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G.L. Watson [13,14] introduced a set of transformations,
called Watson transformations by most recent authors, in his
study of the arithmetic of integral quadratic forms. These
transformations change an integral quadratic form to another
integral quadratic form with a smaller discriminant, but
preserve many arithmetic properties at the same time. In
this paper, we study the change of class numbers of positive
definite ternary integral quadratic formula along a sequence
of Watson transformations, thus providing a new and effective
way to compute the class number of positive definite ternary
integral quadratic forms. Explicit class number formulae for
many genera of positive definite ternary integral quadratic
forms are derived as illustrations of our method.
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1. Introduction

Determining the class number of a positive definite integral quadratic form is a

classical and important problem in number theory. Ternary integral quadratic forms re-

ceive much attention because of their many connections to other areas of mathematics.
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A notable one among all these connections is the correspondence between ternary inte-
gral quadratic forms and orders in quaternion algebras. In the case of ternary quadratic
forms over Z, this correspondence leads to a bijection between similarity classes of posi-
tive definite ternary quadratic forms over Z and isomorphism classes of orders in definite
quaternion algebras over Q. Because of this bijection, computing the class numbers of
positive definite ternary quadratic forms over Z is tantamount to determining the type
numbers of orders in definite quaternion algebras over Q. By applying the Selberg Trace
Formula, Pizer [11] obtains explicit formulae for the type numbers of all Eichler or-
ders (they are called canonical orders in [11]). A formula for all orders is obtained by
Korner [6], but for numerical applications his formula requires the computation of the
so-called restricted embedding numbers of quadratic orders into quaternion orders, which
can be achieved only for some special orders using results of [4,9-11].

In this paper, we look at the problem of computing the class number of positive definite
ternary quadratic form from a different perspective. The backbone of our approach is
a set of transformations, now called Watson Transformations, which is first used by
Watson in his doctoral thesis [13] and is first in print in his paper [14]. They have been
reformulated in the geometric language of quadratic spaces and lattices by many recent
authors (see, for example [1,2]), and it is this language we will be using to conduct our
discussion throughout this paper. Unexplained notation and terminology from the theory
of quadratic spaces and lattices will follow those of O’Meara’s book [7]. For convenience,
a quadratic space is always a positive definite quadratic space over the field of rational
numbers @, and the term “lattice” always refers to a Z-lattice on a (not necessarily fixed)
quadratic space. For a lattice L, gen(L) will denote the genus of L, and gen(L)/~ is the
set of (isometry) classes in gen(L). The latter is a finite set and its cardinality is called
the class number of L, denoted h(L). The class of L in gen(L) is denoted by [L]. The
lattice L is integral if its scale ideal s(L) is inside Z, and is “primitive” if its scale ideal
s(L) is exactly Z. The norm ideal of L, denoted n(L), is the ideal of Z generated by the
set Q(L). We write L = A whenever A is a Gram matrix of L, and the discriminant dL
is defined to be the determinant of A. A diagonal matrix with a4, ..., a, on the diagonal
is denoted by (as,...,an).

Let L be a primitive ternary lattice, and m be a positive integer. The Watson trans-
formation at m first takes a sublattice A,,(L), and then scales the quadratic form on
this sublattice so that the end result is a primitive ternary lattice A,,(L). The precise
definition of these transformations and some of their basic properties will be reviewed
in Section 2. For any ternary lattice, associated to it is a set of data called the label (see
Definition 6.1), which is a class invariant depending only on the order of the orthogonal
group of the lattice and the symmetries inside. The basic strategy of our method of
computing h(L) is:

(I) Transform L, via a finite sequence of Watson transformations, to a stable lattice K
(see Definition 2.3):
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where each m; is either 4 or a prime divisor of dL.

(IT) Determine the labels of all the classes in gen(K'), and hence obtain h(K).

(III) For each i > n, use the labels of the classes in gen(L;),...,gen(L,) to determine
the labels of all the classes in gen(L;_1). In particular, h(L;_1) is computed.

These three steps together provide an effective procedure to compute h(L). The initial
input are the labels of the classes in gen(K), and the procedure itself will terminate after
a finite number of iterations.

Step (I) will be explained in Section 2, especially in Corollary 2.4. Step (II) will be the
content of Section 8. For Step (III), in this paper we will only deal with the case when each
of the Watson transformation in () is at an odd prime. So, fix an odd prime p, and let us
consider the situation when we apply A, to a ternary lattice L. For any N € gen(A,(L)),
let I*(N) be the set of lattices M € gen(L) such that A,(M) = N. Then gen(L)/~
is the disjoint union of the classes in FpL (N), where N runs through a complete set
of class representatives in gen(A,(L)). Theorem 6.2 provides explicit formulae for the
size of each I}'(N)/~ in terms of the label of N. As a matter of fact, we obtain much
more in Theorem 6.2: we have explicit formulae for the number of classes of lattices in
FpL(N ) whose isometry groups are of a given order. In Section 7, we will describe how
to determine the labels of the lattices in FpL (N) using only the labels of the classes in
gen(N). An illustration of our method can be found in Example 7.3, in which we derive
an explicit class number formula for the lattice

2 0 -1

0 2 -1

-1 -1 6-7"+1
for every n > 0. In that example, all the Watson transformations needed are A7, and the
total number of steps performed in our procedure is n.

The remaining task is to obtain the analogs of all the aforementioned results for the

Watson transformations at the prime 2 or at 4. Although the line of attack in this case
will be essentially the same, different tactics will be employed at various steps of the

proof due to the lack of uniqueness of Jordan structures at the prime 2. We will address
them in a second paper.

2. Watson transformations
Let m be a positive integer. For any integral lattice L, let
Ap(L)={z € L: Q(z+y)=Q(y) mod m for all y € L},
and for every prime number ¢, let

An(Lg) ={z € Ly: Q(z+y) = Q(y) mod m for all y € L }.
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It is clear that A,,(L) is a sublattice of L and A,,(L) C {x € L: Q(z) = 0 mod m}.
Moreover, A, (L)q = Ap(Lg) for every prime number ¢, and A, (L), = Ly whenever
g 1 m. The readers are referred to [1] and [2] for more properties of the operators A,,. We
denote by A, (L) the primitive lattice obtained by scaling the quadratic map on A,,(L)
suitably. The mappings A, collectively are called the Watson transformations.? Note
that ord,(dL) = ord,(dAn, (L)) if ¢ { m.

We now describe what A,, does to L when m is a prime or 4, although only the case
when m is an odd prime will be used heavily in this paper. In what follows, ¢ is always
a prime number. Furthermore, we write Ly = M, 1 U,, where M, is the leading Jordan
component and s(Uy) C gs(M,).

Lemma 2.1. Suppose that M, is even unimodular and w(U,) C 2qZ,. Then
Aeq(L)g = qMy L Uy,
where e = 2 if ¢ = 2, and 1 otherwise. In particular,
(a) if ordg(dL) > 2, then ordg(dAeq(L)) < ordg(dL);
(b) if m is an odd squarefree positive integer and ordy(dL) < 1 for all ¢ | m, then

A2 (L) = L.

Proof. The first assertion is essentially [1, Lemma 2.3] or [2, Lemma 2.1}, which has the
other assertions as direct consequences. O

Lemma 2.2. Suppose that L is a ternary integral lattice with n(Lg) = Zs.
(a) Ifrank(Ms3) =2 and s(Us) C 2Zs, then

My LU; ifdM =1 mod 8
(L)

I

M LU} ifdM=5mod 8;
PLU; ifdM =3 mod 4,
where P is an even unimodular Zs-lattice. )

(b) If I‘&Hk(MQ) =1 and 5(U2) Q 422, then )\Q(L)Q = M2 1 UQZ .
(¢) If rank(Ms) = 1 and s(Us) = 2Zs, then Ao(L)s = M2 L UZ.

In particular, if orda(dL) > 2, then orda(dA2(L)) < orda(dL); and if orda(dL) = 1, then
A2(L)2 is unimodular.

2 Note that the Watson transformations A, defined in [1] and [2] are slightly different than the ones we
use here: the lattices L and A, (L) in [1] and [2] are even primitive, that is, their norm ideals are 2Z. But
this difference can be easily rectified by scaling the quadratic maps by suitable 2-powers.
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Proof. The last two assertions are easy consequences of parts (a), (b), and (c¢), which
can be deduced from |2, Lemmas 2.3 and 2.4]° except the case when ordy(dL) = 1
in part (a). In that case, Ly has a Jordan decomposition of the form (a,b,2c), where
ab = 1 mod 4. Therefore, A3(L)2 = (a + b,ab(a + b),2¢) with ordy(a + b) = 1, and so
A2(L)2 is unimodular. O

Definition 2.3. A primitive ternary lattice K is called stable if ord,(dK) < 1 for all
primes ¢, and ordy(dK) =1 if and only if K is even.

Corollary 2.4. A primitive ternary lattice L can be transformed, via a finite sequence of
Watson transformations at the primes dividing dL or at 4, to a stable lattice.

Proof. We first set Ly to be L. Suppose that we have constructed ternary lattices
Lo, ..., L;. If L; is not stable, then we proceed to construct a primitive ternary lattice
L;y as follows:

o Suppose that ¢ is an odd prime and ord,(dL;) > 2; or ¢ = 2, orda(dL;) =1 and L;
is odd. Then set L;;1 to be Ag(L;).
o If ¢ =2, orda(dL;) > 2 and L; is even, then set L;11 to be Ag(L;).
By Lemmas 2.1 and 2.2, we see that ordg(dL;11) < ordg(dL;) and orde(dL;y1) =
ordy(dL;) for all primes ¢ # q. Therefore, the above procedure will terminate after

at most > qldL ord,(dL) steps, and it will produce a finite sequence of primitive ternary
lattices Lo, L1, ..., L, with the last lattice being stable. O

3. The cardinality of I}f’ (IN)

From now on, p is a fixed prime number.

Lemma 3.1. Let L be an integral lattice on a quadratic space V. Then ooA,(L) = Apoo(L)
for every o € O(V).

Proof. Let z € A,(L) and z € o(L). Take w € L such that o(w) = z. Then

Qo(z) +2) = Q(z +w) = Q(z) = Q(o(x)) mod p,

hence o(xz) € Ap(o(L)). The lemma follows immediately from the observation that
o(A4(L)) and A,(o(L)) have the same discriminant. 0O

1
3 There is a mistake in [2, Lemma 2.3(2)]. When d]f” = 5 mod 8, A\4(L)2 should be M3 L N2. This

affects neither the results in [2] nor the conclusion we draw here.
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Corollary 3.2. For any integral lattice L, the restriction map induces an injective group
homomorphism from O(L) into O(A,(L)).

Proof. This is clear. O

Henceforth, L will always be a primitive ternary lattice on a quadratic space V. It
is easy to see that every lattice in gen(A,(L)) is of the form A,(M) for some M €
gen(L). Therefore, A, induces a surjective function from gen(L) onto gen(A,(L)), and
by Lemma 3.1 it induces a surjective function from gen(L)/~ to gen(A,(L))/~. Since
A, (L) and A, (L) are only different by a scaling on the quadratic maps, A, also induces
surjective functions from gen(L) onto gen(A, (L)) and from gen(L)/~ onto gen(A,(L))/~,
respectively.

Let I'F(N) be the set of lattices M € gen(L) such that A,(M) = N, and I'}(N)/~
be the set of classes [M] in gen(L) such that A,(M) = N. Clearly,

h(L) = S nH) /.

[N]egen(Ap (L))

For simplicity, we let hog(IN) be the number of classes in FPL(N ) having an isometry
group of order 2d, but keep in mind that this number depends also on L. It is clear that

T (N)/~| :Z/hzd(N% (3.1)
d

where in the summation 3_', d runs through all the positive divisor of |OF(N)|.

Let 0 € O(N) and M € I} (N). Since Ay(0(M)) = o(Ay(M)) = o(N) = N, o(M)
belongs to I}F(N). So, O(N) acts on the set I'7(N). Moreover, Lemma 3.1 implies that
if 7(M) € I} (N) for some isometry 7 of V, then 7 is in O(N). Therefore,

Zh2d |o+1( ] > LN, (3.2)

€O+ (N)
where I’ pL (N), is the set of fixed points of o. The last equality comes from the observation
that I'M(L)e = I}F (L) o

Since the size of the orbit containing M € I'F(N) under the action of O(N) is
|O(N)|/|O(M)]|, we have the equation

SOy = )| (33)

Proposition 3.3. For any N € gen(A,(L))

_w(l)

1 Nl = S0y

(
where (L) and w(A,(L)) are the mass of gen(L) and gen(A,(L)) respectively.
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Table 1

Values of %
a, B SO o B HERe)]
(1) a=0p=2 =xria 2 a=08>3 1
38 a=p=1 1 4) a=1,p=2 =7
(5) a=1,8>3 p 6 a=p= leten)
(7)) a=2 >3 2ego (8) a>3 P

Proof. Since O(N) acts on the set I'*(N), we have

D S S

However, if N’ is another lattice in gen(A,(L)), then it is easy to see that there is a
bijection between I'X(N) and I'*(N'). Therefore, |I}X(N)| is independent of the choice
of N in gen(A,(L)), and hence

1 |O(N)|
m(AP(L))‘F;(N” = Z O(N’ Z M
q |O(N")| < 0]
[N’]egen(Ap(L)) [M]el}l(N)
= Z Z \0(1M)|
[N’]egen(Ay(L)) [M]€TE(N)
Ny
N M
[M]€egen(L) |O( )|
=to(L). a

From now on, till the end of the paper, the prime p is always assumed to be odd and
ord,(dL) > 2. Using the Minkowski-Siegel mass formula [5, Theorem 6.8.1], we have

(L) _ ( dL >2ap(Ap(L)vap(L)p)
o (4,(L)) d(4,(L)) ap(Lp, Lp) 7

where oy (, ) are the local densities. These local densities can be computed by [5, The-
orem 5.6.3]. The values of % are displayed in Table 1. They are arranged by the
Jordan decomposition of L,. The quantity e;; in the table is defined as follows. Suppose
that L, ~ (€1, p“ea, p’e€3), where a < B and ¢; € Z, for all i. Then

{ 1 if — €€ € (Z;)Q,
eij =

—1 otherwise.
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4. Isometry groups

We digress in this section to collect some results concerning the isometries of a ternary
lattice which are useful for the subsequent discussion. Throughout this section, K is a
primitive ternary lattice. Given a nonzero vector = in the quadratic space underlying K,
the associated symmetry of the space is denoted by 7,. We let S(K) be the set of
symmetries of K. Since the conjugate of a symmetry of K by any isometry in O(K)
is still a symmetry, S(K) is decomposed into finitely many disjoint conjugacy classes
under the conjugate action by O(K). In this section, when we present S(K) explicitly
by listing its elements, we will do so by presenting it as the disjoint union of these
conjugacy classes.

By a result of Minkowski [8], |O(K)| cannot be larger than 48. Let I be the standard
cubic lattice, A be the root lattice of Type Agz, and J be the primitive adjoint of A;
SO

2 1 0 3 -1 -1
I~(1,1,1), A=[1 2 1| and J=|[-1 3 -1
0 1 2 -1 -1 3

The isometry groups of all three lattices have order 48 — in fact, they are isomorphic —
and they are generated by —I and symmetries. If {z1, 22, x3} is the basis which yields
any one of the above Gram matrices, then

SI) = {Twys Tan, T } U{Te 40,0 1 <0< j <3},

S(A) = {7—:1:1 ) TZL’Q ) T:L’g ) T:I/’lfzrz ) 7—:1;279;3 ) Tmlfngra:g} U {7—117137 val+:1?37 T1172x2+1}3 }7
and

SI) = {Ta4a,: 1<i<j<3}

U {7_:61*$2a Txy—x3y Teo—mss Tor+2x04 @3 Tor+ao+2235 7201 +a0+ 23 }

It is direct to check that A2(J) = 2T and Ax(I) = A;so A\y(J) = %Az (J). Now, suppose
that L is a ternary lattice such that A,(L) = pJ. Let M = Ao(L) and E = \o(M). It is
not hard to see that A,(M) = pI and A,(E) = pA, and the )\ transformation induces
bijections

Ly (pd)/~— L (pL) )~ = I (pA)/~. (4.1)

For every G € Ff(pA), define a ternary lattice G* by setting G5 = 2Gg, where f
denotes the dual, and G = G, for all ¢ # 2. Then, E* = L, and * induces a bijection
from I'F (pA)/~ back to I} (pJ)/~ such that O(G) = O(G*) for all G € I'¥(pA). It
then follows from Corollary 3.2 that O(U) = O(X2(U)) for any U in either I'*(pJ) or
Fé‘/[ (pI).
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Suppose that every element in O(K) has order < 2. If ¢ # —I, then either o or
—o is a symmetry. As a result, O(K) is an elementary 2-group which is generated by
—I and the symmetries. Let 7, and 7, be two different symmetries in O(K). Since 7,
and 7, commute, v and v must be orthogonal. This shows that |O(K)| is at most 8.
Particularly, if |O(K)| = 8, O(K) contains exactly three symmetries 7, Ty, Tv, and w,
u, v are mutually orthogonal in K. In particular, O(K) is isomorphic to the abelian
2-group Zo & Zo B Zo.

Now, suppose that O(K) has an isometry o of order 3. As a Z[o]-module, K is
isomorphic to either (Z[(3],1) or Z[(3] ® Z, where (3 is a primitive third root of unity
(see [3]). Accordingly, K has a basis {1, 22, z3} such that

o(x1) = 29, o(xg) = —x1 —x9 and o(x3) =21 + 23
or
o(x1) = 29, o(xe) = —x1 — 29 and o(z3) = a3,

and the associated symmetric matrix (B(x;,z;)) is

20 —a -—a 2a —a O
Ki(a,b):=| —a 2a O or Ks(a,b):=|—-a 2a 0
—a 0 b 0 0 b

for a pair of relatively prime positive integers a and b. In the three special cases when
Ki(1,1) =21, K1(1,2) 2 A, and K;(4,3) = J, the isometry groups have order 48.

Lemma 4.1. Let a, b be relatively prime positive integers. Then

(a) [O(K2(a,b))| = 24;
(b) |O(Ki(a,b))| =12 unless (a,b) = (1,1),(1,2), or (4,3).

Proof. Part (a) is clear, since Ks(a,b) is the orthogonal sum of Zx1 + Zxs and Zxs.

For part (b), note that b > 2a/3 because K1(a,b) is positive definite. Let G be the
subgroup of O(Kj(a,b)) that is generated by Tz, Tuys Tayta,, and —I. Our goal is to
show that O(K7(a,b)) is equal to this subgroup G, which has order 12, unless (a,b) is
one of the three exceptional cases.

We first handle the case when b > 2a. In this case, {21, 2, z3} is a Minkowski reduced
basis, and therefore the minimal vectors in Kj(a,b) are +x1, 29, and +(x; + z2). Let
o be an isometry of Kj(a,b). Since o must permute the minimal vectors, o induces an
isometry on the sublattice Zx; + Zxo, and hence we may assume that o(z;) = x; for
i = 1,2. Since z := 2z; + 2 + 33 spans the orthogonal complement of Zx, + Zxo,
therefore o(z) = +2. A direct computation shows that o(z) = —z is impossible, thus
o(z)=zandsoo=1I€G.



230 W.K. Chan, B.-K. Oh / Journal of Number Theory 135 (2014) 221-261

Now, let us assume that b < 2a. The Gram matrix of K7 (a, b) with respect to the new
basis y1 = &1 + 3, Y2 = &1 + Tp + T3, Y3 = T3 is

b b—a b—a
b—a b b—a
b—a b—a b

Suppose that u := ay; + Sy2 + Yys is a primitive vector of K;(a,b) with Q(u) = b, that
is

b=b(a®+ % +19%) +2(b — a)(af + By +a).
If a® 4+ B2 +~2 = |aB + By + va|, then a = B = v € {0,1,—1}. As a result, 4b = 3a and
so (a,b) = (4,3) which is a contradiction. Thus, we may assume that
o+ 8% +9° > |af + By + 70| + L.

Then

b=0b+b(a®+ B> +~* 1) +2(b—a)(af + Sy + 1)
b+ (2a —b)(a®>+ 2 ++2—1) ifb>a;
b+ Bb—2a) (@2 + B2 +42—1) ifb<a.
This shows that if (a, b) is not one of the three exceptional pairs, then +y;, +yo, *y3 are
all the vectors u € Kj(a,b) such that Q(u) = b. It is direct to check that both G and

O(K1(a,b)) act on these six vectors, and G permutes them transitively. Therefore, for
any o € O(K1(a,b)), there exists 7 € G such that o7 = I. Thus ¢ € G as desired. O

Excluding the three special cases Ki(1,1), Ki(1,2) and K;(4,3), O(K1(a,b)) and
O(K2(a,b)) are generated by —I and symmetries, and we have

S(Kl (aa b)) = {Tﬂll y Tzos Tx1+w2}7

and

S(K2 (a” b)) = {TZ1 y T Twl-‘rwz} U {Tw1+2m2 s T2x1+x9 ) Tzl—wg} U {ng}-

Note that 7, is the only symmetry in the center of O(K3(a,b)). Also, O(K(a,b)) =
Zs @ D3 and O(Kz(a,b)) = Zs @ Zay @ Ds. As a result, both groups do not have any
element of order 4.

The following is an immediate consequence of the proof of Lemma 4.1.

Corollary 4.2. Let K be a primitive ternary lattice whose isometry group has order 48.
Then K =21, A, or J.
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Now suppose that the order of the isometry o is 4. Then by [12, Proposition 4], there
is a basis {21, 22, 23} of K with respect to which o is represented by one of the following
four matrices:

10 O -1 0 0 1 0 1 -1 0 -1
0 0 -1}, 0 0 -1/, 00 —-1], 0 0 1
01 0 0 1 0 01 0 0 -1

For the first two matrices, it is easy to see that there is a basis {z1,z2, 23} of K such
that

o(x1) = —xa, o(x2) = 21, o(x3) = L3,
which means that K is isometric to
Ks(a,b) := (a,a,b).
For the third matrix, let 1 = 21 — 225, x5 = —21 + 223, and 3 = 29 — 2z3. Then
o(x1) = —xa, o(xze) = 21, o(xz3) = 29 + w3,

implying that K is isometric to

20 0 —a
Ky(a,b):=1 0 2a -a
—a —a b
For the fourth, we take x1 = 21, x93 = —23, and x3 = z; — 25 so that
0'(1:1) = T2, 0(2172) = I3, 0(953) = —T1 — T2 — I3;
thus K is isometric to
a b —a—2b 2a + 2b 0 —a—>b
b a b = 0 20+2b —a—b | = Ky(a+b,a).
—a—2b b a —a—b —a-> a

Note that K3(1,1) 21, K4(1,2) 2 A, and K4(2,3) = J. It is not hard to see that these
are the only cases for which |O(K3(a,b))| and |O(K4(a,bd))| are equal to 48.

Lemma 4.3. The isometry groups of Ks(a,b) and K4(a,b) have order 16, except for
[(3(17 1), K4(1,2), and K4(2,3)
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Proof. Suppose that K is either K3(a,b) or Ky(a,b), but not one of the three exceptional
lattices. Then O(K) contains at least five symmetries (see below); thus |O(K)| > 8. Then,
by [12], |O(K)| = 12, 16 or 24. Suppose that |O(K)| is either 12 or 24. This means that
K must be also of the form K;(c,d), for i = 1 or 2. But then, as indicated earlier, O(K)
would not have any element of order 4, which is a contradiction. Therefore, |O(K)| = 16
as claimed. O

Excluding the special cases O(K3(1,1)), O(K4(1,2)), and O(K4(2,3)), both
O(K3(a,b)) and O(K4(a,b)) are also generated by —I and the symmetries, and

S(K?)(a’ b)) = {Tﬂb‘l ) TIQ} U {Tw1+1‘277-1‘1—$2} U {Twe,}’

and

S(K‘l(aa b)) = {Tﬂﬁl ) Tﬂﬁz} U {T$1+I2’TI1*902} U {7-$1+562+2$3}'

In either case, the center of the orthogonal group contains one and only one symmetry,
namely 7., for K3(a,b) and 7, {z,4224 for Ky(a,b). Moreover, both O(K3(a,b)) and
O(K4(a,b)) are isomorphic to Za @ Dy.

Definition 4.4. An orthogonal system of a ternary lattice K is a set of three mutually
commuting symmetries in O(K).

If {01, 09,03} is an orthogonal system and o; = 7, for all 4, then 21, 29, z3 are mutually
orthogonal vectors.

Proposition 4.5. Suppose that |O(K)| is divisible by 8. Fvery symmetry of K belongs to
an orthogonal system of K.

Proof. This is done by checking the set of symmetries S(K) for all possible cases. O

We can say more about orthogonal systems when |O(K)| = 16 or 24. In these two
cases, there is a unique symmetry 7 that is in the center of O(K). If ¢ is another
symmetry of K which is not 7, then ¢ belongs to one and only one orthogonal system,
and this orthogonal system contains another symmetry ¢, uniquely determined by o of
course, and 7. All of these can be proved by examining the set of symmetries S(K) and
writing down all the orthogonal systems of K. For K3(a,b), the orthogonal systems are

{Tl’la7_$1+293277—933}a {Tr2772r1+z2v7_13}7 {7—131+r277_r1fw2a7_303}'

For K3(a,b) and K4(a,b), their orthogonal systems are

{TwlaTwzaTaZg}v {Twl-‘rwszxl—wzaTIg}
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and

{T$1 y Tegy Tey+za+223 }7 {7—11+12a Toy—m2) Tz1+$2+2z3}

respectively.
L
5. Formulae for |I7(N)o |

In this section, we always assume that L is a primitive ternary lattice and N = A, (L).
We will obtain information regarding the cardinality of the set of fixed points I’ pL (N)o
for each nontrivial isometry o of N. In the case when ¢ is a symmetry we will obtain
explicit formulae to compute |77 (N),|.

5.1. Fized points of isometries

Let K be a ternary lattice with |O(K)| = 12 or 24; so K is Kq(a,b) or Ka(a,b)
according to Section 4. Let o be an isometry of K of order 3. By Section 4, K has a
basis {x1,z2, x5} such that o(x1) = 29, o(x2) = —x1 — 29, and o(x3) = 21 + 3 or z3.
The characteristic polynomial of ¢ is always x> — 1, which implies that the fixed points
of o in K, denoted by K,, is a rank 1 sublattice. Indeed, a straightforward calculation
shows that K, = Zw, where

21’1 +£C2+3!E3 ifK:Kl(a,b),
w = (5.1)
I3 ifK:K2<a,b),
and Q(w) = 3(3b — 2a) or b accordingly.
The primitive sublattice Zx1 + Zxoy = (E’; ;;1) of K is orthogonal to K,, and so it

is in fact the orthogonal complement of K, in K. Thus, [K : Zw L (Zxy + Zxs)] = 3 if
|O(K)| = 12, whereas K = Zw 1 (Zxy + Zzs) if |O(K)| = 24.

Proposition 5.1. Suppose that |O(N)| is divisible by 3, and that p # 3 if |O(N)| = 24.

(a) If [O(N)| < 48, then there is at most one lattice M € I'F(N) such that |O(M)| is
divisible by 3. Moreover, O(M) = O(N) in this case.

(b) If |O(N)| = 48, then there is at most one class of lattices M in I'}(N) such that
|O(M)| is divisible by 3. If, in addition, N = pl, then every one of these lattices is
isometric to Ky (1, p2;2) or K1(p?, 2”?1 ), when dM is p? or p* accordingly.

Proof. We first handle the case when [O(N)] is either 12 or 24. Suppose that M € I'X(N)
has an isometry o of order 3. If |O(N)| = 12, then of course O(M) = O(N). Let us
assume that |O(N)| = 24 but |O(M)| = 12. Since p # 3 under this assumption, we have
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N3 = M3 and hence N, is not an orthogonal summand of N, a contradiction. Thus
O(M) = O(N) whenever 3 divides |O(M)).

Let M and M’ be lattices in I} (N) such that O(M) = O(M') = O(N). Let o be
an isometry of order 3 in O(N). Suppose that |O(N)| = 24. Then M = K3(a,b) and
M' = Ks(c,d) for some integers a, b, ¢, d. Note that, since p # 3 when |O(N)| = 24,
p | a if and only if p | ¢ by considering the local structures of M, and M, . Therefore, if
p divides a, then

(p*d) = Ay (M"), = No = 4, (M) = (p°b).

Thus, b = d and, since dM = dM’', we have a = ¢ as well. This shows that M is iso-
metric to M’. But every isometry from M to M’ must lie in O(N); therefore M = M.
The argument for the case p { a is similar, except that we have A,(M), = (b) in that
case.

If |O(N)| = 12, then M = K (e, f) and M’ = K;(g,h) for some integers e, f, g, h.
Since dM = dM’, therefore e*(3f — 2e) = g?(3h — 2g). When p # 3, we may argue
as before to show that M = M’. When p = 3, 3 | e (and hence 3 | g as well) since
ords(dM) > 2. Then we may use (5.1) to conclude that M, is in A,(M). Therefore,

(3(3e —2f)) = A,(M)s = No = A, (M') , = (3(3h - 29)),

which implies e = g and f = h. As is argued before, we have M = M’ as consequence.
We now assume that |O(N)| = 48. By the bijections in (4.1), it suffices to deal with
the case when N = pl. So, suppose that A,(M) = pI and that M has an isometry of
order 3. Thus M itself cannot be similar to I or A. Therefore, M is either K;(a,b) or
Ks(c,d) for some suitable integers a, b, ¢, d. Note that M, is in Case (1) or Case (6)
described in Table 1. Suppose that M = Ks(c,d). Since dM = 3c%d in this case and
ged(e,d) =1, we have p = 3 and M is K»(1,27) or K3(1,3). Both possibilities lead to a
contradiction since neither (2,27) nor (2, 3) is represented by Ms. If M = K;(a,b), then
a similar analysis on discriminant and local representations — over Z, this time — shows
that M is either K (1, p2;2) or K1 (p?, #), depending on whether dL is p? or p*. O

Let G be a ternary lattice with an isometry o of order 4. By replacing o by —o if
necessary, we can always assume that the characteristic polynomial of o is (2% +1)(x —1)
and G, is a rank 1 sublattice. Suppose that |O(N)| = 16. Then G = K3(a,b) or Ky(a,b)
for some integers a, b, and G has a basis {1, z2, 3} such that o(x1) = —x9, o(22) = 21,
and o(x3) = x3 or xa + x3. So,

Zl‘g = <b> if G = Kg(a, b),
7 Zay + 2o+ 225) = (4D —a)) if G = Ky(a,b).
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In any case, Zz1 + Zxo = (2a,2a) is the orthogonal complement of G,. As a result,
G = G, L (Zz1 + Zzs) it G = Ks(a,b), whereas [G : G, L (Zx1 + Zzo)] = 2 if
G = K4((l, b)

Proposition 5.2. Suppose that N has an isometry of order 4.

(a) If |O(N)| < 48, then there is at most one lattice M € I'¥(N) such that M has
an isometry of order 4. Furthermore, if |O(N)| = 16, then M = K3(a,b) for some
a,b € Z if and only if N = Ks(c,d) for some ¢,d € Z.

(b) If |O(N)| = 48, then there is at most one class of lattices M € I'V(N) such that
each of these M has an isometry of order 4. If, in addition, N = pl, then all these
lattices M are isometric to Ks(1,p?) if dM = p?, or K3(p?,1) if dM = p*.

Proof. Suppose that [O(N)| = 16, and that M is a lattice in I’} (N) with an isometry o of
order 4 such that M, # 0.If M = K3(a,b), then of course N = K3(c, d) for some ¢, d € Z.
It M= K4(a,b), then M2 == Ap(M)Q = N2 and (NO—)Q = (NQ)U— = (Mg)g = (Mg)g. SO,
N, is not an orthogonal summand of N, which means that N is K4(c, d) for some ¢, d € Z.
The rest of the proof is the same as the one for Proposition 5.1, and we leave it for the
readers.

Now, suppose that |O(N)| = 48. As in Proposition 5.1, we may assume that N = pI.
Suppose that M € I pL (N) is a lattice which has an isometry o of order 4. As a result,
M is either K3(a,b) or K4(a,b). We can rule out K4(a,b) by discriminant consideration.
So, M must be either K3(1,p?) = (1,1,p?) when dM = p? or K3(p?,1) = (p?,p% 1)
when dM = p*. O

The following corollary is a direct consequence of Proposition 5.1 and Proposition 5.2.

Corollary 5.3. Suppose that p # 3 when |O(N)| = 24. If |O(N)| < 48, then |[)F(N),| < 1
for any o € O(N) of order at least 3.

Remark 5.4. When |O(N)| = 48, Propositions 5.1 and 5.2 show that
1+ (%)

1+ (o) do
hip(N) = (A =03p)| —5— ), hie(N) = ——, (5.2)
where §;; is Kronecker’s delta, dg is the discriminant of a unimodular Jordan component
of Ly, and (5) is the Legendre symbol.
5.2. Special symmetries

Lemma 5.5. Let M be an R-lattice, where R is either Z or Z,. Suppose that T, is a
symmetry in O(M) with w a primitive vector in M. If Q(w) is odd or R = Z,,, then Rw
is an orthogonal summand of M.
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Proof. Since w is primitive in M, there exist vectors zso,...,x, in M such that M =
Rw + Rxs + -+ + Rxy,. Since 1, € O(M), 1y(x;) € M for each i = 2,...,n, and it
follows that there exists a; € R such that B(w,a;w + ;) = 0. Then M = Rw L M’,
where M’ = R(ayw + x2) + -+ + Rlaqw + 2,). O

Let M be a ternary lattice. Every symmetry ¢ in O(M) is of the form 7., where x is
a primitive vector of M. We define Qps(0) to be Q(z). Note that Qs(0) is well-defined.
The next technical definition, which depends on the prime p we fix at the outset, is
tailored for later discussion.

Definition 5.6. Let o be a symmetry of a ternary lattice M. We call o special to M if

# 0 mod p if the unimodular component of M, has rank 1;

QM(U){

=0 mod p otherwise.

Note that in the definition if o = 7, is special to M with x primitive in M, then Z,x
must be either the leading or the last component of a Jordan decomposition of M,,.

Proposition 5.7. Suppose that A,(L) = N and o is a symmetry of N. Then there exists
at most one lattice in IF(N), to which o is special.

Proof. Suppose that o is special to a lattice M € T pL(N ). Choose a primitive vector w
of M for which ¢ = 7,, and let G be the orthogonal complement of w in M. Then
M, =Z,w 1 G, and

Zppw L G, if Q(w) # 0 mod p,
Zpw 1 pG, otherwise.

Let M’ be another lattice in I} (N) to which o is special. Then M) = Z,w' L G}, where
0 = Ty with w' primitive in M. Since M), = M), it follows from the definition of special
symmetry that Z,w’ = Zyw. Moreover, N}, is also equal to A,(M,,), which implies that
G, = Gp, whence M’ = M. O

Proposition 5.8. Suppose that Ap,(L) = N and |O(N)| is divisible by 8. Let M be a lattice
in IF(N). Then |O(M)| is divisible by 8 if and only if there is a symmetry in O(M)
which is special to M.

Proof. Suppose that O(M) has a symmetry o which is special to M. Let w be a primitive
vector in M such that ¢ = 7, and let G be the orthogonal complement of w in M. Then
M, =Z,w 1 G,, and

Zppw L G, if Q(w) # 0 mod p,
Zyw L pG, otherwise.
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Since |O(N)| is divisible by 8, Proposition 4.5 shows that there exist symmetries 7, 7, €
O(N) where w, u, v are mutually orthogonal. Then 7, and 7, must be isometries of Gp,
which means that both of them are isometries of M,,. Since N, = L, for any prime ¢
not equal to p, therefore both 7, and 7, are isometries of M. The subgroup of O(M)
generated by oy, 0y, 0, is of order 8.

Conversely, suppose that |O(M)] is divisible by 8. It follows from Proposition 4.5 that
there are three mutually orthogonal primitive vectors x, y, z in M such that 7., 7,, and
7, are in O(M). Since M, = Z,x L Zpy L Z,z by Lemma 5.5, exactly one of 7, 7, and
T, is special to M. O

Proposition 5.9. Let M € I'F(N) and suppose that |O(M)| = 12. Then there is no
symmetry in O(M) that is special to M.

Proof. From Section 4, M = Kj(a,b) with relatively prime positive integers a and b.
The discriminant of M is a?(3b — 2a), and Qas(0) = 2a for each symmetry o € S(M).
If p # 3, then L, = (2a,6a,3(3b — 2a)) and so none of the symmetries is special
to M.

Suppose that p = 3. Since A3(M) = N, 3 divides the discriminant of M. Hence 3
divides a, and so 3 does not divide b. This implies L3 = (b, 2a, 2ab(3b — 2a)), and thus

none of the symmetries is special to M. O
5.8. Fized points of a symmetry
Let L, = (€1,p%€2,p"€3) as in Table 1. Recall that

{ 1 if — €€ € (Z;;)Q,
eij =

—1 otherwise.

In addition, we define

Nij = 9 and 7723' =

In Table 2 below, Cases (1) to (8) are divided as in Table 1, @n(o) is defined in Def-
inition 5.6, and A is a nonsquare unit in Z,. For a pair of p-adic integers a and b, we

write a ~ b if ab™' € (Z))?. A boldface 1 indicates that there is one lattice in I}*(L),
to which o is special, under the specified conditions on Qn (o).

Proposition 5.10. Let o be a symmetry in O(N). Then the values of I} (N)4| are given
in Table 2.

Proof. We will provide the detail only for Case (4) since the arguments used in this

case can be applied to prove the other cases. So, L, = (e1,pe2,p’es), and N, =
(p*e1, pea, pPes). Let o = 7, be a symmetry in O(N) with w a primitive vector in N. Thus,
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Values of |FPL (N)o|-

(1) condition Qn (o) ~ pZes Qn (o) ~ p?Aes
|FIf‘(N),,\ 17*2812 +1 P+26u

(2) condition ord, (Qn (o)) =23 ord, (Qn (o)) =2
1Ty (N)o 1 p

(3) condition Qn (o) ~ p?er ordp(Qn (o)) =1
1Ty (N)o| 1 1

(4) condition Qn (o) ~ p?Aey Qn(o) ~ p?ey ord,(Qn (o)) =1
I (N)ol M3 ms +1 e

(5) condition ord, (Qn (o)) =3 ord, (Qn(c)) =2 ord, (Qn (o)) =1
[T (N)ol 1 1 p

(6) condition Qn (o) ~ per Qn (o) ~ p?Ae
Ty (N)o | B4l B

(7) condition ord,(Qn (o)) =23 Qn(o) ~ pey Qn (o) ~ p*Aey
ITE (NG| b pmiz + 1 PNla

(8) condition ord,(Qn (o)) 23 ord, (Qn (o)) =2
[T (N)ol P 1

Qn (o) = Q(w), which has only the three possibilities listed in Table 2. By Lemma 5.5,
N, = Zpw L G, where G is the orthogonal complement of w in IN. In below, for any
a € Z, we write a to denote the canonical image of a in Z,/pZ, = F,,.

Suppose that Qn (o) ~ pea. Then Zyw = (pe2) and G, = (p?e1, p*es). The number
of M € FPL(N )o is then equal to half of the number of representations of & by the
quadratic space (€7, &) over ), which is 2<% by [5, Lemma 1.3.2].

Now, suppose that Qn (o) ~ p?e1. It is clear that there is exactly one lattice in )X (L),

to which o is special, namely the one whose p-adic completion is Z,(p~'w) L G,. If o is
not special to an M € I'¥(N),, then Z,w = (p*e;) would be a Jordan component, of L,
and hence €; ~ e3. If that is the case, then the number of lattices in I'*(N), to which
o is not special is equal to the number of over-lattices of (pes, p?e3) that are isometric
to (pea, e3). This number is 1 because (pes, €3) is a Z,-maximal lattice on an anisotropic
quadratic space over Q.

Finally, let us assume that Qn (o) ~ p?Ae;. It is easy to see that if Ae; = e,
then |IF(N),| = 0. Suppose that Ae; ~ e3. Then [I}F(N),| is equal to the number of
over-lattices of (p?e;, pey) that are isometric to (€1, pes), which is 1 as is explained in the
last paragraph. 0O

5.4. Another equation
Suppose that N = A,(L). We define s = s(N, L) to be the number of symmetry

o € O(N) with a lattice M € I'*(N), to which o is special. The next corollary gives us
another equation involving the haq(N)’s.
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Proposition 5.11. Suppose that N = A,(L), and that p # 3 when |O(N)| = 24. If |O(N)|
is divisible by 8, then

hs(N) if |O(N)| =8,

. hi6(N) +2hs(N)  if |O(N)| = 16, (5.3)
hoa(N) +3hs(N)  if |O(N)| = 24,
3hi6(N) + 6hs(N) if |O(N)| = 48.

Furthermore, suppose that o is a symmetry in O(N), 48 > |O(N)| > 8, and M € I’} (N ),
to which o is special. Then O(M) = O(N) if and only if o is contained in the center

of O(N).

Proof. Let o be a symmetry in O(N), and suppose that M € FPL(L)U to which o is
special. Then |O(M)| is divisible by 8 by Proposition 5.8. So, it follows from Section 4
that either |O(M)| = 8 or M = K;(a,b) for some i € {2,3,4} and positive integers a, b.
Note that |O(M)| cannot be 48. If |O(M)| = 8, then O(M) has exactly three symmetries
Tw, Tu, Tv, and w, u, v are mutually orthogonal. So, exactly one of these three symmetries
is special to M. Suppose that M = K;(a,b). Following the notations used in Section 4,
one can check that 7., for Ky(a,b) or K3(a,b) and 7y, {x,+224 for Ky(a,b) is the only
symmetry that is special to M (note that this requires p # 3 for K»(a,b)). This symmetry
is the only symmetry in the center of O(M). This proves (5.3) and the “only if” part of
the second assertion.

For the “if” part of the second assertion, note that the proof of Proposition 5.8 actually
shows that any symmetry in O(N) which commutes with o is in O(M). So, if o is in the
center of O(N), then O(M) contains all the symmetries in O(N), and therefore O(M)
is equal to O(N). O

Remark 5.12. Embedding in the statement (and the proof) of Proposition 5.11 is the
fact that if M has a special symmetry, then that symmetry is the only special symmetry
of M.

The value of s depends on the Jordan decomposition of L, and Qn (o) for all symme-
tries o of N. Suppose that L, = (€1, p®e2,p’e3) as in Table 1, and ¢; € Zy fori=1,2,3.
Define an integer ¢ and € € Z, by

(t,€) = { (Frca) when o =0, (5.4)

(2,€1) otherwise,

and let

S(N,L) = {U € S(N): ordp(QN(a)) =tand p 'Qn(0)e € (Z;)Q}.
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Table 3
Values of hagq(N).
[O(N)] ha(N) ha(N) hs(N) hi2(N) hie(N) h24(N)
2 w 0 0 0 0 0
4 wo! f 0 0 0 0
8 woj4os f1=3s s 0 0 0
12 w—ft?[wh f733[w]3 0 [w]s 0 0
16 W=t +2s42(wl, f=3s—2(wl, alwls 0 [w]2 0
24 w7f+2182+4[w]s f*38g4[w]s S*gw].a 0 0 [w]s

Proposition 5.13. Suppose that N = A,(L) and |O(N)| is divisible by 8. Then s is the
cardinality of the set (N, L).

Proof. When o = 0, N, & (p®e1,p?ea,pPe3). Let 7, be a symmetry of O(N) with w
primitive in N. By Proposition 4.5, O(N) contains two other symmetries 7, 7, such
that N, = Zpw L Zyu L Zyv. Thus 7, is special to a lattice M € IX(N) if and only
if ord,(Q(w)) = B and p~?Q(w) and €3 are in the same square class. This proves the
proposition when o = 0. The remaining cases can be proved by similar consideration. O

6. Class numbers

Definition 6.1. Let K be a ternary lattice, and o1,...,0; be all the symmetries of K
arranged so that Qk(0;) < Qi (0i41) fori=1,...,t — 1. The label of K is defined as

label(K) := [|O(K)|; Qk(01), ..., Qx(01)].

For example, if K has trivial isometry group, then label(K) = [2]. For Ka(a,b) when
b > 6a, its label is [24; 2qa, 2a, 2a, 6a, 64, 6a, b].
Let L be a primitive ternary lattice and N = A,(L). We define

w=I[LYN)| and f= Y [LFHN)|.
oc€S(N)

Furthermore, for any positive integer n, we let [w],, be the remainder of w when divided
by n. The values of w, f, and s can be effectively determined by Table 1, Table 2, and
Proposition 5.13 respectively, using only the label of N and a Jordan decomposition
of L,. In the subsequent discussion, the order of an isometry o is denoted by o(c).

Theorem 6.2. Suppose that A,(L) = N and p # 3 when |O(N)| = 24. Then for each
positive divisor d of |OT(N)|, hea(N), the number of classes in IF(N) with isometry
group of size 2d, is determined by the label of N as shown in Table 3.

When |O(N)| = 48, hos(N) = hyg(N) = 0, h12(N) and hig(N) are determined

by (5.2), hg(N) = 2=
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[ —18hg(N) — 12h12(N) — 15h16(N)_

ha(V) = 12 ;
ho() = w— f+ 12hg(N) +2ih12(N) + 12h16(N).

Proof. We will provide the proofs for the cases |O(N)| = 24 and |O(N)| = 48; the other
cases are easier and can be proved by the same argument.

Suppose that |O(N)| = 24. By Proposition 5.1, we know that hi2(N) = 0 and
h24(N) < 1. Also, if M is a ternary lattice whose isometry group has order 24, then
Ot (M) = Zs & D3 contains two elements of order 3 and two elements of order 6. This
implies

S TEN),| = 4hou(N).
o(0)=3,6

Therefore, by (3.2), (3.3), and (5.3), we have a system of three equations
ha(N) + ha(N) + hs(N) + hoa(N) = ﬁ(

12h3(N) + 6ha(N) + 3hg(N) + haa(N) = w,
Shg(N) + h24(N) = s.

w+ f + 4h2a(N)),

The second equation shows that has(N) = [w]s, and by the third we obtain hg(N) =
#. Substituting these back into the first two equations results in a system of two
linear equations in hg(N) and hy(N) which has the unique solution as presented in
Table 3.

Now suppose that |O(N)| = 48. Again, we may assume that N = pI. The values of
hi2(N) and hig(N) are determined by (5.2); both are either 0 or 1. By (5.3), we have

s = 6hg(N)+3h16(N), and hence hg(N) = %W(N). Eq. (3.3) leads us to the equation

2 i(w — 6hs(N) — 4h12(N) — 3hi6(N)).

IfMel I{’ (N) has an isometry group of order 12, then OT (M) contains exactly two
isometries of order 3. So,

Z |} (N)g| = 8h1a(N).
o(o)=3

Similarly, if |O(M)| = 16, then O (M) contains exactly two isometries of order 4, which
means

> LH(N) 6| = 6hig(N).

o(o)=4
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Putting everything in (3.2) gives us another equation

1
ha(N) + ha(N) = o (w+ f — 24hg(N) — 16h12(N) — 18h16(N)).
So, now we have two linear equations in the unknowns ho(N) and hy(N). One can check
easily that the unique common solution to these two equations is the one in Table 3. O

Remark 6.3. Suppose that N = pI. It has three symmetries o with Qn (o) = p?, and six
symmetries o with Qx(c) = 2p?. Therefore, s is 0, 3, 6, or 9. Since h16(N) =0 or 1, we
must have

hs(N) = s—3hig(V) _ {0 when (s, h16(N)) = (0,0) or (3,1),

6 1 when (s, h16(N)) = (6,0) or (9,1).

~—

Example 6.4. Let p > 3 and L be a lattice of discriminant p? such that L, = (1,1,p?).
Therefore, A,(L) = pI which has class number one. Since |O(I)| = 48, it follows
from (5.2) that

L+ (5)

hlG(N) =1 and hu(N) = B

The three quantities s, w, and f are easy to obtain, since we know the symmetries
in O(pI) well. There are three symmetries o of pI with Q,1(0) = p?, and another six
symmetries 7 with Qp1(7) = 2p?. Therefore,

s (),

and thus

1+ ()

hs(N) = 5

From Table 1 and Table 2, the values of w and f are given by

(5

2

and
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respectively. The exact values of ho(N) and hy(N) can be determined by Table 3. Adding
all the hog(IV) together we have the class number of L as

il () () o) () 2) %)

Example 6.5. Let L be a ternary lattice with the Gram matrix

2 0 -—p
0 2 -p )
-p —p Tp?

where p > 3. It is easy to see that L, = (2,2,6p%) and N = A,(L) is the lattice
K4 (p?,7p%); in particular, K,(1,7) is the primitive lattice A\,(L). It is known that
h(N) = 1, and by Section 4 the label of N is [16;2p?, 2p?, 4p?, 4p?, 24p?]. To simplify
the discussion, let us further assume that p = 7 mod 24, which means that 2 is a square
in Z, but 3 and —1 are not. Then s =1, w = @, and f = 5(”2;1) + 2. As a result,
hi6(N) =1, hs(N) =0,

_5p—11

_p*—06p+9
8 '

and ha(N) = 18

ha(N)
Adding all these haq(N) together yields

_pP+4p+3

h(L) 15

Similar calculations show that

p2+166p—+9 if p=1,5,13,17 mod 24,

PPHApt3 g, = 7 mod 24,
h(L) = 16 p

EOptll i = 11,19 mod 24,

EHApE19 i = 93 mod 24.

7. Labels of classes

Suppose that A,(L) = N. We have seen in Theorem 6.2 that the class number of L
is determined only by the label of every class in gen(/N) and a Jordan decomposition
of Ly. In order to apply that theorem successively, we need to show that the labels of
all the classes in FPL(N ) are also determined by the label of N and the structure of L,.
For each class of lattices in FPL(N ), we define its label to be the label of any one of its
lattices. The label of I'¥(N) is defined to be the multi-set which contains all the labels
of classes in IF(N). More generally, for a subset X of I}X(N), we define the label of X
to the multi-set containing all the labels of classes of lattices in X.
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Table 4
Values of Qar (o).
(1) and (2) (3) to (8)
o: special to M Qn (o) pLzQN(U)
o: not special to M #QN(G') Qn(o)

7.1. Preliminary lemmas

Let ¢ be a symmetry in O(N), and suppose that M € I(N). Then Qu(o) is
determined by Qn (o) as shown in Table 4; this follows directly from the definition of
special symmetry. Cases (1) to (8) are divided as in Table 1.

For any positive integer d > 1, let $)o4 be the set of lattices M € FPL(N ) whose
isometry group has order 2d. For each symmetry o in O(N), let $54(c) be the set
$24 NTF(N)g, that is, the set containing all lattices M € I')'(N) such that o € O(M)
and |O(M)| = 2d. Clearly,

2= |J $H2a(0). (7.1)

oceS(N)

The number of classes in $s4(0) is denoted by hog(o). In general, (7.1) may not be a
disjoint union.

Lemma 7.1. Let M and M’ be two lattices in I'F(N). If M = M, then O(M) and O(M’)

are conjugate inside O(N).

Proof. Suppose that ¢ : M — M’ is an isometry. Then ¢ is necessarily an isometry of IV,
by Lemma 3.1. In that case, O(M’) = ¢O(M)¢~t. This proves the lemma. O

Lemma 7.2. Let o and o’ be two symmetries of N.

(a) If pop~! = o' for some ¢ € O(N), then for all d, ¢ induces a bijection from
$24(0) onto Ha4(c’). Consequently, the classes in Ha4(0) coincide with the classes
in $Hoq(c’).

(b) If there is an isometry from a lattice M € $4(0) to another lattice M' € $4(0'),
then o and o’ are conjugate in O(N).

Proof. For part (a), it is obvious that M — ¢(M) is an injective function from $o4(0)
to $24(0”). It has an inverse, which is induced by ¢~!. For the other assertion, note that
if My, My € $24(0) and ¥ : M7 — Mj is an isometry, then ¢¢yp~! is an isometry from
¢(My) to ¢(Msz).

For part (b), suppose that ¢ : M — M’ is an isometry. Then ¢ is an isometry
on O(N), by virtue of Lemma 3.1. It is straightforward to see that ¢po¢~! is a symmetry
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in O(M’). But since M’ € $4(0’), it has one and only one symmetry, namely ¢’. Thus
o =g¢op~t. O

Corollary 7.3. Let C' be a complete set of representatives of conjugacy classes of symme-
tries of O(N). Then the label of $4 is the (multi-set) union of the labels of $H4(o), for
allo € C.

Lemma 7.4. Suppose that |O(N)| = 16. Let T be the symmetry in the center of O(N),
and o and o' be two symmetries of N, which are not 7 and are not conjugate in O(N).
Then the label of $s is the disjoint union of the labels of $Hg(o) and Hg(o’), and it is
also equal to the label of Hg(T).

Proof. Since |O(N)| = 16, N has exactly two orthogonal systems; see Section 4. If M
is a lattice in $)g, then S(M) is one of the orthogonal systems. Since o and ¢’ are not
conjugate in O(N), they belong to different orthogonal systems (see Section 4), and
hence the label of $g is the disjoint union of the labels of $g(o) and Hg(c’).

The last assertion is clear since 7 is in both orthogonal systems, and hence $g is just

9s(r). O

Lemma 7.5. Suppose that |O(N)| = 24. Then the label of Hg is equal to the label of Hg(o)
for any o € S(N).

Proof. From Section 4, S(N) is decomposed into three conjugacy classes. There are
three orthogonal systems in O(N), each of them is of the form {c,c’, 7}, where o and
o’ belong to different conjugacy classes in O(N) and 7 is the unique symmetry in the
center of O(N). Since each symmetry other than 7 is contained in one and only one
orthogonal system, all three orthogonal systems of O(N) are conjugate. Therefore, if
O is an orthogonal system and $g(QO) denote the set of lattices M € $g such that
S(M) = O, then the label of $g is equal to the label of H5(O).

The symmetry 7 is in all three orthogonal systems. Therefore, g is just Hs(7), and
hence their labels are the same. Now, let ¢ € S(N) which is not 7, and O be the unique
orthogonal system containing o. Then $g(o) must be equal to $5(O), and so the label
of 9s(0) is just the label of 5. O

For any o € S(N) and any M € I} (N),, let
Gu(o)={¢ € O(N): 0 € O(¢(M))}.
Although Gps(0) is not necessarily a subgroup of O(N), it contains the normalizer

of O(M). Moreover, the size of the coset space Gar(c)/O(M), denoted gpr(o), is the
number of lattices in cls(M)NIF(N)o. If gas(0) is the same for every M in $24(0), then

19924(0)| = gnr(0)h2q(0).
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Lemma 7.6. Let 0 € S(N) and M be a lattice in $4(0). Then gp (o) is the group index
[C(o): {£I,+0}], where C(o) is the centralizer of o in O(N).

Proof. Clearly, O(M) is {£1, =0} which contains a unique symmetry, namely o. For any
¢ € O(N), p~1o¢ is also a symmetry. Therefore, ¢ € Gpr(0) if and only if ¢p~top = o,
that is ¢ € C(0). O

7.2. Main theorem

Theorem 7.7. Suppose that A,(L) = N. Then the label of FPL (N) can be computed effec-
tively by using the label of N and a Jordan decomposition of L.

Proof. The proof is a case-by-case analysis according to the size of O(N). For each
case, the proof will show how we can determine the label of FpL(N ). For simplicity, we
write hag for hoq(N) and I" for I'F(N) in the following discussion. We recall that all
the numbers hogy can be obtained from Theorem 6.2. To determine the label of I', it
suffices to determine the label of $)o4 for each possible d. For )4, it suffices to determine
the label of $4(0), where o runs through a complete set of representatives of conjugacy
classes of symmetries in O(N). Note that these conjugacy classes are explicitly described
in Section 4.

|O(N)| = 4| For the unique o € S(N), ha(o) is simply |I},|, which can be determined
by Table 2. By Proposition 5.7, there is at most one lattice in I, to which o is special,
and whether or not such a lattice exists is determined by Table 2. Therefore, the label
of 94 = $H4(0) can be determined.

|O(N)| = 8|: In this case, O(NN) contains exactly three symmetries, and these symmetries
commute with each other. Thus each symmetry forms its own conjugacy class in O(N).
Clearly, hg(o) is just hg for each 0 € S(N). If o is special to some M € I, then
M € $g(o) by Proposition 5.8. Moreover o will be the only symmetry special to M.
Using Table 2 we can determine which o is special to M. Therefore, the label of $g is

determined.
If M € 94(0), then Gps(0) = O(N) because O(M) is normal in O(N). Therefore,

[I5| = 2ha(0) + hs(0),
and hence h4(o) can be determined. Since o is not special to any lattice in $4(c), the

label of $4(0) is determined.

W: First of all, his, which is either 0 or 1, is known. Moreover, none of the
symmetries in O(N) is special to any M € $)12. Therefore, the label of $;2 can be
computed.

Let o be a symmetry in O(N). Then C(o) is {£I, £0}. Therefore,

|I'v| = ha(o) + hi2,
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and so hy(o) is determined. From Table 2 we can decide if o is special to any lattice
in I',. Therefore, the label of $4(c) can be determined.

|O(N)| = 16: We denote the unique symmetry in the center of O(N) by 7. Let M be
a lattice in I'. Then, by Proposition 5.11, |O(M)| = 16 if and only if 7 is special to M.
This shows that the label of $)1¢ is determined.

For the label of g, it suffices to compute the label of $g(c) for any symmetry o of N
which is not in the center. Let {o, o', 7} be the orthogonal system that contains . From
the description of orthogonal systems and conjugacy classes of symmetries in Section 4,
we see that o and ¢ are conjugate in O(N). Therefore, by Propositions 5.7 and 5.8,
hg(c) is either 0 or 1, and it is 1 if and only if o is special to a lattice in $g(c). This can
be determined by computing |I,| using Table 2. So, the label of $g can be determined.
Note also that O(M) is normal in O(N) whenever M € $g. Therefore, |95(0)| = 2hg(o).

Suppose that M € $4. Then M € $H4(0) for some o € S(N), and o is not special
to M by Proposition 5.8. Therefore, the label of M is determined. It remains to compute
hy(o) for every o in S(INV). Suppose that ¢ is not 7. Then C(o) is {1} x {1,7,0,07}
which has order 8. Therefore,

|Fg| :2h4(0')+2h8(0')+h16, (72)

which shows that hs(c) can be determined. On the other hand, for the symmetry 7, we
have the equation

|FT| :4h4(7)+2h8(7)+h16 (73)

because C(7) = O(N). Since 7 is in O(M) whenever M € g, therefore hg(7) = hg. This
shows that hy(7) is also determined.

|O(N)| = 24|: Let 7 be the unique symmetry in the center of O(NN). Whether or not 7 is

special to any lattice can be determined by Table 2, and by Proposition 5.11 it is indeed
special to some lattice M € I' if and only if M € $o4. Since hoy is 0 or 1, the label of
$o4 is determined.

Let o € S(N) which is not 7, and let {0, ¢’, 7} be the orthogonal system containing o.
Again, from the description of orthogonal systems in Section 4, we see that o and ¢’
belong to different conjugacy classes in O(N). It follows from Propositions 5.7 and 5.8
that every lattice in $g(o) must have either o or ¢’ as its unique special symmetry.
Therefore, the label of each lattice in $5(o) can be determined once we know whether
o or ¢’ is special to any lattice. The latter can be checked by using Table 2. So, the
label of $g(0), and hence the label of $g, can be determined. Furthermore, C(o) is
{xI} x {I,0,7,70}, which has order 8. Therefore, |9s(c)| = hs(0),

|Fg‘ = 2]14(0') + hg(O’) + hoy, (74)
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and from this equation we can determine h4(c). Since o is not special to any lattice
in $4(0), the label of $4(o) is determined.

For the symmetry 7, C(7) is O(N) because 7 is in the center of O(N). Therefore,
|98(7)| = 3hs(7) = 3hg and [$4(7)| = 6h4(7); hence

|7 = 6ha(T) 4 3hs(7) + hoa, (7.5)
and hy(7) can be determined. Since 7 is not special to any lattice in §4, the label of
$H4(7) is determined.
|O(N)| = 48]: We only present the argument for the case N = pl. Let {21, x2, x5} be an

orthogonal basis of N. We distinguish the symmetries of N into two types:

Type I: TI17 Ta:27 T:L’37
Type II: Tp,q0, and 74,4, 1 <1< j <3,

So, Qn (o) = p? if o is a Type I symmetry; otherwise Qy (o) = 2p?.
By Theorem 6.2, hoy = hyg = 0, and both hi5 and hig are either 0 or 1. The lattices
in $H12 and Hyg, if they exist, are isometric to

242 2p? + 1
Kl(l,p; )(disc:pQ) or K1<p2,%>(disc:p4) for $12,

K3(1,p2) (disc = p2) or Kj (p2, 1) (disc = p4) for H16.

The labels of Ki(1, L;'Q) and K (p?, L;'l) are [12;2,2,2] and [12;2p?,2p?,2p?] re-
spectively, whereas the labels of K3(1,p?) and K3(p?,1) are [16;1,1,2,2,p?] and
[16; 1, p2, p?,2p?,2p?] respectively. Thus, the labels of $12 and $94 are determined.
The symmetries of K;(1, p23—+2) and Ki(p?, 2p23+1) are all Type II. However, for either
K3(1,p?) or K3(p?,1), it has three Type I symmetries and two Type II symmetries.

From Remark 6.3, we see that hg is 0 or 1. If hg = 1, the lattices in $)g are isometric

to
1 0 0 2 1 0
: 2 2+1 . 4
0 2 21+1 (disc =p?) or RS O2 (disc = p*).
0 1 X 0 0 p

The labels of these two lattices are [8; 1,2, 2p?] and [8; 2, p?, 2p?] respectively. As a result,
the label of f)g is determined. The orthogonal system of either lattice consists of one
Type I symmetry and two Type II symmetries. Exactly one of the Type II symmetries
is special to the lattice.

Let o be a Type I symmetry. Then hi2(c) = 0, and hig(o) = hie. If hig = 1, then
there are three lattices in $15(0), permuted transitively by an order 3 isometry of N, and
o is special to exactly one of these three lattices. Suppose that there exists M in Hg(0o).
If $ € O(N) and ¢pop—! = o, then clearly ¢(M) € Hg(c). Conversely, if ¢(M) € Hs(o),
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then ¢o¢~! is the unique Type I symmetry in O(M) and hence ¢po¢p~—! = o. This shows
that Gps(o) is in fact equal to C(o). A straightforward computation shows that C(o)
has order 16. Therefore, |$s(o)| = 2hg and |94(0)| = 4h4(o). Consequently,

|F(;‘ = 4h4(0) + 2hg + 3h1g,

and so hy(o) is determined. Since o is not special to any lattice in $4(o), the label of
$H4(0) is determined.

Now, let 7 be a Type II symmetry. Note that O(N) acts, by conjugation, transitively
on the set of Type II symmetries. So, hi2(7) = hi2 and hg(7) = hg. Now, if hig = 1,
7 must be a symmetry of at least one of the three lattices in $)14. But, since each lattice
in 916 has exactly two Type II symmetries, |$16(7)| must be 1, whence |[$16(7)| = h16.

For the rest of the discussion, we may assume that 7 = 7., 44,. A direct calculation
shows that the centralizer of 7 has order 8. Suppose that M € $15(7). The other two
symmetries in O(M) are either {74, —us, Twy+as b OF {Twstus, Ty —as - Let ¢ be the isom-
etry of N which fixes x3 and switches x1 and x3. Then ¢(M) # M but 7 € O(d(M)).
Therefore, |912(7)| = 2h12.

If M € $Hs(7), the orthogonal system of M must be {Tus, To) 100, Twy—zs )} S0, T €
¢(M) if and only if ¢ is in the centralizer of 7,, which has order 16. This shows that
|95(7)| = 2hg. Consequently,

|F.,-| = 2h4(7’) + 2hg + 2h19 + hig.

Therefore, hy(7) is determined. Since 7 is not special to any lattice in §)4, the label of
$H4(7) is determined. O

7.8. An example

We illustrate the discussion thus far by computing the labels of all the classes in the
genus of the lattice K (n) := K4(1,6- 7" + 1), n > 0. This of course will lead to a class
number formula for K(n).

Forn >0,
2 0 - 2 0 -1
K(n)= 0 2 - =10 2 -1
(Y Y G -1 -1 6-7™+1

One can easily check that dK(n) = 24 - 7*" and N(n — 1) := A7(K(n)) is the lattice
K(n— 1)72. So, A7(K(n)) = K(n — 1). The class number of K(0) = K4(1,7) is 1. The
label of K(n) is [16;2,2,4,4,24 - 72"], and the label of N(n — 1) is [16;2 - 7,2 - 7,
4-72,4-72,24- 721,

For n > 1, let Go;(n) be the set of lattices in gen(K (n)) whose isometry groups have
order 2i, and gs;(n) be the number of classes in Ga;(n). From Example 6.5, we see that

92(1) =1, 94(1) =3, 98(1) =0, 916(1) =1.
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It is clear that K (1) represents the only class in Gi6(1). Using row (1) of Table 2 and
Egs. (7.2) and (7.3), we can show that hy(c) =1 for each o € S(IN(0)). Thus the labels
of the three classes in G4(1) are

[4;2], [4;4], [4;24].

Lemma 7.8. Forn >1

)

(a) g16(n) =1, and K(n) represents the only class in Gig(n);
(b) gs(n) =0.

Proof. We will provide a proof for part (a); part (b) can be proved in a similar manner.
Part (a) for n = 1 is already explained. For n > 2, let M € Gig(n). Then A7 (M) =
N(n). But for n > 2, the w for N(n) is 72 = 49 from Table 1. Therefore, by Table 3,

g16(n) = hig(N(n— 1)) = [49], = 1.
Clearly, K (n) represents the only class in Gig(n). O
For £ =4 or 16, let
Gi(n+1) = {M € Gs(n+1): \(M) € Ge(n)}.
Lemma 7.9. Forn > 1,

(a) the label of Gi(n + 1) is the multi-set containing the label of each class in Gy(n)
repeated 7 times;

(b) the label of G%(n + 1) is the multi-set containing 3 copies of [4;2] and 3 copies of
[4;4].

Proof. (a) First of all, an induction argument shows that the label of each class in G4(n)
is one of the following: [4;2], [4;4], and [4;24]. So, if M € G}(n + 1), then the label of
A7 (M) is of the form [4;d], where ord7(d) = 2. From row (2) in Table 2, we see that
each of these lattices will produce 7 classes in G4(n + 1) with the same label.

(b) All the classes in G%(n + 1) descend via A7 to the class containing N(n). If 7 is
the symmetry in the center of O(N(n)), then |I'7| = 1 from row (2) of Table 2, and so
ha(1) = 0 by Eq. (7.3). If o is any other symmetry in O(N(n)), then using row (2) of
Table 2 and Eq. (7.2) we can see that hy(c) =3. O

As a corollary, we obtain the following recursive formula for g4(n):

ga(n+1)=7-g4(n)+6, n>=1,
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with the initial condition g4(1) = 3. Therefore,
gan) =4-7"""—1, n>1

As for go(n+ 1), note that all the lattices in Ga(n + 1) descend via A7 to Ga(n), Ga(n),
and Gi6(n). Using Table 3 (after calculating the w, f, and s in each case), we can calculate
the contribution from each of these sets: 49¢g2(n) from Ga(n), 21g4(n) from Gy(n), and
3 from Gi6(n). Therefore,

g2(n+1) = 49g2(n) + 21gs(n) +3, n>1,

which implies
3
ga(n) =3 727D —g. 7t §(7Q<”—1> ~-1), n>1

So, finally, the class number of K(n) is

3

g2(n) + ga(n) + gig(n) = 3- 721 L 2. =1 S (72" 1),

8. Labels of stable lattices

Recall from Definition 2.3 that a primitive ternary lattice K is called stable if
ord,(dK) < 1 for all primes ¢, and ords(dK) = 1 if and only if K is even. It is clear that
a stable lattice is maximal but not vice versa. Moreover, if M is another stable lattice
such that dM = dK, then for any prime ¢, M, = K, if and only if their Hasse symbols
are the same.

Henceforth, K is always a stable ternary lattice. In this section, we will show that the

labels of gen(K) can be effectively determined. Let H = ((1) (1)) and A = (? ;) Then

P A 1 (3dK) if K5 is anisotropic,
TlmL (—dK) otherwise.

If K is even, then K5 is always isotropic and
Ky =2 Al (3dK) =2 H L (—dK).

For any integer a, let v(a) be the number of distinct prime divisors of a. If ¢ is a
prime, we define
1 if g divides a;
eq(a) :=
0 otherwise.
Let B be the product of odd prime divisors g of dK such that K is anisotropic, and
£ be the product of odd prime divisors ¢ of dK such that K|, is isotropic. Note that
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dK = 2¢2(4K)RO. For any positive integer ¢, let b;(K) be the number of classes in gen(K)
whose isometry groups are of order ¢.
For positive integers «, 3, v, we define

-1 () 00+ (2)

q|P

oeso T ()0 () - (39)

TGN

In below, the Hasse symbol of K at a prime ¢ is denoted by S,(K).

and

Lemma 8.1. Up to isometry, there is at most one lattice in gen(K) whose isometry group
is of order 24. Furthermore,

0 if K is odd and So(K) = —1;
boy(K) =

25(3‘4(3+I)<21¢K (3) otherwise.

Proof. Suppose that M is a stable lattice with |O(M)| = 24. Since dM is squarefree, we
have

M = M(b) = (i ;) 1),

for some positive integer b. Note that different choices of b yield lattices in different gen-
era. If M(b) is odd, then M (b)s is anisotropic, which happens if and only if So(M (b)) = 1.
Therefore, if So(K) = —1 and K is odd, then M (b) is not in gen(K) for any positive
integer .

Now suppose that either K is even or Sp(K) = 1. It is clear that M(b) ¢ gen(K) for
any positive integer b if 3 1 dK or A does not split K|, for all primes ¢, which is the same
as e3(dK)Pk(3) = 0. So, we further assume that e3(dK)Px(3) # 0. Let by be chosen
such that dK = 3bg. It is straightforward to check that M (bg) is in gen(K). O

Remark 8.2. In the proof of Lemma 8.1, the label of any M (b) in gen(K) is known since

_ K
b= K.

Lemma 8.3. Up to isometry, there is at most one lattice in gen(K) whose isometry group
is of order 12, and its label is [12;2,2,2]. Furthermore,
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0 if K is odd and So(K) = —1;

bi2(K) =
12(K) {if(s_qgif)f)@K(g) otherwise.

Proof. From Section 4, a stable lattice whose isometry group is of order 12 must be of

the form
20 —a -—a
Ki(a,b)=| —a 2a 0
—-a —a b

for some positive integers a and b. Its discriminant is a?(3b — 2a), which should be
squarefree. Therefore, a = 1 and the discriminant is 3b — 2 = 1 mod 3. Note that
K1(1,b)2 =2 A L (3(3b — 2)). This, in particular, shows that if K;(1,b)2 is odd, then
it is anisotropic and its Hasse invariant is 1. The label of any one of these lattice is
[12;2,2,2].

Suppose that K is even. It is clear that gen(K) does not contain any Kj(1,b) when
(1 —e3(dK))Px(3) = 0. Now, suppose that e3(dK) # 1 and @k (3) # 0. Then 3 {1 dK

and

q 1 ifq|Q.
By the Quadratic Reciprocity, (dTK) = (=1)IFI*+1 Since K is always isotropic, it follows
that |P| must be even, and hence dK = 1 mod 3. Thus, there exists b; such that

M := K;(1,b;1) has discriminant dK. It is direct to check that M is in gen(K).
The proof of the case when K is odd is similar, and we leave it to the readers. O

Lemma 8.4. Up to isometry, there is at most one lattice in gen(K) whose isometry group
is of order 16, and its label is [16;1,1,2,2,dK]. Furthermore,

1-— 62(dK)

bio(K) = — gy P (1):

Proof. Note that any ternary lattice with an isometry group of order 16 is isometric to

20 0 —a
Ks(a,b) = (a,a,b) or Ky(a,b)=1 0 2a —a |,
—a —a b

for some suitable integers a, b. Note that d(K3(a, b)) = a®b and d(K4(a,b)) = 4a%(b—a).
Thus, if M is a stable lattice with |O(M)| = 16, then M = K3(1,b) with b > 1. We may
now proceed as in the proofs of the previous two lemmas. 0O

Let M be a ternary lattice with |O(M)| = 8. Then the symmetries in O(M) form an
orthogonal system {7.,,7.,, 7z, }, with primitive mutually orthogonal vectors z1, 22, z3.
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Let L be the sublattice spanned by zi,22,23. By Lemma 5.5, M, = L, for all odd
primes p. In addition, it is direct to check that 2v € L for every v € M. Therefore, M is
obtained from L by adjoining one or more vectors of the form %, €, =0or

1 for each 4. As a result, M is isometric to one of the following lattices

b+4c b—c
Ml (a7 ba C) = <a7 ba C>, M?(a7 b7 C) = <a’> 1 < bEc bic )

2 2
or
20 0 a 4da 2a 2a
Ms(a,b,c)=1{ 0 2b b , My(a,b,c) =1 2a a+b a ,
a a 4tbtc 2a a a+c

2

for some suitable integers a, b, and c¢. A simple calculation shows that the discriminants
of M3(a,b,c) and My(a,b, ) are divisible by 4. Thus, if M is stable, then M = M;(a, b, ¢)
or Ms(a, b, c) for some suitable positive integers a, b, c.

For the convenience of discussion, let ¥ be the set of triples (a, b, ¢) of positive integers
such that abc = dK, and we define

R1 = {(a,b,c) €T a>b>c},
Ry = {(a,b,c) €T b>c¢ (bye)#(3,1), a=2and 4, and bc = 3 and 4},
R3 = {(a,b,c) € T: b>c, and (b,c) # (3,1)}.

Lemma 8.5. If K is even, then

1
bs(K)= W@;{(a,%,%),
(a,b,c)ER2

and if K is odd, then

1 1
bg (K) = Z m@[((a, b, C) + Z m@]{ (G/, Qb, 2C)
(a,b,c)ENR1 (a,b,c)ENR3

Proof. Suppose that there is a lattice M in gen(K) such that |O(M)| = 8. We first
assume that K is even. Then M = Msy(a, b, ¢) for a unique triple (a,b,c) € Ra. Since

M, = (a,2b,2c) for any prime ¢ dividing PBQ, therefore
2vP) — @y (a, 20, 2¢).

Conversely, suppose that (a,b,c¢) € My and Pk (a,b,c) = 2*FD and let M be
Ms(a,b,c). Then K, = (a,2b,2¢) = M, for every prime ¢ dividing ‘BQ. By the Hilbert
Reciprocity, K5 is also isometric to My, hence M € gen(K).

The proof of the case when K is odd is similar, and we leave it to the readers. O
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Remark 8.6. The label of any M € gen(K) with |O(M)| = 8 can be determined. For, if
M = M (a,b, c) with (a, b, c) € Ry, then the label of M is [8; ¢, b, a]. On the other hand,
M = Ms(a, b, c) with (a,b,c) € Ry or Rs, then Qu(0) = a,2b, or 2¢ for any o € S(M),
and hence the label of M can also be determined.

Let 7, be a symmetry of K, where x is a primitive vector in K. If Q(z) is odd, then
Zx splits K by Lemma 5.5. If Q(z) = 2m for some integer m, then either Zz splits K
or there is a basis x = x1, z2, x3 of K such that

2m m 0
(B(zj,zj)) = | m Q(z2)  B(xa,z3) | . (8.1)
0 B(xg,xg) Q(.’L‘?,)

Therefore m divides PBNQ.
From now on, ¢ is either 1 or 2. For any integer ¢ and lattice L, (¢, L) denotes the
number of representations of ¢ by L.

Lemma 8.7. Let m be a positive odd squarefree integer. There exists 7, € O(K) such that
Q(x) = dm if and only if & is represented by A, (K). Furthermore

HTw €O(K): z€e K, Qx)= 5m}’ = %r(é, Am(K)).

Proof. Suppose that 7, € O(K) and Q(z) = dm. If Zz splits K, then K = (ém) L K for
some binary sublattice K of K. Since ged(m,dK) = 1, A, (K) = (dm) L mK and hence
Am(K) = () L K™. On the other hand, if Zz does not split K, then clearly § = 2, and
there is a basis x1, x9, x3 of K satisfying (8.1). In this case,

2 m 0
An(K)Z | m  mQ(z2) mB(zq,23) |,
0 mB(xa,x3) mQ(zs3)

which clearly represents 2.

Conversely, suppose that ¢ is represented by A, (K). We assume that (§) does not
split A, (K); the other case can be done similarly. Thus, § = 2 and there is a basis
21,9, x3 of A\ (K) such that

2 10
(B(zj,zj))=1{1 a b,
0 b ¢

for some integers a, b, c. If ¢ is a prime dividing m, then ord,(dK) = 1 and hence
Am(K)g = (e1,qe2,qe3), where ¢; € Z; for every i, by Lemma 2.1. So, whenever ¢
is a prime divisor of m, Z;mx1 would be an orthogonal summand of A, (A, (K)),-
Consequently,
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Table 5

Values of t.,,s.
Am (K)2 5 tm,s Am (K)2 5 tm,s
(1,1,3) 1 3 (3,3,3) 1 1
(1,1,7) 1 2 dK =1 (mod4) 1 1
AL (2) 2 4 A L (14) 2 1
A L (6) 2 1 AL (10) 2 2
odd 2 1

hulant), - |

Zgmzy L (Zg(x1 — 22) + Zgz3) if g | m.

This implies

A (A (K)) = Z(may) +Z<m — L+ m) + Zas

2m? m? 0
~ [ m?2 m22_1 +a b
0 b c

However, since m is squarefree and odd, K = A2 (K) by Lemma 2.1, and the latter is
Ay (A (K)) 7. Tt is easy to see that T, is a symmetry in O(K) with Q(mz;) = 2m
(note that the quadratic form on K is the one on A, (K) scaled by L). O

Lemma 8.8. The mass of K, w(K), is equal to
€
BYICTs)) H(P —-1) H(P+ 1),
p|PB plQ

1

1 1 - . . . . . .
where € = {5, 15 or 57 if Ka is odd isotropic, odd anisotropic, or even, respectively.

Proof. Then lemma follows directly from the Minkowski-Siegel mass formula. For the
computation of local densities, see [5, Theorem 5.6.3]. O

Let hg be the class number of the quadratic field E = Q(1/—0d(\,(K))), and pug be
the number of roots of unity in E.

Lemma 8.9. Suppose that & is represented by gen(Ap, (K)). Then

S 0K v P

O(K;
[Ki]Egen(,\m(K))| (K)] 1L

where tp, 5 is given in Table 5.
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Proof. This follows from a direct computation, using the Minkowski—Siegel mass formula
for representations of integers by ternary quadratic forms and

2 —em e (1("2)).

where dg is the discriminant of E. Note that w(K) = w(\,,(K)) and h(K) = h(A, (X))
for any integer m dividing Q. For the computation of local densities, see [15]. O

We define

besm= >, |{me O(K): Q(z) = dm}|.
[K]egen(K)
O(K)|=k

Suppose that § is represented by gen(A,,(K)). Since

2 2 2 2 2 hg
—b m =b m —b m —b m —b m = tm,s " 2u(m)7y(q32) M
7 4.0m + gUs.om + 190126 + 1616.6 + g V248 5 s

by Lemma 8.7, we may effectively compute the number of classes of lattices in gen(K)
with label [4;0m] once we know the labels of all the classes of lattices whose isometry
groups are of order greater than 4.

At last, in order to determine the number of classes in gen(K) with label [2], all we
need now is the class number of K which is given by the following lemma.

Theorem 8.10. The class number h(K) of K is equal to

he | l(blz(K) + boa(K)) + 1bm(K)-

2w (K) + Z by - 20V FR) 3 1

m|PQ, 6€{1,2}
0— gen(Am, (K))

Proof. Note that

Z bi,6m = Sk - bi(K),

m|PQ, 5€{1,2}

where sy, is the number of symmetries of a lattice in gen(K') whose isometry group has
order k. The values of 53 are 1, 3, 3, 5 or 7 according to k = 4, 8, 12, 16 or 24, respectively.
Hence
1 3 1 5 7 hg
- 2 - b A SR s 2vmmr(BR)  TE
2b4—|—4b8+ 2b12+8b16+ boy Z tm,s

12 m|PA, 5€{1,2} Ke
6— gen(Am, (K))
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Here by, = b (K) for each k. Therefore

h(K) = by + by + bg + b12 + b1g + b2

1 3 5 7 11
=2 (K —b -b ) —b —b
1o )+24+48+612+816+12 24
he
=2 (K) + s - 2V (BQ) L E
(K) ) Nm,s e

m| PO, §€{1,2}
o= gen(Am (K))

1 1
+ 5(512(-’() + b2 (K)) + Zb16(K)'
This completes the proof. 0O
Appendix A. p = 3 and |O(N)| = 24

In this appendix, we treat the case p = 3 and |O(N)| = 24. So, A3(L) = N = Ks(a,b),
and we let Lz = (€1, 3%, 3% ¢3) for some €y, €, €3 € Z5 . Recall that ords(dL) = a+3 > 2
is always assumed, and that for 1 <4 < j < 3 the integer e;; is defined to be 1 or —1,
depending on whether —e¢;e; is a square or not.

Now, dN = 3a?b, and N3 = (2a, 6a, b) which is isometric to Az(L)3. This implies that
both a and b are divisible by 3, and that Cases (1) and (6) in Table 1 cannot occur.

For simplicity, we denote each h;(N) by h;. Inside O (N) & Zy & Ds, there are two
isometries of order 3 and two isometries of order 6. If M € I'*(N) and |O(M)| = 12,
then O1 (M) = D3 does not contain any isometry of order 6. Hence, by (3.2) and (3.3),

1
ho 4+ hy + hg + h1s + hoy = E(w+f+4h12+4h24), (Al)
12hy + 6hy + 3hg + 2h1o + hoy = w. (A2)

There are seven symmetries o in O(N): three of them with Qn(c) = 2a, three of them
with Qn (o) = 6a, and one of them, which is in the center of O(N), with Qn (o) = b.
This, in particular, means that the number f can be determined by using Table 2. The
value of w is determined in Table 1.

Lemma A.1. Suppose that M € I'F(N). If |O(M)| = 24, then M = K»(a, g) or Ko(%,0).
Moreover,

(a) if M = K»(5,b), then ordz(a) =1 and o+ 1 = 3;

(b) if M = Ks(a, g), then ords(b) =2 and o = 1;

K5(%,b) and Ky(a, %) are in the same genus if and only if ords(a) = 1, ords(b) = 2,
and § # g mod 3, which happens only in Case (4) of Table 1.

—
o
~



W.K. Chan, B.-K. Oh / Journal of Number Theory 185 (2014) 221-261 259

Proof. Since |O(M)| = 24, there are relatively prime positive integers ¢ and d such that
M = Ks(c,d). Since dM = 3c*d and ords(dM) = ords(dL) > 2, either 3 | c or 3 | d. In
the first case,

N = A3(M) = KQ(C, 9d)

So, a = ¢ and b = 9d; hence M = Ks(a, g). On the other hand, if 3 | d, then A3(M) =
K> (3¢, d), which means that a = 3c and d = b. Thus, M = K»(§,b) in this case.

Parts (a), (b), and (c) are direct consequences of an examination of the local structure
of the lattices at the prime 3. O

Lemma A.2. Suppose that M € I'H(N). If |O(M)| = 12, then M = Ki(a, 5%t2),
ordz(6a+b) =2, and o+ 1= p.

Proof. From Section 4, it follows that M = K (c,d) for some relatively prime integers ¢
and d. Since dM = c?(3d — 2¢) and ords(dM) > 2, c is divisible by 3 but d is not.
Consequently,

2c —c —3c
As(MY=Z | —¢ 2¢ 0 = Ksy(c,9d — 6¢),
-3¢ 0 9d

hencea=cand b=9d — 6¢c. O

It follows from Table 1 (and the fact that p = 3 here) that w < 9. So, we can deduce
from (A.2) that hy is always zero. By Lemmas A.1 and A.2, hjs < 1 and hgy < 2;
furthermore, hoq < 1 unless we are in Case (4).

Suppose that we are not in Case (3) or in Case (4). Then, from Table 1, w is divisible
by 3. Therefore, 2h12 + hoy = 0 mod 3 by (A.2), and hence (hja, has) = (0,0) or (1,1).
It is now ready to determine the remaining h; for all the cases in Table 1. We remind
the readers that Case (1) and (6) cannot occur.

Case (2). In this case, « = 0 and 8 > 3. Therefore, by Lemmas A.1 and A.2, both
hi2 and hoy4 are 0. Now, since A3(L)s = N3 = (2a,6a,b), we must have § = 3 and
ordz(a) = ords(b) = 2. So, by Table 2, f = 15. Also, w = 9 from Table 1. Thus, by (A.1)
and (A.2), both hy and hg are equal to 1.

Case (3). We know from Table 1 that w = 1. Therefore, by (A.2), hy = hg = h12 =0
and hgy = 1. The only lattice in I'}*(N) is either K»(%,b) or Kz(a, §), and we choose
the one which is in gen(L).

Case (4). If e;3 = 1, then w = 1 from Table 1, which implies that hoy = 1 and
hy = hg = hia = 0. As in Case (3), the only lattice in I'¥(N) can be determined.

On the other hand, if e;3 = —1, then w = 2 from Table 1. Moreover, 5 g mod 3.
Thus, if g and €; are in the same square class in Qz, then Aoy = 2 and hy = hg = h12 =0
by (A.2). Otherwise, h1o = 1 and hy = hg = hag = 0.
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Case (5). In this case « = 1 and 8 > 3. By Table 1, w = 3. Since A3(L); = Nj,
therefore ords(a) = 1 and ords(b) > 3. So, by Table 2, f = 13. Using (A.1) and (A.2),
we can deduce that hi1o = hoy = 1 and hy = hg = 0. The lattice with isometry group of
order 24 is Ko(§,0).

Case (7). In this case, « = 2 and 8 > 3. Because of A3(L)s = N3, we can deduce that
B =3, ords(a) = ordsz(b) = 2, and w = 3 or 6 depending on whether e;50 =1 or —1.

If w =3, then hy = 0 and

(0,1,1) if Ky(a, 2) € gen(L);
(hga h127 h24) - 9
(1,0,0) otherwise.
If w = 6, then Lz must be isometric to (5, 2b,6a) and ab is not a square in Q3. Thus,
f =6 by Table 2, and

(0,1,1,1) if Ka(a, %) € gen(L);

(ha, hg, hi2, hag) = { ]
(1,0,0,0) otherwise,
by (A.1) and (A.2).

In any case, if hoy = 1, then the only lattice in I'f(N) with isometry group of order
24 is Ks(a, g).

Case (8). Again, using the fact that As3(L); = Nj, one can show that a = 3,
ords(a) =2, and ords(b) > 3. This implies that hi2 = hey = 0, and that f = 15
form Table 2. Since w = 9, we can use (A.1) and (A.2) to obtain hy = hg = 1.

We now turn our attention to the labels of the classes in I'+(N). For those lattices in
12 or oy, their labels are determined by Lemmas A.1 and A.2. There are only three
cases, namely Cases (2), (7), and (8), in which h4 and hg are not zero. We will determine
the labels of these classes in these three cases separately.

Case (2). Since hg = 1, it is clear that Lz = (2, 22 6a). Moreover, for any M € $s,

99
the values of Qr(0), o € S(M), are g, %‘1, and 6a respectively. Using (7.4), we find that
it 0 € S(N) with Qn (o) = 2a, then hy(o) = 1. Since hy = 1, therefore the label of $4 is

[4; 22].

Cgase (7). Suppose that w = 3. It suffices to deal with the case when Ks(a, g) ¢ gen(L).
Since hg = 1, L3 must be isometric to (%‘1, b, 6a); hence the label of g is determined as
in Case (2).

Suppose that w = 6. If Ks(a, g) € gen(L), then L3 & <g, 2a,6a) and the label of Hg
is determined. However, if Ky(a,2) ¢ gen(L), then L3(%,2b,6a) with ab not a square
in Q3. By (7.4), ha(o) =1 when Qn (o) = 6a. Thus the label of 4 is [4;6a].

Case (8). In this case, & = 3 < S, ordsz(a) = 2, and ords(b) > 3. This shows that
L3 = (%, 6a,b). Hence the label of $g is determined. It follows from (7.4) that hy(c) =1
if Qn (o) = 6a. Therefore, the label of $4 is [4;6a].
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