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1. Introduction

Let s = o + it be a complex variable, ((s) the Riemann zeta-function. Let R be a
fixed rectangle in the complex plane C, with the edges parallel to the axes. By i we
mean the k-dimensional usual Lebesgue measure. For o > 1/2 and T > 0, define

Vo(T,R;¢) = m{t € [-T,T] | log((c +it) € R}. (1.1)

(The rigorous definition of log ¢(o +it) will be given later, in Section 3.) In their classical
paper [4], Bohr and Jessen proved the existence of the limit

Wo(R5Q) = Jim LV (T, R:Q). (1.2)

This is now called the Bohr—Jessen limit theorem. Moreover they proved that this limit
value can be written as

WH&O:/NM%MML (1.3)
R

where z = x + iy € C, |dz| = dzdy/2w, and M,(z,() is a continuous non-negative,
explicitly constructed function defined on C, which we may call the density function for
the value-distribution of {(s).

This work is a milestone in the value-distribution theory of {(s), and various alterna-
tive proofs and related results have been published; for example, Jessen and Wintner [9],
Borchsenius and Jessen [5], Guo [6], and Thara and the first author [7].

An important problem is to consider the generalization of the Bohr—Jessen theorem.
The first author [13] proved that the formula (1.2) can be generalized to a fairly general
class of zeta-functions with Euler products. However, (1.3) has not yet been generalized
to such a general class. The reason is as follows.

The original proof of (1.2) and (1.3) by Bohr and Jessen depends on a geometric theory
of certain “infinite sums” of convex curves, developed by themselves [3]. In later articles
[9] and [5], the effect of the convexity of curves was embodied in a certain inequality
due to Jessen and Wintner [9, Theorem 13]. Using this method, the Bohr—Jessen theory
was generalized to Dirichlet L-functions (Joyner [10]) and Dedekind zeta-functions of
Galois number fields (the first author [14]). These generalizations are possible because
these zeta-functions have “convex” Euler products in the sense of [13, Section 5]. But
this convexity cannot be expected for more general zeta-functions.

In [13], the first author developed a method of proving (1.2) without using any con-
vexity, so succeeded in generalizing the theory. However, the method in [13] cannot give
a generalization of (1.3).

So far, there is no proof of (1.3) or its analogues without using the convexity, or
the Jessen—Wintner type of inequalities. For example, [7] gives a different argument of
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constructing the density functions for Dirichlet L-functions, but the argument in [7] also
depends on the Jessen—Wintner inequality.

In [16] [17], the first author obtained certain quantitative results on the value-
distribution of Dedekind zeta-functions of non-Galois fields and Hecke L-functions of
ideal class characters, whose Euler products are not convex. But in these cases, they
are “not so far” from the case of Dedekind zeta-functions of Galois fields. In fact, a
simple generalization of the Jessen—Wintner inequality is proved ([17, Lemma 2]) and is
essentially used in the proof.

Actually, analyzing the proof of [9, Theorems 12, 13] carefully, we can see that the
convexity of curves is not essential. The indispensable tool is some inequality of the
Jessen—Wintner type. (However the convex property is probably of independent interest;
see Section 8.)

It is the purpose of the present paper to obtain an analogue of (1.3) in the case
of automorphic L-functions. The main result (Theorem 2.1) will be stated in the next
section. The key is Proposition 7.1, which is an analogue of the Jessen—Wintner in-
equality for the automorphic case. The novelty of this proposition will be discussed in
Section 6.

Except for the proof of this inequality, the argument can be carried out in more
general situation. In Section 3 we will introduce a general class of zeta-functions, and
in Sections 4 to 6 we will generalize the method in [14] to that general class. Then
in Section 7 we will prove the Jessen—Wintner inequality for the automorphic case to
complete the proof of the main theorem.

2. Statement of the main result
Let f be a primitive form of weight x and level N, that is a normalized Hecke-eigen

newform of weight x with respect to the congruence subgroup I'o(N), and write its
Fourier expansion as

f(Z) — Z )\f(n)77/(;-4—1)/2627rinz7
n=1

where the coefficients Af(n) are real numbers with Af(1) = 1. Denote the associated
L-function by

Ly(s) = Z Ar(n)n=2.

This is absolutely convergent when ¢ > 1, and can be continued to the whole plane C
as an entire function. We understand the rigorous meaning of log L;(s) and of

Vo(T, R Ly) = m{t € [-T,T) | log Ly(0 + it) € R}
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in the sense explained in Section 3. The following is the main theorem of the present
paper.

Theorem 2.1 (Main Theorem). For any o > 1/2, the limit

. 1 )
Wo (R Lf) :Tlglclm 7TV0(T,R7 Lf) (2.1)
exists, and can be written as
WalRiLy) = [ Mae,Ly)ldel, (22)
R

where My (z, L) is a continuous non-negative function (explicitly given by (6.4) below)
defined on C.

The above function My (z,Lf) can be called the density function for the value-
distribution of L¢(s). The integral expression involving the density function is useful
for quantitative studies; for example, in [14] [16] [17] we used such expressions to evalu-
ate the speed of convergence of (3.4) below in the case of Dedekind zeta-functions and
Hecke L-functions. Therefore we may expect that (2.2) can be used for quantitative
investigation on the value-distribution of L(s) (see also Remark 6.2).

Let P be the set of all prime numbers. Since f is a common Hecke eigenform, L (s)
has the Euler product

Le(s) =[]0 = xrp™) " LA = Arlp)p* +p72) 7"

PN PN

=[Ja =X ] = ar@)p™) 7 (1 = Brlp)p™) ", (2.3)
pEP pEP
p|N ptN

where a¢(p) + Bf(p) = A\f(p), B¢(p) = m’ and

lay () = 18 (P)] = 1. (2.4)

Also we know

Ar(p)| <1 (if p|N) (2.5)

(see [19, Theorem 4.6.17)).
It is known that, for any ¢ > 0, there exists a set of prime Py () of positive density
in P, such that the inequality

Arp)| > V2 —e (2.6)
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holds for any p € Py(e) (M.R. Murty [20, Corollary 2 of Theorem 4] in the full modular
case, and M.R. Murty and V.K. Murty [21, Chapter 4, Theorem 8.6] for general I'o(N)
case). This fact is used essentially in the course of the proof.

Here we mention that there are closely related studies on the value-distribution of
automorphic L-functions. For example, Lebacque and Zykin [12] studied the modulus
and the level aspects of the value-distribution of Ly(s), in a way similar to [8], using
Murty’s result [20] and the method of Jessen and Wintner. The authors [18] studied
the value-distribution of the difference between log L(sym’', s) and log L(sym’}%z, s) in
level aspect, where L(sym'', s) is the symmetric mth power L-function associated with
a primitive cuspform f. The argument in [18] is similar to one in [7] and it depends on
the Jessen—Wintner inequality.

3. The general formulation

A large part of the proof of our Theorem 2.1 can be carried out under a more general
framework, that is, for general Euler products introduced in [13]. We begin with recalling
the definition of those Euler products.

Let N be the set of all positive integers, and g(n) € N, f(j,n) € N (1 < j < g(n)) and
aﬁlj) € C. Denote by p,, the n-th prime number. We assume

g(n) < Crpy, o] < pj) (3.1)

with constants C; > 0 and «, 8 > 0. Define

p(s) = T] Auln™) ", (3.2)

where A, (X) are polynomials in X given by

g(n)
An(X) = H (1 —aDXF0m)),
j=1

Then ¢(s) is convergent absolutely in the half-plane ¢ > o+ 8+ 1 by (3.1).

Definition. We denote by M the set of all those ¢ which further satisfies the following
three conditions.

(i) ¢(s) can be continued meromorphically to o > ¢, where a+8+1/2 < 0¢ < a+5+1,
and all poles in this region are included in a compact subset of {s | ¢ > o¢}.
(ii) (o +it) = O((|t| + 1)¢) for any o > 0¢, with a constant C > 0.
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(iii) It holds that

T

/\go(ao +it)2dt = O(T). (3.3)

-T

Remark 3.1. Here we note that Ly (s) defined in the preceding section belongs to M. In
fact, the Euler product is given by (2.3). The condition (3.1) is satisfied with « = 8 =0
by (2.4), (2.5). It is entire, so (i) is obvious. Since it satisfies a functional equation, (ii)
follows by using the Phragmén—Lindelof convexity principle. Lastly, (iii) follows (with
any oo > 1/2) by Potter’s result [22].

Now let us define log ¢(s). First, when o > o + 8+ 1, it is defined by the sum

oo g(n)

log ¢(s ZZLOg (1= aDp-fGmsy,

n=1 j=1

where Log means the principal branch. Next, let
B(p) = {0 +iSp| oy <0 < Rp}

for any zero or pole p with Rp > 0g9. We exclude all B(p) from {s | ¢ > o}, and
denote the remaining set by G(¢). Then, for any s € G(p), we may define log ¢(s) by
the analytic continuation along the horizontal path from the right. Define

Vo(T, Ry ) = ju{t € [-T,T) | o + it € G(g), log p(o +it) € R}.
Then, as a generalization of (1.2), the first author [13] proved the following

Theorem 3.1 (/13]). Let ¢ € M. For any o > og, the limit

WO‘(R; 90) = lim 7V (T R7 90) (34)

T—oo 2

exists.

This theorem may be regarded as a result on weak convergence of probability mea-
sures, and Prokhorov’s theorem in probability theory is used in the proof given in [13].

In [14], the first author presented an alternative argument of proving such a limit the-
orem, again without using any convexity. This argument is based on Lévy’s convergence
theorem. The method in [14] is more suitable to discuss the matter of density functions,
so in the present paper we follow the method in [14].

In [14], only the case of Dedekind zeta-functions is discussed, but, as mentioned in [15],
the idea in [14] can be applied to any ¢ € M. Such a generalization has, however, not
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yet been published, so we will give a sketch of the argument in the following Sections 4
and 5.

4. The method of Fourier transforms

Let 0 > 0g, and N € N. The starting point of the argument is to consider the finite
truncation of ¢(s), that is

g(n)

= H An(pr_Ls)_l = H H (]_ —T;j)p;if(jm)t)_l’

n<N n<N j=1

where rﬁf) a( 7).y F 0 ™% Then

g(n)

IOg (pN Z Z log (1 _ T‘ itf(j,n) log Pn) . (41)

n<N j=1

Note that
|T(J)| < ‘a |p fame < pﬂ o< pB (atB+1/2) < p—l/2 < 1/{

Let Z be the set of all integers, R the set of all real numbers, TV = (R/Z)" be the
N-dimensional unit torus, and define the mapping Sy : TV — C, attached to (4.1), by

Sn(Or,ee On) == Z log ( ) ¢2mif (5:n)0n ) (4.2)

n<N j=1

(Though Sy depends on ¢ and ¢, we do not write explicitly in the notation, for brevity.
Similar abbreviation is applied to the notation of Ay, A, K, below. ) We write 29 (0,) =
—log(1 — re2mifG:m)0n) and z,(6,) = Zg( | 2(6,,). Then

SN(O1,-. 5 0N) =D zn(0n). (4.3)

n<N

For any Borel subset A C C, we define Wy ,(A;¢) = un(Sy'(A4)). Then Wy, is a
probability measure on C.

Let R C C be any rectangle with the edges parallel to the axes. The idea of considering
the inverse image Sy'(R) C TV goes back to Bohr’s work (Bohr and Courant [2],
Bohr [1], and Bohr and Jessen [4]). Also let E be any strip, parallel to the real or
imaginary axis. We have the following two facts, whose proofs are exactly the same as
the proofs of [14, Lemma 1].

Fact 1. The sets Sy'(R), Sy' (E) are Jordan measurable.

Please cite this article in press as: K. Matsumoto, Y. Umegaki, On the density function for the
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Fact 2. For any € > 0, there exists a positive number n such that, for any strip E whose
width is not larger than 0, it holds that Wy »(E; ) < e.

Now define
VN,U(T7 R7 30) = /J/l{t € [_T7 T} | 1Og @N(U + Zt) € R}

We see that log pn (0 +it) € R if and only if

({—%logpl},...,{—%logpzv}) € Sy'(R)

(where {z} means the fractional part of z). Since log p1,...,logpy are linearly indepen-
dent over the rational number field Q, in view of Fact 1, we can apply the Kronecker—Weyl
theorem to obtain

Proposition 4.1. For any N € N, we have

1
Wio(R; p) = lim ﬁVN,U(Ta R; ). (4.4)

This is the “finite truncation” version of Theorem 3.1. Therefore, the remaining task
to arrive at Theorem 3.1 is to discuss the limit N — co. For this purpose, we consider
the Fourier transform

An(w) = / e“F AW o (25 9),
C

where (z,w) = RzRw + FzJw. Our next aim is to show the following

Proposition 4.2. As N — oo, Ay(w) converges to a certain function A(w), uniformly in
{w e C||w| <a} for any a > 0.

Proof. The proof is quite similar to the argument in [14, Section 3]. It is easy to see that
AN(U)) = / €i<SN(91""’0N)’w)duN(91, PN QN),
TN

so in view of (4.3) we can write

A(w) = T] Knlw) (45)

n<N

with
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1
/ i(zn (0n )w
0

Noting |z,(Lj)(9n)| < |r7(1j)| < ph~=7 and (3.1), we have

|Zn n Z n <<p31(a+570)-
Therefore, analogously to [14, (3.2)], we obtain
K (w) = 1] < w|*pptP=), (4.6)
which implies
A1 (w) = An(@)] = An(@)] - | Kpr (0) = 1] < JuwPpl 7770 (@)

Therefore, for M > N,

M—1
[Apr(w) — An(w)| < Z [Ant1(w) — Ap(w)]
n=N
M—1 o0
2(a —0o 2(« —0o
<l 3 pi ™ < ol 3 sl 9

n=N

Since o > 09 > a+ [+ 1/2, the last sum tends to 0 as N — oo, uniformly in the region
|w| < a. This implies the assertion of the proposition. O

From Proposition 4.2, in view of Lévy’s convergence theorem, we immediately obtain

Corollary 4.1. There exists a regular probability measure W, (- ; ), to which W +(- ;¢)
converges weakly as N — 0o, and

Aw) = / W U (25 ). (4.9)
C
Moreover, taking the limit M — oo on (4.8), we obtain

A(w) — Ay (w)| < Jw]? prfffﬁ . (4.10)
n=N
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5. Proof of Theorem 3.1

In this section we show how to prove Theorem 3.1 in the framework of our present
method. The argument is very similar to that given in [14, Sections 3 and 4], so we omit
some details.

First, using Fact 2 in Section 4, we can show (analogously to the argument in the last
part of [14, Section 3]) that R is a continuity set with respect to W, and hence

Wo(R;p) = lim Wy o (R; ). (5.1)

N—o00

Now, following the method in [14, Section 4], we prove Theorem 3.1. Put

(s
Ry (s;p) =logp(s) —logon(s), fn(sie) = )y,
on(s)
When o > a + 8 + 1, since
g(n) ‘ ‘
Ry(s;0) < Z Z |a$f)|p;f(3’”)” < Z pz+ﬂfo (5.2)
n>N j=1 n>N

which tends to 0 as N — oo, the assertion of the theorem directly follows from Proposi-
tion 4.1 and (5.1).

In the case 09 < 0 < a+ 5+ 1, naturally we have to discuss more carefully. Let § > 0,
and define

K} (Typ)=3te[-T.T
vT) { | | |log p(o +it) —log pn (o +it)| >0

o+it € G(p), }

and k% (T; ) = p1 (K (T;¢)). We will prove that k% (T'; @) is negligible, that is, for any
e > 0 we can choose Ny = Ny(, ) for which

limsup T~ kS (T @) < e (5.3)

T—o0

holds for any N > Nj.
Let ag = 0 — e, &1 = 0 — 2. We choose € so small that 0y < a1 < ag < 0. For any
to € [-T,T], put

H(to):{8‘0'>040, t0—1/2<t<t0+1/2},

and define 3 (to; ) = 0 if H(tg) C G(p) and |Rn(s;¢)| < 0 for any s € H(ty), and
Y% (to; ») = 1 otherwise. Then clearly
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T

W) < [ vt o)t (5.4)
7

Using (5.2) we can find By = a+3+1+C3§~! (with an absolute positive constant C') for
which |Rn (s;9)| < 0 holds for any s satisfying o > Bo. Let Q(to) = H(to)N{s| o < Bo}.

Lemma 5.1. If | fnx(s; )| < §/2 for any s € Q(to), then ¥ (to; ) = 0.

This is a generalization of [14, Lemma 2], which further goes back to Bohr [1, Hilfs-
satz 5]. Bohr’s proof in [1] can be applied without change to the above general case, so
we omit the proof.

Let 81 = 200, and let P(tg) be the rectangle given by ay <o < f1,t9—1 <t <tg+1.
Put

Fn(to; ¢ / |fn (s;0)2dodt.
P(to)

(This can be defined only when P(¢g) does not include a pole of ¢(s).) We use Lemma 5.1
and [14, Lemma 3] (which is [1, Hilfssatz 4]) to see that if

Fx(to;p) < m(e/2)° (5/2)°

then 9%, (to; ¢) = 0. Therefore

T

1 S

o [ vt <o+ 4, 65
Gy

where S is the set of all ¢ € [T, T] for which we can find a pole s’ of ¢(s) satisfying
[t — Ss’| <2, and

b= gpm({e -nTS ] Fultois) > m(c/27(6/2°} ).

From the definition of b we obtain

m(e/2)%(6/2)%
B1 TH+1
g% / Fy(to; ¢)dty = —/ / | (si)? /dtodtda
to€[—-T,TI\S

where the innermost integral (with the # symbol) ison tg € [-T,T]\S, t—1 <ty < t+1.
This innermost integral is trivially < 2, and is equal to 0 if there exists a pole s’ of ¢(s)
such that |t — s’| < 1 (because then all ¢y € [t — 1,¢ + 1] belongs to §). Therefore
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] B1
we2p02< 1 [ [ tsio)Pdido, (56)
a1 J(T+1)
where

J(T)={te[-T,T]| |t —s'| > 1 for any pole s’ of ¢(s)}.

From (5.4), (5.5) and (5.6) we now obtain

B1
1 ' 1 L2 11 (S)
ﬁk?\r(T, @) < W(}/J(Tzﬂ) |fn(s;9)|"dtdo + 7 (5.7)

On the double integral on the right-hand side, as an analogue of [14, Lemma 4], we
can show the following lemma.

Lemma 5.2. For any n > 0, there exists Ng = No(n), such that

B1
2] [ ussorads < (5.9
)

ay J(T+1
for any N > Ny and any T > Ty with some Ty = To(N).

Proof. Write the Dirichlet series expansion of ¢(s) in the region 0 > a4+ 5+ 1 as

p(s) = Z ck™.
k=1

Then the Dirichlet series expansion of fx(s) is
/
In(sio) =D ek,
k

where the symbol Z’ means that the summation is restricted to £ > 1 which is co-prime
with p1pa - py. In [11, Appendix] it has been shown that, for any € > 0, we can choose
a sufficiently large N = N(e) such that

e = O(kath+e) (5.9)

for all k£ co-prime with p1pa---pn.
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By (3.3) and the convexity principle we have

/ lo(o + it)dt = O(T) (5.10)
J(T)

for any o > 0¢. On the other hand, using (4.1) we have

g(n)
on(o+it) P <exp | C Z Z |a$g)|p;f(j7n)a < exp (C/Na+/3+1—o)
n<N j=1

(where C, C" are positive constants). Combining this estimate with (5.10) we obtain
1
T / |fn (0 + ity ) Pdt < exp (20" N*HFH1=7)
J(T)

which is O(1) with respect to T. Therefore by Carlson’s mean value theorem (see [23,
Section 9.51])

) 1 ) ! 9. _9g
Jim oz [ Ufslo it Pt = 3 h (5.11)
J(T) §

uniformly in o. Using (5.9), we can estimate the right-hand side of (5.11) as

< Z kQ(a+B+670) < ]\]’1+2(o¢+3+670)7
k>pN+1

whose exponent is negative for o > oq (if ¢ is sufficiently small). This immediately implies
the assertion of the lemma. 0O

Now, applying Lemma 5.2 with n = 76%¢3 /16 to (5.7), we arrive at (5.3). The assertion
of the theorem in the case o9 < 0 < a+ [+ 1 then follows by the same argument as in
the last part of [14, Section 4].

6. The density function

In this section o is any real number larger than oy. We discuss when it is possible to
show that W, (-; ) is absolutely continuous. Then by measure theory we can write

WH&@:/NM%MWI (6.1)
R

with the Radon—Nikodym density function M, (z; ¢).
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For this purpose, we aim to show
Ay(w) = O(jw| =) (Jw| = oo) (6.2)

uniformly in N, with some 1 > 0.
If (6.2) is valid, then

/|AN(w)||dw\ < 00.
C

Therefore Wy, is absolutely continuous, and the Radon-Nikodym density function
Mn o (z; ) is given by

Mo (z:9) = / =10 Ay ()] dw| (6.3)
C

and is continuous (see [9, p. 53], [5, p. 105]). Moreover, the above uniformity in N implies
that the same estimate as (6.2) is valid for the limit function A(w). Therefore W, is also
absolutely continuous, hence (6.1) is valid with the continuous density function given by

Mo (z50) = /67i<z’w>A(w)|dw\. (6.4)
C

The following proposition reduces the problem to the evaluation of K, (w):

Proposition 6.1. If there are at least five n’s, say ni,...,n5, for which K,(w) =
On(Jw|=?) holds as |w| — oo, then (6.2) is valid for any N > max{ny,...,ns}, and so
(6.1) and (6.4) are also valid.

Remark 6.1. The proof of (6.2) in the above proposition is simple: just apply K, (w) =
O, (Jw|=/?) (for ny, ..., ns) and the trivial estimate |K,,(w)| < 1 to the product formula
(4.5). The result is (6.2) with n = 1/2, uniform in N.

Remark 6.2. The existence of the density function is useful for quantitative studies. For
instance, if there are at least ten n’s with K, (w) = O(Jw|~/2), then Ay (w) = O(jw|~?)
for large N. This fact with (4.6), (4.10) leads the estimate

Wo(R; 0) = Wio (R; )] = O(pa(R)NTHOH7) (1og N)*(+5=9)) - (6.5)

for o > 0p, as an analogue of [14, (6.4)].

In [14], when ¢ = (i (the Dedekind zeta-function of a Galois number field K), the
key estimate (6.2) was proved by using [9, Theorem 13]. In this case, (x has the Euler
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product of the form (3.2) with f(1,n) =--- = f(g(n),n) (= f(n), say, the inertia degree)
and an) =1 (and hence rsll) =...= 7'7(19(")) = p;f(n)g (= 7y, say)). Therefore

2n(0,) = —g(n)log(1 — rpe2™f (M0n)

)

which describes a curve when 6,, moves from 0 to 1. This curve is convex, so the original
Jessen—Wintner inequality ([9, Theorem 13]) can be directly applied. In this case we
encounter only one type of curve, that is, the curve —log(1 — &) (£ € C, |£] = ).

When K is non-Galois, f(1,n),..., f(g(n),n) are not necessarily the same as each
other, so

g(n)
2 (0,) = — Z log(1 — r,(lj)egmf(j’”)e”).
j=1

However, still in this case, the number of relevant types of curves

g(n)

— Y log(1—¢/m)  (¢€C, [¢)=p,°)
j=1

is finite, because there are only finitely many patterns of the decomposition of prime
numbers into prime ideals in K. Because of this finiteness, we can use [17, Lemma 2]
(which is a simple generalization of [9, Theorem 13]) to show (6.2) in this case. The case
of Hecke L-functions of ideal class characters can be treated in a similar way:.

However in the automorphic case, we encounter infinitely many types of curves, be-
cause in this case z,(6,) describes a curve

—log(l — ay(pn)f) —log(l = Br(pn)§)  (E€C, [§]=p,7), (6.6)

which depends on ay(py), 57(pn). Therefore we have to prove a new type of Jessen—
Wintner inequality, suitable for the automorphic case. This will be done in the next
section.

7. An analogue of the Jessen—Wintner inequality for automorphic L-functions

Now we restrict ourselves to the case of automorphic L-functions. Except for the
(finitely many) prime factors of N, the Euler factor of L¢(s) is of the form

(1 - af(pn)p;s)_l(l - ﬁf(pn)p;s)_la
50 2 (0n) = Ay (p;, 7 ¥ %) with

An(X) = - IOg(l - Oéf(pn)X) - log(l - Bf(pn)X)
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When 6,, moves from 0 to 1, the points z,(6,) describes a curve (6.6) on the complex
plane, which we denote by I',,.
Let 2,(0,) = R2,(0,) and y,(6,) = 32,(0,,). Writing w = |wle’™ (7 € [0,27)) we
have w = |w|cos T + i|w| sin 7. Then
(2n(0n), w) = [w|gr.n(0n), (7.1)
where

9rn (en) = mn(en) COST + Yn (en) sin 7.

Therefore
1
K, (w) = / eilwlarn®n)qp,, . (7.2)
0

Lemma 7.1. Let n € N such that p, t N. For any fized T, the function g, (8,) (as a
function in 6,) is a C*-class function. Moreover, if p, € Ps(e) and n is sufficiently
large, then g, (0,) has exactly two zeros on the interval [0,1).

Proof. Hereafter, for brevity, we write p, = p, p,,? = q, 270, = 0, z,(0,) = 2(0),
grn(0n) = g-(0), z,(0,) = z(0), and y,(0,) = y(f). Since the Taylor expansion of
A, (z) is given by

e ) ) 1 ) )
An(z) =) a2’ with  a; = ;(af(p)J + B ()),

j=1

we have
z(0) = Zajqjeije.
j=1
Therefore, putting b; = $a; and ¢; = Sa;, we have
2(0) = qu;(0), y(0) = d'v;(0),
j=1 j=1

where

u;(0) = bj cos(j8) — ¢;jsin(j6), v;(0) = b;sin(j6) + ¢; cos(j6).
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Differentiate these series termwise with respect to 6; for example
oo o0
2(0) ==Y _igdv;(0), y(0)=>_ i¢d'u;(0)
j=1 j=1
and so on. From (2.4) we have |a;| < 2/j, so
bj| <2/j, lej| <2/j. (7.3)
Noting these estimates and ¢ < 1, we see that these differentiated series are convergent

absolutely. Therefore (), y(8) belong to the C*°-class, and so is ¢-(). In particular
the above termwise differentiation is valid, and we have

9o(0) == g’ v;(0) cosT + > jq’u;(6) sinT
j=1

j=1

= —qu1(0) cos T + qui(0) sinT + F1(q; 0, 7), (7.4)

where F(q;0,7) denotes the sum corresponding to j > 2, and

|Ev(q;0,7)] <2 d¢? (1] + |ej)

i>2
(2 2 S 8¢?
<2> j¢ (—.+—.>=8qu:—1‘1 : (7.5)
i>2 7J i>2 —4

Since ¢ = p,;? < 2712 = 1/y/2, we find that Ei(¢;0,7) = O(¢?) as ¢ — 0 (that is,
n — 00), where the implied constant is absolute. Therefore from (7.4) we have

g.(0) = —gbysin(0 — 1) — gey cos(6 — 1) + O(g?).
Write 41 = argay. Then by = |aj|cosy1, ¢1 = |ai|siny, and so

—qla1|(cos~1sin(@ — 7) + sinyy cos(8 — 7)) + O(¢?)
—q(|ar| sin(y1 + 0 — 7) + O(q)). (7.6)

9,(6)

Similarly, one more differentiation gives

gl (0) = — Zjquuj (0) cos T — ijqjvj(ﬁ) sin T
=1 =1
= —qlay|cos(y1 + 0 — 1) + Ea(g; 0, 7), (7.7)

where Es(q; 0, 7), the sum corresponding to j > 2, satisfies
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|Ba(:0,7) <2 5207 (1bs] + |ej)

j=>2
<2]§>:23 ¢ ( —) _8; 27;)5). (7.8)

(The proof of the last equality: Put J = Zj>2jqj, and observe that J = 27>1(j +

D@ H =g 01007 + Y50 @7 = 2+ ¢J + ¢*/(1 — q).) Therefore Ey(q;0,7) = O(¢?)
with an absolute implied constant (by using again ¢ < 1/4/2), and hence

97(0) = —q(lar| cos(y1 + 0 — 7) + O(q)). (7.9)
Furthermore

97 (0) = glaa|sin(y1 + 60 — 1) + E3(q; 0, 7) (7.10)
with

|Es(q;0,7) <2 5% (1bj] + Iej )
j=2

27 3 1 2(2—q)
< 2 5 _ Q.2 _ ) |
‘8];” o <1_q+1—q2+ FEEE O(q”) (7.11)

with an absolute implied constant. (The evaluation of .-, j2¢’ can be done similarly
to the last equality of (7.8).)

Now we assume that p, € Ps(e), where ¢ is a small positive number. Recall a; =
at(p) + B¢(p) = As(p). Therefore from (2.6) we have |a;| > v/2 — €. On the other hand,
the term O(q) can be arbitrarily small when n is sufficiently large. Therefore from (7.9) we
find that, for sufficiently large n, if 6 = 6 is a solution of g/() = 0, then cos(y1 +6¢ —7)
is to be close to 0. That is, writing 6 = 6¢, 05 be two solutions of cos(y; +6 —7) =0 in
the interval 0 < 6 < 2w, we see that 6 is close to 6 or 5.

Now consider g/’ (#). From (7.10) and (7.11) we have

97" (0) = q(|a1]sin(y1 + 60 — 7) + O(q)).
Since
|sin(y; + 67 — 7)| = |sin(y1 + 65 —7)| =1,

we see that g7’(0) # 0 around 0 = 05 (j = 1,2), if p, € Py(¢) and n is sufficiently large.
This implies that g7/ (6) is monotone around 6 = ¢5. Therefore we conclude that there is
at most one solution ¢ = 6 of g;'(#) = 0 around 65.

Moreover, from (7.9) we see that ¢7/(#) is negative around the value of 6 satisfying
cos(y1 +6—7) =1, and is positive around the value of 0 satisfying cos(y; +6 —7) = —1.
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Therefore ¢//(0) changes its sign twice in the interval 0 < § < 1, so that the above
solution 6y indeed exists both around #{ and around #5. We denote those solutions by
0] and 604, respectively. That is, g//(f) = 0 has exactly two solutions in the interval
0<f<2r. O

Remark 7.1. By the same reasoning as above, we can show that, if p, € Ps(¢) and n
is sufficiently large, g/ (f) = 0 also has exactly two solutions 67 and 05 in the interval
0 < 6 < 27. In fact, there exists two solutions § = 605,05 of sin(y; + 6 — 7) = 0 in the
interval 0 < 6 < 27, and 0} is close to 5 (j = 1,2). (We can further show that, for any

I € N, there exist exactly two solutions of gg)(ﬁ) =0.)

Now we can prove an analogue of the Jessen—Wintner inequality for automorphic
L-functions. In the rest of this section, we follow the argument in the proof of [9, Theorem
12]. We use the notation defined in the proof of Lemma 7.1 and in Remark 7.1. The
integral (7.2) can be rewritten as

2

1 .
K, (w) = %/e”“"gf(e)d& (7.12)
0

Proposition 7.1. If p, € Pf(e) and n is sufficiently large, we have

1 1
=0 (e 1),
(w) (q1/2w|1/2 P

with the implied constant depending only on e.

Proof. When 6 moves between 0 and 65 (1 <4,7 <2) (mod 27), the values of sin(y; +
6 — 7) and cos(y; + 6 — 7) varies continuously and monotonically, and there exists a
unique value 6 = 6;; between ¢ and 6 at which

|sin(y; +6;; — 7)| = |cos(y1 +0;5 — 7)| = 1/\/5

holds.

We split the interval 0 < # < 27 (mod 27) into four subintervals at the values 6;;
(1 <14,j <2). Then on two of those subintervals (which we denote by I4 and Ip) the
inequality |sin(y; +6 —7)| > 1/4/2 holds, while on the other two subintervals (which we
denote by I and Ip) the inequality |cos(y; + 6 — 7)| > 1//2 holds.

Since p,, € P;(¢) and n is sufficiently large, we can again use the facts |ai| > v2 — ¢
and the term O(g) is small. Therefore from (7.6) we find

197 (0)] = a((V2 = £)(1/V2) =€) 2 q(1 — 2¢) (7.13)

for 6 € I, U Ip. Similarly from (7.9) we find that, for sufficiently large n,
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97(0)] > q(1 — 2¢) (7.14)

for0 e Ic UIp.

The number 6 is included in I4 or I, say I4. Then 65 € I. Therefore also 67 € T4
and 07 € Ip. We split 14 into two subintervals at § = 07. Then in the both of those
subintervals, ¢~ (6) is monotone. Therefore, applying the first derivative test (Titchmarsh
[24, Lemma 4.2]) with (7.13) to those subintervals we have

. 4 8
ilwlg-(0) gg| < 2. <
€ N = ’
/ — min{wllgr(0)[} T glw|(1 - 2¢)

A

and the same inequality holds for the integral on Ig.

As for the integrals on the intervals I and Ip, we use the second derivative test ([24,
Lemma 4.4]). The monotonicity is not required for the second derivative test, so we need
not divide I¢ into subintervals. Using (7.14), we have

/ei\w\gr(e)dg <8
! wlg(1 — 2¢)

and the same for Ip. Collecting these inequalities, we obtain the assertion of the propo-
sition. 0O

Proposition 7.1 implies that
Kn(w) = Ope(lw[72) (Jw| = o0) (7.15)

if p, € Ps(e) and n is sufficiently large. The set Pf(¢) is of positive density, especially
it includes infinitely many elements (so surely includes five elements). Therefore we can
obviously apply Proposition 6.1 to ¢(s) = Lf(s), and the proof of Theorem 2.1 is now
complete.

8. The convexity

In our proof of Theorem 2.1, the convexity of relevant curves plays no role. However
the geometric property of the curve Ty, is of independent interest. We conclude this paper
with the following

Proposition 8.1. If p,, € P(e) for a small positive number € and n is sufficiently large,
the curve I'y, is a closed convex curve.

Remark 8.1. Using [9, Theorem 13] we have that each curve I, is convex if |{| is suf-
ficiently small. But their theorem does not give any explicit bound of [£| (which may
depend on n), so we cannot deduce the above proposition from their theorem.
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Proof of Proposition 8.1. Assume p,, € P¢(¢) and n is large. Then
ur(0)? +v1(0)* = b7 + cf = ar|* = |as(p) + Br (p)]* > (V2 —&)?

by (2.6). Therefore at least one of |ui(0)[? and |v1(0)|? is larger than (v/2 — €)2/2, that
is, at least one of |ui(#)| and |v1(6)| is larger than (v/2 —¢)/v/2 > 1 —¢. Let

O(u1,n) ={0 € 10,2m) | [u(0)] > 1 — ¢},
O(v1,n) =40 € 10,2m) | |[v1(0)| > 1 —€}.

Then O(uy,n) U O(vy,n) = [0, 2m).

First consider the case when 6 € ©(vy,n). The curve I, consists of the points z(0) =
2(0) + iy(6). We identify C with the R2-space {(z,y) | z,y € R}, and identify z(#) with
(x(0),y(#)). We study the behavior of the tangent line of the planar curve T, at z(0),
when 6 varies. By Z(0) we denote the tangent of the angle of inclination of the tangent
line at z(6). Then

[1]

0) =Yg = | L) / > i) ] 5.1)

It is to be noted that the denominator is qvi(0)+O(g?), so this is non-zero for sufficiently
small ¢ (that is, sufficiently large n), because now we assume 6 € ©(vy,n).
We evaluate Z'(0). First, by differentiation we have

=/(0) = X1(6) + Xa(6) + X5(6) + X4 (0), (8.2)
say, where
X1(9)=qvl(9)/ qujvj<9) ,
j=1
X(0) = qujvj(@ / qujvj(e) 7
. 2
X3(0) = (qul(9))2/ > idvi0) |
j=1
and

2

Xa(O0) = | Y ik, (0)un(0) /qujvjw)

j,keN
J+k>3
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We write
o .
> idv;(0) = qui(6)(1+ Y (6)), (83)
j=1
where
x (8
v(o) =Y jg ).
= v1(60)

Since |v1(0)] > 1 — &, using (7.3) we have

4 O 4q B
|Y(9)|§1_€j§::2q 1—m—0(fﬁ

(noting ¢ is small). Therefore

-1

— 1 Y (6)
;” vil) | = 701 (9) (1 - 1+Y(9))

__ b 1 y@r y_ 1
~qui(0) +0 <q(1 —e)1— |Y(0)|> q01(0) +0(1). (8.4)
This implies

X1(0) =1+ O(g). (8.5)

The numerator of X(f) can be evaluated, as in (7.8), by O(¢?). Therefore with (8.4)
(whose right-hand side is O(q~!)) we have

X3(0) = 0(¢* - q7") = O(q). (8.6)

As for X3(0), again using |v1(0)| > 1 — ¢ and (8.4) we obtain

Cw®? (Y ' w(9)?
x0) = e (1= Tivm) = wiap 0@ (8.1
Lastly, we have
Xi(0) < Y kfTFg? <, (8.8)
]’];i-kkezl\;)

because
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Yookt => "¢ D ket =q) kd*+> ¢ > ke
j,keN i>1  k>max{1,3—j} E>2 i>2  k>1
k>3

=qJ+(g+)> ¢ =0

j>2

(where J was defined just after (7.8)). Collecting (8.2), (8.5), (8.6), (8.7) and (8.8), we
obtain

(@) + O(q). (8.9)
Note that all the implied constants in the above formulas are absolute. When n is large,
O(q) becomes small, so (8.9) implies that ='(#) > 0. That is, if p, € P¢(¢), n is sufficiently
large, and 6 € ©(v1,n), then Z(0) is monotonically increasing.

In the case when 6 € ©(u1,n), we change the roles of the axes. That is, now we identify
2(0) € C with (—y(0),2(0)) € R2. Instead of Z(6), we consider =*(0) = /() /y'(6). (The
denominator y’(#) is non-zero for large n because 6 € ©(uy,n).) Then —Z*(0) is the
tangent of the angle of inclination of the tangent line, under this new choice of the axes.
We can proceed similarly, and obtain, analogously to (8.9),

v1(0)?
u1(0)?

(—E%(0)) =1+ + 0(q), (8.10)

hence —Z*(0) is monotonically increasing when 6 € ©(uy,n). Therefore the tangent of the
angle of inclination is always increasing, which implies that the curve I';, is convex. 0O
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