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Let p > 3 be a prime, and let m be an integer with p { m.

In the paper we solve some conjectures of Z.W. Sun concern-

. -1 2ky3 ~1 2k

ing Y070 (3)7/mk (mod p?), Y075 ()(H)/m* (mod p) and
_ 2

,’(’:3 G (GY/m* (mod p?). In particular, we show that
2 o3

Y20 (B =0 (mod p?) for p=3,56 (mod 7). Let {Pn(x)}

be the Legendre polynomials. In the paper we also show that

—1,83 -3 Gt+5)x+9t+7 .

P[%](t) = —(%)Zf:(}(M) (mod p), where t is a ra-

tional p-adic integer, [x] is the greatest integer not exceeding x

and (%) is the Legendre symbol. As consequences we determine

P[%](t) (mod p) in the cases t = —%, —%, —% and confirm many

conjectures of Z.W. Sun.
© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Let p be an odd prime. Following [A] we define
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It is easily seen that (see [S2, Lemmas 2.2, 2.4 and 2.5]) for k€ {0, 1,..., ”2;1}

p—1 p—1 1 2k
S RN = VAN NN
( )< k ) (k) (k) ap (medp
p—1 2k
= +k (%)
2 =k d p?). 11
( 2k ) (—16)k (mo P ) (11)
Thus, by Fermat’s little theorem, for any rational p-adic integer A,
e 3 k
2. (2k A
Alp,A) = — d p). 1.2
(.2 l;(,() (64> (mod p) (12)

For positive integers a,b and n, if n = ax? + by? for some integers x and y, we briefly say that
n=ax? +by?. In 1987, Beukers [B] conjectured a congruence for A(p, 1) (mod p?) equivalent to

_ 3
(p—1)/2 (2k1<) _ {0 (mod p?) if p =3 (mod 4),

XL = 13
64k 4x% —2p (mod p?) if p=x%+4y%> =1 (mod 4). (13)

k=0

This congruence was proved by several authors including Ishikawa [Is] (p =1 (mod 4)), van Ham-
me [H] (p =3 (mod 4)) and Ahlgren [A]. In 1998, by using the hypergeometric series 3F»(1), over
the finite field F,, Ono [O] obtained congruences for A(p, 1) (mod p) in the cases A =—1, =8, —%, 4,

1 3
1,64, &, see also [A]. Hence from (1.2) we deduce congruences for 3,2 1 (%)” (mod p) in the
cases m =1, —8, 16, —64, 256, —512, 4096. Recently the author’s brother Zhi-Wei Sun [Sul,Su2,Su3]

conjectured corresponding congruences modulo p2. In particular, he conjectured that

p—1 3 2 oo
Z <2k> _ {0 (mod p~) ifp=3,5,6 (mod?7), (14)

—\k 4x> —2p (mod p2) ifp=x*+7y%=1,2,4 (mod 7).

We note that p | (zkk) for pT“ <k < p—1. In the paper, by using the Legendre polynomials and the

work of Coster and van Hamme [CH] we completely solve Zhi-Wei Sun’s such conjectures.
Let {P,(x)} be the Legendre polynomials given by

Po(x) =1, Pi(x) =x, M+ 1DPpp1(x) = 2n+ 1DxPr(x) —nPp_1(x) (n>1).

It is well known that (see [MOS, pp. 228-232], [G, (3.132)-(3.133)])

[n/2]
1 n kf2n—2k\ _x 1 a n
”"<")=z_nkz<k)(‘”( i L (15)
=0

where [x] is the greatest integer not exceeding x. From (1.5) we see that

—1)™ (2
Pp(=%) = (=1)"Pa(x),  Pom+1(0)=0 and sz(0)=(22n)l (::) (1.6)
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The first few Legendre polynomials are as follows:

Pox)=1, Pix)=x,  Py(x)= 1(x -1), P3(x):%(5x3—3x),

1 1
P4(x) = g(35x4 —30x* +3),  Ps(x)= g(63x5 — 70x% + 15x).

Let Z be the set of integers. For a prime p, let Z, be the set of those rational numbers whose
denominator is not divisible by p, let Q, denote the field of p-adic numbers, and let (%) be the
Legendre symbol. On the basis of the work of Ono [O] (see also [A, Theorem 2] and [LR]), in [S2,
Theorem 2.11] the author showed that for any prime p >3 and t € Zp,

Pp-1(t)

2

NPl 3 a2 2
_(_6) Z(X 3(t° 4 3)x 4 2t(t 9)) (mod p). (1.7)
D —0 p

In this paper, by using elementary arguments we prove that for any prime p >3 and t € Zp,

p—=1,3_3
%(t)__<g>z(x 2(3t—i—5)x—i—9t—i—7> (mod p). (18)

x=0 p

From (1.8) we deduce (1.7) immediately. As consequences of (1.8), we determine P[%J(—g), P[%J(—%),
P[%](—%) (mod p) and use them to solve Z.W. Sun’s conjectures [Sul| on

p—1 2k 4k p—1 2k 2 4k
Z (k)(Zk) (mod p) and Z (kznk(Zk) (mod pZ)

k=0 k=0

For instance, for any prime p > 7,

"Z_E () {4C2 (mod p) if p=1,2,4 (mod 7)andso p = C2 +7D2, (19)
- 81’< 0 (mod p?) ifp=3,5,6 (mod 7). '
For any odd prime p and m € Z, we also establish the following general congruences:
p1 3
2 Zk) 64 2
"—kEPu(,H—H> (mod p?) form 0 (mod p), (1.10)
2
k=0

R 2K\ 2 4k NN NN . -
=0<’<> <2k>(x( ~640) = kz<k><2k> (mod p7). (11)
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2. Congruences for P[%](t) (mod p)

Lemma 2.1. Let p be an odd prime and k € {0, 1, ..., [%]}. Then

1 g 1[4k
. 2 _
(i) < K >—(_4)k <2k) (mod p),
y [%]+k)= 1 <4k)
) ( 2k )= Cearlar) M4P
p—1-2k\ (-1’7 4k
(iii) ( pz;] ): & <2k> (mod p).

Proof. It is clear that

g

( 2k ) (Zk)' . (_2)/{ . (zk)‘ B

(p%l) a 1’2;1.PT—3...(132;1_,<+1)_,<! =13...2k-1 -k =(—4)" (mod p).
2k

This together with (1.1) yields (i).
Suppose r =1 or 3 according as 4| p — 1 or 4| p — 3. Then clearly

([%Hk): (B + (B k=1 (B —k+1)

2k (2k)!
=(_1)k(4k—r)(4k—r—4)---(4—r)-r(r+4).--(4l<+r_4)
- 42k . (2!
_1)k. 4k
(=1)* - (4k)! _ (zk) (mod )

T 2% 2kl - 4% (2k)  (—6A)K

and

- —-1-2k
()
2

=(_1)p2;1<p—1—2k><p—2—2k>~-(p—(%+2k>>

p=1,
!

_ (2k+l)(2k+2)-..(pz;]+2k) B (p74 -|-2]<)(pr1 +2k_1),__(112;1+-1)

172;11 (2k)!
(4 —1)(4k—3)---3-1 (4k)! 1 (4k> (mod p)
- 22k . (2k)! T 22k 2kt 22k L (2k) T 24k \ 2k b)-

Thus (ii) and (iii) are true and the proof is complete. O

1953
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Lemma 2.2. Let p be an odd prime and let t be a variable. Then

[p/4] k
4k\ [ 2k 1—t
Pp©= 2 (2k>(k)(ﬁ>

k=0

[p/4] k
ak\ (2k\ (1 +t
— (—_1[5]
=D Z(Zk)(k)(lZS) (mod p).

k=0

FSESS

Proof. It is known that [G, (3.135)]

n I _ k
Pn(f)=Z<Z> (n: <> (%) . 2.1)
k=0

Observe that (}) (”7:") = (";kk) (zk") By (2.1) and Lemma 2.1(ii) we have

(p/4l , p k  [p/4] (4ky 2k k
B [B1+k\ (2k\/t—1\" _ G () (t—1
P[%l(”_z< 2 )(k)( 2 ) =2 Ceap\ 3 ) (medr

k=0 k=0

By (16), Ppz)(0) = (—1)[%119[%](4). Thus the result follows. 0

Theorem 2.1. Let p be a prime greater than 3 and let t be a variable. Then

p—1 p—1
Py == (€ +4x +2(1-0x) 7
x=0
p—1 p-1
6 5 3 2
E—<E>Z<X —5(3t+5)x+9t+7> (mod p).

x=0
Proof. For any positive integer k it is well known that (see [IR, Lemma 2, p. 235])
pilxk:{p—l (mod p) ifp—1]k,
s | 0 (mod p) ifp—11k.
Suppose that (x> + 4x% +2(1 — x0T = Zi(:pfl)/ 2 g, x. From the above we deduce that

3(p-1/2  p-1 p-1 b1

ap_1=— Z a;<Zxk=—Z(x3+4x2+2(1—t)x)i (mod p).

k=1 x=0 x=0

On the other hand,

Sl
|

1

~1 _ p—1 ~1
(F +42 +201 —0x)' T =x'T < 2 )(x2+4x)pT"‘(2(1 —0)"

N‘

=~

Il

=}
o

—1 p=1_

b1 p=1\ 2
Xz 2
k

r=0

s
™|

=1 _ _
( z k)xzf(4x)"2—l—’<—f(2(1 ~0)~.

=
[=)
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Hence, applying (1.1) and Lemmas 2.1-2.2 we obtain

[p/4] AN N A= k
ap—1=Z< : )( ) >4 7221 - )
k=0
[p/4]
( )4‘2k-2"(1—f>"

- Z ( ]4)’< (ZR)

p/4] 4k\ [ 2k
=Z<21>< )( ) =Pp(t) (mod p).
ko \K 4l

Therefore,
p-1 -
Pipy© =ap1=—) (¢ +48 +2(1 - 0)x) ?
x=0
— —1
_ ”j((x ) va(x-2) w20 -0(x f))"z
- 3 3 3
x=0
p-1 =
(x3 - 7(3t +5)x+ —(9r + 7))
x=0
S ((2Y (3t 5 9t +7 =
) 36+ —+—7( +7)
x=0
p-1p1 p—1
8\ 2 ; 3 2
(E) x;:(x —5(3t+5)x+9t+7> (mod p).

This yields the result. O
Corollary 2.1. Let p > 3 be a prime and t € Zp. Then

z§<xa_3(3t2+5>x+9t+7> (2)1§<x3+3(3f 5)x+9t—7>
p \p .

x=0 x=0 p

Proof. Since P[%](t) = (—1)[%]P[%](—t), by Theorem 2.1 we obtain

2

x=0

p-1 <x3 ~36LS)y | o 47 X333y ot 4 7)

P p-1
. ( 2
> ) (-1 ;0 5
o\ (%3 4+ 365 (x) — 9t 47
-(5)z( )

x=0 p

p p

x=0

p—1 3(3r 5) .
=<%>Z(X + X+ 9 ) (mod p).

1955
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For p € {5, 11, 13} it is easy to check that the result is true for t =0, 1, ..., p—1. Now suppose p > 17.
By Hasse’s estimate [C, Theorem 14.12, p. 315],

<2Vp.

"‘1<x3 - w;ﬁguﬁ)
x=0 b

Since 4,/p < p, from the above we deduce the result for p > 17. O

Theorem 2.2. Let p be a prime greater than 3. Then

(1) =3 B0 yn'§Y
4

9
k=0 k=0

_ 0" &2amodp) if41p—1.p=a®+b>and4|a—1,
0 (mod p) if p =3 (mod 4).

Proof. From [BEW, Theorem 6.2.9] or [S1, (2.15)-(2.16)] we have

’”(x3 —4x> B { —2q ifp=1(mod4), p=a®+b2anda=1 (mod4), (22)
—0 p 0 if p =3 (mod 4).
Thus taking t = —7/9 in Lemma 2.2 and Theorem 2.1 we deduce the result. O
Theorem 2.3. Let p be a prime greater than 3. Then
[p/A1 (4ky 2k [p/41 (4ky (2k
P, _E — Z (21:)(k) z(—l)[%] Z (Zk)(k)
1\ 3 48k (—192)k
k=0 k=0
_ {ZA (modp) if3|p—1,p=A2+3B2and3|A -1,
~lo@modp) ifp=2(mod3).
Proof. It is known that (see for example [S1, (2.7)-(2.9)] or [BEW, pp. 195-196])
pi(;é —8) |23 if31p—1,p=A2+3B%and3 A1, 23
—=\ p 0 if p =2 (mod 3). '

Thus, putting t = —5/3 in Lemma 2.2 and Theorem 2.1 we deduce the result. O
Theorem 2.4. Let p # 2, 3, 7 be a prime. Then

[p/4] [p/4]
. (_§> _ ”Z GG _ g~ @)
21\ 63/~ R = (—4032)K

{2C(§)(%) (mod p) ifp=1,2,4 (mod7)andsop=C2+7D?
0 (mod p) ifp=3,5,6 (mod 7).
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Proof. Putting t = —65/63 in Lemma 2.2 we get

[p/41 (4ky (2k [p/41 (4ky 2k
65 () (%) (i) (&)

Pp <——>E Z 2%k =Dl JZ

(2] 2

k _ k
63) " &= 63 < (—4032)

EEs)

(mod p).

Taking t = —65/63 in Theorem 2.1 we see that

po (L65\_ (A BN R (G0° A+ B - X
o(-2)=-T(FEEE) -5

x=0 x=0 p

4

Z( 51) 3(x3 +21x% 4+ 112x)
B p

) (mod p).

From [R1,R2] we have

S()@ +21x% + 112x> B { —2¢(§) ifp=C?+7D%=1,2,4 (mod7), (2.4)
£ - = o )

=0 p if p=3,5,6 (mod 7).
Thus the result follows. O
For related conjectures concerning Theorems 2.2-2.4, see [Sul, Conjectures A47-A49].
Lemma 2.3. Let p be an odd prime and let u be a variable. Then
[p/4] 2k
GG 2t

W7 Py (Vi) = 1)“2 AT (mod p).

2

Proof. From (1.5) we see that

(p/41 ,p—1 L )
WP oy (Vi) = — (,i)(p : Zk)(—n"u%—".

g

B P p—1
2 27 2

=

o

Thus applying (1.1) and Lemma 2.1 we obtain
[p/4]
b= -2 1 [2k\ 1 [4k K
T u=|— —_— Dku"T % (mod p).
V) 2 Pyt (V) (p>l§(_4>k<k) ()( u (mod p)
Noting that (’72) — (=14 we then obtain the result. O
Theorem 2.5. Let p > 3 be a prime, u € Zy and u # 0 (mod p). Then

p1 u 2 P21/ x3 — 2w + ux
W= (§)rg(F 1) = ()

x=0

p-1 3 _
_<§>Z<ux Bu+9x+18 2u> (mod p).

o p
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Proof. By (1.6), Lemmas 2.2 and 2.3 we have

/4]
2\ _ (-2 2\ _ []” (><2k> 1
P[%J(u l>_<p>P ( ) (=1 Z 2k )\ k ] (64u)k
E( )(«/—pT pTu/E) (mod p).

By Theorem 2.1, we have

-l 3 4424 4 Pl 2xy3 4 40 2xy2 4 4o 2
P[%](I—Z/U)E—Z(X+ x+ux)=_z<( w ). A=)+ 4( u))

x=0 p x=0 p
p—1 21343 2 p—1,.3 2

(—%)>(x° — 2ux“ + ux) —2u x> —2ux + ux

(R ) ()
x=0 p p x=0 p
and
2 B 6 p-1 X3 3(u+3)x+ 18— 2u
P\ —1)="3 > »
x=0
6u\ 22 /uxd — 3(u+3)x+ 18 — 2u
=7 Z ) (mod p).

x=0

Thus the theorem is proved. O

3. Congruences for Zk 2 mk( ) (mod p?)

Lemma 3.1. For any nonnegative integers m and n we have

) -ECIC Cam)

k

Proof. Let m and n be nonnegative integers. For k € {0, 1, ..., m} set

2k\ (m+k\ (2k k
Fl(m’k)=<k>< 2k)<k><m—k>’
_(2k\ (n+k\ (2m—k)\ (m+m—k
FZ(m’k)_<k>< 2k )( m—k )(2(m—l<)>'
For ke {0,1,...,m+ 1} set

- 2 (2k\* (n+k k
Gr(m, k) = —(m + Dk (k) ( 2k )<m+2—k)’

k?(3mn? — 2n%k + m? + 3mn — mk + 6n% — 2nk + 4m + 6n — 2k + 4)

Gatm. k) =~ (m+2—k)?
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20\ (mn+k\ [2m+1—-k)\ m+m+1—k
X .

k 2k m+1—k 2m+1—k)

Fori=1,2 and k€ {0, 1,...,m}, using Maple it is easy to check that
(m+2)*Fi(m+2,k) + (2m 4 3)(m* — 2n® + 3m — 2n + 2)Fi(m + 1,k)
+ (Mm+1)(m+2n+2)(m—2n)Fi(m, k) = Gi(m,k+ 1) — G;(m, k). (3.1)
Set Si(r) =Y _o Fi(r,k) for r=0,1,2,.... Then
(m+2)3(5i(m+2) —Fim+2,m+2)—Fi(m+2,m+ 1))

+(@2m+3)(m® = 2n° 4+ 3m — 20+ 2)(Si(m + 1) — Fi(m + 1,m + 1))
+ (m+ 1) (m+2n+2)(m — 2n)S;(m)

m m
=(m+2)° Y Fim+2,k)+@m+3)(m* —2n* +3m—2n+2) Y Fi(m+1,k)
k=0 k=0

+ (m+1)(m+2n+2)(m —2n) Y _ Fi(m, k)
k=0

= (Gi(m,k+1)—Gi(m,k)) =Gi(m,m+1) — G;(m,0) = G;(m,m+1).
k=0

From the above we deduce that fori=1,2and m=0,1,2,...,

(m+2)>Si(m+2) + (2m + 3)(m? — 2n® 4+ 3m — 2n +2)Sy(m + 1)
+ (m+1)(m + 2n + 2)(m — 2n) S;(m)
= Gi(m,m+1) + (m+2)>(Fi(m +2,m +2) + Fi(m +2,m + 1))
+@m+3)(m? —2n® +3m —2n+2)Fi(m+1,m+1) =0. (3.2)

Since S1(0) =1=S5,(0) and S1(1) =2n(n+ 1) = S3(1), from (3.2) we deduce S1(r) = S(r) for all
r=20,1,2,.... This completes the proof. O

Remark 3.1. We actually find (3.1) and prove Lemma 3.1 by using WZ method and Maple. For the WZ
method, see [PWZ].

Definition 3.1. Note that (}) ("Z") = (2kk) (";k"). For any nonnegative integer n we define
n n 2
n\ (n+k\ (2k\ , 2K\ (m+k\
S"“”‘,%(k)( )G ‘,§<k> ("5 )

Lemma 3.2. Let n be a nonnegative integer. Then

2 _
Sn(X) = Pp(v/1+4x)% and Pn(x)2:Sn<X 2 1).
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Proof. From (2.1) we have

= (SIS

_2n x—1 mi 2k (n+k\ [2m —2k\ /n+m —k
=\ 2 k )\ 2k m—k J\2m—2k )’

On the other hand,

() S (6

Hence, from the above and Lemma 3.1 we deduce

x2

Pn(x)2=sn( _1) andso Pn(v/1+ 4x)% = Sp(x).

This proves the lemma. O
Remark 3.2. Since S, —%) = P,(0)2 by Lemma 3.2, using (1.6) we deduce that
"N k1 0 ifn is odd,
l;(k) ( 2k )m - { 217(,172)2 ifn is even.
This is an identity due to Bell [G, (6.35)].
Theorem 3.1. Let p be an odd prime and m € Z, withm # 0 (mod p). Then
- @ A
k:OWEPle( 1—;) (mod p?).
Proof. By Definition 3.1 and (1.1) we have
16Y (20 (B k[ 16)F o (Y ,
()-EE () B

On the other hand, by Lemma 3.2 we get
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) (o)) 5

m

Thus the result follows. O

Theorem 3.2. Let p be an odd prime, m € Zy and m # 0, 64 (mod p). Then

p-1
NG E(m(m—64)>P[p]<m+64)2 mod p).
7

k _
o m p m— 64
Moreover,
p-1 3
2 (Zk) m 4+ 64
k _ 2 —
2 % =0 (modp’) < P[%]<m_64>20 (mod p).

Proof. Set u =1 — 64/m. From Theorem 2.5 we know that
P_ 2
(Vu)z 1(\/_)— —)Pi2y| = —1) (mod p).
p 4T\u
Thus,

2

2
(;) pl(«/—)z_upT1 1(«/—)2—P%<3—1> (mod p).

It then follows from Theorem 3.1 that

p—1
T 2k 2 2
%EPN(«/E)ZE<E>P[P]<E—1> =<m(m 64)>P[g]<m+64) (mod p).
P 2 p 4\ u p 41\ m—64
From (1.5) we see that (\/ﬂ)% Pp-1(4/u) € Zp. Thus, by Theorems 3.1 and 2.5,
2
p—1
T2k 3
("Z =0 (mod p?)
m
k=0
& Ppa(WVP=0 (modp?) & ((Wi)'7 Ppi (Vi) =0 (mod p?)
2
& (\/—)pT Ppi(/u)=0 (modp) < Pp ](E 1)50 (mod p)

2

m+ 64
& P[%]<m —64) =0 (mod p).

Thus the theorem is proved. O

1961
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Theorem 3.3. Let p be an odd prime. Then

e ;3 (2k)3
2k
(i) ( ) = k =0 (mod p®) forp=3,5,6(mod7),
o k pard 4096
pz;1 (2k)3 %1 (2k)3
(ii) (—k8)’< = Z (—ng)k =0 (modp?) forp=3 (mod4),
k=0 k=

pT_l (Zk) 3 pT_l (2k)3

(iif)

k k
k=0 16 k=0 25
pT_l (21()3
(iv) k -=0 (mod p?) forp=5,7 (mod 8).
2 (—64)

Proof. Taking m =1, 4096, —8, —512, 16, 256, —64 in Theorem 3.2 and then applying Theorems 2.2-
2.4 and (1.6) we obtain the result. O

Theorem 3.4. Let p be an odd prime.

(i) Ifp=1,2,4 (mod 7) and so p = C2 + 7D% with C, D € Z, then

p—1
2

3 T (2
(Zk) E(_])g S
= k

=

(i) If p=1 (mod 4) and so p = a® + b> witha, b € Z and 2 t a, then

p1 3 p_1 03
- (zkk) _ (_1)% - (zkz)
(—8)k — £ (—512)k

=4a’ —2p (mod p?).

o

k=

(iii) If p=1 (mod 3) and so p = A% + 3B2 with A, B € Z, then

p%l 2/()3 i pTil (2k)3
ﬁz(—n‘% 2’;6k =4A2—-2p (mod p?)
k=0 k=0

(iv) If p=1,3 (mod 8) and so p = c? + 2d? with ¢, d € Z, then

p—1

e (21()3 bt
(_%4),{ =(-1)7 (4c*—2p) (mod p?).
k=

o
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Proof. From [CH, (48), Tables II and III] we know that

Py 3V=7)=x—yv/~7 (modp?) forp==x>+7y*>withd|x+y—1,
2

p—1
37 V=7\ %
Ppa (Tf) = (—) (x—yv/=7) (modp?) forp=x*+7y?withd|x+y—1,

2

Ppo1(3) = (—1)qu(x— yv—1) (mod p2) for p=x% 4+ y2 =1 (mod 4) with 4 | x — 1,
2
3v2 3 2 2 442 i
Pp1 e =(/-D2(x—yv/—1) (modp?) forp=x*>+y*=1(mod4) with4|x—1,
2

PE(«/—3)E(—1)DT_1(X—y«/—3) (mod p?) for p=x>+3y?=1 (mod3) with4|x+y—1,
2

o (D)=(5) D

2

for p=x%>+3y%2 =1 (mod 3) with4 |x+y — 1,
N AN 2

P?(ﬁ)=(7) (x—yv/=2) (mod p*)

for p =x% +2y? =1, 3 (mod 8) with4 | x — 1,

where v/—d € Qp and |x — y+/—d|, =1 (] - |p is the usual valuation on Q).
If (_Td) =1, p=x*+dy? and A e Q, with A=x— y~/—d (mod p?) and |x — y/—d|, =1, then

(A-x)?=-dy*=x*—p (modp®) andso A?-2xA=-p (mod p?).
Hence A =2x (mod p) and so 2xA = (A — 2x)? + 2xA = A2 — 2xA+4x% = 4x* — p (mod p?). Therefore,

A=2x— % (mod p?) andso A?=4x*-2p (mod p?).

From all the above we deduce that

31

P,,2;1(3\/—_7)25(—1)¥P,,2;1( .

2
) =4x* —2p (mod p?) forp=x*+7y?,

2
P32 =(-1)5 P, (¥> =4x*—2p (mod p?)

p-1 p-1
2 2

for p=x*+ y* =1 (mod 4) with 2 { x (see also [S2, Corollary 2.3 and Theorem 2.9]),

2
Pp—l(\/__3)25(—1)p2_lpp2—l(§) =4x*-2p (mod p?)

2

for p =x2+3y2 =1 (mod 3),
Pt (V2P = (=1)Y (4%~ 2p) = (-7 (4% —2p) (mod p?)

for p=x%+2y2=1,3 (mod 8).
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Now taking m = 1,4096, —8, —512, 16, 256, —64 in Theorem 3.1 and then applying the above we
derive the result. O

Corollary 3.1. Let p be a prime such that p # 2,3, 7. Then

(P*”/ZI (2k)3 { £ (3p—4C?) (mod p?) ifp=1,2,4(mod 7) andso p =C?+7D?,
K =

l; £ p (mod p?) ifp=3,5,6 (mod 7).

Proof. By [Su2, Theorem 1.3] we have
(p—1)/2 3 p-1 3
2k 2k
> (21k+8)<k) = Z(Zlk—i—S)(k) =8p (mod p?).
k=0 k=0
Thus applying Theorems 3.3(i) and 3.4(i) we conclude the result. O
Remark 3.3. Theorems 3.3, 3.4 and Corollary 3.1 were conjectured by Zhi-Wei Sun in [Sul,Su3].

Lemma 3.3. For any positive integer n we have the following identities:

n

2 -1 2,
L <2k)2(n+k> k —m(’ﬁ%) if24n,
1

_ k= 2 X
o Nk 2k /(=4 ”(3;”(’;) if2n,
22n242n-1) m-1\2
" (2k)2(n+k) I s a2 M A
_4k T ] p2 2 .
A - if21n

n2(@n?(n+1)2—n(n+1D+1) m-12 .

n (2]()2 (Tl + k) k3 . - 15.22n1—2 (%) if2 1’”7
k 2k ) (=% T | n2mt1)? 2 n\2 )

k ] (—4) n (n+115)‘2(22"n+1) (g) if2|n.

k=1

Proof. We only prove the first identity. The other identities can be proved similarly. Let f’(x) = % fx)
be the derivative of f(x). By Lemma 3.2, S;(x) = Pn(v/1+4x)2. If 2 | n, then Pn(4/1+ 4x) is a poly-
nomial in 1+ 4x. Thus

Sp(X) =2Pn(¥1+4x) - ;—X Pr(v1+4x)

and so

S;<—1> :2Pn(0)i Py(«/1+4x)
4 dx xe

1
F3

From (1.5) we see that
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n/2
d 1 n cf2n—2k n_
_Pn(V]+4) d 2nk§:O<k>(_1) ( n )(1+4X)2

—_

r 2 () ()G araoi
=— (-1 ——k)(1+4x)?
n k n 2
k=0
_ i(n n )(_1)%71(2n—2(§ —l))
w1 27\0 1 n
4

_ n_n(n+1)
=D (n/2>'

[N

and therefore

d
o Pa(VT 440

Combining the above with (1.6) we get

1 (-=)"2 ( n 1y nn+1) nn+1)/ n\?
——)=2. L (=12 —— .
(-3)=2 T () O () = o)

By Definition 3.1,
1 U 2k\? (n+k k
S{—= )= —_— 33
(-3) ;(k><2k><—4>k—1 3)

Thus the first identity is true when n is even.
Now we assume 2 {n. Set

n—1
2

An(®) = (Z) (—1)"(2” ; 2") (14407,
k=

From Lemma 3.2 and (1.5) we have

o

Pn(J/1+4x)

Sn(x)=(1 +4X)( \/H‘—4X

) 22n (1+44x)A, (x)
Thus,

1 2 /
Sp(x) = (4An(x) + (144x) - 2A(X)Ap (%)

1) 4 1\> 4 n 2n—m—1)
sn(—;)—ﬁm(—;) %((%)( n% ( n ))
an+1%/ n \*  4n? m—1\?
= 22n (%) :22n—2(%> .

This together with (3.3) yields the first identity in the case 2 {n. The proof is now complete. O

and therefore
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We remark that Lemma 3.3 can also be proved by using WZ method.

Lemma 3.4. Let p be a prime of the form 4k + 1 and so p = a® + b witha, b € Z and 2 { a. Then

150

7\ g2 2

2p—_1<p_]> =40 —2p (mod p?).
7

Proof. From [CDE] or [BEW] we know that for a=1 (mod 4),

p—1 -1
7\ _ 2P 41 p 2
<p41>:? 2a—ﬁ (mod p?).

Set qp(2) = (2P~1 — 1)/p. We then have

2
1 /22 1 @P 141y
2 ) = ¢ +1) (4a® — 2p)
2

2p-1 PT—l p—1 4

1 2+pgp2)?%,, , 2 2
=—.—— " (4a° —-2p)=4a° -2 mod .
2 T4pgye) 02 P (medp’)

This proves the lemma. O

Theorem 3.5. Let p > 5 be a prime. Then

% k(zkk)3 _ p—-2+ 2”_])(8:3;@2 (mod p?) if p=3 (mod 4),

=1 64k B —a? (mod p?) if p=a?+ 4b% =1 (mod 4),
pz;1 k2(2k)3 1-p-— 219—2)((1773)/2)2 (mod pz) if p=3 (mod 4),

) (p-3)/4

— o4 120 — p) (mod p?) if p=a®+4b? =1 (mod 4),
) [lerro14 p)(?=272)? (mod p?) if p=3 (mod 4)

Z 64,1<k =15 , (p—3)/4 . !

k=1 0 (mod p“) if p=1 (mod 4).

Proof. By (1.1) and Lemma 3.3,

B o3 B 2 ,p—1

Zk(k) EZ 2k\* (B~ +k\ Kk
64k k 2k (—4)k

k=1 k=1

—1)2 /(p— 2 .
— 8 ((P23)/3)" (mod p?) if p=3 (mod 4),
=) oetest p2 2 pa2 9
Zit— (1) =—33557(,21) (modp®) ifp=1(mod4).
4

Set qp(2) = (2P~1 —1)/p. For p=3 (mod 4) we see that
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P-1*_ 2p-1

2P-1 T 14 pgp(2)

=-1+(2+qp)p=2p—2+2F"" (mod p?).

=(2p—-1(1-pgp2))

1967

Now combining all the above with Lemma 3.4 we obtain the first congruence. The remaining congru-

ences can be proved similarly. O
o . 2713 (%)’
Remark 3.4. In [Su3, (1.10)], Zhi-Wei Sun obtained the congruence for )", %, efk

. p—1 k3(2k)3
conjectured that -, %, —t= =

0 (mod p?) for any prime p =1 (mod 4) with p 5.

4. A general congruence modulo p?

Lemma 4.1. For any nonnegative integer n, we have

1 2k\? (4k\ [ k nek N (2K (4K (2(n = k) (40— k)
Z < k ) <2k> <n — k)(_64) - kgo < k ) <2k>( n—k )<Z(n —k)

k=0

Proof. Let m be a nonnegative integer. For k € {0, 1, ..., m} set

oo — (2 Zrak\ ([ k 64yt
1(”1’<)_<I<> <2k)<m—k> A
_ 2k\ [4k\ (2(m —k)\ [4(m — k)
FZ(m’k)_<k><2k>< m—k )(2(m—k>>'
For ke {0,1,...,m+ 1} set

2
G1(m, k) = 64’(2 m+2) <2k) <4k> ( k )(—64)m+1_k,

k) \2k)\m+2—k
4k%(16m?% — 16mk + 55m — 26k + 46)
Go(m,k) =
(m+2 —k)?

2k\ [4k\ (2(m+1—k)\ [4(m+1—k)
X .

k ) \2k m+1—k 2(m+1—k)

Fori=1,2 and ke {0,1,..., m}, using Maple it is easy to check that
(m+2)>Fi(m +2,k) — 8(2m + 3)(8m? + 24m + 19) Fi(m + 1, k)
+1024(m+ 1)2m+ 1)(2m 4 3)F;(m, k) = G;(m, k+ 1) — G;(m, k).
Set Si(n) =Y p_q Fi(n,k) forn=0,1,2,.... Then
(m+2)*(Si(m+2) — Fi(m+2,m+2) — Fi(m+2,m + 1))

—8(2m + 3)(8m* +24m + 19)(Si(m + 1) — Fy(m + 1,m + 1))
+ 1024(m + 1)(2m + 1)(2m + 3)S;(m)

(mod p). He also

(4.1)
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m m
=(m+2)*> Fi(m+2,k) —8(2m+ 3)(8m® + 24m + 19) > " Fi(m +1,k)
k=0 k=0

+1024(m + 1)2m + 1)2m +3) Y Fi(m, k)
k=0

=Y (Gitm,k+1) = Gi(m, k)) = Gi(m,m + 1) — G;(m, 0) = Gy(m, m + 1).
k=0

From the above we deduce that fori=1,2and m=0,1,2,...,

(m+2)3Si(m +2) — 82m + 3)(8m* + 24m + 19) S;(m + 1)
+1024(m + 1)(2m + 1)(2m + 3)S;(m)
=Gimm+1)+ m+2)>(Fim+2,m+2)+ Fi(m+2,m+1))
—8(2m +3)(8m* + 24m + 19)Fi(m + 1,m + 1) = 0. (4.2)

Since S1(0) =1 = S53(0) and S1(1) =24 = S3(1), from (4.2) we deduce Si(n) = Sy(n) for all n =
0,1,2,.... This completes the proof. O

Theorem 4.1. Let p be an odd prime and let x be a variable. Then
21 oK\ (4k NN
1-64x)) = d p?).
% (5) ()t -o09) (Z< ) o) ) (;mod )

Proof. It is clear that

1

2k\? (4k 1 (2k0\2 (4K < (K .
() (oo = (3) (22 5 (oo

2(p—1) min{m,p—1} 2
2k 4} k
LX) < <> ( <>< >(‘64’m_k'
= k 2k ) \m —k

k=0

p

k

Il
=)

Suppose p<m<2p—2and 0<k<p-—1.1Ifk> L, thenp|(2") and so p2|(2kk)2. If k < £, then

m—k>p—k=>kand so (m’ik) =0. Thus, from the above and Lemma 4.1 we deduce that

— (2k\“ [4k k
Z <k> (2k> (x(1 — 64x))
p—1 m 2
_ m 2k\* (4k k m—k
- X Z ( k > <2k> (m — k) (=64)
0k
p—1 m
_ o Z <2k> <4k> (2(m — k)) (4(m — k))
o k ) \2k m—k 2(m —k)
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4k Z(m —k)\ [4(m —k) -k
2k —k 2(m —k)

m=k
4k p 1 “rar\ (ar N
2k r ) \2r

r=0

p—1 2 p-1 p-1

2k\ (4k\ 2k\ (4k\ 2r\ [4r\ , 5

<Z<k><2k)x> _Z(k><2k>x Z r)\ar J¥ (mod p7).

k=0 k=0 =p—k

T

._.

P= 12k

k

5 () (%)
5

k=

Now suppose 0 < k< p—1 andp k<r<p-1. Ifk}if,then p?1(2k)!, p? | (4k)! and so( )(‘2%):

(2(:)",;:,2 =0 (mod p?).1fk < £, thenr > p—k> 32 and so (*)(5)) = (Z(f)r,)r,z =0 (mod p?).If § <k < &,

thenr>p—k>5 p]| (2 ") and p| (Zk). E<k< 37‘”, thenr>p—k>54 p]| (Zkk) and p | (2:)(3:)

Hence we always have ( kk) (‘2”;) (er) (‘21: ) =0 (mod p?) and so

S E )0 mer

k=0

Now combining all the above we obtain the result. O
Corollary 4.1. Let p be an odd prime and m € Z, withm # 0 (mod p). Then
_ _ 2
L 2") (‘z‘jj) (R 2k 4k (1 — T =256/m\* ,

1—/1=256/m
128

Proof. Taking x = in Theorem 4.1 we deduce the result. O

Theorem 4.2. Let p be an odd prime, m € Zp, m # 0 (mod p) and t = /1 — 256/m. Then

p—1 Zk) (4k) p-1 p=1 2
Z L) k) _ % (t) (Z(X3 +4x*+2(1 — t)x)T) (mod p).
k=

x=0
Moreover, if P[ 1) =0 (mod p) or Z (x +4x24+2(1 - t)x) =0 (mod p), then
p—1 2k 4k
) (Zk) =0 (mOd pZ)
k=0

Proof. For £ <k < p, (2") = (iﬁ)' =0 (mod p). For & <k < £, (‘21;:) = g{k)),; =0 (mod p). Thus, p |

(Zkk) (‘2”,:) for § <k < p. Now combining Lemma 2.2, Theorem 2.1 with Corollary 4.1 gives the result. O

Theorem 4.3. Let p = 1, 3 (mod 8) be a prime and so p = ¢ + 2d% with c,d € Z and c = 1 (mod 4). Then

p—1 (2k\ (4k
(k)(Zk) = (_])[%]""pz;] (2(: — %) (mod pz)
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Proof. By Lemma 2.2, Theorem 2.1 and [BE, Theorems 5.12 and 5.17],

P—1 [p/4] (Zk) (4I<) p—1 B 42 4 2x
k/\2k) __ _
Z 28" = Z 128k< =P[%J(O)=—Z< )

k=0 k=0 x=0 p

__le<(—x)3+4(—x)2+2(—x)> __(-_1)"2%()@ —4x2+2x)
= p o\ p

x=0

=(DE*5 2¢ (mod p).

Set ZP 1 (kl;gik) — (_1)[§1+"z;]2c+qp. Then

P_l 4k
(Z 1zs’<)> = (DB 2c 4+ qp)* =4 + (—DEH T degp (mod p?).
k=

Taking x = = in Theorem 4.1 we get
_ _ 2
AW (DY
S 256¢ 128k (mod p°).
k=0 k=0

From [M] and [Su4] we have Z,’::_(} (2,(")2(‘21;:)/256" =4c? — 2p (mod p?). Thus

-1
oy (529
o 128k

k=0

) = 4c? 4 (— )BT 4eqp (mod p?)

and hence g = —(—1)[§]+% % (mod p). So the theorem is proved. O
We note that Theorem 4.3 was conjectured by Zhi-Wei Sun in [Sul].

5. Congruences for ) _, (2") Gy /m*

Theorem 5.1. Let p # 2, 3,7 be a prime. Then

E 2k) (4k) _ 0 (mod pZ) ifp =3 (mod 4),

— 64 648 |44 (mod p) ifp = a® +4b% =1 (mod 4),

L) [omodp?)  ifp=2 (mod3)
“(—1449)% " [4A% (mod p) ifp=A2+3B%=1(mod3),

=

2V fomodp?) ifp=3,56(mod?)

(—3969)% ~ | 4C2 (mod p) ifp=C2+7D%=1,2,4 (mod 7).

k=0
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Proof. Taking m = 648, —144, —3969 in Theorem 4.2 and then applying Theorems 2.2-2.4 and (1.6)
we deduce the result. O

We mention that Theorem 5.1 was conjectured by the author in [S2].

Lemma 5.1. (See [S3, Lemma 4.1].) Let p be an odd prime and let a, m,n be algebraic numbers which are
integral for p. Then

p 1

=a pTZx +mx+n) 2 (mod p).
x=0

p-1 p=1

Z:(x3 +a2mx+a n) ?

x=0

Moreover, if a, m, n are congruent to rational integers modulo p, then

’i(x3+a2mx+a3n> B <g>pzl(x3+mx+n)
x=0 p \»p x=0 p .
Theorem 5.2. Let p # 2, 3, 7 be a prime. Then
b ]<5«/9—_7> _ { T (€)a¢ (mod p) if p=1.2.4 (mod 7) and so p = C* +7D?,
0 (mod p) ifp=3,5,6 (mod7)
and

”i (4% (% _ {4c2 (mod p) ifp=1,2,4 (mod7)andso p=C2+7D?

= 81k 0 (mod p?) ifp=3,5,6 (mod 7).

Proof. By Theorem 2.1,

~1 p1

5¢—=7 6 & 5 T

Since

—3(3_25JT7):(1;5>2 and ”f’f=(fﬁ)a’

by the above and Lemma 5.1 we have

(5= ()5 B

As X3 +21x2 + 112x = (x + 7)3 — 35(x + 7) — 98, by (2.4) we get
"i(ﬁ —35x—98) B { —20(5) ifp=C2+7D2=1,2,4(mod7), 51)
- - = 0 .

x=0 p if p=3,5,6 (mod 7).
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For p=1,2,4 (mod 7) we see that

D) -0 Q) e

Thus, from the above we deduce the congruence for P[ ](5 =7

(with m =81) we obtain the remaining result. O

) (mod p). Applying Theorem 4.2

Let p > 3 be a prime and let Fj, be the field of p elements. For m,n € F;, let #Ep(x3 +mx+n) be
the number of points on the curve E: y? = x> + mx +n over the field Fp. It is well known that (see
for example [S1, pp. 221-222])

mx—+n
#Ep (x> +mx+n) p—l—l—i—Z( + +> (5.2)

Let K = Q(+/—d) be an imaginary quadratic field and the curve y? = x> + mx +n has complex multi-
plication by an order in K. By Deuring’s theorem (|C, Theorem 14.16], [PV], [I]), we have

+1 if pisinertin K,
#E, (X +mx+n) = P _ DpEinen (53)
p+1—m—m ifp=nmink,

where 7 is in an order in K and 7 is the conjugate number of 7. If 4p = u? 4+ dv? with u, v € Z, we
may take 7 = 1 (u + v+/=d). Thus,

(5.4)

p

L < +mx+n> {j:u if4p = u? + dv? withu, v € Z,
=0 0  otherwise.

In [JM] and [PV] the sign of u in (5.4) was determined for those imaginary quadratic fields K with
class number 1. In [LM] and [I] the sign of u in (5.4) was determined for imaginary quadratic fields
K with class number 2.

Theorem 5.3. Let p be a prime such that p = +1 (mod 12). Then
b (lﬁ): (#)Zx(mod p) ifp=x*+9y2=1(mod12) with3|x —1,
el\12 0 (mod p) if p=11 (mod 12)

and

Pi (% (4’<) {4X2(modp) ifp=x2+9y%=1 (mod 12),
(—12288)f ~ | 0 (mod p?) ifp =11 (mod 12).

Proof. From [I, p. 133] we know that the elliptic curve defined by the equation y2 = x3 — (120 +
42./3)x + 448 + 336+/3 has complex multiplication by the order of discriminant —36. Thus, by (5.4)
and [I, Theorem 3.1] we have
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"i(ni‘ — (120 +42/3)n + 448 + 336J§)
p

_ [ -2x%5) ifp=x*+9y2=1(mod 12) with 3 | x— 1,
0 if p=11 (mod 12).

By Theorem 2.1,

1

—1
6\52/, 60+21v3  28+21/3\ 7
—(2 nd — n+
p 8 4

n

_ 1
6 pi n\> 60+21v3 n+28+21ﬁ E2
p) =\\4 8 4 4

6\ 222 /n3 — (120 + 424/3)n + 448 + 33643
—( )Z( > (mod p).

p p

7
P[%]<ﬁ\/§>

Il
o

n=0

Now combining all the above we obtain the congruence for P[%](%ﬁ) (mod p). Applying Theo-
rem 4.2 (with m=—-12288 and t = % 3) we deduce the remaining result. O
Remark 5.1. In [Sul, Conjecture A24], ZW. Sun conjectured that for any prime p > 3,

p—1 (2,<)2(4,<) (=Dls1(4x2 —2p) (mod p?) ifp=x>+y?>=1(mod12)and4|x—1,
Z%E —4(%)xy (mod p?) ifp=x*+y2=5(mod12)and4|x—1,
k=0 0 (mod p?) if p=3 (mod 4).

Theorem 5.4. Let p be an odd prime such that p = +1 (mod 8). Then

Py

) (@)zl(—l)‘ﬁ—l(%x%)zx (mod p) if p=2x*+6y?=1,7 (mod 24),
'3 0 (mod p) if p=17,23 (mod 24)

and

-1 (2k\2 (4k .
pZ: () Gy _ {4)(2 (mod p) ifp=x%+6y%=1,7 (mod 24),
= g% 0 (mod p?) ifp=17,23 (mod 24).

Proof. From [I, p. 133] we know that the elliptic curve defined by the equation y* = x3 4+ (—21 +
12+/2)x — 28 4+ 22+/2 has complex multiplication by the order of discriminant —24. Thus, by (5.4) and
[, Theorem 3.1] we have

"i(ﬁ £ (=21 412420 — 28 + 22ﬁ>
n=0 p

3 2x(23—")(%) if p=1,7 (mod 24) and so p = x* + 62,
0 if p=17,23 (mod 24).
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By Theorem 2.1,
2V2 6) 2 15+ 62 7
P[§]<—)E—<—>Z<n3—fn+7+6«/§) (mod p).

3 b n=0

Since

_(15+6ﬁ)/2_<ﬁ+1>2 g 162 _(fz+1>3
21+12v2 V2 —284+22v2 \ V2 )7

by Lemma 5.1 and the above we have

P[%](Z;/E) - _<g) (W) :Z_(:l)(n3 i uf)n — 28+ zzfz)

_ ! —(%)(%)zmg—") (mod p) if p=x*>+6y%=1,7 (mod 24),
0 (mod p) if p=17,23 (mod 24).

This yields the result for P[%](¥) (mod p). Taking m =482 and t = % 2 in Theorem 4.2 and
applying the above we deduce the remaining result. O

Let b €{3,5,11,29} and f(b) = 482,124, 15842,396% according as b = 3,5, 11, 29. For any odd
prime p with p{bf(b), ZW. Sun conjectured that [Sul, Conjectures A14, A16, A18 and A21]

4x2 —2p (mod p?) if p =x%+ 2by?,
= | 2p —8x% (mod p?) if p=2x%+by?, (5.5)
0 (mod p?) if(*%”): —1.

p—1 (2k)2(4k)
k 2k
Z f bk

k=0

For m € {5, 13,37} let

~1024  ifm=5, " 5 ifm =5,
fm)=1-82944 ifm=13, and t(m)z‘ll—mz 2V13 ifm=13, (56

—210.21% ifm=37 145 P
ifm=3 BV37 ifm=37.
Suppose that p is an odd prime such that p tmf(m). In [Sul], ZW. Sun conjectured that

- (Zk)2(4k) 4x2 — 2p (mod p?) if () = (_71) =1and so p =x2 + my?,
PRI

Famt 2p — 2x2 (mod p?) if () = (*71) =—landso2p=x*+my?,  (57)

= 0 (mod p?) if (3) = —(5).

Theorem 5.5. Let m € {5, 13, 37} and let p be an odd prime such that (%) =1and p1 f(m). Then

_ 2
pX% (Zkk) (‘2‘§§) B {4)(2 (mod p) if p=1 (mod 4) and so p = x*> + my?,

= fmk 0 (mod p?) if p=3 (mod 4).
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Proof. Let t(m) be given in (5.6). From [LM, Table II] we know that the elliptic curve defined by the
equation y? = x> +4x% + (2 — 2t(m))x has complex multiplication by the order of discriminant —4m.
Thus, by (5.4) we have

E(n3 +4n? 42— 2t(m))n> B { 2x if p=1(mod 4) and so p = x* +my?,
o p 0 if p=3(mod4),

for m =5 see also [LM, Theorem 11]. Now applying the above and Theorem 4.2 we deduce the
result. O

Remark 5.2. Let p =1 (mod 20) be a prime and hence p = a® + 4b%> = x2 + 5y% with a,b,x, y € Z.
A result of Cauchy [BEW, p. 291] states that

(”2;1>2 _ [4x2 (mod p)  if51a,

% —4x% (mod p) if5a.

Using the arguments similar to the proof of Theorem 5.5, [LM, Table II] (or [I]) and (5.4) we see
that for any odd prime p,

pl(n3+4n2+(2—g\/§)n) {ZX if(%)=(%2)=1and sop=x2+10y2,
= . 5 S
n=0 p 0 lf(5)=1and(T)=_1,

”Zl<n3+4n2+(2—%ﬁ)n> 2x if(2)=(=11) = Tand so p =2 +22y2,
=0 p o if@)=1and (=1,

‘”(n3 +an2 4+ (2 - %«/2%) B { 2x if (32) = (3) =1and so p = x* + 58y?,
n=0

Z p 0 if(%):—l and(%):n

pZ:l<n3 +4n’ +(2— %\/é)n) . {Zx if p=1, 19 (mod 24) and so p = x% + 18y2,
p 0 if p=5,23 (mod 24),

n=0

%(”3‘“1”2"'(2_ %\/g)”> _{2x if p=1,9 (mod 20) and so p = x2 + 25y2, (5.8)

p 0 ifp=11,19 (mod 20).

n=0

From (5.8) and Theorem 4.2 we deduce the following results:

—1 (2k\2 (i 2 N ., ,
s ME{M (mod p) if (5)=(57) =1andso p=x"+10y7,
1% 0(mod p?) if (3)=1and () =-1,

-

k 2k

T)*(@) (42 modp) if (2)=(5")=1andso p=»x>+22),
15842¢

0 (mod p?) if(%) =1and (—T“ =1,

=
Il
o

kJ \2k

396%

p—1 (2’<)2(4’<) [4x2 (mod p) if(_Tz) = (21,79) =1andso p =x?+ 58y?,
=0

0 (mod p?) if(_?z) =—1and (2?9) =1,

=
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1 o2
gy ) 69 _ [4)(2 (mod p) if p=1,19 (mod 24) and so p = x*> + 18y?,

— 28k 0 (mod p?) if p=5,23 (mod 24),
_ 2
pXE (zkk) (;‘jj) _ {4x2 (mod p) if p=1,9 (mod 20) and so p = x% + 25y2, (5.9)
£ (21345~ | 0 (mod p?)  if p=11,19 (mod 20). '

We remark that all the congruences in (5.9) were conjectured by Zhi-Wei Sun in [Sul].
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