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1. Introduction

According to [1, pp. 293-294], there are two kinds of Cauchy numbers which may be
defined respectively by

Cp = /1 (2)ndz and ¢, = / (2)nda, (1.1)

where

and

{f(x—kl)(x—k?)---(ﬂ:—kn—l), n>1 (13)

) n=>0

are respectively called the falling and rising factorials. The coefficients expressing rising
factorials (), in terms of falling factorials (z), are called Lah numbers. Lah numbers
have an interesting meaning in combinatorics: they count the number of ways a set of n
elements can be partitioned into k£ nonempty linearly ordered subsets. Shortly speaking,
Cauchy numbers play important roles in some fields, such as approximate integrals,
Laplace summation formula, and difference-differential equations, and are also related
to some famous numbers such as Stirling numbers, Bernoulli numbers, and harmonic
numbers. Therefore, Cauchy numbers deserve to be studied.

It is known [1, p. 294] that Cauchy numbers of the second kind ¢, may be generated
by

o

—1 tn
1—tym(1—t) 2 eny (14)

n=0
which is equivalent to

o0

t n tn
Tromary ~ 2 (1.5

The first few Cauchy numbers of the second kind ¢ are
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In this paper, we will establish an integral representation, find the complete mono-
tonicity, minimality, and logarithmic convexity, and present some inequalities of Cauchy
numbers of the second kind c¢,,.

2. An integral representation of Cauchy numbers
We first establish an integral representation of Cauchy numbers of the second kind c,,.

Theorem 2.1. For n € {0} UN, Cauchy numbers of the second kind ¢, have an integral
representation

o0

n'/u lnu (14w

0

(2.1)

Proof. Recall from [8] that the function

z
——, z2€C\ (—o0,—1]\ {0
F(z) =< (1+2)In(1 +2) M J\ 10} (2.2)
1, z=0
has the integral representation
T u—+1 du
—00, —1 2.
/ulnu TS 2€C\ (el (2.3)

0

where C is the set of all complex numbers. Differentiating n times on both sides of (1.5)
and (2.3) yields

e tkfn oo tk
(n) _ _1\k _ _1\k+n v
FO0) = 3D g = > (D ey
k=n k=0
and
T 1 d
+ U
FOM () = (—1)"n! v .
" /u Inu)? + 72 (u+ 1+ t)"+!
0
Hence,
= i +1 du
—Dtrep,— = )™n! Y .
];J( ) Ck+ k' n: /u lnu +7r2} (u+ 1 +t)n+l
= 0

Further letting t — 0 on both sides of the above equation gives the integral representa-
tion (2.1). The proof of Theorem 2.1 is complete. O
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3. Complete monotonicity and minimality of Cauchy numbers

Basing on the integral representation (2.1), we now find complete monotonicity and
minimality of Cauchy numbers of the second kind c¢,,.

Recall from monographs [5, pp. 372-373] and [11, p. 108, Definition 4] that a sequence
{ttn}o<n<oco is said to be completely monotonic if its elements are non-negative and its
successive differences are alternatively non-negative, that is

(—=1)*AFp, >0 (3.1)

for n, k > 0, where

A, = i(—l)m(i) o (32

Recall from [11, p. 163, Definition 14a] that a completely monotonic sequence {ay }n>0
is minimal if it ceases to be completely monotonic when aq is decreased.

Theorem 3.1. The infinite sequence of Cauchy numbers of the second kind

{% }nzo (3.3)

Proof. It was stated in [5, pp. 372-373] and [11, p. 108, Theorem 4a] that a necessary
and sufficient condition that the sequence {1, }5° should have the expression

is completely monotonic and minimal.

O/t"doz (3.4)

for n > 0, where «(t) is non-decreasing and bounded for 0 <t < 1, is that it should be
completely monotonic. Theorem 14a in [11, p. 164] states that a completely monotonic
sequence {fi, }n>0 is minimal if and only if the integral representation (3.4) is valid for
n > 0 and «(t) is a non-decreasing bounded function continuous at ¢ = 0.

From (2.1), it follows that for n € N

7 du
u( lnu 2+ 72 (u+1)"
0

0

1 d(=1Int)
/—lnt Hn(—Int)]? + 72} (1 — Int)™
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dt
t(—Int){[In(—Int)]2 + 72}(1 — Int)"

Il
— O O

dt

O OP + 72} — i)

t dl/ u”“(—lnu){[ln(—lnu)]Q—|—7r2}(1—lnu)"du

0 0

This implies the complete monotonicity and minimality of the sequence (3.3).

The complete monotonicity may be alternatively proved as follows. In [5, p. 373], it was
stated that if a function f(t) is completely monotonic on [0, 00), that is, (—1)* f*)(t) > 0
for k > 0, then the sequence {(—1)"f(™(n)} is completely monotonic. It is clear that
the function of x

/oo 1 du
) u[(Inw)? + 72] (u+1)*

is completely monotonic on [0,00). Hence, by the integral representation (2.1), the se-
quence (3.3) is completely monotonic. The proof of Theorem 3.1 is complete. O

4. Positivity of determinants for Cauchy numbers

With the help of the integral representation (2.1), we now present the positivity of
two determinants of Cauchy numbers of the second kind ¢,,.

Theorem 4.1. Let m € N and let n and ay for 1 < k < m be nonnegative integers. Then
(=D eptastayl,, =0 (4.1)
and
(=)™ len+ai+a,lm =0, (4.2)
where \akj|m denotes a determinant of order m with elements ay;.

Proof. From the proof of Theorem 2.1, we observe that

— Yim b (), (4.3)

n! 5o+

where
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oo

hn(t)z/u[( u+1 du

Inu)? + 72] (u+ 1+ t)"t!
0

is completely monotonic on [0, c0) and

MO0 = (1) P () (R (g

ast — 0T,

249

(4.5)

In [3], or see [5, p. 367], it was obtained that if f is a completely monotonic function

on [0, 00), then

| fletad ()] >0

m =

and

(—nyetes fete @), > 0.

m
Applying f in (4.6) and (4.7) to the function h,(z) yields
|hglai+a]’)(x)|m Z 0
and

(a2, 20

m

Letting  — 07 in (4.8) and (4.9) and making use of (4.5) produce

‘(_1)&75"1‘&3’ Cn+ai+aj Z 0

n!

m

and

> 0.

n Cn+aita;
(e

m

(4.8)

(4.9)

(4.10)

(4.11)

Further simplifying (4.10) and (4.11) leads to (4.1) and (4.2). The proof of Theorem 4.1

is complete. O
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5. Inequalities for products of Cauchy numbers

In this final section, by virtue of the integral representation (2.1), we discover some
inequalities and, as a consequence, the logarithmic convexity of Cauchy numbers of the
second kind c¢,,.

Let A= (A1, A2,..., ) € R® and p = (p1, p2, - - -, i) € R™. The sequence A is said
to be majorized by p (in symbols A < p) if

k
ZAM <D
=1 /=1

fork=1,2,...,n—1 and

Y=ok

where )\[1] > )\[2] >0 > )\[n] and B = H2] = " 2 [i[n] are rearrangements of X\ and
u in a descending order. A sequence A is said to be strictly majorized by p (in symbols
A < w) if X\ is not a permutation of u.

Theorem 5.1. Let m € N and let A and p be two m-tuples of nonnegative integers such
that A <X p. Then

HCN < Hcm. (5.1)
i=1 i=1

Proof. In [10, p. 106, Theorem A] and [5, p. 367, Theorem 2|, a minor correction of
[2, Theorem 1], it was obtained that if f is a completely monotonic function on (0, co)
and A <y, then

(5.2)

< ﬁ f(ui)(x)
i=1

i=1

The equality in (5.2) is valid only when A and p are identical or when f(z) = e~ for
¢ > 0. Applying the inequality (5.2) to h,(z) creates

172 @)
=1

< H h%ﬂ«i)( )
i=1

Taking the limit ¢ — 0% on both sides of the above inequality and making use of (4.5)
reveal
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m

H(_l)&m

(5.3)
|
i1 n.

H(_DMM

n!

which is equivalent to (5.1). The proof of Theorem 5.1 is complete. O
Corollary 5.2. The infinite sequence {cy,}n>0 is logarithmically convez.

Proof. This follows from the majorization relation (i +2,4) > (i + 1,4+ 1) for ¢ > 0 and
Theorem 5.1.

This may also be verified as follows. In [5, p. 369] and [6, p. 429, Remark], it was
stated that if f(¢) is a completely monotonic function such that f®*)(t) # 0 for k > 0,
then the sequence

si(t) =In[(=1)"1fOD@)], i>1 (5.4)

is convex. Applying this result to the function h,(¢) and making use of (4.5) figures out
that the sequence

si(t) = In[(=1)"'RED(#)] - In C”;—'—l t 0t (5.5)
for ¢ > 1 is convex. Hence, the sequence {¢, }n>0 is logarithmically convex. 0O
Corollary 5.3. For £ > 0 and n > k > 0, we have
(cork)" < (con)*(ce)" . (5.6)

Proof. As done in [2], considering the majorization relation

for n > k, the inequality (5.2) becomes

(D™ B @]" < ()™ D] 0] n> k>0
Substituting he(t) for f in the above inequality, letting ¢ — 0%, and utilizing (4.5) procure
(=1 A O] < ()" [h @) [he(t)])" ",
o[ ] < oo (4

for n > k > 0 and ¢ > 0. This may be simplified as (5.6). The required proof is

complete. O
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Theorem 5.4. If £ >0, n>k>m, k>n—k, and m > n—m, then

Co+kCln—k = CltmCltn—m-

(5.7)

Proof. In [9, p. 397, Theorem D], it was recovered that if f(x) is completely monotonic

on (0,00) and if n > k > m, k > n —k, and m > n —m, then
(=D [P @) f 70 (@) = (=1)" ) (@) [ (@)
Replacing f(x) by the function h.(t) in the above inequality leads to
(=01 (R (8) 2 (~1)"h™ (Oh" ™ (0).

Further taking ¢ — 07 and employing (4.5) find

n k Cl+k n—k Cl+n—k n m Cl+m n—m Cl+n—m
e e A e G

Simplifying this inequality leads to (5.7). The proof of Theorem 5.4 is complete.

Theorem 5.5. For n,m € N and ¢ > 0, let

2 2
gn,m,é - C€+n+2m(cf) — Cl4n+mCl+mCe — Co4nCe+2mCe + c@-i—n(cf-l-m) 3
2 2
Him,e = Cotntom(€e)” — 2CotntmCotmCs + Cotn(Coym)”,

2 2
In,m,é = C€+n+2m(cﬁ) - 2C€+ncf+2mcé + Con (C€+m) .

Then

gn,m,ﬁ > 0, Hn,m,é > 07

<
Hn,m,é = gn,m,é when m § n,
and

Znme 2 Gnme 20 when n > m.

(5.8)

O

(5.9)
(5.10)

(5.11)

Proof. In [10, Theorem 1 and Remark 2|, it was obtained that if f is completely mono-

tonic on (0, 00) and

(=) { Ot 2m) 2 _ plockm) plm) g p(m) pm) gy p(n) [f(M)]Q}’
(=1)n{ fOrt2m) f2 g plotm) p(m) g o () [f(m)]Z},

Gn,m
Hn,m
In,m

for n,m € N, then G,, ,, >0, Hy, ,,, > 0, and

(5.12)
(5.13)
(5.14)
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Hyom § Gnm when m<n, (5.15)
Inm > Gnm >0 when n > m. (5.16)
Replacing f(t) by he(t) in Gy m, Hpm, and I, ,, and simplifying produce
= AP R T, R 1 1 T,

AP — D,
n n+2m n m n m)12
(=) {hy" ™ 0 = 20 B he + 1 ™))

G
Hn,m
1

Further taking ¢t — 0" and employing (4.5) discover

(6‘)3Gn,m = gn,m,ﬁa (6')3Hn,m = Hn,m,@a (e')g-[n,m = <Ln,m,l-

The proof of Theorem 5.5 is complete. 0O
Theorem 5.6. If m > 1 and ag, a1, ...,a, be nonnegative integers, then
c m—1 CZ " m Cat
o k=0 TR — Gowdk (5.17)
(a0!> (>0 ar)! ,};[1 (ao + ag)!
and
Ca;tas
“7“‘ > 0. (5.18)
(ai +ay)'],,

Proof. In [4] and [5, pp. 369 and 374], it was obtained that if f is completely monotonic
on [0,00) and m > 1, then

[f(zo)]™ ' f <Z m) > [ [ flwo+ax) (5.19)
k=0 k=1
and
|f(@i + )], > 0. (5.20)

We consider the function (4.4) from an alternative viewpoint

oo

b(t,s) = / utl du (5.21)
0

u[(Inw)? +72] (u+1+¢)s+!

and find that h(t, s) is a completely monotonic function of s € [0,00). Replacing the
function f and nonnegative numbers xg, 1, ..., &y, in (5.19) and (5.20) by the function
h(t, s) and nonnegative integers ag, a1, - . - , a,, respectively yields



254 F. Qi / Journal of Number Theory 144 (2014) 244—255

[b(t,a0)]™ 0 (6, ar | > [ 0t a0 + ar) (5.22)
k=0 k=1
and
b(t,a; +a;)|,, > 0. (5.23)

By virtue of (4.3), we obtain

. _ Cai
%g%h(t,ai) = (5.24)

i

Therefore, taking ¢ — 0 in (5.22) and (5.23) leads to (5.17) and (5.18). The proof of
Theorem 5.6 is complete. 0O

Remark 5.7. This paper is a slightly revised and corrected version of the preprint [7].
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