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We examine various extensions of a series of theorems proved by Chudnovsky in
the 1980s on the algebraic independence (transcendence degree 2) of certain quanti-
ties involving integrals of the first and second kind on elliptic curves; these exten-
sions include generalizations to abelian varieties of arbitrary dimensions, quantita-
tive refinements in terms of measures of simultaneous approximation, as well as
some attempt at unifying the aforementioned theorems. In the process we develop
tools that might prove useful in other contexts, revolving around explicit “alge-
braic” theta functions on the one hand, and Eisenstein’s theorem and G-functions
on the other hand.  © 2002 Elsevier Science (USA)
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1. INTRODUCTION

This text has its source in several, both old and recent, results:

e First and foremost, a series of theorems of Chudnovsky from the
1970s [Chu84, Chap. 7] which, as they are central here and somewhat
scattered in Chudnovsky’s book, we presently recall:

THEOREM 1.1 (Chudnovsky’s Theorems). Let A=Zw+Zw' < C be a
lattice with invariants g,, g,, Weierstrass functions g, { and quasi-periods 1,
n', all defined in the usual way (see [Sil94]). Each of the sets below contains
at least two algebraically independent numbers: first

(1) {g29 g39%9 %}’
2) {g»go.n 0,7}
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if we assume g,, g, € Q:
3 &5
4 {o, 0, n,1'};

and if, still assuming g,, g, € Q, we consider two complex numbers u and u',
Q-linearly independent and such that p(u), p(u') € Q:

() {3 {w—5u},
(6) {u v, L{(w), ()}

It can be noticed that the above assertions are related, regardless of their
truthfulness, by the following logical implications :

1H=0B)<=0®)
Voo
(2)=(4)=(6)

* Second, a result announced in Chudnovsky’s book [Chu84,
Theorem 9, p. 9] which extends assertion (4) above to abelian varieties of
arbitrary dimension; a complete proof was recently given in [ Vas96].

* Third, Theorem 4.1 of [RW97], where a measure of simultaneous
approximation is established which has Theorem 1.1(4) as a corollary.

e Fourth, a “trick” introduced by Chudnovsky in [ Chu82] to prove a
sharp measure of algebraic independence refining assertion (3) above;
recently rediscovered in [Phi99, Bru99], it consists in relating elliptic and
quasi-elliptic (like Weierstrass’s {) functions to G-functions, allowing better
arithmetic estimates in the transcendence proof and, ultimately, an optimal
dependence of measures in the parameter controlling the height.

One important feature of our results, coming from point Three above, is
the following:

DEerFINiTION 1.1, A (simultaneous) approximation measure for (6, ..., 6,)
€ C” is a function ¢: Nx R, — R, such that for some constant C > 0, for
any (o, ..., o,) € Q" with [Q(«, ..., a,) : Q] < D, h(x,) < h (absolute loga-
rithmic height as defined in [Wal92]) and D, 2 > C one has

log max [0, —a;| > —C¢(D, h).

Before stating our main result, we recall a few more definitions. Let A4 be
an abelian variety of dimension g defined over a subfield K of C. A ratio-
nal (hence meromorphic) differential on A is said to be of the second kind
if it has no residues [ GH78, p. 454]; the quotient space of second-kind by
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exact differentials has dimension 2g and will be denoted by H},(4, K), or
Hl.(A) when we implicitly take K = C (the notation H . is justified by
[FW84, p. 192]). On the other hand, H,(A4, Z) will denote the usual first
homology group of A(C).

THEOREM 1.2. Let A be an abelian variety defined over a field K < C,
(wy, ..., wy,) representing a basis of Hye(A,K) and u,, ..., u, € TyA(C)
(tangent space at the origin), Q-linearly independent and such that
expy(u;) € A(K). Welet p=—.

g
(1) If K=Q, the set of [y, (1<i<2g 1<j<r) admits the
following approximation measure:

¢,(D, h) = D*s(log D)~/* (D** + h).

(2) If all the u; are periods (elements of the period lattice
A=kerexp,), the set made up by all jgf w;, (1<i<2g,1<j<r) together
with a generating system of K over Q admits the following approximation
measure:

¢,(D, h) = [D(h+log D)]*/".

Using a theorem of Laurent and Roy [LR99, Théoréme 1.2] we
can deduce from assertions (1) and (2) (resp.) of the preceding theorem
extensions in arbitrary dimension of assertions (6) and (2) (resp.) of
Theorem 1.1:

COROLLARY 1.1. (1) IfK<Q andr=2g, the jgf w; generate a field of
transcendence degree at least 2.

(2) Ifr>=g+1 and the u; are periods, the field generated over K by the
ng' ; has transcendence degree (over Q) at least 2.

The text is arranged as follows. Section 2 briefly reviews embeddings of
extensions of abelian varieties by powers of the additive group [FW84],
and ends with a zero estimate, corollary of [Phi96], tailored to this partic-
ular type of algebraic groups. Section 3 contains addition, multiplication
and differentiation formulae for the functions involved in these embed-
dings, much in the spirit and continuation of [MW93, Sect. 3]; there we
also construct, starting from classical theta functions, “sigma functions”
which are nothing but the “algebraic” theta functions whose existence is
proved in [Bar70]. The next section (Section 4) develops, in the context of
the algebraic groups described above, Chudnovsky’s “G-trick” mentioned
earlier (point Four); it is based on a quite general and effective version of
Eisenstein’s classical theorem stating that every algebraic power series is a
G-function (see [PS76, VIII.3.3 and VIIL.4.4]). In Section 5, we review
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briefly the very special but classical case g =1 of the general results con-
tained in the previous two sections. In Section 6 we state in full detail and
carry out the proof of our main result; and in Section 7, we discuss various
results closely related to our main theorem, state some with summary indi-
cations of proofs, and examine which technical difficulties (coming from
the insufficiency of known Schwarz/interpolation lemmas) arise in proving
more.

2. EMBEDDINGS AND ZERO LEMMA

Here we will describe the type of embeddings we will be using for exten-
sions, by powers of the additive group G,, of principally polarized abelian
varieties.

Let A4 be such an abelian variety, 4 = C a lattice such that A(C) ~ C/A.
For i =1...g write 8, =0/0z;, and for any derivation 0, 0 log f =67f. The
following, elementary but fundamental, lemma provides us with an explicit
basis for the quotient H},(A4, C) of the space of first-order meromorphic
differentials of the second kind on A4 (i.e., without residues) by that of exact
differentials. We refer the reader to [Lan82] for both the definition of a
nondegenerate theta function (all of those considered in this text will be so)
and the reduction process used in the proof, as they both are classical and
will not be used in the rest of the text.

LemMa 2.1.  For any nondegenerate theta function 0 for the lattice A, the
differential forms dz,, ..., dz, (coordinates in C¢) and

do, log ¥, ...,do, log 0

make up a basis of Hz(A, C).
Proof. We actually show the nondegeneracy of the (quasi-)period

matrix
2j
J\ wi B
0 1<i,j<2g

where (4, ..., A,) is a basis of 4 and w, =dz;, w,,;, =d0,logf fori=1...g;
this obviously implies the lemma. For the proof, by the same process as in
[Lan82, pp. 93-94] (and without affecting the rank of our matrix), we
reduce 6 to a theta function with a particularly simple automorphy factor,
viz. (for some Frobenius basis (e, ..., e, vy, ..., v,) of A)

0(z+e;) =0(z),
0(z+v;) =0(z) exp(c;z; +d;)
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with every ¢; # 0; the (quasi-)period matrix then appears to be triangular
and trivially nondegenerate. |

Assume now that the complex torus C2/4 is embedded into a projective
space P, using a “theta embedding” @ = (6, : --- : 8y). The above lemma
then allows us to associate to each w € H (A4, C) a derivation ¢ and a
linear form L, both uniquely determined, such that in H}4(A4) the equality
= dd log 6, +dL takes place. We will denote by @, the following appli-
cation, which defines an embedding of (the complex locus of) the extension
of A by G, associated with «w [FW84, I11.2]:

CEx C > Py, (€)

(z;1) > (0o(2): -+~ :0y(2):
(O+L(2)+1) 0,(2) : -+ : (B+L(z)+1) Oy (2)).

In the following we will often write, just as we did here, (0+ L(z)+1) 0,(z)
for 00,(z)+ (L(z)+1) 6,(z) and, once & and L have been fixed, 6,(z; ) =
0+ L(z)+1) 60,(2).

For @ = (w,, ..., ;) a family of differentials of the second kind, linearly
independent in H},(A), associated in the above way to derivations
dy, ..., 0, and linear forms L,, ..., L,, we define the application

@@ CExC! > P(l+1)(N+1)—1(C)

(z;1) > (0o(2): - :0y(2):
01+t +L(2) 04(2) : -+ : (0, + 4, + Ly(2)) Oy(2))

obtained by ‘“concatenation” of the @wi (i =1...]); it defines an embedding
of the extension G of 4 by G/, associated to w. Note that, in particular, the
subgroup G/ is naturally defined within G by a system of equations
0,(0) X; =0,(0) X; 0<i<j<N).

We can now state the zero lemma we will be using, a corollary of
Théoréme 9 from [Phi96]:

PROPOSITION 2.1 (Zero Lemma). For any g e N* [ € N there exists ¢ >0
with the following property. Let G be an algebraic group of dimension
d = g+1 defined over a subfield K of C, extension of an abelian variety A of
dimension g by G,

0-G:5G5 4-0

and embedded in a projective space P, in the fashion described above. If & is
a subset of G(K) containing 0; if a homogeneous polynomial P e
K[X,, ..., X;, ], with degree bounded by L,, vanishes on d6 —d& (where d&
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denotes the sum of d terms £+ ---+ &, and the difference d6€—dé& has
similar meaning) to the order T along some subspace ¥~ of the tangent space
T; to G at the origin, without however vanishing identically on G; if, finally,
its restriction to G', = G (see above) can be written as a polynomial of degree
bounded by L,; then for some proper algebraic subgroup G' of G the inequality

N'T degG' <cL!'L¢

holds, where N' is the cardinality of (6+G')/G', d' the dimension of
(7 +15)/ Ty, I that of L/ (L N G"), and a' that of A/n(G").

3. THETA AND SIGMA FUNCTIONS

Here we will recall a few properties of classical theta functions and con-
struct from these some analogues in higher dimension of Weierstrass’s
sigma function from the theory of elliptic functions.

Let g be a non-zero integer, and fix an element 7 of Siegel’s upper half-
plane #, formed by all square complex matrices of size g, symmetrical and
with definite-positive imaginary part. The theta function with characteristic
m= (m',m") € (R?)* associated to 7 is defined by

0,(t,u)= Z explin((n+m') t'(n+m')+2(n+m') (u+m"))];

neZ®

most of the time we will omit its dependence in 7 and simply write 6,,(u).
We will, however, say that some object (e.g., polynomial) which depends a
priori on 7 is “locally independent™ of 7 if it is constant on each element of
some open covering of ;.

If now m is restricted to (3 Z#)?, the classical relations

gm(_u) = H—m (u)a
0,,.n(u) = expinm''n") 6,,(w)(n= (n', n") € (Z%)?)

imply in particular that 6,, is either even or odd, depending on whether
2m’'m" is an integer or not; they also suggest that we deal only with m in
some fixed system %, of representatives of (3 Z*)/Z*.

One of the fundamental properties of theta functions is the existence of
“Riemann relations” (see [MW93, relation (3.1) and Lemma 3.2]). It is
easily checked that for any homogeneous quadratic polynomial Q € C[u],
those relations are still satisfied by the family (g,,),,c », defined by

g, =0,%
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thus any property of the family (6,,),,. », which follows from them is still
valid for the (o,,), 4. For the following, we will fix such a family and
write @ = (0,,),,c 2,- First we can deduce from the above-mentioned results
[MW93]:

LemMa 3.1 (Riemann Relations). (1) For any m,n, p,qeR* and
z, w € C¢ the following relation holds,

0,.(z+w)c,(z—w) 5,(0) 5,(0)

=27 ﬂzg 30,1 5(2) 041 5(2) Oy g (W) T4 (W),
€2

where c; = + 1 depends on  and m, while

1 1 1 1
1 1 1 -1 -1
(aQb’c’d)zz(m’n’p,q) 1 _1 1 _1
1 -1 -1 1

(2) Moreover, for any m,ne %, there exist p=m+a, g=n+o
(ee%,) in &, such that a, b, c,d defined by the formula above are half-
integers (a, b, ¢,d € 5 Z*) and that ¢,(0) 6,(0) # 0.

Let N + 1 = 4%; this is the number of elements in &,. We define 7', X, X,
X,, Y}, Y, to be families of (N +1) variables, all independent; furthermore
D e N* will be an integer depending only on g and whose precise value will
be of little importance to us; finally, we will call homogeneous of degree 0
in some set of variables, say 7, any quotient of two homogeneous poly-
nomials of the same degree in T'.

We define a basis of derivations (0, ..., d,) on C? as follows. We assume
the elements of %, (and accordingly, functions 6,, and o,,) to be numbered
so that 6,(0) # 0 (thus 6,, g, are even) and that the jacobian matrix

1
90(0) <_( )> I<ijsg

of 0,/6o=0,/6, (i=1...g) at the origin is invertible (thus 6, and o,,
i=1...g, are odd). We then let

0 0
<au1 au> (al" * g)P

we also introduce coordinates z = (zy, ..., z,) in C* so that (dz,, ..., dz,) is
dual to (9, ..., 9,), and by a slight abuse of notation we will from now on
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write the o, as functions of z. As a last piece of notation we define, for any
functions f and g, [f, g], =8%0.(f/g) = g0, f — 0, g (in a manner similar
to [Dav89]).

Using what was said above about the g,,, we deduce from Lemmas 3.1
and 3.7 of [MW93]:

ProrosiTiON 3.1 (Masser—Wiistholz). There exist finite families

(Dmni)m,nég2 s (Fﬂ)ﬂeMa

i=1,..,g
with F* € Q[T, X] bi-homogeneous of degree (D, 2) and D,,,; € Q(T)[X] of
degree (0, 2), locally independent of T and satisfying:

(1) The polynomials obtained by specializing the F* at T =6(0)
provide a system of equations for the image of O, the family of their differ-
entials at X = ©(0) has rank N —g+1.

(2) For any m,ne %, and i=1...g we have the following equality
(between entire functions on C8):

[am’ O-n ]i = Dmm(@(o)’ @)

The purpose of this section will be to establish, using only the Riemann
relations, similar results for the functions &,, appearing in the embedding
©® =0, defined in Section 2, associated to a derivation 0 and a linear
form L.

3.1. Addition

We start from the Riemann relation stated in Lemma 3.1; fixing (z—w)
and differentiating (with 0) with respect to (z+w), we get

2¢%190,,(z+w) 6,(z—w) 0,(0) 5,(0)

= ﬁzfx Cﬁ[60a+ﬁ(z) 0'b+ﬁ(Z) 0'c+,3(W) 0d+ﬂ(W)

+0,.5(2) 004, 5(2) G0 s(W) G4y p(W)
+0'a+ﬂ(z) Ub+ﬂ(z) aac+ﬂ(w) O'd+,s(w)

+0,45(2) 41 5(2) 0.1 (W) DTy, 5 (W) ];
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it follows easily that for ¢, u € C,
28716, (z+w; t+u) 0,(z—w) 6,(0) 5,(0)

= ﬁz cpl0445(2) Gorp(z5 1)(01 50 asp)(W)
57

+0,.5(2) Gy 5(2; (0,1 5T as ) (W)
+(0usp0b1p)(2) Ty (W) Gy s (W3 1)

+(0us 5054 5)(2) Ocy y(W) Gyy p(Ww; 1) ].

Similarly to the proof of Lemma 3.3 in [MW93], the latter equality
together with Lemma 3.1 yields

ProrosiTiON 3.2 (Addition Formulae). There exist finite families

(Afn)mefz’z,.feEﬁ (Brén)mezl’z,éeE

of elements of Q[T, X,,X,,Y,,Y,], locally independent of t, with the
following properties:

 Each polynomial A, is multi-homogeneous in (T, X,, X,, Y,,Y,) with
degree (D, 2,0,2,0); each polynomial BS, is homogeneous in T with degree
D, in (X,, X,) with degree 2, in (Y;,Y,) with degree 2, and in (X,,Y,) with
degree 1.

» Foranyz,we C% t,ue Cand ¢ € B, the family ((A5)me2,» (Bo)mes,)
at T=0(0), X, =(0:(2))o<i<n X2=(6:(z5))<i<n, Y1 =(0:(W))o<i<n
Y, = (6:(w; u))o<;<n, Provides a system of projective coordinates for the
point @(z+w; t+u), unless identically zero.

e For any z,, w, € C? there is £ € E such that for all t,u € C, z € C# near
z, and w € C# near w,, the family above does not vanish identically.

This proposition does not, however, stress the particularly simple form
taken by the addition law whenever w belongs to the period lattice
A, =278+ Z?7; the latter form can be found by a different method. First,

differentiating with respect to w then evaluating at w=% (we 4,) the
Riemann relation with n = m, g = p, we obtain

(30, (++2)o (52) o0 (++2)0. (+-2) |0

=21- Z Cﬁam+p+/3(z) G”‘_"Jrﬁ(Z)(aﬁaaﬂ) <§>

pe2,
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Subtracting 2(do,/5,)(%) times the original Riemann relation (still with
n=m, p=gq,w=75, and with n € %, chosen so that g,(§) # 0), we deduce

0 +9 _9 — +9 0 _9
g, | z 5 o,z ) o,z ) (o 4 5
_p00. (@ L2 _o

7 \2 o,z ) [0 4 5

21-¢ s 05 \/ @ w
= 220) 2, omos@ "m”+ﬂ(z)<a_ﬁ 0 a_ﬂ><5> o <5>

Now we notice that for any f € %, the function f =0,/0,, being on the
one hand periodic, on the other hand either even or odd, satisfies

rof (=5 )=r0r (§)=—ror (-5 )

this means that the preceding expression is in fact zero. Finally we let

w

x=z—% to get, for any x € C¢, me %, with g,(x) #0 and ne %, with
0,(3) #0:
do, [ ®
" \2/)

Taking x = 0 we find in particular, for any p € Z, such that g,(w) # 0 (so

g, is even),
do do, (W
— (w) = — .
g, g, \2

On(x+w)
Om(X)

‘We can now write

0o,(x+w) = <06m(x) +a, (x) (w)>

it follows that the vector

((6,(®) 0,(X) e 2,5 (0,(@) 00,,(x) +0,,(x) 00,(0))c 5,)

is equal to the quotient of

((am(x-l_w))me.@‘zs (ao-m(x+w))mef’2)
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by the quantity

0,(x+w)

7,(®) 6,(x)’

independent of m € Z, (as long as o,,(x) # 0) since w € A4,; finally, adding
the ¢ variable we readily conclude:

ProPOSITION 3.3. Forany xe C8 we A,, and t,u e C, the family

((O-p(a)) O-m(x))meﬂ’za (0'11(60) &m(xa t)+am(x) 5])(605 u))meffz)a

with p € %, such that 7,(0) # 0, provides a system of projective coordinates
for O(x+ow, t+u).

3.2. Multiplication

In a way similar to [Rém00, Proposition 5.2], we now deduce from the
addition law a multiplication law which, although not optimal (the right
degree, according to Serre’s appendix to [Wal87], is only »?), will be
enough for our purpose. Note that since all our functions are either even or
odd, we really do not need to consider subtractions or multiplications by
a<0.

ProrosiTiON 3.4 (Multiplication Formulae). There is a constant C >0
(depending only on g) and families of polynomials

P V[P
(Mma mesz,aeN*’ (Mma)me!fz,aeN*’
peP peP

locally independent of t, with, for each a, M?,,, M r.€Q[T, X, X,] homo-
geneous of degree d(a) < 4a* in (X,, X,), with degree d'(a) < (4a*/3) D in
T, length at most L(a) with log L(a) < C(4a*/3), and finally with total

degrees in variables X, bounded by 0 for M”,, and 1 for M?*,,, such that:

e Forany acN* peP,ze C? andt e C, the family

((Mr’;ta)me.%’ (ana)meffz)

evaluated at T = 6(0), X, =(0:(2))o<i<n, X2 =(6i(z;1))o<;<n provides a
system of projective coordinates for ©(az; at) unless identically zero.

» For any z, € C%, a e N* there exist p € P such that for z € C# close to
z, and any t € C, the preceding family does not vanish identically.
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Proof. Write C for the logarithm of the greatest length of polynomials
AS, B, (¢ € B) appearing in Proposition 3.2. We define functions d, d’, and
Lbyd(1)=1,d'(1)=0, L(1) =0 and, in accordance with Proposition 3.2,

d(2a) =4d(a), dQ2a+1)=2d(a)+2d(a+1),
d'(2a) = D+4d'(a), d'(2a+1)=D+2d'(a)+2d' (a+1),
L(2a) = e“L(a)*, LQ2a+1) =e°L(a)’L(a+1)%
It follows by induction that d’(a) =%%=! D and log L(a) = C%4~!, hence
we only have to bound d(a). Now it is easily seen, on the one hand that for
a = 2* we have d(a) = 2% = a?, on the other hand that the function d is non-
decreasing; this allows us to (very roughly) bound d(a) by d(2*) for any a

between 2¥~! and 2*. Note that, when applied with care, the above for-
mulae yield the value d(a) = 2¥'(3a—2%) for 2 '<a <2 |

On the other hand, we can deduce from Proposition 3.3 the following
COROLLARY 3.1. Forany xe Cé we A,, t,uc C and a e N*, the family

((0,(®) 0,(X))ne 2,5 (0,(@) G, (x; 1) +a0,,(X) 6 ,(@; 1)) 2,)s

with p € Z, such that ¢,(0) # 0, provides a system of projective coordinates
Jor O(x+aw, t+au).

3.3. Differentiation

We now turn to differentiating the &;; here the modification we made
from the 6, to the g; will, at last, play a (crucial) part, and so will the choice
of the derivation d=3%_, (9z;) 0, and linear form L(z)=3f_, (9,L) z
used in constructing the ;.

We start again from the addition formula for &,,, which we summarize as

(A) 227G, (z+w; t+u) 0,(z—w) 7,(0) 7,(0)

= . Z‘; cabcd[aa(z) &b(z; t) O-c(w) O'd(W)+0'a(Z) O-b(Z) &C(W, u) O-d(w)]’

where (with some new notation) c,,,; is an integer depending on m, n, p, g,
a, b, ¢, d. We differentiate it (using 0;, 1 <i < g) with respect to w, then let
u=w =0 to obtain

25*15,(0) 0, (0)[6,, 5, ];

= Z cabcdaa [(Gdai O-c + O-c aio-d)(o) &b

a,b,c,de %,

+(04(0,0+0;L) 6.+ 00,0,6,)(0) 7, ].
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In order to get rid of first-order derivatives at 0, we note that (by Proposi-
tion 3.1(2)) every function o, (k € Z,) and derivation 0, (j = 1...g) satisfy,
since o, is even,

9(0) 9,0,(0) = [0y, 9, ]; (0) = Dy;(€(0), 6(0)).

Applying this to o, and o, to 0, and 0, we get

1
0i0.(0) = =) — D.5:(6(0), 6(0)),

01040) = 55 Pan(6(0), 60)

while

60‘(0)—2 0z,0,0.(0) = Zaz )
j_
all together this yields
2¢%15,(0) 0,(0) 33(0)[ 6,0, 7, 1:

z [P4:(©(0), ©(0)) 0,6, + 0,,;(6(0), 6(0), (aZj)l <j<g’ o,L)0,0,]

a,be %)

+ Z cabcda-g(o) aiao-c(o) ad(o) O-ao-b’

a,b,c,de %)

— D;(6(0), 6(0));

where P,;, O, are homogeneous (as rational fractions) of degree 0 in their
first set of variables, (as polynomials) of degree 4 in their second one, and
furthermore Q,, is (polynomially) homogeneous of degree 1 in its last
(g+1) variables. Now all we have to do is get rid of the second-order
derivatives 0,;00,(0). To do this, we apply 0 to the equality

[o., 001 = D0i(€(0), ©)

from Proposition 3.1(2) then specialize the result at 0; we thus get
(remembering that o, is even)

0(0) 00,0.(0) —a.(0) 00,5,(0) = I[ D,,(6(0), ©)1(0),

exhibiting on the right-hand side a linear combination, with coefficients
linear in (0z;), < j<,, Of terms 4 (0) 0;0,(0) to which, after mutliplying them
with ,(0), we can apply Proposition 3.1(2) again. This allows us to express

(03000, —0,40,.00,0,)(0)
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as a bi-homogeneous polynomial of degree 3 in @(0) and 1 in (0z;), ¢ ;<>
with coefficients homogeneous of degree 0 in Q(@(0)). Eventually,

2g+lap(0) aq(o) 0-(2](0)[5m9 G, ]i = Z Pabi(@(o)’ @(0)) Ja&b

a,be %,

+ Z 0,0,[R,;(0(0), ©(0), (aZj)1<j<ga o;L)

a,be %)

+0¢(0) 00,0,(0) S,:(6(0), 6(0))],

where P,;, R, are homogeneous of degree 0 in their first set of variables

ai

and 4 in their second one, R, is also linear (homogeneous of degree 1) in
((0z))1<j<q» 9 L), and S, € Q(T)[X] has bi-degree (0,2). We can
conclude:

PROPOSITION 3.5. Assume the polynomial Q used in defining (0,,)c , iS
chosen so that all second-order derivatives of o, vanish at 0. Then there exists
a family (E,..), . oy locally independent (0 being fixed) of T, of elements of

i=1,..,g

Q(T)[Xl’ XZ’ Zl9 s Zga Z,]

homogeneous of degree 0 in T, 2 in (X,,X,) and 1 in (X,,Z,,...,Z,,Z"),
such that for any m,ne %, andi =1, ..., g we have

[, 0,1 = Emni(@(o))((ai)0<i<N7 (O~'i)0<i<Na 0z, .eny aZg’ o;L).

Finally, whenever m =n we expect the terms &; to vanish from the
expression of [&,,, g,,];; to check this we go back to Eq. (4) above (with
n = m) and subtract the “symmetrical” equation

2g+15m(z_ w; t_u) O-m(z+ W) O-p(o) aq(o)

= Y Caul0.(2) Gy(z; 1) 0. (W) 0,(W)—0,(2) 0,(2) G.(w; u) 74(W)]

obtained by differentiating Riemann’s relation with respect to (z—w)
instead of (z+ w); in this way we find an expression for

286, (z+w; t+u) 0,(z—w)—G,,(z—w; t—u) 7,,(z+w)) 6,5,(0)

without any &,(z). Differentiating again as above (using derivation 0;) with
respect to w before letting u = w = 0, we get

2g+1[&m5 O-m]iapo-q(o)

= Y Cwu0.(2) 0,(2)[(O:L+0,0) 5.(0) 6,(0)+00.(0) 0,5,(0)];

a,b,c,de 2,
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clearing out derivatives at 0, as we did above, yields:

COROLLARY 3.2. Under the same hypotheses, if m =n, the variables X,
do not appear in polynomials E,,,;.

Throughout this paper, the functions o; will be assumed to be normalized as
above, i.c., so that all second-order derivatives of o, vanish at 0.

3.4. Conclusion

The preceding results allow us to specify the “normalized” embeddings &
and @, (notation of Section 2) we will use throughout the text:

ProPOSITION 3.6. For any lattice A€ C®, there exists a family
O = (0,,)me 2, of theta functions for A and a choice of coordinates (z, ..., z,)
in C%, such that for all K-linear combinations 0V, ...,00 of 0, =
0/0z,, ...,0,=0/0z, and linear forms L,,..., L, € Vectg(zy,...,z,) with
Co>K>Q((6,/69)0), ..., (6x5/00)(0)), the embedding O, associated in
section 2 to w, =doVloga,+dL,, ..., w,=do® logo,+dL, as well as
derivations 0,, ..., 0,, are defined over K; moreover the family

e Vg
dloga, da log g,
0z, 77 0z

g

<dzl, v dzg, d

provides a basis for the space H b x(A, K) of K-rational classes of differentials
of the second kind on A.

Remark 3.1. The function g, constructed here is essentially 9, attached
to X = Divf, in [Bar70].

4. EISENSTEIN’S THEOREM AND CONSEQUENCES

4.1. A Variant of Eisenstein’s Theorem

The following result is an effective version (cf. [DvdP92; HSO00,
Sect. E9]) of an extension (cf. [MW93, Lemma 5.3]) of a classical
theorem of Eisenstein [PS76, VIII.3.3 and VIII.4.4], in the simple case
where the implicit function theorem would apply.

ProrosiTION 4.1.  Let g and n be non-zero integers, K =Q(60,, ..., 0,,) =
Q(0) a field of finite type and O = Z[ 0] its “integer ring,” X = (X, ..., X,)
and Y = (1, ..., Y,) two families of independent variables, (F,;),.x a family
of n-tuples with coefficients in O[[X]][Y ], F, being homogeneous of degree
dinY, and F=Y ,.n\ F,;. Letting, for each deN, F,=(F,, ..., F,) and
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Fyj = ke~ Fap with Fy € Z[0, X, Y] homogeneous of degree k in X, we
assume that we have, for every (d,k,j)eN>x{l,..,n}, deg, F <
dyd+dk and L(F,) < Li{LY. We assume moreover that F(0,0)=0, and
that the determinant A€ O[[X]] of

F(X,Y)e(O[[X]]1Y +---+O[[X]1]Y,)"
in the basis (Y, ..., Y,) satisfies A(0) = 6 # 0. Then the equation
(E):F(X,y)=0

has a unique solution y = (y,, ..., y,) € (K[[X]])" vanishing at 0, and the
homogeneous polynomials y, € K[X] (degy yu=k) such that y;=
D kent Vi satisfy the following:

(1) zy=06"*""y, belongs to O[ X ];

(2) zy €Z[0, X] has degree in 6 bounded by [(2k—1)n—1]d,+kd,,
and length at most L$* V" '¢c, LY, where w =Y., ¢, T* is such that

1 1
(1-T)"" (1-T)"(1-w)

2w+

and the sequence of integers (c; )i, grows at most geometrically: ¢, < C* for
some constant C = C(n) > 0.

Remark 4.1. The fact that F is not necessarily a polynomial already
appeared in [PS76, VIII, No. 153].

Proof. (1) The proof relies on a rewriting of (E) as

F(X,yp)=—F(X)— ), F/X,y)

d=2

or, denoting by F;(X) the matrix associated to F;, whose determinant is 4:

Fi(X)y=-F(X)- Z Fi (X, ).

d=2

Guided by the shape of the desired property we let j =% and X= %; we
now have to show that je (O[[X]])". We use the formula F,(X)'=
(det F,(X)) ! com F,(X), where com is the comatrix, together with the
usual formula for the reciprocal of a power series; we thus obtain

F(x)™! :%comFl(X) ZN (1—@)
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and finally the following equation for j:

(E) §=—com F,(X) Y.

reN

===/

)

< A(X)> [FO(X)+ Y 09, (X, ﬁ)]-

2
0 d=2

Now we only have to notice that A(X)edO[[X]], FuX,Y)e
O[[X]1[Y] < @[[X]][Y] (d>=1) and (since it has no constant term)
F,(X) € 5°0[[X]] to conclude from (E), by induction on , that indeed all
the coefficients z; belong to O.

(2) We assume that for any k' strictly less than k& we have (for all
j=1..n) degy z; <[(2k'—1)n—1] d,+k'd,, and estimate deg, z; using
formula (E). Imagining the latter fully expanded, we focus on the coeffi-
cient 1n the product of terms X“ from com F,, X"... X" from (1-%),
X*Y, ...Y,, from F, and X* in each 7, (m= 1...d), with

= lal+ L]+ -+ 1+ 16+ |+ - - + |kl

(where |x| denotes, for any tuple x, the sum of the absolute values of its
components). The total degree in § of this product is bounded by

(n—1)dy+lal dy +2|a| degy 6+ ¥, [ndy+|1,| di+(211,|—1) deg, J]

m=1

d
+ddy+|b| d, +2|b| deg, 6+ (d—2) deg, 6+ ). [(2|k,|—1)n—1]4d,

m=1

d
m=1

or simply, since deg, d < nd, and k= |a|+|l;|+ - + ||+ 16|+ ki |+ - - - +1kal,
by (2kn—n—1) d,+ kd, as announced.

What remains now is to compute the length of z;. To do this, we think
in terms of “majorization”

Y a Xt <Y b X* < (Vk, |a| < b)

and notice the following. If the length were a non-archimedean quantity
like, say, exp(deg,), then the same method that allowed us to bound the
degree of z; by [(2k—1)n—1]d,+kd, would here lead to the bound
LEF=Y"=1LX for its length; now the problem reduces to computing what
additional factor stems from the (cumulated) number of terms adding up at
each step of the induction defining the z,. This leads to a similar but
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simpler induction, defining a sequence of integers ¢, which can be con-
veniently, if somewhat artificially, dealt with by introducing the series
W= ren* ¢ TF satisfying

(=) Rl e )]

or equivalently
1 \»! I\ 1
2W+<1—T> =<1—T> T—w

This formal power series is algebraic, hence [Rui93, p. 106] has a non-zero
convergence radius; this implies the existence of C = C(n) such that
leel <C-

We give separately, as we will make no use of this estimate, an explicit
value for the constant C(n) appearing above:

LemMma 4.1.  For the constant C = C(n) above, we can take C(n) = 60n.

Proof. We use, as in [Ahl66, Sect. 8.2.2], a corollary of the residue
formula which states that w, defined implicitly by an equation f(w,T) =0,
can be expressed by an integral w = (1/2in) jca z(0, f/f)(z, T) dz along a
circle C, of radius ¢ small enough to separate the point w, =0 from the
other roots of f(w;, 0) =0. Applying this to

1 n—1 1 1 n
f(Z’T)=2Z+<ﬁ> —1_z<ﬁ>

with ¢ =1, we get

) z 1\
N, () iz
2in |z|_;22+<L>n—1_ 1 <L>" .
1-T 1—z\1-T

Using once more the “majorization” method, we then find

2.3/ 1 1\
1 3 4\1-T 1/2 1-T
<

LR (N (S

w<<
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Then, since 1/(1-T)" << 1/(1—nT),

w<< <3+ ) (60nT)*

1— 19T S

whence, since we also know that w has no constant term, the desired
result. ||

The following (classical) two lemmas will allow us to estimate ‘“‘common

denominators™ for certain power series expansions obtained by integration:

LeEMMA 4.2. There exists an absolute constant ¢ >0 such that, for any
neN* lem(1,2,...,n) <e™.

Proof.
logn
loglem(1,2,...,n)= ), (logp)max v,(k)< Y logp——=n(n)logn
p<n k<n p<n Ing
p prime p prime

where n(n) =card{p prime <n}. A weak form of the prime number
theorem now suffices to prove n(n) log n = O(n) and the lemma. |

COROLLARY 4.1. For any r € N* the integer
d,(r)=lem{n,...n, | <r, Vi) m; #0,n,+ --- +n, <n}

is bounded by (er)", ¢ being the constant from the previous lemma.

Proof. Without loss of generality we can assume 7, ..., n, to be in non-
increasing order, whence in; <n or n; <7 (1 <i<r'); the l.c.m. we want is
thus bounded by

! n ! )
l_[ lcm<1, . |:;i|> < H ecn/t < ecn(1+logr)’
i=1 i

i=1

which concludes the proof. ||

4.2. Application to Quasi-Abelian Functions

We now deduce from Proposition 4.1 some results concerning the
various functions introduced in Section 3.

For i =0...N we let f; =0,/0,, then f=(f),..., fy). We consider the
linear system from Proposition 3.1(1), which we dehomogenize with respect
to variable X,, defining G*(Z,,...,Zy)=F*(f(0);1,Z,,...,Zy). The
statement made there regarding differentials of the F# (which is nothing
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but the characteristic property of an embedding) implies that the family
(dG"(£(0))), e s has rank N —g. Thus we can find M’ = M with cardinality
N — g corresponding to equations whose differentials at f(0) are indepen-
dent. We can then apply Proposition 4.1, taking n=N—g and 6 = f(0),
the parameters d,, d,, L,, and L, being equal to some constants depending
on g; finally X; =Z27,— f;(0) (i=1...g), assuming (just like in Section 3)
Jacy(fi)i—1., #0, and the vector y is then made up, if we write
f fi—f;(0), by expansions in powers of fis f of the functions
fg 15 --» fn near 0. From all this, we deduce the following (in this and the
next few statements, C; (i € N) is a constant depending only on g):

CorROLLARY 4.2. In a neighbourhood of 0, the functions f;=0c;/0,
(j=g+1, ..., N) can be expanded as

fj = kZNg f]ka k,

where the f; € K =Q( f1(0), ..., fy(0)) satisfy

(1) there exists 6 € O =Z[ f1(0), ..., fx(0)], with degree and length
bounded by C,, such that for all j, k we have 6" f,, € 0;

(2) the degree and logarithm of the length of 6" f, € O are bounded by
(resp.) (1+|k|) C, and C¥;

(3) the polynomials (in Z[Z,, ..., Zy]) giving the expressions of 0 and
0" f are locally independent of € K,

Let us introduce the
DermNiTION 4.1.  We say a function f holomorphic near the origin in C#

is a G-function of type 0,C,C',r) (00, reN, C,C'>0) if it can be
written f =Y, ¢ fif* with, for any k € N&:

(1) 6%dy(r) fi € O, the sequence (d,(r)),.n* being that of Lemma
4.1 (with the convention that d,(0) = 1);

(2) the degree and length of 6%f, are bounded by (resp.) C'+|k| C
and C'C™,

So, for example, f; (1 <j < N) has type (4, Co, Cy, 0).
Now, define a new set of derivations (J,, .. 0,) on K(A) by

(alﬁ cees ag) = (a-la cees a-g) Ja
where

J= (ajﬁ)lsi,j<g;
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note that the only difference between 0, and g, is that the matrix linking the
latter to the dz; is not the jacobian matrix of the f; evaluated at 0, but
indeed their jacobian matrix as a function. What makes the J, interesting
for us is that they differentiate, by construction, “with respect to the f,”
(i =1...2): that is, if a function f expands as

f=z fkfk

keN®

near the origin, then for any i =1, ..., g we have

6f=S fiilo.
7= % ik

By integrating the f-expansions of derivatives J, f (i = 1...g) we can there-
fore deduce, up to its constant term, that of f. Furthermore, the matrix J
has (by Proposition 3.1(2)) entries polynomial in the f;; its reciprocal is a
matrix with similar shape divided by the determinant (det J), which again
is a polynomial in the f; ( =1...N) and which, by definition of 6_j, has

value 1 at the origin; since ;=Y ,.yu" this entails that g5 is a

G-function of type (J, C;, C;, 0), aund so are the entries of J 1. Thus, if the
derivatives 0, f of a function f" all have type (6, C, C, 0) then the 0, f have
type (6, CC,, CC,, 0) and integrating them, as suggested above, yields the

g-expansion of f:

LemMma 4.3. If all derivatives 0; f of a function f with f(0)=0 are
G-functions of type (6, C, C, 0) then f has type (3, CC,, 0, 1).

Remark 4.2. Actually, integration yields slightly more information
than this as the denominator of f, appears to divide 6" ged(k,, ..., k,).

We can now apply this to the coordinate functions z, ..., z, of C# whose
differentials form the dual basis of (0,, ..., 0,).

CoRrOLLARY 4.3. The coordinate functions u,, ...,u, of C*® defined by
0;u; = d,; are G-functions of type (6, Cs, 0, 1).

Now we turn to 0,6,/a,. According to Corollary 3.2, applied with 0 = 9,
and L=0, each 0,(6,/0,) = 0;(00,/05,) can be written as a homogeneous
quadratic polynomial, with coefficients in K, in the functions f; (j = 1...N);
therefore we can apply the above lemma to get

CoROLLARY 4.4. Each function 0,,/c, (i=1...g) is a G-function of
type (53 C35 07 1)
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Eventually, we will have to deal with monomials in the f;, u;, and
0;0,/0,. Noticing (the sequence d,(r) was introduced just for this) that a
product of G-functions of types (J,C,C’,¢e;), ..., (,C,C',e,) is a
G-function of type (d, C,C, (C,C'), e, + --- +e,), we get:

COROLLARY 4.5. Every monomial of degree L, in the f;, u;, 0,0,/0,, and
L, in the u; and 0,0,/ 0,, is a G-function of type (9, Cs, C5?, L,).
5. THE ELLIPTIC CASE
In this section, focusing on the case g =1, we relate the functions con-
structed in Section 3, and their properties exhibited in Section 4, to some

classical facts from elliptic function theory [ Law89, Cha85].
When g = 1, the four classical theta functions are

05(t, z) =0,,0(v, z) = Y. exp [in(n’t+2nz)],

04(t,2) = 05,1(z, 2) = ¥, exp [in(n’+2n(z+3))],
0,(t,2) = 0y o(, 2) = Y. explin((n+3)*+2z(n+3))],

0.(z,2) =0 1(r,2) = =} exp[in((n+3)*+2(n+3)(z+3))]

neZ

whose dependence on 7 will be mostly “forgotten” by writing 6,(z), etc.,
once the parameter t € # (upper half-plane) has been fixed. Their link with
Weierstrass functions for the lattice 4, = Z + Zz is based on the relation

1 67(©0) ,
UT(Z)=WCXP<—WZ )91(2),

where o, denotes the Weierstrass sigma function for 4,. The function o,
satisfies ¢.(0) =1, ¢2'(0) =07(0) =05,(0) =0; it is, roughly speaking, the
function obtained from 6, by the “normalization” process described in
Section 3, with a slight difference since here, for an odd theta function, it is
the third derivative that is equated to zero. Next, letting —67'(0)/3607(0)
=, we find

(log 6,)'(2) = {.(2) = 7.2,
(log6,)"(2) = —p.(2) = 7.,



158 PIERRE GRINSPAN

where {, = (logo,) and @,=—(logo,)”; the notation #, traditionally
reserved for the quasi-period 2¢,(3) = {,(z+1)—{,(2) is perfectly justified
here since the 1-periodicity of (6,)?* implies that of (log 6,)'(z) = {,(z) —7,z.

For any we C* we introduce the Weierstrass sigma function for the
lattice 4 = wA, by letting g(z) = wa,(Z); then we let

NNE
n. [z w
""(Z)‘exp<2 <w) ) 0::1(0)
for i =1, 2, 3; the four functions o, g,, g,, g; define an embedding of C/ 4
into P,(C).

The construction of “algebraic” derivations ; made in section 3 shows
that £ is one if we let w = (6’ /6,)(0). However, any ® whose ratio with the
latter belongs to K = Q((6,/65)(0), (6,/65)(0)) will be just as good, and
Jacobi’s relation 6(0) = n(6,0,60,)(0) shows that it is, in particular, the
case for w = nf3(0); it is the latter normalization that leads to the classical
Jacobi functions sn =¢/a;, cn =0, /05, dn =0, /0;.

If we now let {*(z) = (63/0;)(z) and # =7, /w = {*(w), then Jacobi’s Z
function can be defined by

2(:) =2 (-1

it satisfies in particular [Law89, 3.6] Z(z+w) = Z(z) and Z(w') = —22.
As for assertions made in Section 4.2, here the formula sn’ =cn.dn,

together with cn = ,/1—sn? and dn = /1 — Asn?, first yields
d(sn)
o= ;
/(1 —sn?)(1—Jsn?)
then from the system [ Cha85, VII.4]

sn’ =cn.dn, cn’ = —sn.dn, dn’ = —/Jsn.cn

(where, as usual, 1 =k*=(6,/60,)(0)*, differentiating and evaluating at 0
we can deduce

” 2_2 ” 1—2/1 ” 1+A
01(0)=T9 02(0)=T, 0'3(0)=T§

this, together with the “Riemann” identity

a3(x+y) 03(x—y) = 03(x) 03(y) +A0%(x) (),
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allows us to find, using the method described in Section 3.3,

144 ) d(sn)
logay) = [ (—2 :
(log a3) J< 3 + Asn >\/(1—sn2)(1—/lsn2)

6. STATEMENT AND PROOF OF THE MAIN RESULT

6.1. Statement

Let 4 be an abelian variety of dimension g, which for simplicity (replac-
ing if necessary our variety with another one isogenous to one of its
factors) we assume to be principally polarized and simple, associated
through the relation A(C) ~ C8/(Z#+Z?7) to an element 7 of the Siegel
upper half-plane #;, formed by all square complex matrices of size g whose
imaginary part is positive definite; we also assume, as we can without loss
of generality, that 7 is in the fundamental domain defined in [Igu72] (V.4).
We define as in section 3 an embedding @ = (g, ..., gy) (depending on 1),
with kernel A = Z&+ Z#z, of C#/ A into Py (C), and let

1
~ 6,(0) < (O)> 1<ij<g

0 AN
(al,. .y g) <a_21,...,a_Zg>P Py

Z,(z) = (0, log 64(2), ..., 0, log g4(2)),
Z,(z2)=(z,...,2,)' P

(with * denoting transposition) and Z=(Z;;Z,)=({,, ..., {,,), mero-
morphic function from C# to C*. We will consider the algebraic group G,
extension of 4 by G associated with @ =dZ; it is embedded into the
projective space P, 1)w41)-1(C) by means of 6= @Q, as described in
Section 2.

Let u,,...,u, € C%, k=2. In the following, |.| denotes the supremum
norm in C” (for arbitrary n) and for x, y € P, (C), we let

maXo<; j<n |xiyj_xjyi|
max, ., <y |X;| maxo<; <y |yi|’

x—yll =

finally, for any n-tuple k = (k,, ..., k,) we let |k| = |k, |+ - - - +k,|.

PROPOSITION 6.1. There exists positive constants C, (depending on g
and p) and C, (depending on g, p, and an upper bound for |3Imz|) with the
following properties:



160 PIERRE GRINSPAN

(1) If A is simple and ©(0) =J € Py (Q), if D, hy, h, = C, and the u;
satisfy

* (V) lwll < €y,

e (V)) O(u;) = 6; € PN(Q):
* the following hypothesis (H) holds:

(H) Vg=(q,....q,) € Z*\{0}, |lgll < C,[ D(hy) +1og D)]'/* = q.u +# 0;
if, moreover, max(h(J), max, ;. ,(h(&)), ..., h(fp))) < hy and the
«; € P(2g+1)(N+1)71(Q) (1<j<p)
are such that
max h(e;) <hy,
1<j<p
[QU,¢ 0):Ql<D

(where &= (&, ..., ), a=(ay, ..., ,)), then we have

max o, —6(,)] > exp(—Cid (D, ho. 1)

(here and later the second parameter of @ will be omitted when it is 0) with

Di*¥(hy +log D)+ h3 [<D(h0+1ogz))>ih o, ]
0 1 |-

¢(D’ hO’ hl) = (log(Dho))%-F% log(Dho)

(2) If, furthermore, all the u; belong to the lattice A, then ¢ can be
improved to
&(D, hy, hy) = D(hy+log D)* (D(h, +log D)+ D¥(hy +log D)?).

Assertion (1) of Theorem 1.2 follows immediately from assertion (1)
above, together with Proposition 3.6. As for assertion (2) of Theorem 1.2,
it will follow from the

LemMmaA 6.1. Assertions (1) and (2) above remain valid if we

* replace hypothesis (H) with

(H') VSeN*VqeZ’\{0}, |4l <S = loglq.ul > —C,S?
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* do not assume J, &; € P, (Q) to be equal to ©(0), resp. O(u;) anymore,
AND

* in the conclusion, replace max, ; ., ||ocj—@(uj)|| with

max(|/ ~O(0)l. max oy —~6(w)]. max (1&,~Ow)I).

Proof. We can assume without loss of generality that J belongs to the
algebraic variety spanned by all points @(0) € P, (C) as A varies, together
with 7 and @; then, in view of [Igu72, V.4, Corollary of Theorem 4], the
implicit function theorem allows us to find 7’ € 5%, such that (exceptionally
indexing @ with the modulus ") @,(0) = J, with 7’ “close” to 7 in the sense
that log ||’ — 7| is at most an absolute constant times log ||/ —@(0)|. Note
that it follows, e.g., from [Sas83] that 7' must correspond, just like 7, to
a simple abelian variety, say 4. Now we construct, using the implicit
function theorem again, points u close to the u; in the above sense (so
that @, («') is still close to ) such that 0, (u)) = éj, it remains to deduce
property (H) for the u; from (H’) for the u;. Indeed, if gl <S=
C,[D(hy)+log D)]"/* and q.u' =0 then log ||q.u|| is at most a constant
times log max, ;,([I€;—O(w)|); but this, because S* is smaller than (a
constant times) ¢(D, Ay, h,), would contradict hypothesis (H’). ||

Remark 6.1. Using the same lemma, one can obtain a result where J
and the @(u;) are not assumed to be algebraic, nor are the u; assumed to be
in A, but then an ad hoc, “technical” assumption must be included in the
hypotheses in order to ensure (H’) above.

6.2. Parameters

We let K, =Q(J), K, =K,(¢), K=K,(x) and, in order to treat both
cases simultaneously yet smoothly, we introduce a parameter p equal to 2
in case (1), 0 in case (2). Arguing by contradiction, we suppose found
ae (PerhW+D- I(Q))I’ with max, _;, h(o;) <hy, [Q(J, & o) : Q] < D and
max; ¢; ¢, llo; @(u )| < e where, depending on the case,

D¥i(hy +log D)+ 3 [<D(h o +log D)> ]
el b+ hy
(log(Dhy))>* = log(Dh,)

(2) V =c®Dx(hy+log D)+ (D(h, +log D)+ D*(hy+log D)%),

O V=c

¢, being a constant “sufficiently large” and depending on g, p and an upper
bound for ||3mz| as stated in the proposition.
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We can also assume without loss of generality that the first N+ 1 coor-
dinates of each a; are nothing but those of &;, and that « is also an element
of G, i.e., the relations

20,(u) = ;i (,)(2,00) (),

Uo(uj) alai(uj) = O'i(uj) a1(7'0(”]')4' Lo, 001 (u]) (/I=1..gi=0..N)

between entries of @(uj) still hold for their counterparts in «;; as a conse-
quence (which will be used in Section 6.4), the field K,(«) is generated over
K, by the quantities

&, in (j=1..p,i=1.29)

%0

or equivalently, for any choice of indices i; (j = 1...p), by the

Ly (= 1..pk=1.2g)
@,
provided these quantities are well-defined, i.e., have non-zero denomina-
tors.
Letting %, = hy+1log D, %, = h, +log D we define the following param-
eters, depending on which case we are considering:

) T= [“”D2+h6—1h1/2(10g(,3h ))“i(<1ogD b )Kh"”“)]’

D)
Dhy \Ux
— 5/x 0
S [ <log(Dho)> ]
E = Dh,,

bus D, 1/x Dh, 1/2
Ll = CO+K s
log(Dhy) log(Dhy)

L, = [ 243 pi-in; ”"hal/z(log(Dh"))_l/z« @ > o >]

g(Dhy)
@) = [2* % (Dhy)*~" (D, +(Dhy)*")],
S= [cé/K(Dho)“K],
=1,

L= [c“(Dh )<,
L, = [¢3**(Dhy)~"/* (Dh, + (DFig)*/%)]1.
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Note that the modulus 7 € 5#, (Siegel upper half-plane) of our abelian
varieties will be scarcely mentioned explicitly throughout the proof; the
unspecified dependence of constants in our results on bounds for ||Jmz||
essentially comes from the basic fact that any continuous function is
bounded on the compact subset (||3mz| < C) of the fundamental domain
for .

6.3. The “Baker—Coates—Anderson—Chudnovsky Trick”

It is known (see [ Dav91, Théoréme 3.1]) that for any z € C# at least one
of the o, (i=0...N) has modulus bounded from below at z by
exp(—c,|z[|*); from now on for z=t.u=t,u;+ --- +t,u, (t e Z?) we will
denote by i, an index such that g;, is such a function.

In the following lemma, X, Y), ..., Y,, Z,, ..., Z,, T are families of (N +1)
variables, all independent. The functions oy, ..., g, being still as in section
3,welet f;=0,/0,fori=1,...,g.

LEMMA 6.2. There exists polynomials DeZ[X] (homogeneous),
D, eZ[X,Y,..,Y, T] (homogeneous in each of their (p+2) sets of
(N +1) variables) for (t,, ...,t,) € Z? and, for any r € N* with |r| <L, and
seN¢ with |s|< L,, 0, €Q[X, Y, Z,, ..., Y,, Z,] (homogeneous in X and
in each pair (Y;, Z;)) with the following properties. For z € C® in a neigh-
borhood of 0,

D, <J, £ 8 (z)>Ll+Lz [(E>L'+Lz <"—1><”—g> Z’] (t.u+7)
oo o, oo o

_ = Sy
=Y Q. BW) <W> @)

neN¢

with D,(J, &, % (0)) # 0. Moreover the partial degrees and logarithmic length
of D, are bounded by c, |t|*, those of D by some constant depending only on
g, and

degy Q.. = |n| degy D+ (L, +L,) degy D,,
deg(Yj,Z]-) Qrstn = (Ll +L2) dngj Dta

deg(Zl,...,Zp) Qrstn < |r|

and

L(Qrstn) < (1 + |t|)|r| Cg‘|+(L1+L2) |t|ﬂ.
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Finally, for any n#0 we have d,(|r|) O, € Z[ X, Y, T], d,(Ir|) being the
quantity introduced in Corollary 4.1.

Proof. We treat only case (1), the other one being treated in a similar
but easier way using Proposition 3.3 and Corollary 3.1 instead of their
“non-periodic” equivalents. First Proposition 3.2 allows us to write, for
each function g; (i =0...g) and each index j=1...g,

J; _ A4;,(60(t.u); 6(z))
o, (D) = 00y, 6)

% _ B(6(1.u); 6(2))
<r7 4 >("”+Z) =4, (0(t.u); 0(2))

it

where the parameters @(0) and ¢, being both fixed, are omitted; thus 4;, B,
here have coefficients in K,,. Then, in order to express the value of @ at the
point t.u=tu, + --- +tu, we apply Proposition 3.4, together with the
addition formula again, which now tells us that the family O(t,u,)
(k= 1...p) is proportional to some

(Mo, (0), ..., My, (0), My, (0), ..., My, (0))(w).

The quantities (g,/0; )(¢.u+z), ((6o/0;,) {;)(¢.u+2) now appear as ratio-
nal functions in the values of @ at points u, on the one hand, z on the other
hand, with numerators and denominators homogeneous of degree at most
¢ |t]” (p =2 in case (1)) in the former, and 2 in the latter. Dehomogenizing
with respect to o,(z) allows us to express (o,/0,)(t.u+z) and
((go/0;,) {;)(t.u+z) as rational functions, with coefficients in K, in the

values of @ at points u,, and at z, of (1/a,) @. The latter function, whose
coordinates are the functions (g, /0,), (0,/0,) z; and

0,0, ;0,0 o;
08,2 (U=1..9),
Oy Oy Oy Oo

can be rewritten according to Proposition 3.1(2) using only the g, /0, and {;
(j=1...2g). Now we only have to substitute for the latter their respective
g-expansions as given by Corollaries 4.3 and 4.4, then invoke Corollary 4.5
to conclude the proof. |

6.4. Construction of an invertible matrix with algebraic entries

We form the matrix .4, whose entries are the

dn(Ll) Qrstn(']’ (X.)
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from Lemma 6.2, with lines indexed by (3g)-tuples (r, s) (|Jr| < L,, |s| < L,)
and columns by (¢, n) (|t| < S, |n| <T). Here and in the following, unless
otherwise specified, any mention of a projective point @(¢.u), resp. O(z.u),
as an argument to a polynomial actually refers to the quotient (@ [o:)(t.u),
resp. (@/0, )(t.u), with 7, as in Lemma 6.2; s1rmlar1y, in such a situation «;
will be understood to mean o, /a; ;, where (e, ..., e,) is the canonical bas1s

of Z”. ’
We denote by I, and J, the sets indexing the lines, resp. columns of .4,.
The purpose of this section will be to prove the

LEMMA 6.3. The matrix M, has maximal rank, that is, Li¥ LS.

This will allow us to extract from .4, a square non-degenerate submatrix
M () of size L = L3#¥ L%, with

ﬂe%athng(Z[‘]][vaZl" i p;Z])

(¥}, Z; being as in Lemma 6.2); we will let J; be the subset of J, indexing its
columns and 4 = det ./, so that by construction 4,, = A(«) € Q*.

We now turn to the proof of the above lemma. Assume its conclusion to
be false; then a non-trivial linear combination of its lines vanishes:

|n| < Ts |t| < S = Z }'rsQrstn(Ja és (X) =
Irl <Ly
Isl <Ly

The algebraic group G being the image of @ as above, we define
P(X,, ... X(2g+1)(N+1)—1)

Z /1 XL] +Ly—|r|— |S|XS1 ng H X,(N+ H
|r| < Ly
Is| <Ly

and

0 0
v = T m
Vect, ( " 6zg>

in the tangent space at the origin of G identified in a natural way with
CexC%, _Finally, the set & is that of points y, € G(K) (|f| <S), images
through @ of ¢.(u; &) where

g= 2 g loga, (u)  (k<g),
J

Jl
T de;
_aj’kN+ig._ ( +1<k<2 )
gjk_—}oc Uj kg g SKx 28

i
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(so that in particular |l¢]| < max, ¢, ||ocj—@(uj)|| < e™); hypothesis (H) in
the Proposition ensures that t # ¢t' = t.u# 1t .u.

It is easily seen, going over the proof of Lemma 6.2 (see also [Phi88,
Sect. 3.1.3]) that the quantities Q,,,(J, «) are nothing but the coefficients
in the f-expansion of the expression from the left-hand side of Lemma 6.2
with each Z (j = 1...2g) replaced with Z+¢.¢; it follows that the polynomial
P vanishes along ¥~ with order at least T at each point of &. This allows us
to deduce from Proposition 2.1 the existence of a proper algebraic
subgroup G’ of G such that, with the notation from that Proposition,

N'T? deg G’ <cL|L?

However, since the variety A4 is assumed to be simple, there are only two
kinds of such subgroups:

e G'cG*cG.

Then we have, to begin with, d’' = g. Furthermore, if two points y, and y,
are congruent modulo G’ then their projections in A4 are equal, which
implies (t—1t").u € A. Now the important point is to notice that G’ cannot
contain more than (dim G') Z-linearly independent elements of &; this
follows easily from the fact that for & small enough (which we can assume
here), any family of “perturbed” elements Z(z.u)+t.¢ € C* (¢ being such
that ¢.u € A) has the same rank over C as the “unperturbed” family of the
Z(t.u), which by Lemma 2.1 is just the rank of the Z-module generated by
the corresponding #’s. From this we deduce

Sp—min(p, dimG’)Tg < COL%gfdimG Lg
or equivalently
. [P JT—
Sx—mm(x,é;dlmG)T < C(l]/gL%_Edm]G Lz

which leads us to a contradiction for values 0 and min(x, 2), hence also for
all others, of the ratio é dim G'—this is due to the inequalities

ct/*LiL, < TS*,
S<L,.

* (' contains G, universal extension of 4 by G&.
In this case G/G’ is isomorphic to a quotient of G/G,~ G2 by a
subgroup G* of dimension strictly less than g; then d' is equal to
(g—dim G*) and we get

—dim G* 1 g—dim G* —dim G*
T8 <N'T®¢ <c L§

>

incompatible once again with our choice of parameters.
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6.5. Application of a Schwarz Lemma

Let I = I, and J = J, with the same cardinality m (in the following, I,
and J, will sometimes be identified with {1, ..., m}). We define a function
¢, of one complex variable by

$1,(v) = det(ag”)lk,-(vt.u))i= (r.)el’

j=@neJ

where 0, = (5%, .-, ;) and for any n e N¢,

6(")=la"= 1 ﬁ m“. i ng
fontt mlln!\0z 0z,) °

g\ g, \%
_ _ Li+L 1 g r
lpi_l//rs_o-ol o el T VA
Oy Oy

LeMMA 6.4.  The function ¢;; vanishes at the origin with order at least

g2
Q =m|—=—m'e—20-T).
" <(g+1>e & >

while

Proof. The same reasoning as in [Wal97, Sect. 5(d), Premier pas and
Lemme 5.2] leads to

A+g—1\ 4!
oot (1) ()

g a=0 g

(G- )
- g g+1/) \ ¢ A+g g+1

where the integer A is defined by
A+g—1 A+
(5 )=m<()
g g

AA-1)g
(A+g)(g+1)

it follows that
Q,+mT>m

But then,

() uro)
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: fae At+g 1 .1/¢g P _1_1/¢g
implies <% > ; m '/ hence, writing Y = ;m /%,

g(Y—1)
(g+1)Y

2

g
[gY—-(g+D]=m <g+1 Y—2g>.

Q,+mT =m

We can now apply to ¢;, the following, most elementary form of
Schwarz lemma:

LemMA 6.5. Let R=1, Q a positive integer, ¢ analytical in the disk
D(0, R) = C and vanishing with order at least Q2 at the origin; then

[p(1)| < R 2 ¢z,
where |§|r = Supp g |4l

A rough estimate (using Cauchy’s formula for derivatives) of |@,,|r yields

|frs1r < mUMAX [l sre1)"™ < @O ISR’
i

hence the lemma leads to
|61, (2.w)| < exp(—£2,, log R+com(L, + L,)(SR)?).

Now assume m>1L. Then Q,>4LiL,m; on the other hand
L,+L,<2L,, and we can take
e 1L

c S
to finally obtain the
LEMMA 6.6. For any I < I, and J < J, with the same cardinality m >%
Jor t=(t;);-.n)es we have

>

1
162y (2. ) < exp < L0y miog E>
0

(see above, in the list of parameters, the definition of E).

6.6. Conclusion of the Proof

We let, as in Section 4.2, 9, =3/df,, ..., 0, = 0/df,, corresponding to
the local parameters ( f; =0;/0),<;<, at the origin; then we define, as we
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did for 0,, 0™ =1 0" for any ne N¢. We recall that by definition of the
polynomials Q,,,,,

0.(7.6) =D D,(1.6. 2.0 | @) |

z =

(where i = (r, 5) as before).
We use the following formula, easily read from power series substitution
rules,

g ki+ - +k;

- = k

o=y | T (T des)|ee,
keN® L i, . iggeNE j=1 \I=kj+--+kj_1+1
Kl<Inl i1+ +igg=n

together with the product differentiation formula (Leibniz rule), to find

0,0n(, 6(u)) = DY z[ » ﬁ( N 5<v>zj(0)>]

keN® L i, . iggeNE j=1 \I=ki+--+kj_1+1
|kl <nl i+ +ig =n
@ 0 Li+L,
X z azl Dt J’ fa - (Z) (0)
L+h+l3=k ()}

x 0% (a1 (8.10) 08, (1)

expressing the left-hand side as a linear combination of the 0™, (¢.u)
(k] < |nl),

Qun(J, OW) = Y. A 0P (1.w).

Ifel < Il

Thus, the columns of .#(6(u)) can be written as linear combinations of
those of

@10, e

j=@mnel

with coefficients equal to the 1, from the formula above.

To bound these 4,,, we bound the number of terms in their expression
by a rough ¢, the modulus o, (¢.u)~'| by ¢S’ while by Cauchy’s formula
differentiation introduces at most a factor ¢l ; we thus find

Vel < €T (e0°L(D,) ¢ge2P )1+ < 3T exp (2¢3(Ly + L) S?).
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Now let g € N@+DW+Dr with length |o| = m’ < L. Writing % for the line
of index i in .#, we use the standard formula for differentiating determi-
nants to express 0 @A4(O(u)) as a sum

094Bw) = Y  det (0L(OW)));cs,

o1+ ---+tor=0

of determinants where at least (L—m') out of L lines have not been dif-
ferentiated, i.e., are equal to the initial .%,. Developing these determinants
yields (according to the Laplace formula) a sum of minors of size
m = L—m’ coming from .#(6(u)), multiplied by their cofactors in

O L(OW));c -

According to the calculations made earlier, these minors of .# (6(u)) can
in turn be expressed as linear combinations of minors (with the same size
m) of the shape ¢;;(tu); using Lemma 6.6 together with trivial estimates for
the cofactors yields the following: for any o e N®&+VW¥+Dr with |g| < L,
letting |o| = m' and m = L —m’, we have

094 0W)| <cg  max |det (2VL(Ou)));ey|

gy+---+op=0

< cé(ﬁ?g? dn(Ll))L I max |det (Qrstn(‘] @(U)))(r s)eIl

<ly,J
= |J| m (t,n)eJ

L ~
det (0“7Q,,,.(J, @ )
x<m> max _|det (0%0,,,(7, 60),_,. , 1\,

Zileil<m j=@men\s

<co(max d, (L) T max [4ne|”  max ¢, (tu)|
Inl, |l < Icly,JcJy
ItI<S H=J=m

L! .
X— max (deg Qrstn L ( Qrstn ) cdeg Qrm )m 7

m! (s, t,n)
this brings us to
10 4(6(u))|
< (¢ L)* LiOTL(chezcé(Ll +L2)s2)m

2 ’
X (0T LTSN max g, (L)
Icly,JcJy
H=1J]=m

<exp[3c¢iL(T log L, + (L, + L,) S*)] exp < —— (L") mlog E)

Co
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or, taking into account the fact that ¢;T log L, < LiL, log E and

csS<L, <L,

LemMMA 6.7. For any o e N®DWEDr guch that m= L—|o| >3 L, we
have

~ 1
|6(”)A(@(u))| < €Xp < —% (Ll/g) m log E>.
0
Now all we have to do is write the Taylor formula with order M = [%],

A@— Y, (x=6(w))" 04(O(u))

lo|=m'<M

<exp(—(M+DV) 3 sup |0©@A(x)|

lo]=M+1 |x—6@)|<e””

whence, using again a trivial estimate for |04(x)|,

1
|[4(a)| < L exp < — L min (2— L'¢log E, V>>
Co
+ L exp(—(M +1) V) Li(e®0T+@i+L) )L
and finally
A
|[4(0)| <exp| —= Lmin | — LY¢1og E, V
2 2¢,
1
+exp [L <2(:§(T+(L1 +L,) Sz)_§ V>]

Since
L'V¢log E=L}L,log E<c,V,

this entails

1 !
|[4(o0)| < exp < —— L'*slog E>
5¢,
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Now we can apply to 4(«), which is in fact the value at (J, «) of a poly-
nomial Ade€Z[X,Y,,Z,,...,Y,, Z,], the classical Liouville inequality
[Wal92]. Since

deg, A<LL,,
degy 4 < (T + (L, +L,) S),
degy A< coL(L,+L,) S?

and
L(Zl) < (LioTSLlecO(T+(L1 +L2)SP))L’
that inequality turns out to be incompatible with the conditions

AD(L, +Ly) S*hy < L*L, log E,
coDT(hy+log L)) < LiL, log E,
coDL,(h,+log S) < L}L,log E

satisfied by our parameters. Our proof by contradiction is therefore
complete.

7. QUESTIONS AND (PARTIAL) ANSWERS

We conclude by raising, and beginning to answer, a few questions that
may seem natural on comparing Corollary 1.1 to Theorem 1.1.

* How about combining Chudnovsky’s statements, say (1) and (5)?

It is indeed tempting to conjecture that in general at least two numbers
among g, g3, - @, $(u), {(u) —2 wu (notation from Theorem 1.1) are alge-
braically independent. As noted in Remark 6.1, a measure of simultaneous
approximation for these numbers seems to require an additional, “techni-
cal” hypothesis; in any case, the measure obtained is far from one that
would grant algebraic independence. The preceding conjecture, although
only a corollary of the Main Conjecture of [ Ber00], thus appears to be still
out of reach through this “classical” method.

* What about differential forms with vanishing periods, such as d{ —2 dz
in the elliptic case?
Their treatment requires that the basic Schwarz Lemma we used in the
proof be replaced with a more sophisticated one, such as the following:
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Lemma 7.1 [Wal93, Lemma 7.1; Gra99, Théoréme n]. Let & be a
subset of C with cardinality S inside the ball of radius r > 0 centered at the
origin, let Q>0 and R="Tr, and let ¢ be an analytical in the poly-disc of
radius R centered at 0 in C", vanishing with order at least 2 at each point of
&" <= C"; then

|9l <™ @lg-

Indeed, this particular lemma combined with the method of proof
described above yields the following quantitative refinements of assertions
(1) and (5) from Theorem 1.1:

ProrosiTiON 7.1. Let E be an elliptic curve defined over a field K — C
and o € H,x(E, C), defined over K' o K, with a non-trivial zero period:

azeHI(E,Z),z;eo,j w=0.
A

Let ue TyE(C) (tangent space at the origin) be non-zero and such that
expg(u) € A(K).

(1) If K< Q, the set made up by [ w together with a generating
system of K' over K admits the following approximation measure:

$,(D, h) = D"*(log D)** (h+./D log D).

(2) If u is a period (element of the period lattice A =Xkerexpg) inde-
pendent of A, the set made up by jg w together with a generating system of K'
over Q admits the following approximation measure:

¢,(D, h) = [D(h+log D)]**.

The desirable extensions to higher dimensions would require corre-
sponding extensions of the preceding lemma to accommodate functions ¢
and sets & in a space C? of arbitrary dimension (at least for an & contained
in a fixed lattice of C#); such a lemma does not seem to be known at
present.

Note, however, that according to a recent result of D. Roy [Roy00] it
could be deduced from a ‘“‘satisfactory” interpolation lemma for lattices in
arbitrary dimension; this is not available in full generality, but has been
proved by Masser (see [ Mas78b, Theorem B; and Mas78a, Lemma 7]) for
lattices (coming from abelian varieties) with complex multiplication. As a
consequence, one can prove (still in much the same way as above) the
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PROPOSITION 7.2. Let A be an abelian variety of dimension g with
complex multiplication, ,, ..., w; be linearly independent in H 1r(4, K) and
such that, for some integer q < 2g,

Vi=1.f,Vi=q+1.2g, 1, =L_ w, = 0.

Then the set made up by all quasi-periods 1; = L]_ w; (i=1..f, j=1..q)
together with a generating system of K over Q admits as a measure of simul-
taneous approximation the function ¢ defined by

#(D, h) = CD(h+log D)(D log D).

This provides, in the case of complex multiplication only, a quantitative
refinement of the following algebraic independence statement which turns
out to be true in general:

ProrosiTION 7.3. Let A be an abelian variety defined over K < C,
(A1, ey Ayg) a basis of H(A, L), w,, ..., w; (f < 2g) independent elements of
Hx(A, K) sharing p = 2g—q independent periods, and satisfying moreover
jéf w, €K foralli< fand j<2g If2f >q, then degtr K > 2.

The latter result is shown by yet the same method but, being of a quali-
tative nature, instead of an interpolation lemma it requires only a Schwarz
lemma (for a function having many zeroes, not just small values) which can
be found, e.g., in [Wal87, Proposition 7.4.1].

Remark 7.1. In his most recent text [Roy01], Roy establishes one of
the (so far unknown) interpolation lemmas mentioned above: he basically
(up to constants) extends Masser’s result from [ Mas78a] to arbitrary, non-
CM varieties. This allows the removal from Proposition 7.2 of the unna-
tural hypothesis of complex multiplication, as well as the inclusion among
the quantities involved of a generating system (not necessarily algebraic
anymore) of 4 over Q, giving a measure of the same shape as Proposition
6.1(2):

¢(D, hy, hy) = D(h, +hy +log D)[ D(h, +log D)]7.
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