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1. Introduction
One of the main research themes in recent years in the theory of automorphic forms
is the problem of mass distribution. Let X = I'\H, where H is the upper half complex
plane and I' = SLy(Z). In his PhD thesis, Spinu [Sp] obtained the following type of weak
equidistribution result:

1
/|EA(Z, )z < T (1.1)

where du(z) = dz‘;y and F4(z,s) is the truncated Eisenstein series, which on the fun-

damental domain equals E(z, s) for Im(z) < A, and E(z, s) minus its constant term for
Im(z) > A. See the next section for a more careful definition. Spinu’s result (see also
[Lu] for a closely related result) is in line with a much more general conjecture, called
the Random Wave Conjecture. This conjecture was made for Eisenstein series in [HR,
section 7.3]. In terms of moments this implies: for any even integer p > 0 and any nice
compact 2 C X, we should have

EA —|— ZT) c
duz = —2 1.2
Tﬁ»oo vol /‘ 2logT He vol(X)r/2’ (1.2)

where ¢, is the pth moment of the normal distribution A/ (0, 1). The same conjecture is
also made for E(z, 1 +iT). As we will see below, v/21Iog T roughly equals || E4 (-, 2 +iT)|2.

One would of course like to go beyond Spinu’s upper bound and prove an asymptotic
for the fourth moment of Eisenstein series. In [BK], this was achieved, conditional on
the Generalized Lindel6f Hypothesis, for Hecke Maass forms of large eigenvalue when
Q = X, and agreement was found with the RWC. Thus in analogy one would expect
(1.2) to also hold for p = 4 and 2 = X, and one may hope that the statement in this case
can be proven unconditionally. After all, such problems can be a bit easier for Eisenstein
series — for example, recall that the case p = 2 of (1.2) was first proven for Eisenstein
series [LS] before the analogue was proven for Hecke Maass forms [Li,So].

What would the proof of such an asymptotic entail? The starting point in [BK] is to
relate the fourth moment of an L2?-normalized Hecke Maass form f to L-functions. One
uses the spectral decomposition and Plancherel’s theorem to write

=D 1P+ (1.3)

j>1

where the inner product is the Petersson inner product, {u; : 7 > 1} is an orthonormal
basis of Hecke Maass forms, and the ellipsis denotes the contribution of the Eisenstein
spectrum and constant eigenfunction. Next one can use Watson’s triple product formula
to relate the squares of the inner products on the right hand side to central values of
L-functions. Thus the problem is reduced to one of obtaining a mean value of L-functions.
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If one tries to mimic this set up for F(z, % +4T) in place of f, the first obvious difficulty
encountered is that the left hand side of (1.3) does not even converge. To circumvent
this, Spinu worked with the truncated E4(z, % +4T'), which decays exponentially at the
cusp. However a major drawback is that E A(z,% + 4T) is not automorphic, so Spinu
could not obtain a precise relationship with L-functions. He could only obtain an upper
bound [Sp, section 4.2].

The goal of this paper is to reformulate entirely the fourth moment problem for
Eisenstein series. To make sense of (E?(-, & + iT), E?(-, 1 +T)), we contend that it is
more natural® to use Zagier’s regularized inner product [Za|, which does converge. The
basic idea of Zagier’s method is that to kill off the growth of an automorphic form, one
should not subtract off the constant term like Spinu does, but rather subtract off another
Eisenstein series in such a way that the final object is square integrable and automorphic.
This way we will end up with a precise relationship between a regularized fourth moment
and L-functions. This is the first goal of our paper, and we will prove

Theorem 1.1 (Regularized fourth moment in terms of L-functions). Let {u; : j > 1}
denote an orthonormal basis of even and odd Hecke Maass cusp forms for I, ordered
by Laplacian eigenvalue i + it?, and let A(s,u;) denote the corresponding completed
L-functions. Let £(s) denote the completed Riemann ¢ function. As T — oo, we have

reg

/ B(2,1/2 +T)*du(=)

= gy 4y Coshhy) |A(G + 2T, ) PA% (5, u;)
™

O 1 5/3+6T
2 L(1, sym?u;) |£(1 + 2T0)[4 +O(log )

jz1
for any € > 0.

This result is potentially very useful. We could try to obtain an asymptotic for the
mean value of L-functions on the right hand side (and we will return to this problem
in a future paper), thereby obtaining an asymptotic for the regularized fourth moment.
This would be nice, but how would we know whether or not our answer is in agreement
with the RWC? Thus the purpose of our second result is to translate the RWC to the
setting of the regularized fourth moment. As defined in the next section, D4 is the part
of the fundamental domain with Im(z) < A.

Theorem 1.2 (RWC for the regularized fourth moment of Eisenstein series). Suppose that
(1.2) holds for p =4 and Q@ = X, and p = 4 and Q = Dy for some A = A(T) which

2 We thank Matthew Young for suggesting this approach to us.
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tends to oo as T — oo. Then we have

reg

1 72
/ Bz, + 17 du(z) ~ 2 log? T.
T
X

We have already explained above why (1.2) should be expected for p =4 and Q = X,
even though for general p we must restrict to compact sets. The other possibility 2 = D4
is already included in the RWC when A is fixed. But it is reasonable to conjecture that
some effective error term will exist in (1.2), so that taking A which grows arbitrarily
slowly should be permissible.

Both of our main results are based on careful calculations arising from the regularized
inner product. The point is to offer a new viewpoint for the fourth moment and carefully
put into place all leading constants, so that the relevant conjecture might be verified in
the future using the theory of L-functions.

2. Eisenstein series

‘We recall the definition of Eisenstein series

S 1 S 1
E(z,s) = Z Im(vz) =¥ Z et d z € H,
FYET o\ c,dez
(¢, d)=1
where 'y, is the stabilizer of the cusp oo in I'. The series is absolutely convergent in
the half-plane Re(s) > 1 where it defines an automorphic function satisfying AFE(z, s) =
s(1 — s)E(z,s), for the hyperbolic Laplacian A = —yQ(% + 83—;2).
The Eisenstein series can be meromorphically continued to the whole s-plane and
E(z, s) has the following Fourier expansion (for s # 0, %, 1)

E(z,8) =1y° +p(s)y'— + 2 Z Ts—1/2(In)) VY Ks_1/2(27|n|y)e(nz).
20

£(2s) ¢

Here for complex «a, 7,(n) = ) ,,_,,(a/b)* is the generalized divisor sum and the scat-
tering function ¢(s) can be explicitly expressed as

~ &(2s—1) L s
go(s)fw, where £(s) = /2F(§)C(s).

We will denote with e(y, s) := y* + ¢(s)y'~° the constant term of the Eisenstein series.

We denote with D = {z € H | |z| > 1, |z| < 3} the standard fundamental domain for
I'\H and recall that its volume with respect to du is vol(X) = vol(D) = .
For a parameter A > 1 we denote with D4 := {z € D | Im(z) < A} the corresponding

truncated domain and with C4 = D — Dy4 the corresponding cuspidal region.

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
moment of Eisenstein series, J. Number Theory (2017), http://dx.doi.org/10.1016/j.jnt.2017.06.012




YJNTH:5802

G. Djankovié, R. Khan / Journal of Number Theory ess (sees) see—see 5

The truncated FEisenstein series

) E(z,s), z2€Dy
Fatz) = {E<z,s> ~elys), zeCa

is now rapidly decreasing in the cusp. Calculation of the L2-norm of this truncated
Eisenstein series is done in [Sp], Section 2.3, both in the case of the whole fundamental
domain and in the case of the cuspidal region, as follows:

1 o1 AT (L 4Ty — A=2T (L 4 4T)
Ea(z, = +iT)|Pdpz = — (= +4T) +2log A 2 2
/| A(z,2+z ) dpz S0(24—1 ) +2log A + =
D
= 2log T + 2log A + O((log T)?/3%¢)

1 6
/|EA(23 5 + ZT)Pd,LLZ = A_ﬂ' 10gT—|— O(Ail(logT)Q/?’JrE)
Ca

+O(A  og A), T — oo. (2.1)

Therefore in the compact truncated domain D4, since £ = E4 on Dy, we have as
T — o0

77 610gT 2logT
E(z,— +iT —— = 1(D
/l = +Z Pz ~ (3 A) ™ vol( A)V 1(X)’

as long as 1 < A < logT say. In other words, if we normalize the Eisenstein series as

-1 E(z,+ 44T
E(z, = +iT) = M7
2 v2logT
we have
1'm—/|Ez—+zT)|dz— ! (2.2)
T—oc0 vol(D4) H vol(X)’ '
Da
If we denote e??(T) := %, then the function ew(T)E(Z,% +iT) is real-valued,

and the Random Wave Conjecture, as extended in [HR], predicts that e?(T) E(z, % +iT)
tends to Gaussian A (0, vol(X)~!/2) in distribution, when restricted to any compact and
sufficiently regular subset 2 C X. In particular, for the fourth moment (¢4 = 3), the
conjecture predicts

3
E D) dpz = ——.
T—>oc Vol / | + i)l dpiz = vol(X)?
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By heuristic considerations and numerical experiments in [HR/|, the same limits should
hold also for the normalized truncated Eisenstein series

- 1 E(z, 2 44T
Ba(e, ) yir) = EAG2 )
2 Vv2logT

As explained, this should also include the case 2 = X, in which case the conjecture is

1
/|EA(Z, 3 +4T) | dpz ~ 36 log? T, as T — oo. (2.3)
7r
X

3. Regularized inner product and regularized Plancherel formula

We will make use of the regularization process given by Zagier in [Za]. An adelic version
with a representation theoretic interpretation and with an alternate way of defining
regularization is recently given in [MV].

Let F(z) be a continuous I'-invariant function on H. It is called renormalizable (in
Zagier’s terminology, or of controlled increase in the terminology of [MV]) if there is a
function ®(y) on Rsg of the form

l
Cj ) )
B(y) =D Ly log™ y, (3.1)
j=1"7

with ¢;,a; € C and n; € Z>¢, such that
F(z) =®(y) + Oy~ ™)

as y — oo, and for any NV > 0.
If F(z) =3.° _ an(y)e(nz) is the Fourier expansion of F at the cusp oo, in partic-
ular if ag(y) is its O-term, and if no «; equals 0 or 1, then the function

R(F,s) := / (ao(y) — B())y*2dy,
0

where the defining integral converges for sufficiently large Re(s), can be meromorphically
continued to all s and has a simple pole at s = 1. Then one can define the regularized
integral with

reg

/ F(2)du(z) = gRess=1R(F, 5). (3.2)
I\H
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Moreover, then the function F(z)E(z,s) with s # 0,1 is also renormalizable and in
particular, it can be shown that

It can be shown (see [Za]) that the regularized integral can be written also as

‘/F@MM@:i/F&MM@+/@%@fﬂwMM@f@M% (3.3)
\H Dy Ca

where the right-hand side is independent of the value of the parameter A > 1 and <i>(y)
is in the case a; # 1 for all j, given by the following explicit expression

l anl n; logmy
; Z ml(l —aj)ni—m’

m=0

Under the assumption that no a; = 1, let £¢(2) denote a linear combination of Eisen-
stein series E(z,a;) (or suitable derivatives thereof) corresponding to all the exponents
in (3.1) with Re(a;) > 1/2, i.e. such that F(z) — £(2) = O(y'/?). Then the third,
equivalent definition of regularization is given by

/f@m@=/ww—me@. (3.4)
\H I\H

For example Zagier showed in [Za] that for s1,s9 € C\ {0,1}, s1 # s2,1— s2, we have

reg

/ Bz, 51)E(2, 52)du(z) = 0. (3.5)

I\H

On the other hand, for the regularized product of the three Eisenstein series, Zagier
[Za, p. 431] obtained

Ly sa)d(z) = (3.6)

1
/E —+ 81 E(z,§+32)E(z 5

T\H

(s sa+53)E(5+ 51— s2+53)E(5 + 51+ 52— 53)E(5 + 51 — 52— 53)
a E(1+251)E(1 + 252)&E(1 + 2s3) ’

The right-hand side is of course symmetric in s1, s2, s3 because of the functional equation

61— 5) = €(s).
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Since we are interested in the regularized product of 4 Eisenstein series, one can try
to apply the definition (3.2) directly. But already Zagier in [Za, p. 431] discussed that
in this case there is no useful closed-form expression for the result, as is for the product
of 3 Eisenstein series in (3.6). Therefore, we must proceed indirectly via a regularized
Plancherel formula.

Now, let G(z) be another renormalizable T'-invariant function such that G(z) = ¥(y)+
O(y~N) as y — oo for any N > 0, where ¥(y) = 21:1 i—zlyﬂ’“ log™* y with dg, 8k € C.
Then the product F(2)G(z) is also a renormalizable T-invariant function and if a; +
B # 1, for all a; and [ appearing in ® and W respectively, the regularized inner

product of F and G can be defined as

(F.Greyi= [ FEEEMNE) = [ (FEGE - Exgl2)dn(a)
\H C\H

It is easy to see from (3.3) that this regularized product is a Hermitian form.

The regularized Plancherel formula from [MV] is much more general, but for our
purposes we will state and derive it entirely in classical situation of Zagier’s paper
[Za], much in the spirit of Lemma 4.1 from [Yo]. Because of the cumbersome formu-
las, we will use the shorthand notation Ey(z) := E(z,3 + s), and remind the reader
not to confuse this with the truncated Eisenstein series F 4(z, s) which still have 2 argu-
ments.

Proposition 3.1 (/MV]). Let F(z) and G(z) be renormalizable functions on T\H such that

F—® and G- are of rapid decay asy — oo, for some ®(y) = 23:1 %yai log™ y and

W(y) = SO, 2y log™ y. Morcover, let a; # 1, fi # 1, Re(aj) # 3, Re(y) # 3,
aj + Br # 1 and a; # B, for all j, k. Then the following formula holds:

(F(2),G(2))reg =

= (F, \/3/—7>Teg< V3/, G>r69 + Z<Fv uj><uja G) + ﬁ / (F, Eit>reg<Eita G>T’€9dt

— 00

+ <F’ S\I/>reg + <g<1>7 G>reg~

Proof. Because of the assumption Re(a;) # 1, Re(Bx) # %, there exists some § > 0 such
that F(2) := F(2) — () = O(y*/?7%) and Gy(z) := G(z) — Eu(2) = O(y*/>7%). For
these F(z) and G(z) we have Fy(2)G1(z) € L' (T'\H) and hence (Fy,G1)req = (F1, G1)
(the usual Petersson inner product), while also Fy(z),G1(z) € L*(T'\H) and hence one
can apply the usual Plancherel formula for (F;(z), G1(z)), obtaining

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
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(F(2),G(2))reg = (F1(2) + Ea(2), G1(2) + Eu(2))reg =

o0

— (P BT G+ Y (P, G+ 4 [ (Fu B (B G

—0Q0

+ <F17€\P>reg + <E<I>7 G1>7‘eg + <g<1>7g\ll>reg-

Under our restrictions on the parameters «;, 8k, all the inner products on the right hand
side are well-defined and moreover because of (3.5), we have that (¢, v )reg = 0, which
also implies that (F1,&q)reg = (F,Ew)reg and (o, G1)reg = (€a, G)rey. Furthermore,
for the products with cusp forms u; we have (Fi,u;) = (F,u;) — (€a,u;) = (F,u;),
the product with constant function is (Fi,1) = (F — €g,1) = (F, 1),¢4 by definition of
regularization and (Fy, Ey) = (F — o, Eit)reg = (F, Eit)reg since (¢, Eit)reg = 0, by
(3.5). This finishes the proof. O

4. Proof of Theorem 1.1

We want to apply this formula for the product of four Eisenstein series. By calculating
the constant term of F(2) := E(z, 3 + s1)E(z, 3 + s2), we find that

Eo(2) =E(z,14+51+82)+c1E(z,1—51+82)+caFE(2,14+ 81 —s2) +c1c2E(z,1— 81 — 52)
where
1 £(2s5)
C; =@ (2 +SJ) - £(1+28J)5
and we have the similar formula for £y (2) corresponding to G(z) := E(z, 3 +s3)E(z, 2 +
s4). Hence, under the conditions on the parameters s;, 1 < j < 4, described in Proposi-
tion 3.1 (a; = 1% 81 £ 89, B = 1 £ 53 £ 54), we get

<E51E527 ESSES4>T6g = (41)

2

Il
T

1 1 1 1
E(Z,*+81)E(Z7§+82), E(Z,2+53)E(Z,2+54)> =
reg

3w

(Es, Es,, 1>Teg<17 E33E84>7’€g + Z<E81E‘927uj> <UjvE$3ES4>
i>1

] 9]
+ E /<E51E527 Eit>reg <Eit7 E53E54>reg dt

+ <E51E82’ E%+53+S4 + C3E%753+S4 + C4E%+53754 + C3C4E%*83754>T69

+ <E%+81+82 + ClE%—Sl"rSQ + CQE%+81—82 + Clc?E%—sl—szv E83E84>7‘€g'

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
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For the cusp forms u;, the triple products (Es, Es,,u;) can be evaluated by the stan-
dard unfolding argument (see Section 2 of [LS]):

Lemma 4.1. Let u;(z) be a Hecke-Maass cusp form for the group T', that is an eigenvalue
of the Laplace operator Auj = (§ + t3)u; and of all Hecke operators Tyu; = Aj(n)uy,
for all n > 1, which satisfies also T_1u;(z) = uj(—%) = €ju;(2), ¢, = £1. Then it has
the Fourier expansion u;j(z) = p;(1) 32, .0 Aj(n) /YK, (2m|n|y)e(nz) with Aj(—n) =
€;Aj(n). Let L(s,u;) be the L-function associated to u;, defined by analytic continuation
from the Dirichlet series ) <, Aj(n)n=°. Then for s1, sy # +1/2, if u; is even (e; = 1)
we have

p](].) A(% + 81+ SQ,U/J‘)A(% + 81 — Sz,uj)
2 §(1+2s1)6(1 + 2s2) ’

<E(~,1/2+81)E(~,1/2+52),Uj> = (42)

where A(s,u;) == W*SF(%“]')F(S;” )L(s,u;) is the completed L-function corresponding
to uj. In the case of odd u; (i.e. ¢; = —1), the triple product is 0.

Remark. The right hand side in (4.2) is symmetric in s1, s, since for even u;, we have
the functional equation A(s,u;) = A(1—s,u;). Moreover, we have the following formula
relating the normalizing factor p;(1) with the symmetric square L-function:

2 cosh(mt;)

o (I = 2
/ L(1,sym?u;)

Further, for s; # +s2 and s3 # £s4, by (3.5) the first term on the right-hand side in
(4.1) vanishes. Finally, using (3.6) for all regularized triple products of Eisenstein series,
we arrive at

<E51E523 E53E84>’r‘eg (43)

. Z COSh(?th) A(% + 81 + SQ,U]‘)A(% + 81 — SQ,UJ')A(% + 53 + §4,Uj)A(% + 853 — 54,11,]')
N 5 2 L(1, sym2u; )E(1 + 251)€(1 + 252)&(1 + 253)&(1 + 234)
Ej_=1

1T T, saeqany §(3 +1i + 0151+ 0252)€(% + ti + 6155 + 0254)

+ ey (1 4 2t0)26(1 4 251)E(1 + 252)E(1 + 253)€(1 + 254)

H&l,éze{il} E(1 4 6181 + 0282 + 53 +34)
E(1+251)&(1 + 252)&(2 + 253 + 234)
I1s, 5,21y §(1 + 0151 + 6252 — 55 + 54)
E(1 4 251)€(1 + 259)€(2 — 253 + 254)
ILs, 5,1y §(1 + 0151 + 252 + 53 — 54)
E(1+ 251)E(1 + 252)€(2 + 253 — 254)

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
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H51752€{il} 5(1 + 0181 + Jg89 — S5 — 54)
E(1+ 251)E(1 + 252)E(2 — 253 — 254)

4

[, 5,e 1y §(1+ 81 4 52 4 0153 + 0254)

+ 1

+ co

+ cice

(24 251 + 282)&(1 + 253)&(1 + 234)

s, soeeny S =51 + 524 915 + 625)

§(2 = 251 + 252)&(1 + 253)€(1 + 254)
[T5, 5,421y €01 + 51 — 52+ 0155 + 0254)

E(2+ 251 — 252)E(1 + 253)E(1 + 254)
I15, speqx1y €(1 — 81— 89+ 0153 + 0954)
§2 — 251 — 252)8(1 + 259)E (1 + Z50)

Let us denote the last eight terms (quotients of products of &-functions, coming from

the regularization process) on the right hand side of (4.3) with Z;, 1 < j < 8, respectively

with the order of appearance in (4.3).

Now

, let us choose for s; the following values: s; = T, sy = i1 + v, s3 = 71" and

s4 = iT + 7], with complex parameters v and n satisfying 0 < Re(v) < Re(n) < ;. For
these values all the conditions from Proposition 3.1 are satisfied. From (3.4), we see that

(BirEir4v, EirEiris)req is continuous in v,7, and therefore, if we first let » — 0 in
(4.3), keeping n fixed, we get

<Ei2T? EiTEiT+ﬁ>reg (44)
B Z cosh(mt;) A(3 + 2T, u;)A(5 — 2T% + n, u;)A(3, u))A(5 — n,u )
B 2

where
=1(T,
(T,
E5(T,

E4 (Ta

= L(1,sym?u;) £2(1 + 2T4)E(1 — 2T0)E(1 — 2T + 2n)
EJ_ZI

1 [ @R+t T1L € + i+ 270 + ti +2Ti T p)e(3 + ti £ .
T / E(1 + 2t0)|2€2(1 + 2T4)E(1 — 2T4)&(1 — 2T + 2n)

E1+n)&2(1 —2Ti +n)E(1 — 4Ti +n)

M= (1 aThE@ = ATi T 21) = &L+ mEn),
CTRERSS i 08 TERR N

R
O L Y}

€(1 + 2T0)E(1 — 2T4)E(1 — 2T + 2n)E(2 + ATi — 2n)

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth

moment

of Eisenstein series, J. Number Theory (2017), http://dx.doi.org/10.1016/j.jnt.2017.06.012




YJNTH:5802

12 G. Djankovié, R. Khan / Journal of Number Theory ess (ssss) see—see

€1 +n)E 4 2T% — n)&(1 + 2T + n)é(1 + 4Ti — n)
E(2+4Ti)E(1 — 2T0)E(1 — 2T + 21)

(E(L+n)F5(n),

_ S =& +n)&Q + 2T — n)§(1 — 2T + n)
B E(2)E(1 + 2T4)E(1 — 2T + 2n)

= (L =n)&(1 +n)Fs(n),
_ 8 —m)&(1 — 2T —n)é(1 — 2Ti)§(1 — 2T +n)§(1 — 4T'i + n)
€2(1 + 2T0)E(1 — 2T + 2n)&(2 — 4T)

= €(1 = n)Es(n).

E5 (Ta 77) =

Each of 5, has a pole at 7 = 0, but the whole sum Z?Zl =; has a removable singularity
at 7 = 0. This can be seen by grouping together =; with =g, =4 with =5, and =5 4+ =3
with 22¢ = Z¢ + Z7. More explicitly, if we denote with

£(s) = Ll tatb(s—1)+0((s—1)2) (4.5)

the Laurent expansion of {(s) around s = 1, we get the following expansions of Z;(n):

F1(0)

Z1(n) = O R +ar +o),
Za(n) = L 2(20) +F2/(0) +772‘1F2(0) + (a® + 2b) F2(0) 4 2aF5(0) + %FQ”(O) +0(n),
za) = D0 BOZ 2080 4 2 4 y0) - 2a850) + 37 (0) +0(),
Zan) = PO - B+ ari(0) +0m).
Zs(n) = PO 4 B +ars(0) +0m),
Za(a) = Zolo) = -T2 SBOL @ - mm0 - 3RO o)
Za() = -0 - R +an0) +Om).

But, F»(0) = F3(0) = Fs(0) = (12) so the polar terms with ;5 cancel out in the sum.

Further, Fy(0) = F3(0), F4(0) = F5(0) and one calculates

2 g€ ¢ 2 [¢ <

Fi(0) = 0) Reg(l + 2T1%) — Z( ), F3(0) = €2) Z( )—SReZ(l—i—ZTz)
and
F§(0) = Reg—/( 1+ 2T1%)
¢ 2 ¢ ’
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from which it follows that F3(0) 4+ F4(0) — 2F§(0) = 0, a.e. the coefficient in front of %
also vanishes. Therefore we can take 7 — 0 in (4.4) and after calculation of all the other
required derivatives appearing in
8
lim Y Z;(T,n) = a(Fi(0) + F4(0) + F5(0) + Fx(0)) + a®(F5(0) + F3(0) + 2F5(0))

—0
n =1

+ F{(0) ~ Fi(0) + F(0) ~ FL(0) + 2a(F}(0) ~ F}(0)) + 5 F{(0) + 5FY(0) ~ K (0),

we obtain the following exact evaluation of the regularized fourth power of Eisenstein
series:

Proposition 4.2. For any nonzero real T', we have:

reg
[ 1G24 D) () = (B, B (1.6
I\H
_ cosh(mt;) A(5 + 2T, uj)A(5 — 2T%, u;)A* (%, u )
B ; 2 L(1, sym?u;) |£(1 + 2T0) 4
ej_zl
45 4+ )& (5 + ti + 2T0)&%(5 + ti — 2T1) it
/ |€(1 + 2t4)|2|1€(1 + 2T0) |+
" / 2 /
+ 5(42) Re%(l +2T%) + 2 i (14 2T%)| +Re (22)2 (1+277%)
!/ ! \2 1 !/
+d(a— %( ))Re “2(1 +oTi) + (22) 2) - %(2) - 2a§£ 2) +a }
2(1 + 2T)E(1 + 4T) & .
21— 2T0)e(2 + AT) [2 + 4 (1 +2Ti) — 2= ¢ (2 —|—4Tz)}
€2(1 — 2T0)&E(1 — 4T) . 5’
ST 2T (3 —4T%) [2 +as (1 —2Ti) — 22~ 4Tz)} ,
where a = limg_,1(£(s) — (s — 1)71).
Remark. The exact value of the constant a is % — “”T —In2 = —-0.9769..., where

Co = 0.57721 ... is Euler’s constant. This is a consequence of the following two formulas:
((s) =2 +Co+0((s—1)) and & (1/2) —Cp —21In2. Also we recall that £(2) = %.

Using Stirling’s approximations |I'(o + it)| = e~ ™1/2[t|7=2/27{1 + O(|t| ")} and
F%(s) =logs + O(|s|™!) valid in a fixed vertical strip when [t| — oo, and classical esti-

mates for the Riemann zeta-function on the edge of the critical strip [MoV, section 6.3],

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
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(log ) =23 (loglog t)~/* < ((s) < (logt)*/? and

!
i (s) < (logt)*3(loglogt)'/? (4.7)
for

s=o+it, 1—o0 < (logt)"?3(loglogt)™/3,

one obtains first that & (1 + 2T%) < logT and then that the contribution of the terms

in the last two lines in the formula (4.6) is O(k%g1 /Z ). Therefore the contribution on the

right-hand side of (4.6) coming from the regularization process is

" 2 "2
! el

6

§(1 + 2T7%)

—(1+2Ti)+2 (1+2T4%)| + O(logT).

Since %,(s) = —10% + %%(%) + Cf’(s), from Stirling’s approximation and (4.7) we obtain
further that when 7" — oo

’ 2 N2
%(1 +2T%)| + Re(iz)

2

3
(1+27Ti) = 5 log? T + O(log® < T),

for any € > 0.

Lemma 4.3. As t — oo, we have
"

?(1 + i) < log*/3*et,

Proof. We can use (4.7) and the Borel-Carathéodory lemma [MoV, Lemma 6.2] to get
the bound

(%) (1+ti) < log*/3+<t,

/ ’

This and (4.7) again imply the stated bound for ¢~ (1+tz) (%)/(1+ti)+(% (1+ti))2. O

From

" 1 271_ T s " loct T s / I /
o) = BT )+ ) - L G) ~ (ogm (e + TG o)

using (4.7), Lemma 4.3 and another well-known approximation l( +Ti) = log? T +
O(logT), we obtain also the asymptotic

1"
Re%(l +2T%) = log2 T + O(log®/ 3+ T).

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
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On the other hand, the contribution of the continuous spectrum in (4.6) i.e. the
integral on the right-hand side is of a smaller size, being bounded by the integral in the
following Lemma:

Lemma 4.4. For T > 1 we have:

dt < T71/6,

]0 €(5 + ti)[*|E(5 + ti + 2T4) || (5 + ti — 2T'0)|?
|€(1 + 2t4)|2|€(1 + 2T%)|*

for some absolute implicit constant.

Proof. This is exactly Proposition 3.4 in [Sp|. For completeness we briefly repeat here the
argument. After employing Stirling’s asymptotic formula for Gamma functions and after
splitting the integral fj;o =2 fo?’ +2 fST , one can see easily that the contribution in

the range f;;oo decays exponentially with 7. Therefore, one needs to bound the integral

|§ +)|t 0G5+ (E+2T)i)) [C(5 + (t —2T)q)|* eI lt=2TI|r2T) dt
1+|t\ (L4 [t+2T)72 (14 [t—2T))/2  |C(1 + 2t)2|C(1 + 2T4) |

By (4.7) the fourth ratio can be bounded by T°¢, the third ratio can be bounded by
convexity bound, while the second ratio can be bounded using the subconvexity bound
C(3 + ti) < (1 +[t])?*< for some 6 < ¢,
follows by the fourth moment estimate fo?’

which is available and sufficient. The bound
T |¢(5+t)|*

e dt < T¢, for any ¢ > 0. O

Therefore after putting together everything in this section, we obtain the asymptotic

formula in Theorem 1.1. Note that the theorem has dropped the condition €; = 1. This
is fine because when €; = —1, we have A( %, u;) = 0 and the summand vanishes.

5. Proof of Theorem 1.2

The regularized fourth moment of Eisenstein series E(z,1/2 +iT")
(B, Bighrey / 1Bz, 5 i) du)
T\H
can also be expressed directly using (3.3). The corresponding function ®(y) is given by
(b(y) | (y7 1/2 _|_ ZT)| 2y2 4T 4 4cy2 2T _|_ 6y + 4cy2+2T1 +62y2+4T1,

where ¢ = ¢(1/2+4iT) = % so in particular |¢| = 1. Hence we get

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
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reg

1
/ Bz, 5 +iT) [ du(z) =
\H

- / Bz, 1/2 +4T) *dp(z) + / (B2, 1/2 + D) — ey, 1/2 +iT)[*)du(z) — B(A),
Da Ca
with ®(A) given explicitly by

9 A174Ti A172Ti A1+2Ti i A1+4T7,'

4 6A + 47 .
T—ari T o T T T o Y T

d(A)=c

In particular, ®(4) <« A. This will be an admissible error for all the values of the
truncation parameter in the range 1 < A < logT.

Hence the difference between the regularized integral of |E|* and the integral
Jx |Eal*dp with the truncated Eisenstein series considered in [Sp] is

reg
1 . 1
[ 18G5 +iDdutz) - |Ea 5 + DI
\H

= [ 1B (Bt el = ey a) - [ |Bfau— [ BAldn
Da Ca Da Ca
—2 — A
= /(eQEA+é2E?4+4|e|2\EA|2)dM+2/(|EA|2EAe+|EA|2EAé)dN—<I>(A), (5.1)
CA CA
since [, Eaele’du= [, Eaele[*du=0.

Here, the first integral in the cuspidal region can be explicitly computed. From the
integral representation

+oo
S 1
K,(y) = / e Yot cogh(vt)dt, Re(v) > 3
0
we see that K;r(y) is real for y > 0, T' € R and hence for z € C4
E(1+2T0)Ea(2,1/24+1T) =4 Z Tir(n) y%KiT(any) cos(2mnx) (5.2)

n=1

is also real-valued. Using this and the functional equation for £(s), after a short calcula-
tion one gets that the first integral in (5.1) is equal to

12y 6y1+2Ti 6y172Ti
/ (5(1 F2TOE T e2(1—2Ti) | (11 279

) E(1 42T E4(2,1/2 +iT)du(z).

A
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Therefore we need to calculate the twisted integrals of the second moment of the
truncated Eisenstein series in the cuspidal region

Iyi= [ y€ 04 2T B (5 1/2 4 1)),
Ca

for the values of parameter n € {0, 2T }. Substituting here the Fourier expansion (5.2)

we obtain
+oo 1 50 9 dnd
=16 [ [y <Zn—T(n)y5KiT(27my) cos(zm>> ey
A 0 n=1 Y
o] 0 (o]
=8 rir(n) [ Kip(mny)y'dy =83 7y (n) (2mm) "1 "g(2mAn),
n=1 A n=1
where

glx) = /KET(y)y”dy
The Mellin transform of this function is equal to
G(s) := /g(z)msf = ;/KfT(x)x”‘Lsdx
0 0

on-2+s ] 1 1
- p2 (LE0Esyp (LE0ES e p (LR TS g
sT(14+n+s) 2 2 2

by integration by parts and the Mellin-Barnes formula [GR], 6.576.4

ZKu(y)Ky(y)yS(Z/ = i(sj H:F (s’igiy> :

1

By the inverse Mellin transform we have g(z) = 5

Jis) G(s)z~*ds (where the integration
is over the line Re(s) = 3) and so we get

o0

8 1 —s TiQT(n)
In = W% /G(S)(zﬂ'A) Z n5+1+77 ds.
(3) -

Here, since 7;7(n) = o2;7(n)n~"", we have by Ramanujan’s identity

i 2(n) _ s+ 14m)C(s+ 140+ 2Ti)((s + 1 + 7 — 27%)
ns+1+77 C(25+2+2n) )

Please cite this article in press as: G. Djankovié¢, R. Khan, A conjecture for the regularized fourth
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which then gives

1 [ A7 (s +n)é(s +n+ 2Ti)E(s + 1 — 2T4)

" omi ) s—1 £(2s +2n)
(4)

ds.

The integrand is rapidly decreasing in vertical strips and it is regular on the line

Re(s) = & (for all three values of the parameter 7)), so we can shift the line of inte-

gration from Re(s) = 4 to Re(s) = 1:

. /A1852(s+7})€(5+77+2Ti)§(5+’72Ti)ds (5.3)

L, =R, + —
K 1t o s—1 £(2s +2n)

(1/2)

where R,) =3 p R, p is the sum of residues R, p of the poles P that we encounter.

In the case n = 0, the integrand has two simple poles at s = 1+ 27" with the residues

I AT (1 - 2Ti)E(1 - 4T) 4R AT 4+ 2T0)E(1 + 4T)
0,1-2Ti = 9Ti (2 — ATY) and foiyami = 2T £(2 + ATi)

and the triple pole at s = 1 with residue

5/ 2 f” 1
z(1 +2T0)| + Re€(1 +2Ti) + 3 log® A

e+ 2T
For =" [

- 2(logA)Re%l(1 +2T%) + 2 <%(2) - a> (logA - QRG%(l + 2Ti))

+4 (%/(2)) —4a%,(2) +a +2b—2£(2)] ;

where the constants a and b are as in (4.5).

In the case n = 2T, the integrand has the simple pole at s = 1 —47% with the residue

R o AR (1 = 2Ti)E(1 — 4T
AT ATi€(2 — 4T)

and two double poles at s =1 and s = 1 — 27 with the corresponding residues

R €2(1 4+ 2T0)E(1 + 4T1)
2Te1 = £(2 + 4Ti)

x |a —log A + El(l + 4T%) +2%(1 +2T) — 2%(2+4T¢)
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and

A2Tig(1 4+ 2T0)E(1 — 2T)
2T £(2)

Rari1—ori = —

/ 1 !
X 2Re%(1 +2T%) —log A + T + 2a — 2%(2)

In the case n = —2T%, the integrand has the simple pole at s = 1 + 47% with the
residue

AATIE2(1 4 2T0)E(1 + 4T)
AT €(2 4 4Tv)

R_ori14aTi =

and two double poles at s =1 and s = 1 + 27T with the corresponding residues

€2(1 — 2T0)&(1 — 4T)

R_oriq =

£(2 — 4To)

! é—/ é—/
x {a —log A+ > (1 — 4Ti) + 2> (1 — 2T%) — 2> (2 — 4Ti)]
€ € £
and
R o AT2Tig(1 4 2T9)E(1 — 2T%)
—2T4,142T7 — 2TZ§(2)
x 2R 5—,(1+2T')—1 A-— L—&-Q —2€—l(2)
eg i og 5; T 20 ¢ .
In particular, we have
e Rew < (log T)?T~1/2
e+ T ’

when T" — oo.

The contribution of the integrals on the shifted line in (5.3) is bounded in the following
Lemma:

Lemma 5.1. For any n € {0,£2T%} with T > 1, we have

Tlas—t e2(l iy 1y NE(L 4+ ti +n — 2T
/ ,142 z'.g (3 +tz+n)§2(2 +tz+.77+2Tz).£(2 +ti+n—2T%) dt < AVRT1/S,
5 —ti &2(1+ 2T9)&E(1 + 2ti + 2n)

with an absolute implicit constant.
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Proof. The analysis is similar to that in Lemma 4.4. The case n = 0 was treated in
[Spl, section 4.3.2, where the bound O(A'/2T~1/6) is obtained. Here, we treat the case
n = 2T (for n = —2T', the value of the integral is the same). Using Stirling’s formula,
we see that the integrand is bounded by
o T (4T~ |t|~[t+4T))
(14 [¢])5/4(1 + [t + 2T )V/2(1 + |t 4+ 4T|)/4
C(5 +ti) (5 + (t+2T)i) C(3 + (t +4T)i)
C2(1+2T%) (1 4 (2t +4T)i)

1/2

Using subconvexity estimate ((1/2 + i) < (1 + [¢])T¢, for all € > 0 and some 6 < ¢ for
the zeta-functions in the numerator and (4.7) for the zeta-functions in the denominator,
this is further bounded by

o 5 (AT —[t]—|t+4T])

AT : T ;
L+ [th)a=0=c(1 + |t +2T|)2=20=¢(1 + |t + 4T|) 179~

We split the integration into 3 ranges: [~ = f:joT + f? ar+ fooo. In the first and the
third range we have an exponential decay of the integrand and so we have that in these
ranges the integrals are bounded respectively by

oo oo Et
1/2e 2 1/27p—1/4
/<<A T/ REATDE 7_9 TI207] _edt<<A T
0
and
—4T —4T .
/<<A1/2TE/ A dt < AYV?7=5/4,
Ti—0+320(1 4 |t 4 4T|)3—0—¢

In the middle range the integral is bounded by

0
dt
< A1/2T5/
; (L4 [t)F=0 (1 + |t +2T])2 =20 (1 + |t 4 4T))5~*

0
< AV2To—ite / : dat < ATt  AL/27-1/4
. (1 + )0 + |t +2T|)2—2%

Therefore, in the cases 77 = +2T'%, we get an even better bound O(AY/2T-1/4). O

After we collect everything together, and use asymptotic formulas for & (1 +2iT) and

?(1 +2¢T) already seen in the previous section, we get that the contrlbutlon of the first
integral in (5.1) is
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12 6 6
I Iri + 5=——=1_o1i
a2 T ea 2 ea oy "
12 6 6
= R Rori + s5———-~Rori + O(AV?T71/6
Ea s T Ea oy e T ma ey e O )
36
= Z1og? T + O(log3 T T), (5.4)
™

for the range 1 < A < logT. The main contribution is coming from Ry ;.

Putting together all our calculations in this section, we end up with the following
Proposition:

Proposition 5.2. When T' — oo, for any value of the truncation parameter 1 < A < logT
we have

reg

/ B+ 7)) =

1 36
/|EA %5 +4T)[*du(z) + —log T+2/(|EA|2EA6+ |EA|2E€)dp + O(log3 ™ T).
Ca
(5.5)

The first integral on the right hand side of (5.5) is asymptotic to % log? T' under
assumption (2.3). The integral over cuspidal region C4 in (5.5) is bounded by

1/2 1/2

/ Ealtdn | | [ leBaPa
Ca

The second integral on the right hand side of (5.6) is ~ 2 log T'; this is implicit in the
calculation of the first integral in (5.1). Under the RWC, the first integral on the right
hand side of (5.6) can be bounded by

/‘EA L Tive, ;+Tz)

(5.6)

/|EA\4du /|EA\4du<< (vol(X) — vol(D4))log® T <« A~ log? T,
Da

which is o(log? T) if A grows arbitrary slowly to infinity as T'— co. This way the right
hand side of (5.5) is asymptotic to % log? T.
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