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1. Introduction

The divisor functions

Tr(n) = Z 1,

dy--dp=n
dy,...,dpezt

are the basic arithmetic functions in number theory, with the generating Dirichlet series
¢*(s) which are the simplest GLj L-functions. While the Riemann zeta function ((s)
has always been the most important and intensively studied L-function, the behavior
of 7, (n) is far less than perfectly understood even for k = 2. For example, Hooley [6]
proved that

ZT(TP +a) =czlogx + cox + O (x%(logw)g) (1.1)

n<z

for any fixed a € Z such that —a is not a perfect square, where ¢; and co are constants
depending only on a. Here as usual 7(n) := 75(n). However, so far there are no asymptotic
7(f(n)) for f(z) of degree deg f > 3. For the average behavior
of the divisor functions over values of quadratic forms, Yu [15] proved that, as x — oo,

formulas for the sum > _

Z 7(n? +n3) = czxlogx + cyz + O, (a:%“) ) (1.2)
1<ny,n2 <V

where c3 and ¢4 are constants. Calderén and de Velasco [1] studied the average behavior
of 7(n) over values of ternary quadratic form and established the asymptotic formula

4¢(3) = 3
Z 7(n} +n34+n3) = 55255332 logz + O(x2). (1.3)
1<n1,n2,n3<VT

Recently, Guo and Zhai [4] improved (1.3) by showing that

4¢(3
Z 7(n? 4+ n3 +n3) = 5gé5ixglogx+c5:z:g +O€(x%), (1.4)
1<n1,n2,n3<y/T
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where c¢5 is a constant. The error term in (1.4) was further improved by Zhao [16] to
O(xlog ). Nothing of type (1.1), (1.2) or (1.3) is known for 7 (n) with & > 3 and in fact
the situation becomes even more difficult for k£ > 3 if one considers the sum

Z anTE(n)

n<zx

for various sparse arithmetic sequences a,,. There are few results in this direction. For
73(n), Friedlander and Iwaniec [2] showed that, for z > 3,

Z m3(n3 4+ nf) = cxs (logz)? + O (x% (log x)% (loglog x) %>
nf-}-nggw
(n1,m2)=1
where c is a constant.
In this paper, we want to prove an asymptotic formula of type (1.4) for 73(n). Our
main result is the following theorem.

Theorem 1.1. For any x > xg (xo is a large absolute constant) and any € > 0, we have

C 1 :
S mld g nd) = 20k (loga)? + 1 (G + Co) o log

1<ny,n2,n3<y/x

1 1 : 11
+ 3 (C2.70 +C N+ §COJQ> z? + 0. (ﬂc?ﬁ) ;

where for £ =0,1,2,

[e%¢) 3 1
_Zo 0/logu —Bu)d 0/er 4

and

q

Z ZTLT )Pi(n,q) Z G(a,0;q)3S(—a,0;q).

nlq a=1
(a,q)=1

Here @ denotes the multiplicative inverse of a mod q, S(a,b;c) is the classical Klooster-
man sum, G(a,b;q) is the Gauss sum

ad? + bd)
G(a,b;q) = —,
(a,b;q) > e ( .

d mod q

Py(n,q) =1 and Pj(n,q) ( =1,2) are given by
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Pi(n,q) = §lo n—3logq+3 —LZIO d
1\n,q ~ 3 g g4 Y 37_(n) ga,
d|n
9
Py(n,q) = (logn)® — 5logqlogn + 51089)* +37% = 371 + Tylogn — 9ylogg

1 3
+ ) (logn + log g — 57) E logd — 5 E (logd)?
d|n d|n

with v := limg_,1 (C(s) — s_%) being the Euler constant and vy, := f% (C(s) — L)
being the Stieltjes constant.

A similar asymptotic formula can be derived for the slightly modified sum

2 2 2
E T3(ny + n; + n3)
1§n?+n§+n§§z
(n1,n2,n3)€Z?

which is in some sense simpler than the sum in Theorem 1.1, since obviously we have

Z 3(n} +nj +n3) = Z T3(n)r3(n), (1.5)

1<n3+n+ni<z 1<n<z
where
r3(n) = # {(nl,ng,ng) VAR n% —|—n§ +n§ = n}

Theorem 1.2. For any x > xg (xo is the same as that in Theorem 1.1) and any € > 0,
we have

Z m3(n} +n3 +n3) = 2Co Koz (log x)% +4(C1Ko + Coky) 22 log x
1§n%+n§+n§§z

(n1,n2,n3)€Z3

4 (cyco 10K+ %c()/@) 2% 40, (ﬁﬁ) :

where Cy’s are as in Theorem 1.1 and

0o /1 1 3
— £ (_ 2
Ko —ZO J (logu)“e(—pu)du O/e(ﬁv )dov | dp.

Remark 1. In Theorems 1.1 and 1.2, x( is an absolute constant which can be explicitly
computed. We can take zg = 48.
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Remark 2. The proof of Theorem 1.2 is similar as that of Theorem 1.1 and we shall omit
it for simplicity. In view of (1.5), the error term in Theorem 1.2 may be further improved
by appealing to the analytic properties of the L-function

)3 3(n)r3(n)

However, we will not take up this issue in this paper.

Now let us end the introduction by an outline of the proof of Theorem 1.1. We first
reduce the long sum into (smooth) sums over dyadic intervals in Section 2. Then the
smooth sums can be studied similarly as that in Sun [13] and Zhao [16]. That is, in
Section 4, we apply the circle method to the smooth sum (X)), and use the Voronoi
formula for 3(n) and an asymptotic formula for the exponential sum 3, _ = e(an?)
to express .#(X) as 16 sums which contain the character sum %'(by,ba, b3, n, m, v;q)
(see (4.28)). We then estimate (b1, ba, b3, n,m,v;q) in Section 9 and the main saving
comes from square-root cancelation of a two dimensional twisted character sum (see
Lemma 9.1) which benefits from the theorem of Fu [3]. After stripping the character
sum we are led to bound a twisted average for g (k,1) (see (3.1) and Proposition 5.2)
and this is completed in Section 8.

Notation. Throughout the paper, the letters ¢, m and n, with or without subscript,
denote integers. The letter € is an arbitrarily small positive constant, not necessarily
the same at different occurrences. The symbol <, p . denotes that the implied constant
depends at most on a, b and c.

2. Derivation of Theorem 1.1

Let V denote the set [1,v/2] N Z and ri(n) = > 1. By dyadic subdivision,
n?+n§+n§:n
(n1,n2,n3)€V?
we decompose the aimed sum into partial sums

> m3(nf +nj+ng) =) > 73(n)r3(n). (2.1)

1<ni,n2,n3</T j213x/29<n<3x /211

Notice that the inner sum in (2.1) vanishes for j > log6x/log2. So we are treating
O(log x) sums of the form

Y mrin),

X;/2<n<X;

where X; = 3z/2771, j > 1. Let ¢(y) be a smooth function supported on [1/2,1],
identically equal 1 on [1/24+ M~ 1 — M~'] with M > 4, and satisfy ¢\9)(y) <; M7 for
any integer j > 0. Then we have
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S mmrs(n) =Y m(n)ri(n)é (;ﬁ) + OE(XJ%“M*). (2.2)

X]'/2<’I’L§Xj n>1

Here the O-term comes from the bounds 73(n) <. n¢ and

rin) <m(n)= Y l<enite
nf +n§+n§:n

(n1,n2,n3)€Z?

Thus it remains to study the smoothed sum

A = 3 e (5) -

n>1
We are going to prove the following asymptotic formula for . (X).

Theorem 2.1. For any 1 < X < 3z and any € > 0, we have

1 1 1 :
F(X) = 3T(X)Coa? + 3T(X)Ciat + 1 T(X)Coa? + O (x%+EM + x%+5M_1> ,

where
Z an VPi(n, q) Xq;*GQOq ( 6,0;%), (2.3)
nlq a=
and
o] X 1 3
_ _ ¢ 2
Ty(X) —_4 Xé e(—pu)(logu) du O/e(ﬁxv )do | dg.

Remark 3. For X « 3:%, we have

T(X) < X(logX)f/ <ﬁ)2dﬁ

— 00

< X(log X)* / df+ "3 / 18]~ 24d8
18] <z 18>z
< X(log X)fz~t

< aE (log z)*
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and on taking M = z the term %IO(X)CQI'% + %Il(X)Clx% + iIg(X)COx% is then
absorbed into the O-terms. Thus the asymptotic formula in Theorem 2.1 is meaningful
only when X > z5.

We set the proof of Theorem 2.1 aside and continue the derivation of Theorem 1.1.
Applying Theorem 2.1 to the sum on the right side of (2.2) and taking M = T we get

1 1 1
> m)ri(n) = 5To(X)Cort + 5T(X)Cra? + (To(X;)Cor? + O (3.
X;/2<n<X;

(2.4)

Set jo := jo(x) = [log z/log2]. Plugging (2.4) into (2.1) we obtain

2 2 2
E T3(ny + n3 + n3)
1<n1,n2,n3</

=YY mmrm o)

1<5<j0 32 /29 <n<3z/29~1

= 562x2 Z IO <F> + §C1x2 Z Il (F) + ZCOSUZ Z IQ (2]—_1)

1<j5<j0 1<j5<j0 1<i<jo
+ 0, (x%“) , (2.5)
where for { = 0,1, 2,
) 21311 1 3
3z
Z I (F) = / Z / (log ) e(—Bu)du /e(ﬁmﬂ)dv ds
1<5<jo Lo \1<i<io 5 5
oo 3 1 3
:x/ /(logua:) e(—pBxu)du /e(ﬂva)dv ds
—o00 ]i 0
¢ o /3 1 3
= Z Ci(logz)*~! / /(log w)'e(—pu)du /e(ﬂzﬂ)dv ds
=0 “o0 \0 0
~ Rele), (2.6)
and for x > 6,
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3

290
< (logz)* / (—log u)‘du
0

<oz (logz)?. (2.7)
By (2.5)-(2.7) we obtain

Cojowg
4

1 3
Y. wi+ni+ng) = (logx)? + 5 (C1.J0 + CoJ1) 2 log

1<ny,n2,n3<V/x
1 1 3 FER
5 (G + T+ 50T ) ot 0. (2¥59),

where for Cy is defined in (2.3) and

3

Jez/oo j(logu)ee(—ﬁu)du /1@(6112)dv dg.

This finishes the proof of Theorem 1.1. The following sections are devoted to the proof
of Theorem 2.1.

3. Voronoi formula for the triple divisor function

The Voronoi formula for 73(n) was first proved by Ivi¢ [8] and later in [11], Li derived
a more explicit formula. To adopt Li’s result, set

ook )=> > 1L (3.1)

dl‘l dzldL
di>0 536
(d2,k)=1

Let ¢(s) be the Riemann zeta function, v := lim (C(s) - ) be the Euler constant

s—1 s—1

and 1 1= —% (g(s) - S;) ‘5:1 be the Stieltjes constant. For ¢(y) € C.(0,00), k =0,1
and o > —1 — 2k, set

By (y) = — / (%)~

2mi
Re(s)=0

T (1+52+2k)3 ~
————3(=s—k)ds
r(3)

2

with ¢(s) = [7° ¢(u)u*"'du the Mellin transform of ¢, and

dE(y) = Do (y) + %%(y)-
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Lemma 3.1. For ¢(y) € C2°(0,0), a,a,q € Z* with aa =1 (mod q), we have
an
> rame () oto)
n>1 q
2
_q\ 4+ (mn
PRI DI o () s (ema 2y o (M)
+ nlg m>1 nl\nn2| =
1 ~ _.4q
—2 Z’FLT PgnqS(O,a,ﬁ)
nlg
m2 @
nt(n)P(n qS(O a,—)
n
nlq
(1) 3 nr (s (0.7 1)
n )
nlq
where S(a,b;c) is the classical Kloosterman sum
Pi(n,q) = 2 logn — 3logq+ 37— —— 3 logd (3.2)
1 7q - 3 g gq ’Y 37’(77, g ) .
and
9 2
Py(n,q) = (logn)® — 5logqlogn + = (logCJ) +37° =3y + Tylogn — 9ylogq
+ N (logn+logq—57)210gd— EZ:(logd)2 (3.3)
7(n) 2 ' '

d|n d|n
The functions ®*(y) have the following properties (see Sun [13]).

Lemma 3.2. Suppose that ¢(y) is a smooth function of compact support in [AX, BX]

where X > 0 and B > A > 0, satisfying ¢\9) (y) <a,5; P’ for any integer j > 0. Then
for y > 0 and any integer £ > 0, we have

)
*(y) <aBre (yX)°(PX)° <P3yX2> '

By Lemma 3.2, for any fixed £ > 0 and yX > X¢(PX)3, ®*(y) are negligibly small.
Moreover, for yX > X¢, we have an asymptotic formula for ®(y) (see [8,10,12]).

Lemma 3.3. Suppose that ¢(y) is a smooth function of compact support on [AX, BX]
where X >0 and B> A > 0. Then fory >0, yX >1,¢>2 and k = 0,1, we have
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2
§
HMN

/ e (3t) +butie (=3 )) 0

+Ouper ((w?’y)k(wf"yX)—m*E) ,

where ax(j), bi(j) are constants with

2\/3_7T bo(l) = 2\/3_7T al(l) = bl(l) = — 671’

1) =—
ao(1) 6mi 67i

4. Transformation of .7 (X)

Applying the circle method, we have

where
F(a) = Z e(an?)
ney
and
Y(a) = ZTg(n)e(—an)qb (%) . (4.1)

Note that Z3(a)¥(«) is a periodic function of period 1. We have

Q/(Q+1)

S(X) =
~1/(Q+1)

F3 ()9 (a)da,

) by dissecting the interval (— 1/(Q + 1),

where @ = [54/z]. Then we can evaluate .*(X
Q/(Q+1)] with Farey’s points of order @ (see for example Iwaniec [9]). Let “— <g<w

be adjacent points, which are determined by the conditions

ag’ =1 (mod q), aq”’ = -1 (mod q).

Q<q+d.q+q¢" <q+Q,

Then
-1 @ L S
(Q 1'Q+ ] O<LQJ<9Q( q+q) ¢ alar )]

(a,q)=1
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It follows that
a<Qa=1l (4, 1

where * denotes the condition (a,q) =1 and

,///(a,q)=<— LI ]

q(q+4q) qlg+4q")

Exchanging the order of the summation over a and the integration over [ as in Heath-
Brown [5], we have

Y(X):%/ z; vqﬁz*e< >y3(§+ﬁ>g<g+ﬁ)dﬁ, (4.2)
q< \5\S$ v mod ¢ a=1

where o(v, q, 8) satisfies

1

v, 4, L —-
o(v,q,B) T 0l

(4.3)

For an asymptotic formula of % (% + 6), we quote the following result (see Theo-
rem 4.1 in [14] or Lemma 4.1 in [16]).

Lemma 4.1. Let Q = [5y/z]. Suppose that (a,q) =1, ¢ < Q and |8| < 1/(¢Q). We have

a _ G(a,0;q) b
F (5+6> == W)+ Y. Glabiq)¥(bg, ), (4.4)

3q 3q
-3 <b§7

where G(a,b; q) is the Gauss sum

Glaba)= 3 o), (15)
d mod q q
U (B) is the integral
vz
Uo(f) = / e(Bu?)du, (4.6)
0
and U(b,q, B) satisfies
S [W(b.0.5)] < los(q +2). (47)
-3 p<3e
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For ¢(a) in (4.1), we apply Lemma 3.1 with ¢3(y) = ¢ (%) e(—By) getting

% (g n 5) - T;T;;(n)e (—%) ¢p(n)
=P IDIETH PP P

+ nlq m>1 n1|nn2‘—

xS (im, _a; %) ot (mq—;ﬂ>
+ %ag(l) nz nt(n)Ps(n,q)S (0, —a; %)
(

+ %gﬁ(l) Z nt(n)Pi(n,q)S (0, —a; %)

)

nlq
+ éagu) annT(n)S (o, g %) , (4.8)
where
B5() = Boly. 5) & - 1(0. ) (4.9)
with
=5 [ ) F(Flzsf;';)?%u ~ k)ds, (1.10)
Re(s)=c 2

and Pj(n,q) (j =1,2) defined in (3.2) and (3.3).
By (4.4) and (4.8), we have

Zq:*e (%) 7 <g+5>g<g+5> —i%(v,q,ﬂ), (4.11)

a=1
where
+ mn2
T R 3 3D P D B! m ) @5 ( 5
+ nlq m>1 TL]"!LTL2| .
X Z \Il(bhqaﬂ)qj(b%q’ﬂ)\I}(b&(LB)(g(blyb%bSana ima”;‘])a
— 5 <b; <
1<5<3

(4.12)



%2(1}7(]7 B)

%3(U7qaﬂ) =

<%4(1]7qaﬂ)

'%5(U7q313) -

%6(1}7(176) =

e%7(1}7(17 5) =

<%8(1]7('1a16) =

%9(1}7Qaﬂ) =
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DX LS S oo () a5 ()

+ n|q m>1 n1|nn2|7:'1
X Z \I/(b17Qaﬁ)‘I’(anQ76)(g(07bl7b27na imav;q)? (413)
—37q<bj§37q
i=1,2
3 Uy(p)? 1 L (mn?
213 g ;ZZ%ZZ e AR
n|lg m>1 ni|nna|2
XY (b, B)E(0,0,b,n, +m,v;q) (4.14)
—3acp<ia
3 o () % ()
T2 q3
nlg m>1 nl\nn2| S
x €(0,0,0,n,£m,v;q), (4.15)

SO ) Y W66 000 ) (sa. )

nl 5 <b; <%
1<;<3
X (g(bl,bg,b;g,n 0,v q) (416)
165(1)
5 BqQ ZnT(n)Pl(n’q) Z \I](bla(Lﬂ)\:[/(b%qaﬂ)\:[j(b&qaﬁ)
nlq —3cp;<3
1<5<3
X (5(51717271737”707”;(1), (417)
140
T2 T () W(b.q )W (b0, )
n|q 7%<bj§%
1<5<3
X %(b17b2ab37n70,v;q)7 (418)
3 ¢5(1)¥o(83
§M ZnT(n)PQ(n7Q) Z \I’(blaQ7ﬂ)\Ij(b27qa/@)
e nlq —39cp;<3
i=1,2
X %(071)17172,71,071);(])7 (419)

gw an(n)P1(n7Q) Z U(br, g, B)¥(b2, 4, f)

X %(07b17b27n5071};Q)7 (420)
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ﬂlo(v,q,ﬁ): §Mzn7(n) Z \I/(b17Q7B)\II(b27q76)

3
TRy
j=1,2
X ‘5(0 bl,bg,n,O,v;q)7 (4.21)
3 ¢ﬁ
P11 (v,q, B) = Zm )Pa(n,q) Y. W(bq,pB)
nlq -3 <p<
X <5(0 0,9, mO,v;q), (4.22)
3 ¢5
PBr2(v,q,8) = 3 Zm )Pi(n,q) Y. U(bq,p)
nlq —39 p< B
x €(0,0,b,n,0,v;q), (4.23)
3 95(1)Wo(B)?
Fis(v,q,8) = ;=Y n7(n) U(b,q, )
! nlq —S<p<y
X ‘5(0 0,b, n,(),v;q), (4.24)
1
Pr4(v,q,8) = @3 Zm' )Py(n,q)%€(0,0,0,n,0,v;q), (4.25)
nlq
16401
%IS(UaCLﬁ) = 5 ZnT Pl n,q %(070707’”707”;(1)7 (426)
nlq
1 ¢//
PB6(v,q,B) = Zm- %(0,0,0,n,0,v;q) (4.27)
nlq

with

q _

* —av
(b1, ba, by, m,vig) = > e (7) G(a,b1: 0)Ga, by @)Gla, b 0) S (—a.mi L)
(4.28)

We will show that %, 1 < j < 13, contribute the remainder terms, and %;, 14 < j <
16, contribute the main terms.

5. Contribution of £Z;,1 < j <4
The estimation of %;, 1 < j < 4, are similar as the arguments in [13]. Since the

cancelation from the character sums % (b1, b2, bs, n,m, v;q) is the main saving for our
final result, we first have the following proposition.
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Proposition 5.1. Let q; be the largest factor of q such that g1|n and (ql, q%) = 1. Let

g2 be the largest factor of q/q1 such that ga2|n® and (

q

92 q1,92

) =1. Let g = Q1q2q;’3qg7

(¢5,2¢%) = 1, ¢4 square-free and 4¢¥ square-full. For any & > 0, we have

Cg(bla b27b3,n7ma v; Q) <<6

+
(010205)* g5

NG

(5.1)

Next, we need the following result which will be proved in Section 8.

Proposition 5.2. For any € > 0, we have

ST o) o (5] < s

+ m>1 n1|nn |”

By the second derivative test and the trivial estimation, ¥y (/) in (4.6) is bounded by

< (55)

(5.2)

Let ¢ be as in Proposition 5.1. Denote gy = gaq4. Then qo is square-full. By (4.7),

(4.12) and Propositions 5.1-5.2, we have

Aad) < XY L zz o

+ nlg m>1 n1|nn2\ o

)

2
+ mn
s ( ¢ )‘

x> Wby, g, B)I[W (b2, q, B)|[W(bs, g, B)]F (b, ba, b, m, £, w5 )]

3
—5<b;<F
1<5<3
c —3 4413 1
<L X n 2q1qoq32§ E EE E
n<Q@Q + m>1 n1|nn2|7:—‘1

7
<e XE(M +[BPX) Y n= o glgday”.

n<Q

Then by (4.3), we have

> [ X cwan#iesni

qSQ‘B|< 1 vmodg

—=qQ

00,0
nin

< x* Yty % S glala?

n<Q ailn ¢3<Q/a1 90<Q/(q1q3)
qé square-free 4go square-full

1
161< a19043@Q

2
+ (MmN
) o3 ()

(M +[pIPX*)dB
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_3 ’ z M X2
L X* Z o Z Z Z 416095 (qlqoq’Q * (q1qoq’Q)3>
n<Q aln b<Q/a q0<Q/(q1d}) 3 3
4qo square-full

—3+e 3 Q >;
ety ¥ oal (2

!
n<Q aln $<Q/m 3
3
X2+s 1 2
Zn_i‘f‘ngh /2( Q/)
q143
n<Q qln @3<Q/q1
s X2te
<L X°MQ:2 + 3
Q§
<o Mazite, (5.3)

Moreover, by (4.7), (4.13) and Propositions 5.1-5.2, we have

1

x 2 _s 5

PBa(v,q, B) <- a° <W> Z n 2(1%(18‘1;2 Xen®(M + |87 X?)
n<@Q

3 M 5
<t <(1+ 1Bl)? + —) >t g3
V1i+Blz ) 7=

It follows that

Z / Z Q(U7Qaﬂ>‘@2(vv(bﬁ)d6

q<Q 1 vmodgq
1BI1<5a

<owrt Yy nmEEy N S dda / (1+|Blz)2dB

n<Q ailn ¢5<Q/q1 qo<Q/(q143) 18] 1
q4 square-free 4qo square-full —q19095Q
3 5 1
+2tM Z ’n,*EJFEZ Z Z Q1QS’(]; / mdﬁ
n<q ailn - 3<Q/q1 q<Q/(q143) 18]<—1,
g5 square-free 4qo square-full = q14095Q
1y —34¢ 3313 1 x%
<ttty pmitey Y > dlaids qqq,Q+( )
n<Q aln 3<Q/ar q0<Q/(q14}) 14093 7190953

4qo square-full

_3 rs 1

+atM Y nTEEY T S > 4149093° (19045Q) 2
n<Q n1ln a3<Q/q1 qo<Q/(q193)
4qo square-full

m2+ Sty g 3 " (i)
q193

n<Q aln ¢3<Q/q

[N
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D ST Dl
n<Q i asore D%
3
:13 M Q
2*52(11 2 qéZ(q qf)
n<Q qiln 3<Q/q1 1%

2+¢

1 3 X
< 27TQ + —
2

+ $EMQ%
<. Mzite,
Further, by (4.7), (4.14) and Propositions 5.1-5.2, we have

xl—i—e

%3(07(]75) <e 1+ |B|

Zn Q1(10(132X‘E E(Mﬂﬂl XQ)

M _3 2
< 't (1 +1Blz + m) > onT gt
n

It follows from this estimate and (4.3) that

Z / Z Q(U7qvﬂ)'@3(vatbﬂ)dﬂ

< v mod
1=9p1< L a

< atty Tty N > dde’ / (1+8lz)dB

n=<@ aln ¢;<Q/a1 q0<Q/(q1d5) 18 L
¢4 square-free 4qo square-full ~q19095Q

231

(5.4)

MY iy Y S gdd’ / (@' +B))~ a8

n<Q aln ¢<Q/an q0<Q/(q1q3) 18]<

g4 square-free 4qo square-full — 41490 q3Q

ST SR DI DD DR PR

Q1CI0(]3Q (q1610(13Q)2

n<Q a1ln a3<Q/01 0<Q/(q193)
4qo square-full

_3 3
+atM Y iy S Y diadas
n<Q q1ln ¢5<Q/a1 q<Q/(q145)

4qo square-full

RO WID WAL C Y

!
n<Q qiln ¢5<Q/q 0193

PP (qwé)

n<Q q1ln ¢5<Q/q1

njw

<<e

Q

[N
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wjo

_3 ’ 3 Q
erEMZn 2+EZQ% Z q3” <—q q’)
n<Q aln  4<Q/a 143
24

X
< 'TEQE 4 T 42t MQS
2

<. Mzxite,
Lastly, by (4.7), (4.15) and Propositions 5.1-5.2, we have

3
T 2 _3 1
PBa(v,q, B) e 2° <m> Z n g611610(1;,2 X°n® (M +|B]°X?)

n<Q

1 1
< (a:?*s (1+18lz)? + — 3> > T 0057
@it )
By (4.3) and the estimate as above, we have

Z / Z Q(U7Q7B)‘@4(UaQ7ﬂ)dﬂ

9<Q 1 vmodgq
1B1<4g

<cadted i N S st / (1+|8lz)2dB

n<Q qiln ¢5<Q/q 00<Q/(q19%) 18]< —L1,
q4 square-free 4qo square-full —a149095Q
cM —3+e /% 1 _
+z n 719093 (™ +18])
n<Q ailn ¢4<Q/ar  a0<Q/(q14%) 18l< -1
¢4 square-free 4qo square-full —q14045Q

N[

3 _3 1 1 T

Lcwty mmrtey oy > g0y < Q" / 3)

n<Q alnb<Q/a1 40<Q/(a1d}) N0BEC (0190g5Q)>
4qo square-full

+ Mgty pmate " N S ady?

n<Q q1ln ¢5<Q/q1 q<Q/(q1q5%)
4qo square-full

O]

n<Q q1ln ¢5<Q/q1
34e /-1
n 2
-y Sat Y 4
n<Q qiln 43<Q/q

3
+Mx%+azn—%+azq1 Z qé%(%)z

14
n<Q aln $<Q/m 3
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2+e 2+e

xX?2 T

L 4T+ Ma2teQ?
QE Q§

<o Mzite, (5.6)

<e

By (4.2), (4.11) and (5.3)—(5.6), the contribution from %;, j = 1,2,3,4, is O.(Mzi+¢).
6. Contribution of #;,5 < j <13
First, we note that (recall (3.2) and (3.3))
Pi(n,q) < (log(n +2)(¢ +2)),  j=1,2 (6.1)
and

x(log x)7

o S St i =0,1,2. 6.2
T+ |3l J (6.2)

%(j)(l) = /cb (%) e(—pu)(logu)’du <
0

Next, bounding the character sum €' (b1, ba, b3, n, m,v;q) by Weil’s bound for Klooster-
man sums, we have

1
(g(blvb%bSvnam?’U;Q) < q% (%) 2 T (%) <Le q3+8n_%' (63)

By (4.7), (4.16)—(4.18) and (6.1)—(6.3), we have, for j = 5,6,7,

1 z(logx)? dhe 1 5 xeqite
B;i(v,q,B) K¢ 57— nt(n)g*Ten "2 (log(q + 2))° <o ———. 6.4
By (4.3) and (6.4), we obtain, for j =5,6,7,
> [ Y cwanBeass
qSQ\B\Sﬁ v mod g
1
<Lzt Z g:te — 748
q<Q 1 v + |B|
- |5\Sm
<o 2°QEte (6.5)

By (4.7), (4.19)—(4.21) and (6.1)—(6.3), we have, for j = 8,9, 10,

' 1 z(logx)? T 3 3+e, —1L 4
y(0,0.0) <o 2 (L) o ol +2)

3
<. afqrte <#> i . (6.6)
a4 1A
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By (4.3) and (6.6), we obtain, for j = 8,9, 10,

> / > olv.q,8)%;(v,q.8)dB

9<Q 1 vmodgq
1BI1<5a

3
1 2
cr Yt [ (=) e
2 FEET]
- 1B1< 2
< wrteQite, (6.7)

By (4.7), (4.22)—(4.24) and (6.1)—(6.3), we have, for j = 11,12,13,

1 z(logx)? T 34e _1 5
B e — E tn—2(1 +2

nlq

2
1 1
O R — . 6.8
= (x—1+|ﬂ> (68)

By (4.3) and (6.8), we obtain, for j = 11,12,13,

Z / Z Q(v7qvﬂ)‘@j(va%5)d5

< v mod
1<Cg< L e

1y, 1 2
<o Lot [ () @

9= 181<
< zlteQate, (6.9)

By (4.2), (4.11), (6.5), (6.7) and (6.9), the contribution from %;, 5 < j < 13, is
O (x3t9).

7. Computation of the main terms
The three sums B14(v,q, ), B15(v,q, B) and HB6(v,q, 8) in (4.25)—(4.27) contribute

the main terms. Replacing 5;(”(1) by

X
W(ﬁ):/e(—ﬁu)(logu)jdu, i=0,1,2, (7.1)
X/2

we need to estimate the remainder terms from

99 () = g (1) — 979 (5).
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Write correspondingly
%g(va(LB):'@j(vvtLﬂ)*%;(vaq”B)a j:147 153 16.

First, we evaluate the remainder terms from %’g(v, q,0), 7 = 14,15,16. Notice that

X

98I (B) = / (d) (%) - 1) e(—pu)(logu)’du < XM~ (log X).

X/2

Hence

Z / Z Q(U,q,ﬁ)%h(v,q,ﬂ)dﬂ

q§Q|5|<L v mod ¢q

X5 [ X cwanr @

q<Q v mod ¢q
181< 2

X ZnT )P5(n,q)%(0,0,0,n,0,v; q)dS

nlq
Y
< X]--‘rEM 1 Z q—2+aanT |P2 n q)| (m) dﬁ
=0 nla BI< 75
< .’E2+EM lzq72+szn27 \Pgnq)|
7<Q nlq
e mrteMTL (7.2)
Here we have used (4.3), (5.2) and (6.3). Similarly,
> [ Y evan#ani
q<Q|,3|§i v mod ¢q
-y S ofv.q, B0 (8) W (B)?
- 9 q5 o\v,q, 0
q<Q |ﬁ|§% v mod ¢
X nT(n)Pl(naq)%(070a07na07U;Q)dWB
nlq
1 1 2 1 :
<< X +EM Zq_ +EZTL2T |P1(’I’L q)| (m) dﬂ
q<Q n|q Bl< L

<. .’E%+EM_1 Z q—2+6 Zn%T(’n)‘Pl(naq)'

7<Q nlq

< wrteMTE (7.3)
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and
> o(v,q, 8) B4 (v,q, 8)dB
qgQ\BISﬁ v mod ¢
1 1 ﬂ2
= q_5 Z o(v,q, B)9"*(B)¥o (B ZnT %(0,0,0,n,0,v;q)ds
q<Q ‘B|S% v mod ¢ nlq

3
1 2
< Xtrem! Z q e ZH%T(’I’L) (—_1 > dg
= =+ [B]

nla 181< 46
<cxiteM! Z q e Znér(n)
9<Q nlq
< mrteMTL (7.4)
Next, we want to compute the contributions from 93;(11,(], B) which constitute the

main terms. Interchanging the order of summation over a and the integration over 3, we
have

Z / Z Q(Uv%ﬂ)%h(%q’ B)dp

QSQ|/@|<L v mod ¢q

:72 / Z o(v,q,8 ﬂbo ZHT )P2(n, q)

q<Q 1 v mod g nlg
181< L

X
[~]=
*
)
R
|
ER
4
~_
Q
kS
L
=)
S—
w
nn
/‘\
e
A
Bs
~—
o
=

a=1
1 1 LI
— 9 Z = ZnT(”)Pﬂnﬂ) Z G(a,0;9)*S (—6,0; %) / 90(8)To(B)3d8.
<@ T g = e
Note that

1 1 1 1
[‘mm] CA(aq) C [‘@@}

As in [16], we write .# (a,q) as

(00) =00\ [-35-30] U |5 7|
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Accordingly,
Z Z Q(U7Q76)‘%54(U7Q76)d5
qSle<$ v mod ¢q
1 1 L q 7 b,0 3
=32 =Y ) Pna) Y Gla,0:0)°S (a0 1) [ 908 Wo(8)*as
LISQq nlq a=1 s
+ Biy — P (7.5)
where

Fi=5 > = P Y. Gla0iafs (a0 t) [ o@werds.

q<Q nlq a=1 1
181> 525

Interchanging the order of summation over a and the integration over § again, we have

= Z L S nr(n) Pa(n, ) / S olv,q, 809 0(8)Wo(8)°

q<Q n|q Ao <iBlI< 1 vmodgq
LI —av
Z e (—) G(a,0;¢)*S (—E,O; 2) dg
a=1 q n
< Doty abrwinmol [ 8
<Q nla e <IBI<
<. Q3te, (7.6)

and

B = Z Zm- )Ps(n,q) / D o(v,q, 8)97°(8)To(B)?

< d
q Q n|q |5‘>2;Q v mod ¢q

q _
Z e <—Tav> G(a,0;q)*S (—6,0; %) dg

a=1
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< XY wtrmlrmal [ 18
=9 nla 181> 535
<. Q3T (7.7)

Here we have used (4.3), (5.2) and (6.1)—(6.3). By (7.5)—(7.7), we obtain

Z / Z Q(Uﬂ],ﬂ)%?‘l(’l&q,ﬂ)dﬂ

q<Q 1 vmodgq
1B1<5a

q
Z an Pgnqz_;Gan ( 6,0;%)

<1<Q nlq
< [ Fo@wa(aias+ o (o). (7.8)
Moreover, by (4.6),
VT 1
Uo(B) = [ e(pv®)dv = z? e(Brv?)dv
e
It follows that
0o e X 1 3
90(8)To(B)3dB = 2 e(—fu)du ( e(ﬁva)dv) dg = 33%10()()7
] S

where

To(X) = 7 76(—Bu)du (je(ﬂva)dv)3dﬁ. (7.9)
0

—oo  \X/2

Substituting in (7.8) and by (7.2), we have

Z / Z o(v,q, B)%14(v,q, B)dS

QSQWKL v mod ¢q

= _IO $2 Z Zm— )P2(n,q)%€(0,0,0,n,0,0;q) + O, (a:gjL‘S —|—x%+€M71) )
4<Q nlq

(7.10)

Further, by (6.1) and (6.3), we have
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Z ZTLT )Py(n,q)%€(0,0,0,n,0,0;q)

q>Q nlq
< > a7 nEr(n)|Pa(n, q)l
>Q nlq
<. Qe (7.11)

By (7.10) and (7.11), we conclude that

1 3 5 :
Z Z Q(an’ﬁ)‘@lﬁl(vaq,ﬂ)dﬁ = §IO(X)CQx§ + OE <1~Z+€ + $%+5M71) )
qSQW‘Sﬁ v mod ¢q
(7.12)
where
a *
Z ZnT VP> (n,q Z G(a,0;q)%S <76,0; g) . (7.13)
q= 1 'n,lq a=1 n
Similarly, we have
1 3 S4e
3y > olv.q,9)Bs(v,q.8)dB = ST (X)Cra +O. (m ) (7.14)
qSQ\ﬁISﬁ v mod q
where
0o X 1 3
7h(X) = / / e(—pPu)(log u)du (/e(ﬁva)dv) dg, (7.15)
—oo \X/2 0
and

q
Z Zm' )P1(n,q Z_:I*G a,0;q)3 ( a, 0; %) (7.16)

9= 14 nlq
y (7.3) and (7.14), we have

1 5
Z Z Q(U7Q7ﬁ)$15(U7Q7ﬂ)d5 = 51-1<X)CI$% +O€ (xZ"FE +SU%+€M_1) .

a<Q 1 vmodg
18IS 2

(7.17)
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Finally, we have

1 3 5
> > ov,.8)F5(v.0. )48 = 1 T(X)Cor? + 0. (257) (1.18)
qSQ‘mS% v mod ¢
where
') X 1 3
(X)) = e(—pu)(logu)?du e(Bxv?)dv | dB, (7.19)
I\ /
and
Co = Z ql_s an(n) Z*G(a,O; Q)38 (—6,0; %) . (7.20)
q=1 n|q a=1

By (7.4) and (7.18), we obtain

Z Z o(v, q, 8)%B16(v,q, 5)dS = iIQ(X)COX% + O, (ﬁﬂ + SC%JFEM*) .

a<Q 1 vmodg
1B1<

(7.21)
By (4.2), (4.11), (7.12), (7.17) and (7.21), the contribution from %;, 14 < j < 16, is
1 3 1 3 1 3 5., Bhca 1
STo(X0)Car? + ST (X)Crat + S To(X)Cor? + O (x adten ) ,

where Z; (0 < j <2)and C; (0 < j < 2) are defined in (7.9), (7.15), (7.19) and (7.13),
(7.16), (7.20), respectively.

8. Proof of Proposition 5.2

Recall @?(y) in (4.9) which we relabel as

BE(0) = Bol1,0) £ 5010, 5) (1)

where for o > —1 — k,

Qk(y,ﬁ):(ﬂgy)’“ﬁ / (Wgy)*s@
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with ¢5(y) = ¢ (%) e(—By). Note that

M+ 81X\’
0P < (M)

By Lemma 3.2, we have

EX w2 ool o5 ()

+ m>1 nl‘nng‘ o

=3 3 —ZZJO < )‘@i<q2>‘+0(). (8.3)

tomgd xoxe(M4|8]1X)?  mlnnalny

Moreover, by (3.1), trivially, we have

> 2 Z ( ) < Y 7a(n)ms(m) <o nLME (8.4)

m<Lny|nng| 2 m<L

For yX <« X¢, we move the line of integration in (8.2) to 0 = —1 + ¢ to obtain

1+s+k\3
Pp(y,B) = (ﬂ3y)k% / (739)7SM¢6( s)ds

U —s+k
Re(s)=—1+¢ r ( )
o0
< w0 [ g
<. yFXxe. (8.5)
Here we have used Stirling’s formula and the estimate ¢ﬁ fo dp(w)u™ " 1du <

X~9. By (8.1), (8.4) and (8.5), we have

x Xz ZZUN( ) e ()

+ 7nn2X<<X5 nl\nn [

X g, ¥ E T o (50m)

que
1I<LKL 45— L<m<2Ln1|nn2\ n_

1
<. X° max —n°L't¢
1<spete L

K Xn®. (8.6)
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For yX > X¢, by Lemma 3.3, we have

=

)

Bely8) = ()Y o () =80 (e (3 ) + butre (~300m)
J=179
g 4(7%2)@ + 0. ((wy)H(xtyx) =574 72))

where ay(j) and b (j) are constants. Then by (8.1),

L

() <oy Sy H (17500, B +1 75w, B)]) + (yX) 5 Fate, (8.7)
j=1

with

o

i(wB) = [uho (5) e(-Bue (30} du.

0
)du

oo

St ) = [u o () el-pue (<30m)

0

ol

By partial integration twice, we have

Ii(y.8), Fi(y, B) < (yX)"EX'7H (M +|B2X?) . (8.8)
Taking ¢ = 3. By (8.7) and (8.8), we have

3
OE(y) <o (uX)E(M + 182X Y (X)) "4 + (yX) 7 < M+ [BPX2 (8.9)

j=1
By (8.4) and (8.9), we have

LT s s e ()

£ Xe<nmxaXe(MApx)s mlnnal

<. (M—|—|5|2X2)(logX) s Hé%g)s{w“mxp L Z Z Z ( )
L q

g° X*€
x < L<m<2L ny|nna| 2

<. X°nf(M + |82 X?). (8.10)

Then Proposition 5.2 follows from (8.3), (8.6) and (8.10).
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9. Estimation of the character sum % (b1, bz, bz, n, m, v; q)

In this section, we shall prove Proposition 5.1. Let by, b, bg, n,m,v € Z and n|q. We
recall €' (b1, ba, b, n,m,v;q) in (4.28) which we relabel as

C) — * —av . . ) = .4
%(blab25b37namav7q) - Z € (T) G(CL,bl,Q)G(G,bQ,Q)G(a,bg,q)S (_aam7 E) 3

a mod ¢q

(9.1)

where G(a,b; q) is the Gauss sum defined in (4.5).
We first list some well-known results for G(a, b; q) (see for example Lemma 5.4.5 in [7]).
For (a,q) = 1, we have

G(a,b;q) < /4. (9.2)
For (2a,q) = 1, we have
G(a,biq) = e (—%) G(a,0;q) (9.3)
and
6ta.050) = () eovi (0.4

1, if g=1 (mod 4),
where ¢, =
i, if ¢g=—1 (mod 4).

As in [13], we factor q as ¢ = q1q2q3, where ¢ is the largest factor of ¢ such that ¢1|n

and (ql, qil) = 1, and g5 is the largest factor of ¢/q; such that ¢3|n° and (qg, ql‘fqz) =1.

Then ¢s is square-full and n|q;¢s. Denote temporarily ¢ = g1¢2 and ¢ = %. Then we
have

Cg(bh b2a bg,n,m,v; q)

* —ajv P~
-3 ( - )G(al,bl;q'>G<a17b2;q'>G<a1,b3;q/)S(—aqg,mq—gm

* —Qagv =2
Xy 6( q; )G(GQ,b1§Q3)G(a27bz;Q3)G(a2753;QS)S(—a_2q/7mq 1 a3)

az mod g3

=€ (bla b2a b37 n,m, v; q/)%**(bla b2» b37 n,m, v; q3) (95)

say.
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By (9.2) and Weil’s bound for Kloosterman sum we have

1 1
"NZ (¢ \?2 / 3,3,
<G_1Q3,mq_32,q—) <q—) T (q—) < WBT(01%0)
n) \n n Jn

(9.6)

/

wjo

€ (b1, b2,b3,n,m,0;¢") K q

To estimate €**(by,ba,bs,n,m,v;q3), we further factor g5 as ¢z = ¢hqs with
(d5,29%) = 1, ¢4 square-free and 4¢4 square-full. Then

%**(bla b?a b3a n,m,v; Q?)) = (gl**(bla b27 b37 n,m,v; Qé)%;*(bl’ b2’ b3’ n,m,v; qé,)’ (97)

where

* —~ U
G (b1, ba, bg,mymuvs ) = ) e( (; )G(%b1;qé)G(%bg;qé)G(%bs;qé)
3

v mod g4
S — I/ 7\272, /
x S(~7439',mq g 5 q3),

and

*ok * _W'U
G5 (b1, ba, bg,mymuvs ) = Y 6( & >G(%b1;qé,’)G(%bz;qé’)G(%ba;qé’)
3

¥ mod g
= I ! 7\2_/2 "
x S(=7dsq',mq a5 1 d5)-
We estimate 65 (b1, ba, b3, n, m,v; ¢4 ) similarly as €* (b1, ba, b3, n, m,v;q") getting

%2**(bl,b2,b3,n,m,v;qg) < q//37'(Qg)- (98)

To estimate €;* := €, (b1, ba, b3, n, m,v; ¢}), we factor ¢} as ¢5 = p1p2-+-ps, p; prime,
and correspondingly,

S
—2—2—2
67" = [ 7 (b1, b2, bs,d'a5p}, mq df D} ipi), (9.9)
=1
where p; = ¢3/p; and

T (b1,b2,b3,71,72m;5 D)

= X ¢ (TF) Gl b6l G b Sz ramin)

z mod p

with (p,2rirs) = 1.
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By (9.3) and (9.4), we write

9(b17b27b3,r1,r2m;p)
, . —4(4v + b3 4 b3 + b3)Z

p b

z mod p
By (9.5)—(9.9), Proposition 5.1 follows from the following lemma.

Lemma 9.1. We have

5
2

T (b1, bg,bg,r1,79m; p) K p2.

Proof. If pjm, then S(—r1Z,rom;p) = —1 and trivially,

* —4(4v + b7 + b3+ b3)z
9(b1,b2,b3,T1,T2m;P):*6210% Z (;)6( ot 1p+ 2t 3)Z> <<Pg-

z mod p

If pm, we open the Kloosterman sum to obtain

2 z —4(4v + b + b3 + b3)Z — r1yz + romy
T (b1, by, by, 71, r2m;p) = €op> Z (2—)>e< ( 110 p3) 1Y 2 y)

y,2€F)
If p{m, pl4v + b3 + b2 + b3, changing variable yz — z, we have

T (b, ba, b, 71, ram; p) = €3p (y>e<r2m?) <5>6<—T12>
(b1, b2, b3, 71, 72m; p) ppzp pzp ;

y€EFy 2€Fy

- () ()6

where T ((1—))) is the Gauss sum associated with the quadratic residue (;), ie.

() 5,0)6) -

v mod p

Therefore,
T (by, ba, b, 1, 72m; p) < p3.

If pfm, ptdv+ b2 + b3 + b2, we denote rg = —4(4v + b2 + b3 + b2) and let f(y,2) =
roz~ ' —riz7ly +romy~! € F[y, 2, (yz)~']. The Newton polyhedron A(f) of f is the
quadrangle in R? with vertices (0,0), (—=1,0), (—1,1) and (0, —1). Thus dim A(f) = 2.
Moreover, for each of the following five polynomials
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-1 -1 -1 -1 -1 -1 -1
fa(y,Z)ZT‘oZ ,—T1Z Y, remy T,roz T — Tz Y,T02 ~ +romy -,

corresponding to the faces of A(f) not containing (0, 0), the locus of

oh _ 0l
oy 0z

N2
is empty in (pr) . In other words f is non-degenerate with respect to A(f). By Corol-

lary 0.3 in Fu [3], we have

z roZ — T2y + romy
Z (_>e<o 12Y 2 y)<<p.
p p

y,2€FY

This completes the proof of Lemma 9.1. O
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