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Hesselholt’s conjecture

1. Introduction

Let p be a prime number and K be a complete discrete valued field of characteristic zero
with residue field kg of characteristic p. Let L/K be a finite Galois extension with Galois group
G, such that the induced extension of residue fields kg /k; is separable. Let W,(O;) denote the
ring of Witt vectors of length n in O;. In [2], Hesselholt conjectured that the pro-abelian group
{HY(G, Wp(O1))}nen vanishes, which means that for every integer n, there exists m > n such that
the map HY(G, W (OL)) — HY(G, Wn(O})) is zero. As explained in [2], this can be viewed as an
analogue of Hilbert theorem 90 for the ring of Witt vectors W (Oy).

In order to prove the above conjecture, one easily reduces to the case where L/K is a totally
ramified Galois extension of degree p (see Lemma 3.1). For such an extension, let s =s(L/K) be the
ramification break (see [4, IV, Remark 1]) in the ramification filtration of G. This is the largest integer
such that G acts trivially on OL/‘BSL-H, where ; is the maximal ideal of O;. Hesselholt proved his
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conjecture for extensions with s > ex/p — 1. The following theorem, which is the main result of this
paper, proves Hesselholt’s conjecture for all Galois extensions.

Theorem 1.1. Let L/K be a finite Galois extension of complete discrete valued fields of mixed characteristic
with Galois group G, such that the induced extension of residue fields k; /ky is separable. Then the pro-abelian
group {HY(G, Wn(O1))}nen is zero.

As a corollary of the above result we will show the following.

Corollary 1.2. Let L/K be as in Theorem 1.1. Then

H'(G, W(Op) =limH' (G, Wp(O1)) =0

—

We thank the referee for pointing out to us the difference between the vanishing of the pro-
abelian group {H!(G, Wn(O1))}nen and the vanishing of @Hl(G, W, (Or)). The former means that
for every n € N, there exists an integer m > n such that the map

H'(G, Win(O1)) > H' (G, Wy(O1))
is zero and is stronger than saying that LiLnH1(G, W, (OL)) vanishes. For generalities on pro-abelian
groups, we refer the reader to [3, Section 1].
Although the proof of Hesselholt’s result does not generalize (for instance due to use of [2, 2.2]),

our proof, which is based on an observation on addition in the ring of Witt vectors (see Lemma 2.2)
relies on several ideas developed in [2]. One of these ideas which we use is the following.

Lemma 1.3. (See [2, 1.1].) Let L/K be as in Theorem 1.1. Let m > 1 be an integer and suppose that the induced
map

H' (G, Wiy (O1)) — H'(G, Wy(Op))

is zero for n = 1. Then the same is true, for all n > 1. In particular the pro-abelian group {H' (G, Wn(OL))}nen
vanishes.

Thus, in view of the above lemma and Lemma 3.1, to prove Theorem 1.1, it is enough to prove the
following.

Theorem 1.4. Let K be as above and L/K be degree-p totally ramified cyclic extension with Galois group G.
Then there exists a positive integer m € N such that the homomorphism H'(G, Wi (O1)) — HY (G, O}) is

equal to zero.

2. Remarks on addition of Witt vectors
The main observation of this section is Lemma 2.2, which lies at the heart of the proof of Theo-

rem 1.1. We first recall from [4, II] how addition of Witt vectors is defined. For every positive integer n,
define ghost polynomials wy, € Z[ Xy, ..., X;] by

n n—1 n—2
Wn(Xo, ..., Xn) = X5 +pXP  +p2XY 4+ p"Xn

One now defines addition of Witt vectors (thanks to Theorem 2.1) in such a way that if

(Xo, ..., Xn) + (Yo,....Yn) =(Zo, ..., Zn) (1)
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then

wi(Xo, ..., Xi) +wi(Yo,...,Y)) =wi(Zo,..., Z;) YO<Ki<n

Theorem 2.1. (See [4, II, §6].) For every positive integer n, there exists a unique ¢, € Z[Xo, ..., Xn, Yo, ..., Ynl
such that

wWn(Xo, ..., Xn) + Wn(Yo, ..., Yn) = wn(h1, ..., ¢n)
In other words, in Eq. (1) above
Zi = ¢i(Xo, ..., Xi, Yo, ..., Yi)

Since ¢;’s are polynomials with integral coefficients, the expression makes sense in all characteristics.
We now consider addition of p-many Witt vectors. Let

(X105 - X10) + -+ + (Xpo, - . -, Xpn) = (20, - - -, Zn)

By the above discussion, for every 0 < i < n, there exist polynomials in p(i + 1) variables, g; €
ZIX10s « oy X1y o nns Xp(), ey Xp,‘] such that

Zi = gi(X10, - X1i5 - - - Xp0s - - - » Xpi)

The following observation is about the nature of these polynomials. In order to state this observations,
without loss of generality we work over the polynomial ring

Ri=Z[{xj11<i<p, 0<j<n—1}].

Lemma 2.2. Let p be a prime number, and let R, be the polynomial ring as above. For every i < n, the polyno-
mial ring R; is a subring of Ry. Let X; = (Xio, . . ., Xitn—1)) € Wn(Rp) for 1 <i < p.
p
(20,22, ...,Zmn—1)) := Z(Xm, Xi1, - Xi(n—1))
i=1

(1) Forall 0 < € <n—1 there exists a polynomial f, € Ry such that

P
2= xi+ fo
i=1

where each monomial of f, has degree > p. We set fo =0.
(2) For £ > 2, there exists a polynomial hy_ € Ry— such that

L - [ (e
f6=2_1 -1~ iy X __|:Z<I;><in,z—1) fﬁ]}*‘hz—z
i=1

p ol

and each monomial appearing in hy_, has degree > p?. For £ = 1, the above expression remains valid by
settingh_1 =0.
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Proof. (1) By the definition of addition of Witt vectors by using ghost polynomials we have, for
0l (n—1),

)
> wilXio. -, Xie) = W20, ..., 2¢)
i=1

Using the expression for the polynomials w, and rearranging, we get

p
0= xi+ fo

i=1

where

(ot 150 p
fﬁ:p > Xy — 2 +"'+E D X1y~ 20
i=1 i=1

The claim that f; has integral coefficients follows from Theorem 2.1. All the terms above involving
the variables x;;, 1 <i < p, 0<j<¢—1 will have monomials of degree > p. This shows that every
monomial appearing in the expression of f; has degree > p.

(2) Substitute zy_1 = Zf; Xie—1) + fe—1 in the expression of f, and rewrite f; as

(X0 ) = P i) 122\ (&8 Pl
fp = ==l i=1 __Z<') in(e—w fl o +hes
p L A=

where

1 1 2 2 2 2
— p p P P P
he—2 = _Ef(z—l + ?(xl(efz) +Xg) t Xy ~Z) o

1 ¢ 1 1 ¢
pt b p p
+?(xw+x20+~--+xpo—zo )

As p is a prime number, every binomial coefficient (‘j’) with 1 < j < p is divisible by p. Thus the
first two terms in the above expressions of f, have integral coefficients. Since we know that f, has
integral coefficients, it follows that h,_, has integral coefficients too. Moreover, since all monomials
appearing in f,_q1 have degree > p, all monomials appearing in f£1 have degree > p2. Since each z
for 0 <t < £ -2, is again a polynomial without a constant term in the variables x;;, all monomials

appearing in the polynomial sz will have at least p2. This shows that all monomials appearing in
the expression of hy_, have degree > p2. O

3. Proof of the main theorem

In this section, we prove Theorem 1.4. As mentioned before, the main theorem, Theorem 1.1, fol-
lows immediately from Theorem 1.4 and Lemma 1.3. Throughout this section vk (resp. v;) will denote
normalized valuation on K (resp. on L) so that their values at the respective uniformizers are equal
to 1.

Lemma 3.1. Let p be a prime number and L/K be a finite Galois extension of complete discrete fields with
G = Gal(L/K). Suppose that k; /ki is separable. Then the following two statements are equivalent.
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(i) The pro-abelian group {H' (G, W,(O}))}nen vanishes for all extensions L/K as above.
(ii) The pro-abelian group {H'(G, W,,(OL))}nen vanishes for all L/K as above which are ramified and of
degree p.

Proof. (i) = (ii) is obvious. Now we prove (i) assuming (ii).

Let L/K be any Galois extension of complete discrete valued fields. Let L¢ be the maximal subfield
of L which is tamely ramified over K. The extension L‘/K is Galois and let H = Gal(L/L"). Since Lt/K
is tame, Oy« is a projective Og[G/H] module (see [1, I, Theorem 3]) which can be used to show
the vanishing of the pro-abelian group {H!(G/H, W,(O}t))}nen. Moreover, because of the following
inflation-restriction exact sequence of pro-abelian groups

Y, (HY(G, Wa(OD))

res

0— {H'(G/H, Wa(O1))} — {H'(H, Wa(O))}

neN neN neN

vanishing of {H'(G, W(OL))}nen is implied by that of {H!(H, W,(O1))}nen. Thus without loss of
generality, we may replace K by L' and assume that our extension L/K is totally wildly ramified
Galois extension. Thus G is a p-group. Since any p-group has a normal subgroup of index p, again by
induction and inflation-restriction exact sequence, we reduce ourselves to the case when L/K is of
degree p. But in this case the vanishing of {H!(G, Wn(O}))}nen is guaranteed by (ii). This proves the
lemma. O

Let G be any finite cyclic group with a generator ¢. Let M be a G-module. Then the cohomology
group H'(G, M) is isomorphic to the ith cohomology group of the complex

[V VLN Y gy BNy VRS

where for a € M, tr(a) = dec ga. Thus in the case at hand, where L/K is a cyclic Galois extension,
we have a canonical isomorphism

HY (G, Win(OL) = Wn(OpD)"™"/(c — 1)Wn(OL)

Henceforth, for K as before, we assume L/K is a totally ramified cyclic extension of degree p. For such
an extension we will denote by s the ramification break. To prove Theorem 1.4 we need following
lemmas and results from [2].

Lemma 3.2. (See [2, 2.4].) Let L/K be as above. Suppose that x € Oir:O represents a non-zero class in
HY(G, Op). Then vi(x) <s— 1.

Lemma 3.3. (See [2, 2.1].) Let L /K be as above. For all a € Oy,

v (tr@) = (vi@ +s(p—1)/p
Lemma 3.4. (See [2, 2.2].) Let L/K be as above. For alla € Oy,

v (tr(aP) —tr@P) = ek + vi(a)

Lemma 3.5. For L/K be as above, let x = (xo, X1, ...,Xn—1) € Wa(ODT=0. Then tr(xo) = 0 and for all 1 <
L<n—-1

tr(xffl) —tr(xe_1)P
p

—tr(x¢) = — C.tr(xe—1)? + he_y
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where C is the integer defined by

101 (P
C==) (-1)
pg( )<j>

and hy_, is a polynomial in xo, ..., X,— and its conjugates. Further each monomial appearing in hy_, is of
degree > p?.

Proof. Since x € W,(O1)"=% we have

> (07 x0.....0 k1) = (0., 0)

Since z; =0 for all 0 <i<n—1, the above claim follows directly from Lemma 2.2(2) by making the
substitutions

xj=0'"1xj; 1<i<p,0<j<n—1 and fi=—tr(x) 0<i<n—-1 O
Lemma 3.6. Notation as in Lemma 3.5. For £ > 2, hy_» € Ok. Further
vi(he—2) = p-min{v,(x) |0<i< -2}
Proof. The claim that hy_; € Ok follows from the following equation (see Lemma 3.5)

tr(xf ) —tr(xe—1)P

—tr(xe) = — C.tr(xe—1)? + he_>

and the fact that tr(a) € Ok for any element a € O;. Further since hy_; is a sum of monomials in
X0, ..., X¢_o and their conjugates, each of degree > p? (see Lemma 3.5), we have

vi(he—) > p? -min{v (x) [0<i< -2}
The lemma now follows from the fact that vy(hy_2) =p - vg(he—2). O

Proof of Theorem 1.4. By Lemma 3.2, to prove Theorem 1.4 it is sufficient to find M € N such that,
for all x= (o, ..., XM—1) € Wn(ODT=0, v (x0) >s.

Step (1): Let n be a positive integer and (xg, ..., Xn—1) € W,(Op)"=C. We will prove by induction
on £ that vy (x;) > @ for0<e<n—2.

By Lemma 3.5, and using the fact that hg =0, tr(xg) = 0 we have

1
—tr(x) = E(tr(xg) — tr(xo)P)
But by Lemma 3.3, v (tr(xq)) = w. Thus

s(p—1)

vi (tr(xf) — tr(xo)P) — ek = v (tr(x1)) > ;
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By Lemma 3.4, vg (tr(xg) — tr(xo)?) = vy (x0) + ek. Therefore vy (xg) > 50”%1). This proves the claim
for £ =0.

Now we assume that £ > 1 and that for all i <£—1, v (x;) > @. We will prove vp(x;) >
By Lemma 3.5, we have

s(p=1)
-

tr(xl) — tr(xo)P
p

—tr(Xe4+1) = —C-tr(xp)? +hy_q

Thus, using Lemma 3.4 we get

tr(xl) — tr(xo)P

vi(xe) = VK(
p

> > inf{vg (tr(xe41)), v (C- tr(xe)P), vic (he—1) }
Using Lemma 3.3, we have

v (tr(xe41)) =s(p —1)/p

and

vi(C-tr(xp)?) =s(p—1)

By Lemma 3.6, and by induction hypothesis vk (h¢—1) > s(p — 1). Combining the above, we get

vi(xe) > sp=1)
p

Step (2): We will now see that the lower bound for v (xg) approaches s as the length of a Witt
vector with first term xg goes to infinity. The argument that this implies the existence of an integer M
such that for all x e Wy (Or), vi(xp) = s is at the end of the proof.

For any positive integer n and (xo, ..., X,_1) € W, (Op)=0, by Step (1) we have

s(p—1
vL<x,->>(pT) VoO<i<n—2

For a fixed n, and 2 <i < n, we claim that

s(p—1 1 1
vL(xn_i)>L<1+—+...+ﬁ>
p D p

We prove this by induction on i. For i =2, this is the claim that

s(p—1)
p

vi(Xp—2) >

which follows from Step (1). Now let i be an integer such that 2 <i <n — 1. Assuming the claim for
i we will prove it for i + 1. By induction hypothesis

-1 1 1
vL(xn_i)és(pr)<1+—+--~+ )

p pi—2

Therefore by using Lemma 3.3 we get
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vk (trx '))>VL(Xn7i)+5(p_‘1) s(p—1)< 1 )

> LI T+
p p p p

By Lemma 3.5

tr(xn (l+1)) tr(xﬂ—(i+l))p
p

—tr(Xp—i) = — C - tr(Xn—(i+1))? + ha—(i12)

By Lemma 3.3, vk (C - tr(xp—gi+1))”) = s(p — 1). By Step (1) and Lemma 3.6, v (hy—¢i4+2)) = s(p — 1).
Thus, using Lemma 3.4,

<f1’(Xn (l+1)) l’T(Xn_(i+1))p )

VL(Xn—(i+1)) = Vi
n—(i+1) D

> min{v (tr(xn—)), V1<(C tr (n—(i+1)P), Vi (hn—ii+2)) }

i { (p—l)( 1 ) }
> min 1+ —+-+ s(p—1),s(p—1)
D p pi-

_ - 1)<1+ +- +L>
p p p!

This proves the claim. Hence

VL(XO)>M< l e 1 )
~p p pr—2

The right-hand side approaches s as n goes to co.
Step (3): There exists an integer M, such that

1 1
e - )(1+ oot >>s—1
p p pM

Since vy, is a discrete valuation, for such M and for any (xg, ..., XpM—1) € Wy (O1)=9, we have shown
that

vi(xo) 2s O
4. Proof of Corollary 1.2
In this section we prove Corollary 1.2. In view of Theorem 1.1, in order to prove this it is suffi-
cient to show that lim H' (G, W,(O})) coincides with H'(G, W (Oy)) for all Galois extensions L/K of
complete discrete valued fields (see Corollary 4.2). Note that in general group cohomology does not

commute with inverse limits.

Proposition 4.1. Let G be a finite group and {A;}ien be an inverse system of G modules indexed by N. For
j>1ilet¢ji: Aj — A; denote the given maps. Then the following two statements hold.

(i) If ¢ji is surjective for all j > i then
H'(G.1lim Aj)) — im H' (G, A))

is surjective.
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. . G . G G . . . .
(ii) If the induced maps ¢ji : Aj — Ay are surjective for all j > i, then
H'(G,1im Aj) — lim H'(G, A;)
is injective.
Corollary 4.2. Let L /K be a finite Galois extension of complete discrete valued fields. Then the natural map

@ :H'(G,W(Op) — limH' (G, Wy(Op))
is an isomorphism.

Proof. By construction of Witt vectors, the projection maps

Wi+1(OL) — Wa(OL)

are surjective. Thus by the above proposition, @ is surjective. In order to prove injectivity of @ we
need to prove surjectivity of

Wii1(O1)¢ — Wr(Op)©

This follows from the fact that W;(O;)¢ = W;(Ok) for all i and from the surjectivity of the projection
maps Wth (01() — Wn(OK). O

Proof of Proposition 4.1. (i) Suppose we are given an element « € LiEH](G, Aj). This is equivalent

to giving datum ¢; € H'(G, A)) for all i such that oy — o;. We now inductively construct cocycles
ajg representing the class «; as follows. For i = 1, choose aé arbitrarily. Now, suppose ag has been

constructed. Then construct ag“ as follows. First start with any cocycle bg“ which represents o4 1.
For an element b € Any1, let b denote its image in A,. Thus Eg“ is a cocycle in A, which represents

the same class as that represented by ag. Thus, there exists ¢ € A, such that

Egﬂ—ag:gc—c

Since by assumption, Ap4+1 — Ay is surjective, there exists an element d € Ap4+1 such that d =c. Now
define

angl — ngrl —(gd —d)

This completes the inductive construction of the cocycles aig. The cocycles have the property that
for all i and g,

aig+1 > afg
and thus they define a cocycles with values in lim A; whose class obviously maps to the element o
we started with.

(ii) Suppose « is a class in Hl(G,@A,‘) which maps to zero in l(iLnHl(G,Ai), or equivalently
maps to zero in H!(G, A;) for each i. Under the given assumption we will show that o = 0. Choose a
cocycle ag representing o. By abuse of notation, we will denote the image of ag in A, by ag. The n
will be clear from context.
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For each n, we will now inductively construct an element b,, € A, such that

ag =gbhn — by VgeG

and for all n, bpy1 maps to b,. For n =1, we know that the image of az in Ay is a coboundary. Thus
there exists an element by € A7 such that

g =gb1—by VgeG

Now suppose we have defined b,,. To define b4 we first choose an element ¢, 1 € Ap4q such that

(g = gCny1 —Cny1 VEEG

However the image of c¢;+1 in A, denoted by C,4+1 satisfies

8Cnt1 — Cnp1 = &by — by

which means, there exists a d € AS such that

bn = E'n—H +d

G

nals Now

Since the map AS_H — A,f is assumed to be surjective, we can lift d to an element de A
define

bpi1=Cns1 +d

The elements b, defined above are compatible elements and hence define an element b of lim A;.
Also, from the construction it is clear that

ag=gbh—-b VgeG

holds, since it holds after taking image in A; for all i. Thus the cocycle ag is actually a coboundary
and hence the class o we started with is trivial. O

Proof of Corollary 1.2. In view of Theorem 1.1, the proof now follows immediately from Corol-
lary 4.2. O
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