Journal Pre-proof

Polynomial analogue of the Smarandache function

Xiumei Li, Min Sha NUMBER
THEORY

PII: S0022-314X(20)30172-4

DOI: https://doi.org/10.1016/j.jnt.2020.05.015

Reference: YJNTH 6551

To appear in: Journal of Number Theory

Received date: 11 June 2019
Revised date: 7 October 2019
Accepted date: 2 May 2020

Please cite this article as: X. Li, M. Sha, Polynomial analogue of the Smarandache function, J. Number Theory (2020),
doi: https://doi.org/10.1016/j.jnt.2020.05.015.

This is a PDF file of an article that has undergone enhancements after acceptance, such as the addition of a cover page and
metadata, and formatting for readability, but it is not yet the definitive version of record. This version will undergo additional
copyediting, typesetting and review before it is published in its final form, but we are providing this version to give early
visibility of the article. Please note that, during the production process, errors may be discovered which could affect the content,
and all legal disclaimers that apply to the journal pertain.

© 2020 Published by Elsevier.


https://doi.org/10.1016/j.jnt.2020.05.015
https://doi.org/10.1016/j.jnt.2020.05.015

POLYNOMIAL ANALOGUE OF THE SMARANDACHE
FUNCTION

XIUMEI LI AND MIN SHA

ABSTRACT. In the integer case, the Smarandache function of a
positive integer n is defined to be the smallest positive integer k
such that n divides the factorial k!. In this paper, we first define
a natural order for polynomials in F,[t] over a finite field F, and
then define the Smarandache function of a non-zero polynomial
f € Fy[t], denoted by S(f), to be the smallest polynomial g such
that f divides the Carlitz factorial of g. In particular, we establish
an analogue of a problem of Erdds, which implies that for almost
all polynomials f, S(f) = t?, where d is the maximal degree of the
irreducible factors of f.

1. INTRODUCTION

1.1. Motivation. In number theory, the Smarandache function of a
positive integer n is defined to be the smallest positive integer k£ such
that n divides the factorial k!. This function was studied by Lucas [18]
for powers of primes and then by Neuberg [19] and Kempner [11] for
general n. In particular, Kempner [11] gave the first correct algorithm
for computing this function. In 1980 Smarandache [21] rediscoverd
this function. It is also sometimes called the Kempner function. This
function arises here and there in number theory (for instance, see [4,
12, 17, 22]). Please see [16] for a survey on recent results and [8] for a
generalization to several variables.

Clearly, the Smarandache function of n is equal to the maximum of
those of its prime power factors. For any integer n > 2, let P(n) be
the largest prime factor of n; and put P(1) = 1. For any « > 1, denote
by N(x) the number of positive integers n < z, whose Smarandache
function are not equal to that of P(n) (that is, P(n), this means n {
P(n)!). In 1991 Erdés [6] posed a problem answered by Kastanas [10]
in 1994 that N(z) = o(x) when x goes to infinity. Later, Akbik [1]
proved that N(z) = O(z exp(—1+/log z)), and recently Ivi¢ [9] showed
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that
N(x) = zexp <—\/2 log xloglog z(1 + O(log log log x/ log log m))) ;

see [5, 7] for some other previous results. Besides, Ivié¢ [9] pointed out
that the main result in [5, Equation (1.3)] is not correct.

In this paper, we define and study the Smarandache function for
polynomials over a finite field. In particular, we establish an analogue
of Erdos’s problem.

1.2. Our consideration. Let I, be the finite field of ¢ elements, where
q is a power of a prime p. Denote by A = F,[¢] the polynomial ring
of one variable over F, and N the set of non-negative integers. Let N*
be the set of positive integers. For any non-zero g € A, we denote by
sign(g) the leading coefficient of g (which is also called the sign of g).

We write F, = {ap = 0,a; = 1,a9,...,a,-1} throughout the paper.
For any non-zero polynomial f € A of degree n, f can be uniquely
written as

(1.1) f=ai,+apt+...+a;,t", a, #0,0<q;<qg—1
We define §(f) to be the integer:
O(f) =do+irg+ - +ing".

In addition, we put §(0) = 0.

Clearly, ¢ is a bijective map from A to N, and for any m € N,

§Hm) = ay + aint + ...+ ag t¥,

where ig + i1q + - - - + i¢" is the g-adic expansion of m.

Moreover, we define an order in A based on the map 4: for any
frg €A,

f>g ifand only if o(f) > d(g);

and then f > g if and only if f > gor f=g.

With these preparations, we define a factorial in A.

Definition 1.1. For any non-zero polynomial f € A, the factorial of

f is defined to be
=11 -9

g<f
Additionally, we put 0! = 1.

By definition, for any integer n > 1, t"! is in fact the product of all
the monic polynomials of degree n.

This factorial is an analogue of the factorial of the rational integers;
see [13] for another analogue. It has been used in [14, 15]. Notice that
the above factorial of f is equal to the multiplication of the Carlitz
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factorial of f by a constant (see the comment below Lemma 2.1). For
the Carlitz factorial, one can refer to [3, 23].

We now can define the Smarandache function for polynomials in A.
In fact it has been used in [14, Section 4.2] for counting polynomial
functions in the residue class rings (see the definition of A there).

Definition 1.2. Given a non-zero polynomial f € A, the Smarandache
function S(f) of f is defined to be the smallest polynomial g such that

flgl
We put S(0) = 0 by convention.

In Section 3 we establish various basic properties of the Smarandache
function S, such as the computation, the value set, the inverse images,
and fixed points. We emphasize that several of them haven’t be con-
sidered in the integer case, such as Proposition 3.6 on how the size of
a polynomial changes after an action of S and Proposition 3.12 on the
distance to fixed points. We then in Section 4 establish an analogue of
Erdés’s problem for the function S (see Theorem 4.1).

2. PRELIMINARIES
In this section, we gather some results which are used later on.

2.1. Some elementary results. We first compute the factorial f! for
any [ € A.

Lemma 2.1. For any f € A of the form (1.1), we have

(2.1) f!z(ﬁaij!)ﬁ T »

5=0 j=1 heA, deg h=j
sign(h)=1
Proof. Denote by R the right hand side of (2.1). We rewrite R as
n ig—1 n -1
r=1I1I II »=IIII II @-G-mp
j=0 k=0 heA,deg h=j j=0 k=0 heA,degh=j
sign(h):aij —ak sign(h):aij —ag

where one can see that f — h exactly runs over all the polynomials
g < f. So, by definition we have R = f!. O

By definition and Lemma 2.1, f!/([]}_;a;;!) is exactly the Carlitz
factorial of f. So, in Definition 1.2 we can replace g! by the Carlitz
factorial of g.

The following result is a special case of Example 3 in [2]. We give a
proof here.
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Lemma 2.2. Let P € A be an irreducible polynomial of degree d > 1.
Then, for any non-zero polynomial f € A we have

(=3 | 5.

j=1
where vp 1s the usual P-adic valuation.

Proof. Assume that f is of the form (1.1). From the formula (2.1) of f!,
we see that for any integer 7 > 1, if n = deg f > dj, then the number
of terms in the right hand side of (2.1) divisible by P’ is exactly equal
to

lgj +igiq + -+ ing" Y

Summing up all these estimates we obtain the desired formula. O

Clearly, Lemma 2.2 gives the following result.
Corollary 2.3. For any f,g € A, if g < f, then g | f!.

We remark that in Corollary 2.3 the converse is not true.

For the proof of Proposition 3.4, we need the following lemma, which
is in fact a simple generalization of the formula of « in [11, page 207]
(also the formula in [21, Lemma 1]).

Lemma 2.4. Fiz a positive integer n > 1, and define a sequence {b; =
ni—1 .
n—1 "

j € N*}. Then for any e € N*, e can be uniquely represented as
€= Clbjl + Cgij +--+ Ckbjk7

where j1 > jo >+ > jp>0and 1 < ¢ <n fori=1,2,....k—1,1<
cL <n.

Proof. Obviously, N* is the disjoint union of the sets [b;, bj11) "N*, j €
N*, and b1 = nb; + 1 for any j € N*. So, for any e € N*, there exists
an unique integer j; € N* such that e € [b;,,b;,41) N N*, then by the
division algorithm, we have

e=cib;, +11,

where 1 < ¢} = Lij <npand0 <7 <b;.Ifr; =0,asb; <e <bj41,
then £ = 1,1 < ¢; <n and Lemma 2.4 is proved.

If ri #0, as b, <e < bj 41, then 1 < ¢; < n. The following proce-
dure is the iterative process that makes use of the division algorithm
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in the form:
T1:Cij2+T2, 1§C2<n,0<7“2<bj2,
TQICgbj3+T3, 1§03<n,0<7”3<bj3,

Th—o = Ch—1bj, | + 11, 1< <n, 0 <my < by,

Tk—1 = Ck:bjk,a 1 S Cl S n.

In the above computation the integer & is defined by the condition that
rr—1 7 0 and that r, = 0. Since e > bj, > ry > bj, > rg > -+ > 0,
such a k& must exist and 77 > jo > -+ > ji > 0.

Collecting all the equalities above, Lemma 2.4 is proved. O

2.2. Counting polynomials. For any non-zero f € A, let w(f) be
the number of distinct monic irreducible factors of f, and let 7(f) be
the number of distinct monic factors of f.

The following two results should be well-known.

Lemma 2.5. For any integer n > 1, the number of monic irreducible
polynomials in A of degree at most n is at most q".

Proof. For any monic irreducible polynomial f € A = F,[t], if f is
of degree d < n, then f corresponds to the monic polynomial " f* of
degree n, where n = sd + r with 0 < r < d by the division algorithm.
Note that this corresponding is injective. So the desired result follows.

O

Lemma 2.6. For any integer n > 1, we have

Y () =m+1)q"

monic f € A
deg f=n

Proof. This result has been recorded in [20, Proposition 2.5]. Here we
present a different proof. It is easy to see that

SEUEED WD VIR M

monic f € A monic g € A monic h € A monic g € A
deg f=n degg<n degh=n—degg deg g<n

=q"> ¢7-¢ =(n+1)q"
=0

O

We now present some counting results for polynomials in A accord-
ing to the numbers of their monic factors and their maximal monic
irreducible factors. These are needed for proving Theorem 4.1.
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Lemma 2.7. For any integer n > 1 and any real r > 1, let B =
3rloglog g™ and define

Ti(n,r) = {monic f € A: deg f =n,w(f) > B}.

Then, we have

3q"
Tiln,r)| < ———.
i) (log ™)
If furthermore n > 3 and r > 2, we have
qTL
2.2 Tiln,r)| < ———.
(2.2) Ta(n, 7)) Toz ")

Moreover, if ¢ > 3,n > 4 and r > 3, in Ti(n,r) we can choose B =
2rloglog g™, and then the estimate (2.2) still holds.

Proof. By definition, we have 7(f) > 2“¢) for any non-zero f € A.
Using Lemma 2.6, we deduce that

(n+1)¢" = Z T(f) > Z 2 > Z 2«(f)

e fn e feninn
N Z gdrlogloga™ _ g3rioglogd” |7, (y Y],
feTi(nr)
So, we obtain
(n+1)¢" _ (n+1)q" (n+1)¢" 3q"

- A :
|T1(n,7)| 23rloglogg™ — (Jog ¢™)310g2  (log ")+ (log ¢*)"

If furthermore n > 3 and r > 2, we have

(e (e
(loggn)®ries2 = (logg)* ~ (logg™)"’
where the last inequality comes from

[ Ti(n,)] <

(nlogq)” > (nlogq)* > (nlog2)* >n+1, n>3.
The final part follows from
(n+1)¢" q"
(log gm)?ries2 — (log ¢")"
when ¢ > 3,n >4 and r > 3. O

Ti(n,7)] <

Lemma 2.8. For any integer n > 1 and any real r > 1, let D =
2rloglog q" and define

Ta(n,r) = {monic f € A: deg f =n,
P2 | f for some irreducible polynomial P with deg P > D}.
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Then, if D > 4, we have

n

4q

(2.3) [To(n, )| < m.

Moreover, if ¢ > 3, in Ta(n,r) we can choose D = rloglogq™ > 12,
and then the estimate (2.3) still holds.

Proof. For any f € Tz(n,r), we can write f = gP? with D < deg P <
n/2 and deg g = n — 2deg P. So, we have

AU Yo

monic irreducible P € A monic g € A
D<deg P<n/2 deg g=n—2deg P

_ Z qn—QdegP < qn f: q—2j . qj

monic irreducible P € A j=|D|+1
D<deg P<n/2
n n n+1 n
q q q q

< < pr— < )
= ¢lP] T g-1t2rloglogqt  (Jog gn)2rloeq  (log gn)r

where the last inequality follows from (log ¢")" > exp(2) (due to D >
4), because it is equivalent to the following inequality

q < (log qn)r(Qlogqfl).

The second part follows similarly. U

Lemma 2.9. For any integer n > 1 and any real r > 1, let D =
2rloglog q"™ and define

Ts(n,r) = {monic f € A: deg f =n, P°| f,
e > D for some irreducible polynomial P with deg P < D}.

Then, if D > 8, we have

n

q

(2.4) |T5(n, )| < W.

Moreover, if ¢ > 3, in Tz(n,r) we can choose D = rloglogq™ > 19,
and then the estimate (2.4) still holds.

Proof. Let d = [D] > 8. By definition, for any f € 7T3(n,r), there
exists a monic irreducible polynomial P such that deg P < D and
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P?| f. As in the proof of Lemma 2.8, we have

| Ts(n, )| < > > o1

monic irreducible P € A monic g € A
1<deg P<D deg g=n—d deg P

_ Z qnfddegP < qn iqdj . qj
j=1

monic irreducible P € A
1<deg P<D

2qn 2qn+1 2qn+1 qn

= < ,
- qul q2r log log g™ (lOg qn)2r log g (10g qn)r
where the last inequality follows from (log ¢™)" > exp(4) (due to D >
8), because it is equivalent to the following inequality

2(] < <logqn)r(2logq—1)‘

The second part follows similarly. U

3. BASIC PROPERTIES

3.1. Computing the Smarandache function. By definition, we di-
rectly obtain some simple properties about the Smarandache function.

Proposition 3.1. The following hold:
(1) for any polynomial f € A and any a € F;, S(af) = S(f);
(2) for any non-zero polynomial f € A, S(f) < tdee/;
(3) for any irreducible polynomial f € A, S(f) = tdee/.

So, in order to compute the Smarandache function, we only need to
consider monic polynomials. By Definition 1.2 and Corollary 2.3, we
immediately obtain the following result, which implies that we in fact
only need to consider powers of monic irreducible polynomials.

Proposition 3.2. Suppose that Py, Ps, ..., P, are distinct monic irre-
ducible polynomials and ey, es, ..., e, are positive integers. Then

S(PMPy? - P) = max{S(P1), S(Py?), ..., S(F*)}-

The case of irreducible polynomials is straightforward. We can in
fact do more.

Proposition 3.3. Given a polynomial f € A with deg f > 1, assume
that either ¢ > 3 or f # b(t + ¢)* for any b,c € F,. Then, f is an
irreducible polynomial if and only if S(f) = td°s/.

Proof. We only need to prove the sufficiency. Assume that S(f) =
tdef  Without loss of generality, we can further assume that f is
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monic. By Proposition 3.2, we must have f = P¢ for some monic
irreducible polynomial P of degree d and e > 1.

We first assume that ¢ > 3. If e > 2, since a, P*~! and (ay — 1) P!
are two distinct terms in the factorial (a;P¢~1)! by definition, we have

vp((ag P 1)) > 2(e — 1) > e,

and so S(P°¢) < apgP°~! < t% which contradicts with the assumption
S(P¢) = t%. Thus, f = P when ¢ > 3.

We now assume that ¢ = 2. By assumption, f # (¢t + ¢)? for any
c € F, So,if d =1, we must have e > 3, and so vp(P* 1) > e,
which implies S(P¢) < P¢~! < t¢ and contradicts with the assumption
S(P¢) = t°. Thus, we must have d > 2. If e > 2, since tP*~! and
(t+1) P! are two distinct terms in the factorial 4=+ by definition,
we have

vp(tUeDH) > 2(e — 1) > ¢,

and so S(P¢) < tde=D+1 < ¢de which contradicts with the assumption
S(P¢) = t%. Thus, f = P. This completes the proof. O

We remark that in the case ¢ = 2, we have S(t*) = S(£* + 1) = ¢*.
We now handle the case of powers of irreducible polynomials by

following the strategy used to prove the theorem in [11, page 208] (also
(21, Theorem 1]).

Proposition 3.4. Suppose that P € A is an irreducible polynomial
of degree d > 1 and e is a positive integer. Define the sequence b; =

‘Z]d;:ll,j e N*. Then, e 1s uniquely written as

e = Clbjl + Cgbj2 + -+ Ckbjk7
and
S(P%) =6 Herg¥ + cog® + - -+ + ),
where j1 > jo > > >0and1 <c¢; <q? fori=1,2,...,k—1,1<
< d
Cp > (g .
Proof. By Lemma 2.4, we know that e is uniquely written in the form:
€ = Clbjl + Cgij + -+ Ckbjk7

where j; > jo > -+ > jp >0and 1 < ¢ < ¢lfori=1,2,....k—1,1 <
cr < q%. Denote

m = clqdj1 + czqdj2 +--+ ckqdjk
= ("= De+ (1 +co+-+c).

Since ¢ is a bijective map from A to N, we take f = d~'(m). Then, it
suffices to prove S(P°) = f.
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By Lemma 2.2 and collecting the following equalities and inequalities

@J — Clqd(jlil) —|— C2qd(]271) + P + qud(.jkfl)’

%J — Clqd(jl_jk) + @qd(jz—jk) + o F oo,
q Uk

WJ > e1q 1D 4 i) | g gD,
q

m

daJ > C1,
we obtain

1) — ﬁ >
RSN EAEE
Jj>1

which implies that P¢ | f!. Actually, vp(f!) = e if and only if ¢; < ¢°.

Now, it remains to prove that for any ¢ € A and g < f, we have
P¢ t gl. In fact, by Corollary 2.3, we only need to prove that for
g=0"1(m—1), P°f{g!; that is, vp(g!) < e. It is easy to obtain the
following equalities:

o _ Clqd(h—l) + Czqd(m—l) et qud(ﬂk_l) —1,
1 o o

mdj = ¢ IR) oy IR 4 — 1,

L a7

—1
\‘md. chl—l.
q]l

Then vp(g!) = Zj21 {”;T_le = e—j1 < e. This completes the proof. [J

By Proposition 3.4, we directly obtain the following result.

Corollary 3.5. Suppose that P € A s an irreducible polynomial of
degree d and e < q% is a positive integer. Then

S(P?) = ajt* 4+ a; " -+ aiktdﬂc’

where e = ijo i;q’ is the g-adic expansion of e.
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With some more effort we can estimate how the size of a polynomial
changes after an action of S. We in fact only need to consider reducible
polynomials.

Proposition 3.6. Given a polynomial f € A with deg f > 1, suppose
that f is reducible and f # b(t + ¢)* for any b,c € F,. Then, we have

where the equality holds if and only if ¢ =2 or 3, f = t3.

Proof. Without loss of generality, we can assume that f is monic. When
f has at least two distinct monic irreducible factors, by Proposition 3.1
(2) and Proposition 3.2, we immediately have

So, it remains to consider the following two cases:

o f = P¢ e > 2 for a monic irreducible polynomial P with
deg P > 2;
e f = P e >3 for a monic linear polynomial P.
We first handle the first case. That is, we assume that f = P e > 2
for a monic irreducible polynomial P with deg P > 2.

Let d = deg P, and define b; = (gfj—:ll,j € N*. As before, e can be

uniquely written as
(3.1) e = cibj, + cabj, + -+ - + by,

where j; > jo > - > jp >0and 1 < ¢ < ¢lfori=1,2,...,k—1,1 <
¢ < ¢%. By Proposition 3.4, we have

(3.2) 0(S(f)) = erg™ + caq® + - + crg¥ < "D,
If j; > 2, then (using d > 2)
e> b, > b, > 14224 422070 > 43,

and thus
5 de . .
) 8% _ o) 5 tons2) 5 o) 5 5(51)).
q q
If j; = 1, then e = ¢1by = ¢; < ¢ and 6(S(f)) = eq?, and so for
e>3
o(f)

i g™V > ¢ > eq? = 5(5(f)).
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For e = 2

(5 f q2d B
W i 0= s(s ()
This completes the proof for the first case.
We now handle the second case. That is, we assume that f = P¢ e >

3 for a monic linear polynomial P. This means that in (3.1) and (3.2)
d=1.
If 7, > 3, then

6201bj1 zbjl 21+2+"‘+2j1712]‘1+47
and so

M > qe—l > qj1+3 > qj1+1 > 5(S<f))
q

If j; = 2, then for e > 5, we already have e > j; + 3, and so

o(f) > L > @ s gt > §(S( ).
q

For e = 4, we have either ¢ = 2,e = by + by, 0(S(f)) =6 or ¢ = 3,e =
by, 0(S(f)) =9, and then we still obtain

J
s > a0,
For e = 3, we must have ¢ = 2,e = by, §(S(f)) = 4, and so

o) 2
—~ > —=4=4(S
D> 21— as)
where the equality holds if and only if f = #3.
If 5 = 1, then e = ¢1by = ¢1 < q,6(5(f)) = eq, and thus (using
e>3)

o(f o

Moz 2 eq=a(s0),
where the equalities hold if and only if ¢ = 3, f = #3. This completes
the proof. O

In the above proof, we in fact have proved the following result.

Corollary 3.7. For any irreducible polynomial P € A with deg P > 2
and any integer e > 3, we have
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3.2. Values of the Smarandache function. Here, we consider the
value set and the inverse image sets of the Smarandache function S.

Proposition 3.8. S(A) = tA.

Proof. By Propositions 3.2 and 3.4, it is easy to see that S(A) C tA
(note that S(b) = 0 for any b € F,). On the other hand, for any
f=a,t+ aizt2 + e+ aiktk € tA, we take e = i11by + ioby + - - - + ixby,
where b; = %,j € N*. Then by Proposition 3.4, we have S(t¢) = f,
and so tA C S(A). Thus S(A) = tA. O

We have seen that the Smarandache function S is not injective; see
Proposition 3.1 (1). For any non-zero polynomial f € tA, denote by
S7L(f) the inverse image set of f. We now determine all the powers of
irreducible polynomials contained in S~*(f).

Proposition 3.9. Given a non-zero polynomial f € tA and an integer
d € N*, suppose that ¢ | (f). Then, 5(f) is uniquely represented as

0(f) = crg™ + coq® + -+ e,
with j; > jo > -+ > Jp > 0,1 < ¢ < q¢ fori = 1,2,...,k. Put
by = %=L, j € N* and
ep = c1bj, + cabj, + - + by, .
Then STY(f) contains the subset
{P¢: P € A is irreducible of degree d, e € [eg — (ji. — 1), eo] N N}.

In particular, when ezhausting all the positive integers d satisfying q° |
d(f), we obtain all the powers of irreducible polynomials contained in

ST

Proof. Suppose that P € A is an irreducible polynomial of degree d. By
Proposition 3.4, we directly have §(S(P)) = §(f), and so S(P%) = f.
When j, > 2 and e € [eg — (Ji — 1), €9) NN, without loss of generality,
we take e = ey — 7,1 <1 < jip — 1, then e is uniquely represented in the
form:

e = Clbjl + -+ Ck—lbjkﬂ + (Ck - 1)bj
+(¢" = Dbj—r + -+ (¢ = Dby + by

By Proposition 3.4, we have S(P¢) = f. This in fact completes the
proof. O

From Proposition 3.9, one can guess that the Smarandache function
S is not an increasing function. We confirm this by the following result.
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Proposition 3.10. For any irreducible polynomials P,Q € A with
deg @ > 1 4 deg P, there exist positive integers e; and es such that
Pt > Q° but S(P) < S(Q).
Proof. For simplicity, denote d; = deg P and dy = deg(, and put
b = %,j € N*. Since 1 < d; < ds, by the division algorithm, there
exist k,r € N such that
dy = kdy + r,

where £k > 1 and 0 < r < d;. By assumption, we have dy — d; > 2.

We first assume r # 0. Take e; = by + ¢" b, and e; = 1, then
e; > k+ 1. So, using Proposition 3.4 we have

5(P€1> 2 qd1€1 Z qd1(k+1) — qd2+d177‘ Z qd2+1 > 5(@62)
and
3(S(P)) = ™ + 4" 1¢" = q" + ™7 < g = 5(5(Q)).

Hence, Pt > Q% but S(P®) < S(Q).
We now assume r = 0. Then k£ > 2. We take e; = by + b;_; + b, and
es = 2, then e; > 2k + 1. So, using Proposition 3.4 we deduce that

5(P61) > qd161 > qd1(2k‘+1) — q2d2+d1 > q2d2+1 > 5(@62)
and
O(S(P)) = g +q" D gt = gh g™ g™ < 2™ = 5(S(Q7)).
Hence, P > Q% but S(P) < S(Q). This completes the proof. [

We remark that by Proposition 3.4, for any irreducible polynomials
P,@Q € A and any positive integer e, if deg P = deg @, then S(P¢) =
5(Q°).

3.3. Fixed points. For any f € A, if S(f) = f, then we call f a fixed
point of S. We first determine the fixed points of the Smarandache
function S.

Proposition 3.11. Given a non-zero polynomial f € A, f is a fived
point of the Smarandache function S if and only if

fo t, ifq> 2,

T tort?, ifqg=2.
Proof. 1f f is a fixed point, then S(f) = f, and by Proposition 3.1
(1), (2) and Proposition 3.2, we must have f = ¢, e € N*. So, by
definition we obtain the desired result. Indeed, by the definition of

factorial (Definition 1.1), we have that ¢ | t*7!! if e > 2; and if ¢ > 2,
then % | (aqt)!. O
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We remark that in the integer case all the prime numbers are fixed
points of the Smarandache function.

For any integer n > 1, let S be the n-th iteration of S. It is easy
to see that for any f € A with deg f > 1 there exists some integer n
such that S™(f) is a fixed point of S. We now estimate the number
of iterations, which can be viewed as the distance to fixed points.

Proposition 3.12. For any f € A with degf > 1, there exists a
positive integer n < 1+ deg f such that S™(f) is a fived point of S.

Proof. We first note that by Proposition 3.8, for any polynomial f € A
with deg f > 1, we have S(f) € tA, and so, if deg S(f) > 2, then S(f)
must be a reducible polynomial.

Now, given f € A with deg f > 1, if deg S(f) > 3, then S(f) satisfies
the condition in Proposition 3.6, and so

This process stops when we reach deg S (f) < 2 for some integer j.
So, this integer j satisfies
3(SV(f)) < ¢
This automatically holds if
6(S(f) _ s

qj_l < q )

which, together with §(S(f)) < ¢/ by Proposition 3.1 (2), is implied
in

qdegffj+1 < q3.

Thus 7 > deg f — 1.

If deg SU)(f) = 2, since SU(f) is reducible, we have that SU+2)(f)
must be a fixed point of S.

Then, we always have that SU+2)(f) is a fixed point of S. Hence, for
n=1+degf, S™(f) is a fixed point of S. O

We remark that the upper bound in Proposition 3.12 is optimal.
Because when ¢ > 3,

SEO(f) = SU(#*) = S(ast) =t
for any irreducible polynomial f € A of degree 2.
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4. ANALOGUE OF ERDOS’S PROBLEM

In this section, we establish an analogue of Erdds’s problem.

For any non-constant polynomial f € A, let P(f) be the maximal
monic irreducible factor of f. Following Erdds’s problem, for any inte-
ger n > 1, we define the subset of A:

T (n) = {monic f € A : deg f =n, S(f) # t¥eP)}

One should note that S(P(f)) = tdeP),

Using the strategy in [1], which is in fact a classical approach by
considering the number of distinct prime factors and the maximal prime
factor, we establish the following analogue of Erdos’s problem.

Theorem 4.1. For the sets T (n), we have

T(n)| < 2" 2 exp(—/n/3), if ¢ =2 and n > 3249,

" 4q" exp(—+/n/2), if ¢ > 3 and n > max{13000, logq}.
Theorem 4.1 implies that for almost all polynomials f € A, S(f) =

t?, where d is the maximal degree of the irreducible factors of f.

Recall the sets Ti(n,r), Ta(n,r), Ts(n,r) defined in Section 2.2. To
prove Theorem 4.1, we need one more preliminary result.

Lemma 4.2. For any integer n > 1 and any real v > 1, define
Ti(n,r) ="T(n)\ (Ti(n,r) U Ta(n,r) U T3(n,r)).

Then, for any f € Ty(n,r) we have

log D

logq "

Proof. For any f € Ti(n,r), we have S(f) # t%€P() which implies

that f 1 tdeP(1 So, there exists a monic irreducible polynomial P

such that P | f and vp(f) > vp(td&PN). Note that vp(tiePH1) > 1

by definition. So, we have vp(f) > 2. Then, in view of f & Ty(n,r)

and f & T3(n,r), we must have deg P < D and vp(f) < D.
Hence, using Lemma 2.2 we obtain

deg P(f) < D +

deg P(f) qdes P(f)

P = D
qdeg q

D > vp(f) > vp(tPePN)) > 4

which gives the desired result. U
We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. For any f € Ty(n,r), we have f & Ti(n,r) U

Ta(n,r) U T3(n,r). So, w(f) < B = 3rloglogq™, and also, if P¢ e > 1,

is any positive power of a monic irreducible polynomial P such that

P¢ | f, then we only have two cases:
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(i) degP < D,e < D,

(i) deg P > D,e =1,
where D = 2rloglog ¢". Case (i) yields at most | Dg® | positive powers
of monic irreducible polynomials (using Lemma 2.5). For Case (ii),
since deg P < degP(f) < D + logD/logq by Lemma 4.2, it also
gives at most | Dg? | positive powers of monic irreducible polynomials.
Hence, the number of possible powers of monic irreducible polynomials
which divides an f € T4(n,r) is not greater than 2D¢”. However, such
an f is the product of at most B = 3rloglogq™ distinct powers of
monic irreducible polynomials. Hence, we have

[ Ta(n,7)| < (2Dg")"
(41) — (47= IOg lOg qn)3r loglog ¢™ | qﬁ(r loglog q")2

S q7(7" loglog ¢™)?

when rloglog ¢™ > 19. Then, assuming moreover n > 3 and r > 2 and
using Lemmas 2.7, 2.8 and 2.9, we obtain

[T ()| < [Ti(n,r)| + [Ta(n, v)| £ [Ts(n, r)| + | Ta(n, )]
(4.2) < 3¢" 4 q7(r10glogq")2.
(log gm)"
Now, choosing
4D
N 3loglog ¢’
we obtain
| T(n)| < 4¢" exp(—+/n/3)

when n > 3249 and n > (6loglog ¢")?. Here the condition on n comes
from /n/3 = rloglogq¢™ > 19 and r > 2.
If ¢ = 2, we have

[T (n)| < 2" exp(—v/n/3)

when n > 3249.

We now assume ¢ > 3. In this case, assuming n > 4,r > 3 and
rloglogq¢” > 19 and using Lemmas 2.7, 2.8 and 2.9, we can choose
B =2rloglogq¢™ and D = rloglogq", and then (4.1) becomes

[ Ta(n,r)| < (2Dg")"
= (2rloglogq™)

n)2

2rloglog ™ | q2(r log log ¢™)?

< q 3(rloglog g
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So, (4.2) becomes

3q™
(log )"

vn

" 2log log g’

|T<TL>| < + q3(rloglogq")2‘

Now, choosing

we obtain
T (n)| < 4q" exp(—v/n/2)
when n > 1444 and n > (6loglog ¢")?. Here the condition on n comes
from \/n/2 = rloglog¢™ > 19 and r > 3. Finally, it is easy to see that
if
n > max{13000, log ¢},

then the condition n > (6loglog¢™)? holds. This completes the proof.
O
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