ¢, we have

b= Y ap(Q,mp)---ap(Q,my),
dy--dpmy--my_r=n
Grm= Y p)--udag(Q,my)--ap(Q,myy).

dq "'dkml ~Mp_p=n

We treat only the case of by, and the latter is completely similar. With the help of the Deligne
inequality (1.5), we have

Z|bk,r(n)| < Ztr(d) Z Tar (mym=2/4

n<x d<x m<x/d
< ZTr(d)(X/d)l/4+1/2(10gx)2k72r71
d<x

< XD log 2T (0 <r <.

From this, a simple partial integration allows us to deduce (2.7) and (2.8). O
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3. Proof of Theorem 1
By (2.5), (2.4) of Lemma 2.2 and (2.7) of Lemma 2.3, it follows that
by r(d ) _
doamy=x" " GAY dlf/z ¥ (log(x/d)) + O (x*/271H0Fe),
n<x o<r<k d<x
Since £/2 > (¢ + 2)/4, (2.8) of Lemma 2.3 implies that
S ocrapy e br @) #(log(x/d)) = Py(logx) + 0 (x'/2~t/4+¢)
dz/z g k g .
o<r<k d<x
Inserting it into the preceding formula, we get the required result. O
4. Proof of Theorem 2

From (2.6) and (1.2), we can deduce that

> nmn271 = x2G(logx) + 0 (x(T2/4+¢)
n<x

+ >0 DAY e @d)AT Q. x/d),

o<r<k d<x

where we have used the following estimate

Do (= A7kch > k@ x/d) 7 Pr (log(x/d)) = x*/*Gj; (log x) + 0 (x“+2/4+¢),
o<r<k d<x

Comparing with (2.3) of Lemma 2.2 yields

XA = Y (DAY e (@)AF(QL x/d) 4+ 0 (x/2T1H).

o<r<k d<x
Under hypothesis (1.11), by (2.5), (2.3) of Lemma 2.2 and (2.7) of Lemma 2.3 we have
0/2—141/{2(r+1)}—5
AX(Q,x) <X [2=141/{2(r+1)}=b+¢
0/2—14(k—1)/(2k)—8/2

<X

for 0 <r <k — 1. Inserting into the preceding formula and using (2.7), we can deduce

XTI 0 = A7) (@) AF(Q. x/d) + O (xH/271HHED/GH=0/2), (4.1)
d<x

On the other hand, according to Soundararajan [10], we have, for any k > 2,
Ak(x) = 2((xlogx) %=1/ (log, x)Px (logs x) 7). (4.2)

Now on noting (2.7) of Lemma 2.3, the first assertion of Theorem 2 follows from (4.1) and (4.2).
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Finally in view of (1.8), it is easy check that the hypothesis (1.11) is satisfied when k =2 or 3.
Therefore (1.12) holds unconditionally for these two values of k.
This completes the proof of Theorem 2. O
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