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1. Introduction and statement of results

It is an important problem in analytic number theory to understand the m-th moments of the fam-
ily of quadratic Dirichlet L-functions L(s, xg) at s = % Jutila [2] was the first to obtain the asymptotic
formulas for the cases m =1, 2, and Soundararajan [4] succeeded in the cubic case. In [5], Soundarara-
jan and Young studied the second moment of quadratic twists of modular L-functions and claimed
that they may adapt the technique described here to obtain an asymptotic formula for the fourth
moment of quadratic Dirichlet L-functions under the G.R.H.

In a recent paper [1], Andrade and Keating obtained an asymptotic formula for the first moment
of quadratic Dirichlet L-functions over function fields at the central point s = % Their results are the
function field analogues of those obtained previously by Jutila in the number-field setting and are
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consistent with recent general conjectures for the moments of L-functions motivated by Random Ma-
trix Theory. To describe the results of Andrade and Keating more precisely, we need to introduce some
notations at first. Let k =TF4(T) be a rational function field over the ﬁnite field Fy and A =TF4[T] be

the polynomial ring. Let |[N| =q9&N for any N € A, and ¢5(s) = W be the zeta function associ-

ated to A. Let P(s) =[[p,(1 — (1 + [P)~'|P|=%), where P runs over all monic irreducible polynomials
in A. We assume that q is odd. For a nonnegative integer n, let 4, be the set of monic square-free
polynomials of degree n in A. For D € Hj,, let xp be the Dirichlet character modulo D defined by
the Jacobi symbol xp(N) = (%) and L(s, xp) be the quadratic Dirichlet L-function associated to xp.
Andgade and Keating gave the following formula of mean value of quadratic Dirichlet L-functions at

Szi.

Theorem 1.1. (See [1, Theorem 2.1].) Assume that ¢ = 1 mod 4. Then

1 P(1) 4P e
> L(z,XD) 3, (2)|D|{logq|D|+1+l o2 (1)’+O(|D|4 a2). (11)
DeHagt1

As a corollary, they obtained the following asymptotic mean value [1, Corollary 2.2]:

> L( 7XD> ~ 1P(1)(2g+ 1) (asg— o0). (1.2)
ﬁH2g+1 DeHags1 2
We remark that they assumed that g =1 mod 4 for simplicity, but their results hold true for any odd
q > 3. For any D € Hag1, the infinite place co = (1/T) of k ramifies in k(+/D), that is, k(+/D) is a
ramified imaginary quadratic extension of k. In this paper we study the values of the summation of
L(%, xp) with D € Hpgqp and its asymptotic mean value as g — oo. For any D € Hyg4o, the infinite
place oo of k splits in k(+~/D), that is, k(~/D) is a real quadratic extension of k. Our main result is the
following theorem.

Theorem 1.2. Assume that q is odd and greater than 3. Then we have

1 P(1) 4 P 1 3,100
> L(E,xD) 5k (2)|D|{1 gq|D|+—F<1)—2cA(5)}+o(|D|4+z‘ng). (13)

DeHagia
Comparing (2.2) with Theorem 1.2, we obtain the following asymptotic mean value.

Corollary 1.3. Under the same assumption of Theorem 1.2, we have

1 1 1
Tosrs De;mz L(E, XD) ~ EP(l)(logq ID|) =P(1)(g+1) (asg— o). (1.4)

2. Quadratic Dirichlet L-functions and their functional equations
2.1. Basic facts about A =TFg[T]

For 0# N € A, set [N| =¢q%&N and if N =0, set [N| =0. Let AT be the subset of A consisting of
all monic polynomials of A. For an integer n > 0, write A;f = {N € A*: degN =n}. The zeta function
Za(s) of A is defined by the infinite series
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=

NeA+

1 .
N [T (—=1PI)7". Res)>1

PeAt
irreducible

which is

—s°

1
)= ——
Za(s) T
The Mobius function w(N) and the Euler totient function @ (N) for A are defined as follows:

(-1, N=aP;---Py,
0, otherwise,

w(N) = {

where each P; is distinct monic irreducible, and

& (N) = Z 1.

MeA
deg M<deg N
(N,M)=1

It is well known [3, Proposition 2.7]:

Yo eN)=(1-q")g*" (2.1)

NeAy
2.2. Quadratic Dirichlet L-function

For an integer n > 0, write #, for the set of monic square-free polynomials of degree n in A. The
cardinality of H, is

ifn=1,

_Ja
W”_{a —q g, ifn>2.

In particular, we have

2842
qt

. 2.2
ta2) (22)

tHogi2 = (@ — 1?8t =

For D € Hg, let xp be the Dirichlet character modulo D defined by the Jacobi symbol xp(N) = (%)
and L(s, xp) be the quadratic Dirichlet L-function associated to yp:

-1
Xp(N) Xp(P)
LGs. xp) = Z INJS = l_[ 1- |P|s :
NeA+ PeAt
irreducible

We can write

L(s, xp) =) _on(D)q™™ withon(D)= D" Xxp(N).
n=0 NeA;
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Since 0,(D) =0 for n >d =degD, L(s, xp) is a polynomial in ¢—° of degree <d — 1. Putting u =q—,
write

d-1
L@, xp)=Y_on(D)u" =L(s, Xp).

n=0

We now assume that D € Hg42. Then L(u, xp) has a “trivial” zero at u = 1. The “complete” L-func-

tion E(u, Xxp) is defined by Lu, xp) = (1 —u)~1L(u, xp). It is a polynomial of even degree 2g and
satisfies the functional equation

L, xp) = (qu®)*L((qw) ™", xp). (2.3)

Lemma 2.1. Let xp be a quadratic character, where D € Hg>. Then

g g
(- D o)=Y Y xoWa +a 533 xom

n=0 NeA; n=0 NeA;
g-1 g—1
_n g
Y oM 2+q7 2y Y xn(N).
n=0 NeA; n=0 NeA;
Proof. Write
2g
L@, xp) =) Gn(D)u".
n=0

Since L(u, xp)=(1 — W L(u, Xp), we have

oo(D), ifn=0,
0n(D) = { 6a(D) — Gn_1(D), if1<n<2g,
—G2g(D), ifn=2g+1,
or
n
Gn(D) =) 0i(D) (0<n<2g). (2.4)
i=0

By substituting £(u, XD) = Ziio 6, (D)u™ into the functional equation (2.3),

2g 2g 2g
D Gn(D" =) 6n(D)gE MuPET =Y " Gag n(D)g ETU".
n=0 n=0 n=0

By equating coefficients, we have that

on(D) = 62g7n(D)q7g+n or 52g7n(D) =6n(D)g® ™"
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and we can write E(u, XDp) as

g g-1
L(u, xp) =) 6a(D)u" +q¥u8 Y " 5y(D)q "u™".

n=0 n=0

In particular, we have

g g—1
E(q 2 xp) = anDq E +) Gn(D)g 2. (2.5)
n=0

n=0

By substituting (2.4) into (2.5), we have

g—1g-1

g 8 . .
Lt x0) =YY q 5ouD)+ Y. g 20on(D)
n=0 i=n

n=0 i=n

[SE}

g q*g—q’@ g1 q- —q’%
:Zan(D)<7_l +ZGn(D)<—_l ) 0
n=0 1-qz n=0 1—-q 2

3. Some preparations
In this section we give several results which will be used to prove the main theorem in Section 4.

The following three lemmas are due to Andrade and Keating [1].

Lemma 3.1. (See [1, Proposition 5.2].) Let L € A+ with degL < 2g + 1. Then

|D] D (L)
1= 0 — ).
D R PR ET (V' i )

DeHagt2
(D,L)=1

Lemma 3.2. (See [1, Lemma 5.7].) We have

N1 m (M) 1
L [Ny m=am 2 T Ly
LeAf; PIL MeA™* P|M
degM<m

Let

1
o= |1 (l_<1+|P|)|P|S)'

PeAt
irreducible

Then we have

deg P

P(s)
—1 s
P(s) qugaﬂm)w—l
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In particular

Z&_Lg(l)
—~ (1+[PDIP| =1 logg P

Lemma 3.3. (See [1, Lemma 5.9 and Lemma 5.10].) We have

(M) 1 _z

_ =P(1)+0 2).

i L e =P +06@™)
MeAt PIM
degM<[5]

Lemma 3.4. We have

> un]]

g
+1.
1+IP| [ }

MeA™* PIM
dEgM<[j]
Proof.
1 _ g
D, MM )1'[ < Y o Em]]o< Y M 1=H+1. O
1+|P| P 2
MeA™* MeA™* P|M MeA™*
degM<[£] degM<[4] degM<[5]
Proposition 3.5. We have
51 P(l) g 1P 3
I I S Al AL B
= ‘ e 2 logg P
= LeA; DeHog2
(L,D)=1
and
5] - 44
g 3,03
=R Z ooy Wpannwo(gquﬁ). (32)
m=0pepf DEH +2
(L,D)=

Proof. The first part is a mild modification of Proposition 5.1 in [1]. We only give the proof of second
part. By Lemma 3.1, we have

(51 _&g 5]

g |ZZ]‘[ +1PIY)

m=0pecaf D€H2g+2 m=0pecpf PIL
(L,D)=1

( » 5y )

m=0pcAf

By using (2.1), we have
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1 +1 [%J
5 Z > \/_d)ﬁ) SERYDIY Y e
m=0

m=0peAf LeAj;

[£]
—q 5 YDI(1-q) > q"
m=0

[$1+1
(ool q'2 -1 1
=q 7z (1-¢g")——— «g%2.
q—1
Using Lemma 3.2, Lemma 3.3 and Lemma 3.4, we have
~ & 51
pI2. 2 11 (117
=0pcpf; PIL
e (5]
m w(M) 1
P12 Z w77
m=0 Me PIM
dg
- &0 w(M) 1 gls+1 _gm
oy T me( )
m=0pje A* PIM
,@+[&]
g * "2 w(M) 1 _ ety
=———1p| Y ——]] —q 2Dl Y wM]]
(g—1Dsa(@) Ment [M]| P|M1+|P| ot P‘M1+|P|
degM<[§] degM<[4§]
_M_HE]
2 2 3 3
= —————[D|P(1) + 0(gq2%%2). O
(@—1a @ ( )

Proposition 3.6. We have

8
33 S xoNg i =028 gEt) (3.3)

n=0DeHzg12 NeA}
ND

and

g
Y Y Y xoy =028t gdetd), (3.4)

n=0DeHsgi2 NeA;
N£D

Proof. The first part is a mild modification of Proposition 6.1 in [1]. We only give the proof of second
part. As in [1, Lemma 6.4], for any non-square N € A", we have

Z XD(N) <<qg+12degN—1_

DeHogt2
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Hence we have

q‘@i > > XD(N)QQ_@Zg: Y getiadEn

n=0DeHg12 NeAS n=0 NeA;
N+£0O

g
<q" P Y o «2¢tgis. o
n=0

4. Proof of main theorem

In this section we give the proof of Theorem 1.2. Since L(%,XD) =1 - q_%)ﬁ(q‘%,xp), by
Lemma 2.1, we have

g g
3 L(%,xD)zz > Y 0omg g Y Y Y my

DeHagia n=0DeHg12 NeA; n=0DeHrg+2 NeA;
g—1 g—1
_n _£
+D0) 0 D> Mg g Y Y > (N (41)
n=0DeHogy» NeAS n=0DeHrgi2 NeA

By (3.1) and (3.3), we have

g g g
Yo X Mg =" 3 Y Mg I+Y) Y Y xp(N)g?

n=0DeHogi2 NeA; n=0DeHg+2 NeA; n=0DeHzg+2 NeA;
N=0O N#0O

(51

P ADVED IRl L)
m=0 LeA;h DeHogy
(L,D)=1
P(1) {[g] 1 P } 41 3g43
= ——CIDI{| 5 |+ 1+ == (1) +0(25q28"2 (42)
¢a(2) 2 logg P ( )

and, by (3.2) and (3.4), we have

g g
Y Y Y om=¢ Y Y nm

n=0DeHag12 NeA} n=0DeH g2 NeA
N=0O

g
+ Y Y Y oW

n=0DeHg12 NeAF
N£D

(4]
=q_(g;r1) Z Z Z 1+ O(2g+1q%g+%)
m=0eAf DEHgia
(L,D)=1

q A

=4 " p)|D|+0(28+1q38+3). 43
FEEIYAE) (D)|D|+ 0 (28T "q28%2) (4.3)
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Similarly, we have

! ) -1 1P 3.3
oy ZXD(N)q—%=W|D|” > }+1+F—(1)}+o(2g+1ng+z) (4.4)

n=0DeHrgi2 NeAT

and

—_

i — 545 141

i Y Y oW )—Wp(l)wwo(zg“q%“%) (45)

n=0DeHogt2 NeAS

It can be easily shown that

g g-— 1 (=] g
[2}+1+[ 5 ]—H:ElogqlDl, g TS g T 21y g

and

logg 2
28+1g38+3 — |p|i+—

By inserting (4.2), (4.3), (4.4) and (4.5) into (4.1), we have

1 P) AP ol 341 log,2
3 L(Z,xD) T (2)|D|= 8ID1+ oy () 2¢A<2>}+o(|n|4z a2).

DeHygt2

Corollary 1.3 follows immediately from Theorem 1.2 by using (2.2) and computing the limit as
g— o0.
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