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1. Introduction

Though this paper is about number theory in general and about a classification scheme for real
numbers in particular, it has its roots in thermodynamic formalism, which was developed in the
1960s by Ruelle [32,33], Sinai [35] and others in an attempt to put statistical mechanics on a firm
mathematical foundation. Once done, the underlying mathematical scheme can then, in principle, be
applied to non-physical situations, using the original real-world interpretations to guide and influence
what questions are to be asked and what structure is to be discovered.

This process has been begun in number theory. In [16], Knauf developed a one-dimensional ther-
modynamic system based on the Farey fractions that exhibited phase transition. In [8], Fiala and
Kleban generalized Knauf's work and showed that their generalization has the same free energy as
Knauf's. We will put these earlier works into a common linear algebra framework, allowing us to
make a seemingly minor, but actually significant, change in the original partition function. We will
produce, for each positive real number, a thermodynamic system. Different real numbers will exhibit
different free energies, giving us a new classification scheme for positive real numbers. (This classifi-
cation scheme can easily be extended to also include negative reals.)

In Section 2, we give a brief overview of the parts of the statistical mechanics formalism that we
will be using. In particular, we will see the key importance of the partition function. In Section 3,
we tie this formalism to number theory, in particular to the Farey matrices. In Section 3.3, we put
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Knauf's work into this language and do the same thing in Section 3.4 for Fiala and Kleban’s work. In
Section 3.5, we show how to alter the earlier partition functions that will put us into the world of
Diophantine analysis. This is the section in which we are not just changing the notation from earlier
work.

In Section 4.1, we use our Diophantine partition function to give a new classification scheme for
real numbers. In particular we develop the idea of a real number having a 1-free energy limit. In
Section 4.2, we show how this is naturally linked to continued fractions. The rest of Section 4 deals
with proving that there are real numbers with 1-free energy limits, that there are reals without a
1-free energy limit, that all algebraic numbers have a k-free energy limits with k > 1 and that all
quadratic irrationals have 1-free energy limits. We also show that e has a +/Nlog N-free energy limit.
We will conclude with open questions in Section 5.

There has been a lot of other work linking statistical mechanics to number theory. There is other
work of Knauf [18-20], of Mendés France and Tenenbaum [25,26], of Guerra and Knauf [11], of Con-
tucci and Knauf [5], of Fiala, Kleban and Ozliik [9], of Kleban and Ozliik [15], of Prellberg, Fiala and
Kleban [28], of Feigenbaum, Procaccia and Tel [7] and others.

There is also the transfer operator method, applied primarily to the Gauss map, which allows, in
a natural way, tools from functional analysis to be used. We believe this was pioneered by Mayer (see
his [24] for a survey), and nontrivially extended by Prellberg [27], by Prellberg and Slawny [29], by
Isola [13] and recently by Esposti, Isola and Knauf [6]. An introduction to this work is in chapter nine
of Hensley [12]. We will not be following this approach here.

As of August 2008, the web site http://www.secamlocal.ex.ac.uk/people/staff/mrwatkin/zeta/
physics.htm offers many other attempts over the years to find links between statistical mechanics
and number theory.

Finally, I would like to thank Edward Burger for many interesting conversations about this work,
Steven Miller and L. Pedersen for comments on an earlier draft and Michel Mendés France for help
on some of the references. Also, I would like to thank Peter Kleban, Ali Ozliik and Thomas Prellberg
for finding a significant error in an earlier draft. Finally, I would like to thank the referee for help in
improving the exposition.

2. The partition function and the free energy

This is a rapid fire overview of basic terms in statistical mechanics. For each N € N, we have a
finite set Sy, called the state space. Let

E:Sy— RT

be a function that we call energy. The partition function is defined to be

Zng) =Y e P

UESN

If we were modeling a physical system, the elements in the state space correspond to what can
happen. The variable B8 corresponds to the inverse of the temperature. The underlying physical as-
sumption is that the probability that a system is in a state o € Sy will be

e_ﬁE(U)

ZNB)

Probability in state o =

While far from a proof, this interpretation makes sense, in that at high temperatures (meaning for 8
close to zero), all states become increasingly likely, while at low temperatures the most likely state
increasingly becomes the state with the lowest energy.


http://www.secamlocal.ex.ac.uk/people/staff/mrwatkin/zeta/physics.htm
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There is a free energy if the following limit exists:

log(Zn(B))

= Jim P

)

with the function f(8) being called, naturally enough, the free energy. It is believed that phase tran-
sitions occur at values of B8 for which f(B) fails to be analytic.
For almost all of this paper, our state space will be

Sn={o=(01,...,0n): 0;=00r1}.

Thus each of our Sy will have order 2N. We can think of our state space as having N site points, each
having value O or 1.

The most famous example is the one-dimensional Ising model. For convenience, we let each site
have the value of 1 or —1. Thus for the Ising model, we have

Sn={o=(01,....08): oj=%1}.

The energy function for the Ising model is

N
E(0)=) 0i0i1.

i=1

Ising, in his 1925 thesis, showed that for this model there is no phase transition, meaning he showed
that the free energy is an analytic function. For the two-dimensional analog, it is one of the great
discoveries (originally by Onsager in 1944) that phase transition does occur. Most texts on statistical
mechanics, such as [37], describe the Ising model in detail.

Note that in the Ising model, a site will only interact with those other sites that are immediately
adjacent to it. This is an example of finite range interaction. Since there is no phase transition for the
one-dimensional Ising model, it was long believed that there would be no phase transition for any
one-dimensional system. But in the 1960s, it was discovered that phase transition can occur if the
interactions are not of finite range but over possibly arbitrarily long distances. A good introduction
to this work is in Mayer’s The Ruelle-Araki transfer operator in classical statistical mechanics [23]. Such
interactions are called long range interactions. In the following number theoretic models, it is key that
the interactions are long range.

3. Number theoretic partition functions
3.1. General set-up

Fix a positive integer k. For each positive integer N, our state space will be
Sn={(01,....0n): 0;=0,1,... .k —1}.

Thus Sy contains kN elements.
We define a new type of product of an N-tuple of n x n matrices with an M-tuple of such matrices
to be the MN-tuple:

(A1,...,AN)(B1,...,Bm) = (A1B1, A1By, ..., ANBm).
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For matrices A = (a;j) and B = (b;j), we denote the Hilbert-Schmidt product (which is also called
the Hadamard product) as

AxB=Tr(AB") = Y ajby.
1<i,j<n

For example, thinking of a 2 x 2 matrix as an element of R?*, then A % B =Tr(ABT) is simply the dot
product of the two vectors.
Let M, denote the space of n x n matrices. For a function

f:M;—R
and for two n x n matrices M and A, define
M)(B)|A = —— f(MAT),
FDB)IA= s [(MAT)
following notation as in [8]. For k n x n matrices A1, A1, ..., Ak, define

k
FAMYPBI(AL, ..., Ax) = Z FIM)(B)IA.
i=1
Consider the map

Z:Nx My x R x MK x M (M, R) - R*,

where N is the natural numbers, M, is the space of n x n matrices, I" (M, R) is the space of functions
from n x n matrices to the real numbers and R* is the extended real numbers, defined by setting

Z(N, M, B, (Ao, ..., Ax-1), f) = F(M)(B)|(Ao, ..., A1)

Here the notation (Ao, ..., Ax_1)N is referring to the above newly defined product of tuples of matri-
ces and hence can be viewed as short-hand for all products A;, --- Ajy, with 0 <ij <k —1.

We want to link this with partition functions. Fix an n x n matrix M and also k n x n matrices
Ao, A1, ..., Ak_1. Let the function f be the constant function 1, or in words, let f(B) =1(B) =1 for
all matrices B € Mj,. Then define the partition function to be

Zn(M)(B) = Z(N, M, B, (Ao, ..., Ak_1), 1) = 1M)(B)|(Ao, . .., A1)

The “physical” intuition is as follows. Think of a one-dimensional lattice with n sites. At each site,
there are k possible states, each of which can either be indexed by a number o; between 0 and k — 1
or by a matrix Ag,. Then the states can be viewed as either all possible

o=(01,...,0n) € Z/KZ
or all matrices of the form

N
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In order to get the above partition function, we set the energy of a state to be:
E(0) =log|M * (Ag, -+ Ac,)|.
In our applications, it is more natural not to emphasize the energy function.

Using this language, we have natural recursion relations linking the partition function Z,+1 with
partition functions for various Z,, with different choices for the matrix M. More precisely

Lemma 3.1.
ZNs1(M)(B) = Zn (MAT)(B) + -+ - + Zn(MAL) (B).

This is a simple calculation. It offers a more general and natural form for the key recursion rela-
tion (2) in [8].

3.2. Farey matrices
This section continues the building of needed machinery. (See, also, Section 4.5 in [10]. Another

source would be [22].)
We develop the Farey partitioning of the extended real numbers. Start with the set

10
Fo=1-.~
o={51]

and define the Farey sum of two fractions, in lowest terms, to be

r +r
Pl _PHT
q N q+s

We now extend a given nth Farey set F, to the (n + 1)st Farey set by adding to J; all of the terms
obtained by applying the Farey sum. Thus we have,

10

Fo={-.-1.

0 01}
110

Fr1=1=. .71
011
12110

Fo=1=. ==, 5.7 [
001°1°2°1
132312110

F3=1-. ..o, 7555 T (-
001°1°2°1'3°2°3°1

By reversing the order of the terms in F;, we get a partitioning of R* U co. Here we are thinking
of % as the point at infinity, which is why we are working with the extended real numbers R*.
We now describe this partitioning in terms of iterations of matrix multiplication. Let

10 11
AO_(] ]> and A]_(O 1).
These two matrices are key to understanding the Farey decomposition of the unit interval and con-
tinued fraction expansions. Further, these two matrices will be key to the partition function of
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Knauf [16], of Fiala and Kleban [8], and to our eventual use of partition functions for Diophantine

approximations.
pr Ao — p+r r
g s)"  \g+s s

Note that
pr A — p p+r
1= .

q s q q-—+s
Then 4, save for the point at infinity %, can be obtained in the natural way by examining the right
columns of first A1, then Aq. Likewise, F5, save for the point at infinity %, can be obtained in a similar
natural way by examining the right columns of first A%, then AqAp, then ApA; and finally A(Z). In
general the elements of F,, save of course for the point %, are given by the right columns of the 2"
products of matrices of A; and Ag.

These allow us to recover the continued fraction of a positive real number «. We know that any
real number « can be written

and

o=ay+ —F—,
a+

az+-
which is usually denoted by
a =[ap; a1,az,as, ...,

where qgp is an integer and the remaining a; are positive integers. The number « is rational if and
only if its continued fraction expansion terminates. We say that the rational %’l’ is the mth partial
fraction for the number « if

Pm
qm

=[ap; a1, ..., am].

We want to use our Farey matrices to find the nth partial sum Z—: for a given number «. We return
to our Farey numbers, but reverse the orders of the numbers:

01
Fo=1{7. 1.
0 10}
011
Fr=17. 7. =1
1°1°0
01121
R
1°2°1°1°0
011213231
e B
132312110}

We can thus view F; as providing a splitting of the positive reals into two intervals: [¢, 1] and

1
[1. §]. Note that [9, 1] can be thought as flipping the columns of Ag and [}, §] can be thought of as
the flipping of the columns of Aj.
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Likewise, ¥, will split the positive reals into four intervals: [%, %] (which can be thought of as the
flipping of the columns of AgAp), [%, %] (which can be thought of as the flipping of the columns of

ApAq), [%, %] (which can be thought of as the flipping of the columns of A1Ap) and [%, %] (which
can be thought of as the flipping of the columns of A;Aq).
This pattern continues. Consider the matrix

ap 01 AN-1 20N
Al AO "'Al AO

with ap > 0 and a; > 0. Then the left column of the matrix will correspond to [ag; ay, ..., ay] while
the right column will correspond to [ag; aq,...,an—1].
For matrices

ag 401 aN-1 paN
Al AO ”'AO Al

with ag > 0 and g; > 0, then the left column will correspond to [ag; a1, ..., ay—1] while now the right
column will [ag; aq,...,aN].

Thus to determine the continued fraction expansion for a given positive real number o, we just
have to keep track of which interval « is in for a given Fy.

3.3. Earlier work

This section will show how Knauf's number theoretic partition function [16] and Fiala and Kleban’s
partition function [8] can easily be put into the language of this paper.

Let
k_(0 0
= (o 1)

(where the K is not an index but instead stands for Knauf) and let Ay and A; be the above Farey
matrices.
Then the Knauf partition function is

z8(B) = 1(M¥)| Ao(Ao, ADN.

The initial Ag is just to insure that we are in the unit interval. Also, for Ag(Ag, A1)N, we are using
the new product for matrices defined in Section 3.1 and not traditional matrix multiplication.
As shown in [16], in the limit we get

Kogy_ 1 7Kg _ 3 &M
2By = Jim Zy(B) =D =5

n=1
where ¢ (n) is the Euler totient function. In turn, Y 2, ¢ m)/n’ is well known to equal to

-1
tB)

for B > 2, where ¢(B) is the Riemann zeta function and is not defined for 8 < 2, showing that there is

critical point phenomena for this one-dimensional system. The ¢(8—1)/¢(8) will show up throughout

this paper and is why many of the later theorems are only true for g > 2.
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Fiala and Kleban considered a different number theoretic partition function. In the language of this

paper, let
F_(0 0
w=(2)

(Again, the F is not an index but stands for “Fiala-Kleban”.) Then the new partition function will be
Z{(x, B) =1(MF)| Ag(Ao, A

As mentioned earlier, the recursion relation (2) in Section 2 of [8] is simply a special case of
Lemma 3.1.

Two partition functions are said to have the same thermodynamics if their free energies are equal.
Thus, the Knauf partition function Z,’\j(ﬁ) and the Fiala-Kleban partition function Z,f,(ﬂ) have the
same thermodynamics if

K
lim log(ZM= lim

N—oo N—oo

log(Z(B))

This equality is shown in Section 4 of [8], using as an intermediary tool a certain transfer operator and
depending on the earlier work of Knauf [16]. In [9], Fiala, Kleban and Ozliik showed the thermody-
namics of the Knauf partition function is thermodynamically equivalent to a number of other number
theoretic partition functions. It is certainly the case, though, that thinking of the various matrices as
vectors in R* will yield more straightforward proofs of these equivalences.

3.4. A Diophantine approach

We now make a seemingly minor change in our choice for the matrix M that will create a quite
different thermodynamics, leading in the next section to a new classification of the real numbers. Set

0 -1
M =
(6 )
for some real number «. Define the Diophantine partition function to be

Zn(e; B) = 1(M)|(Ag, ADN.

Then we have

1
NP = ) o

b
qe?N

Note that the terms that dominate the above sum occur when |p — «q| is small. This places us firmly
in the realm of Diophantine analysis. We will see that we can classify real numbers « by understand-
ing the existence of free energy limits for the statistical systems associated to the partition function
Zn(a; B). Again, while this partition function is cast in the same overall language as Knauf and Fiala
and Kleban, its thermodynamic properties will be quite different. This is what separates the present
work from [16] and [8].
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4. Classifying real numbers via free energy
4.1. The classification

With the notation above, we have for each positive real number « and each positive integer N the
partition function Zy(«; B).

Definition 4.1. A real number « has a k-free energy limit if there is a number 8. such that

I log(Zn(c; B))
m ——
N—oo ﬂNk

exists for all 8 > B.

For k =1, this is a number-theoretic version of the free energy of the system. By an abuse of
notation we will also say that o has a f(N)-free energy limit, for an increasing function f(N) if

i 108(Zn(@: B))
N—oo  Bf(N)

exists for all 8 > B.
To see that this is a meaningful classification scheme for real numbers, we will establish the fol-
lowing three theorems:

Theorem 4.2. There exists a number that has a 1-free energy limit for g > 2.
Theorem 4.3. There exists a number that does not have a 1-free energy limit, for any value of 8.
Theorem 4.4. Let « be a positive real number such that there is a positive constant C and constant d > 2 with

¢ <
— S |p—aq

R}

for all relatively prime integers p and q. Then « has a k-free energy limit for 8 > 2, for any k > 1, and in fact,
the k-free energy limit is zero.

An easy consequence of the above is that all algebraic numbers have k-free energy limits equal to
zero, for any k > 1.
While we do not know if algebraic numbers have 1-free energy limits, we will show

Theorem 4.5. All quadratic irrationals have 1-free energy limits for 8 > 2.

(There are two reasons that we do not use this theorem to show Theorem 4.2. First, the proof
techniques needed for Theorem 4.2 are needed for the proof of Theorem 4.3 and in fact shape the
proof for Theorem 4.5. Second, the class of numbers that we construct for Theorem 4.2 is more
extensive than just quadratic irrationals.) We will also show, in Section 4.7 that the number e has
/Nlog(N)-free energy limit.
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4.2. Links to continued fractions

The goal of this paper is not just to give a new way to classify real numbers but also to show
how such a classification scheme follows from the thermodynamical formalism, fitting into a more
general framework. But if all we wanted was the classification scheme, then it is possible to reframe
our definitions so that there is no need for the language of statistical mechanics. The goal of this
section is to state the theorems that would allow us to avoid thermodynamics. They will also be key
to proving the five theorems of the previous section.

Let our positive real number o have continued fraction expansion [ag; ay, az,...]. We know that
the best rational approximations to « are given by the rational numbers [ag; a1, az, ..., an]. The frac-
tions [ag; a1, az, ..., am, k], with 0 < k < apn+1, are called the secondary convergents to «. For a given m,
we know that all the vectors corresponding to the [ag; ai,az, ..., am—1, k], with 0 < k < ap,, are on the
same side of the line x = oy, while [ag; a1, az, ..., an] jumps to the other side of the line.

We now set some notation for the rest of the paper. Given the positive real number «, for each
positive integer N there is associated a positive integer m and nonnegative integer k such that

N=ap+ay+---+apn+k,
with 0 < k < ap41. We create a subsequence of N, denoted by Ng, N1, N, ... by setting
Ny =ap+ar+---+am.
In this notation, given any N € N, we have
Nm < N < Npy1,
or, in other words,
ao+a1+---+ap<N=ay+a1+ - -+an+k<a+ar+---+am+ans1.

Set

N
p—=[ao;ﬂ1,---,am,k],

qN

with 0 <k < a1, with py and gy having no nontrivial common factors. We know that the fractions

gNM are the best rational approximations to the initial real «. Denote
m

1

dn=—-——.
IPN — agn]|

We have the following chain of inequalities that will be key:
ANy < ANpt1 < ANpt2 <+ < ANptapeg—1 < dNp»

which are well known (for motivation, see the chapter on continued fractions in [36]).
We will show

Theorem 4.6. For any 8 > 2 and for any positive real number o, we have for all positive integers N that

¢B=1 nrgP
log(dy) _ log(Zn(: B) _ 085 Ndy,,)
N B ﬂN X IBN .
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To show that there are numbers that do not have 1-free energy limits, we will construct an « so

that a subsequence of % approaches infinity. In turn, to show that there are numbers that have
o . log(£8=D g ) . .
1-free energy limits, we will construct an « so that W approaches zero, forcing "’g(zgw

to approach zero (and thus guaranteeing that the limit exists).

4.3. Preliminaries

The reason why we look at the products of the matrices Ag and A; is that the right columns
will correspond to all of the integer lattice points ( 5) with p and q relatively prime in the the first

quadrant of the plane. If A;, --- A;, has right column (5), then

M*(A,-l---A,-n):(—l,a)~<5>:olq—p.

Let

P1 b2
V1= s Vo) =
! (m ) ’ (qz )
be vectors that satisfy det(vq, vy) = %1. Let C(v1, v2) denote the cone of integer lattice points defined
by:

C(v1, vy) ={avq + bvy: a, b relatively prime nonnegative integers}.

Let Cn(vq, v2) be the subset of C(vq, vy) consisting of vectors that are the right columns of all pos-
sible Aj;, --- Ajy. Then set

1
Zn(a; B, vy, Vo) = Z m
(B)eCn(viva)
In the same way, we set
1
Z(o; B, vy, v2) = Z m~
() eCvi,va)
Suppose we have integer lattice vectors vq = (?) V2,...,Vyn on one side of the line x = oy
and integer lattice vectors wi = ((1)) Wa,..., W, on the other side of the line x = ay such that

det(v;, vit1) = —1, det(w;, wi+1) =1 and det(vy, wy) = —1. Then we have

m—1 n—1
Zn(@; B) < Y Zn(@s B, viy Vier) + Zn (@ By Vin, Wa) + Y Zw (@ B, Wi, Witt).
i=1 i=1

We need the above to be an inequality since there is “overcounting” on the right-hand side, since,
for example, the part of Zy(«; B, vi—1, vi) coming from the vector v; also appears as a term in
Zn(oe; B, vi, vigr1). The key, as we will see, is that the Zy(c; B, vin, wy) term contributes the most
to the partition function Zy(«; B8). For the rest of this section, we want to control the sizes of the
various Zy(a; B, vi, viy1) and Zy(o; B, Wi, Wit1).
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We first return to the more general case of two vectors v = (5:), vy = (522) with det(vq, vp) = %1,

under the additional assumption that v and v, lie on the same side of the line x=ay.
For

1 1
1:77 d2:77
[p1 —aqi] |p2 — aqa]

suppose that di < dy, which means that the line through the origin and the point (p2, q2) is closer to
the line x =y than the line through the origin and (p1, q1).
We want to show that

cB-1
Z(a; B, vy, dy|f2 7
(a; B, v1, v2) < |d2] B

We know that

1 ([ p1 1 (P2
=l ()l g=lere ()

Let v be some integer lattice point in the cone C(v1, vy). Then there are relatively prime positive
integers a and b with v =avy + bv,.
We have

@+b)[(=1,0) - v2| <[(=1,@) - (@v1 +bva)|
=|(-1,0) V|

<(@+b)|(-1,a) vq].
Inverting and raising everything to the power of 8, we have

NG - 1 - |da|P
@+bf " |(-1,a)-vIf " (a+b)f’

Summing over every vector in C(v1, v3), we get

1 1
1Py Z(a; B, v1, hf Y ——.
|d1] P (a5 B, v1,v2) <|d2] PR

where in the first and third summation we are summing over all relatively prime positive integers a
and b. It is well known, as mentioned in Section 4.3 of Knauf [16], that,

s -
la+bF 5B

It is here that the 5(4'3(/;)1) makes its critical appearance. We have our desired inequality.
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4.4. Proof of Theorem 4.6

First, the partition function Zy(w; 8) is the sum of many positive terms, including dﬁ. Thus we
have the lower bound

log(dy) _ Blog(d) _ log(dy) _ log(Zn(a: B)

N BN BN BN

Now for the upper bound. We are at the Nth stage. Letting t < N, expressing N as N=ag +--- +
am +k, with 0 < k < ap+1 and using the notation from Section 4.2, we assume that the vectors (g::]])
and (5:) lie on the same side of the line (x =« ). This is equivalent to there being some s < m with

ap+---+as<t—1<t<ap+---+asy1. We know that

clet(pH pf):ﬂ.
qe—1 Q¢

We have

(e (57)-(5)) <2(we (57)-(5))

<§(/3—1) fx

40
¢B-1

5B Dy

40

using that d¢ <dn,,.
Since there will be N such cones, we have

(B=1) 4B
log(Zn(@: £)) _ log(N*¢zdy, )
BN h BN

)

finishing the proof.
4.5. Proof of Theorem 4.2
We know that the best rational approximations to a real number « are the

DNy,
qN,

=lag; ar, ..., aml.

It is well known that
ANpy1 = Am+1G9Ny, TNy -

Further (as in Lemma 7.2 of [3])

1
Ami1qNy, € —— =dn, < @my1 +2)qN,-
PN, — QGN,,|
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Our goal in this section is to construct a real number « for which

log(N =D (dy )f)

lim [
N—oo ,3N ’
for B > 2, which by Theorem 4.5 will force « to have a 1-free energy limit.
If
(B=1 B
lim IOg(N (B) (de) )
N—o0 BN
exists, then it equals
ZB=1
log N log logd

lim - + lim —® 4 |im M.

N—oo BN N—oo BN N—o0
The first two terms in the above certainly go to zero. Thus we must construct a real « so that
limy_ oo logf,’“’" = 0. Recalling our notation that Ny =ag + --- +am < N = Np, +k, with 0 <k < apmy1,

we have for each N,
logdn,, < logdn,,
N = Np
logdn,,

Thus all we have to do is construct an « so that limy_, o N = 0.
For @ = [ap; a4, ...], define the function f(m) by setting

am+1 = qll:lfnm) .

We have
log(dn,,) < log(dn,,)
N = Np
o log[(@m+1 + 2)qn,, ]
X Nm

< log(2am+19n,,)

_log) 10g(@"™qn,y)

N N
_ log(2) n [f(m) + 1]log(gn,,)
"~ Np N '

Since the first term in the last equation goes to zero as N — oo, we have, if the limits exist, that

. log(dn,,) . [f(m)+1]log(qn,,)
lim ——2% < lim .
N—oo Nm N—oo Nm

We now start with a qo and a g and a function f(m) and use these to create our number «. Let

qo=1,q1 =2, and f(m)=m for m > 1. Then define for m > 2, an1 :qﬁfnm).
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Now

log(qn,,) = log(amqn,,_, + ANym_,)

<log(amqn,,_;)
(m71)+l)

m—1

=log(2) + (f(m — 1) + 1) log(gn,,_,)-

= log(ZqI{,

Then we have

[f (m) + 1]log(gn,,) o [fm)+1]log(2)  [f(m)+1](f(m— 1)+ 1)log@gn,, )
N = Nm + N '

We will now use that

Nm=ap+---+am
> am

f(m—1)
= qu—l .

Then

[f(@m) + 1]log(qn,,) - (m+1)log(2) . (m+ 1)mlog(gn,,_,)

N, m—1 m—1
m qu—l qu—l

which has limit zero as N — oo. Thus with the choice of the function f(m)=m we have constructed
a real number that has 1-free energy limit, finishing the proof of Theorem 4.2.

4.6. Proof of Theorem 4.3

We use from Theorem 4.5 that log,(\f’v) < 1og(zg;}a;5)). We will construct a real number « so that

log(d
lim [°8@Nn) _

Nm—o0 Nm

This will mean that limy_, o will not exist, which is the goal of Theorem 4.3.

Proceeding as in the proof of Theorem 4.2, we define « = [ao; a1, az, . ..] inductively on the aj,s by

setting, as before, ap =1 and a1 = q,{,g") but now defining f(m) as

log(Zn (B))
BN

fam)y=ao+-- +am.

We use that am41qn,, <dn,, and Ny =ag + --- + am, we have

logdn,, < log(amgn,,)
Nm = Nm

_ log(a}™an,,)

N
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_ (f(m)+1)logqn,,

Nm
_ (ap +---+am+1)loggn,,
- dp+---+am '

Since the last term goes to infinity as N; — oo, we are done.
4.7. Proof of Theorem 4.4

We assume that « is a positive real number such that there is a positive constant C and a constant
d > 2 with

C
— <|p—aq
q
for all relatively prime integers p and q.
In particular, we have
o S ‘“ - %‘-
an,, 4N

In our notation, this is
d—1
dn, <cqy .

where c is a constant depending on « but not on Np,. In a similar argument as in Theorem 4.2, the
number o will have a k-free energy limit if we can show that

log(dn,,)

1 2~ mZ

Np—o0 (Nm)k

This will certainly happen if we can show

log(cqy ")
im —*— =0
Nm—oo  (Np)k

and hence if

log(gn,)
Nn—>oo  (Np)k

We know that

ANy = AmqNy_1 + qNp_s-



T. Garrity / Journal of Number Theory 130 (2010) 1537-1559 1553

Then we get

ANy = mqNy_q T qNp_s
< zaqunH]
=2am(@m-1GN,_; +qNp_3)

2
< 2°amam-19N,,_,

< 2m+]amam,1 ...ap.
Thus we want to examine

log(2™ lamam—_1 . ..ag)

lim
Ny —>00 (Nm)k
or
lim (m+ 1) log(2) + log(ag) + - - - + log(am)
N —>00 (ap+ -+~ +am)k '

Since it is always the case that ag + --- + am > m + 1, the above limit must always be zero for any
k>1.

Corollary 4.7. All positive algebraic numbers of degree greater than or equal to two have k-free energy limits
equal to zero, for any k > 1.

Liouville’s Theorem (see Theorem 1.1 in [4]) states that all irrational algebraic numbers « have the
property there is a constant d > 2 with

¢ <
— < Ip—aq

R}

for all relatively prime integers p and g, allowing us to immediately use the above theorem.
4.8. Quadratic irrationals have 1-free energy limits
The key will be that every quadratic irrational has an eventually periodic continued fraction expan-
sion (see Section 7.6 in [36]). We will show first, for a quadratic irrational, that limmy_ o logqn,,/Nm
exists and then show that the existence of this limit is equivalent to the number having a 1-free
energy limit.
Let o be a quadratic irrational. We can write
Ol=[bo;b1,...,bp,C1,C2,...,C[,C],Cz,...,C[,...].
The period length is I. For notational convenience, set
b=bo+---+by,
c==C1 +"'+Cl,



1554 T. Garrity / Journal of Number Theory 130 (2010) 1537-1559
0 1 0 1
=1 0) (0 w)
0 1 0 1
C_<1 C1>.“<1 C]>.
For each positive m > p, there are unique integers k > 0 and n with 0 <n <! such that

m=p+kl+n.

For this n, set

dp=c1+---+an,
0 1 0 1
=3 a)(a)

Note that there are only a finite number of possibilities for the d, and the D,,.
From Section 7.6 of Stark, we have

gNm—1 DPNp_q ) =D CkB
dNn  PNp e

Now Np =b +kc +d, grows linearly with respect to k. Since qy,, is the lower left term of the matrix
D, A¥B, we also have that logqn,, grows linearly with respect to k, with constant leading coefficient.

Thus limy— e O%’r:"" must exist.

Now to show why this will imply that o has a 1-free energy limit. Since dy,_, <dy <dp,, and
since N < N < Np4+1, we have from Theorem 4.6 that

B-1 b
log(d,,_,) _ log(Zn(e; ) _ log(“/iz" Ny,
Nopt BN 7 BNm

From our earlier work, we know that o will have a 1-free energy limit, for 8 > 2, if we can show

logd logd
lim —8WNnt _ O8N

m— o0 Nm+1 m—oo  Np

We will see that these limits will exist if and only if limy_, o logN% exists.
Let o = [ap; a1, az,...]. We know that Npy1 = Npm—1 + am + am+1. For m > p, a and a1 can
only be chosen from finite set {cq, ..., c;}. Thus

logd logd
lim —8Nm1 _ jy 08Nmy

m— 0o Nm+l m—oo  Npy_q

since the denominators, for all m, differ by a fixed amount (and of course since N, — o0).
We know that ap41qn,, < dn,, < (@m+1 +2)qn,,. Then, if the limits exist, we have

lim logam+14qn,, < lim logdn,, < lim log(am+1+2)qwm.

m— 0o N m—oo  Np m— oo Nm
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Since the a4 are bounded and the N;; — oo, we have

] 2
m 0g(am+1 + ):0’

giving us that

concluding the proof.

Corollary 4.8. The golden ratio ¢ = ”‘T‘@ has 1-free energy limit equal to log ¢, for B > 2.
For background on ¢, see Chapter 1.7 in [30]. The key is that continued fraction expansion for ¢ is
¢=1[1:1,1,1,1,...].
From the above theorem, we know that the 1-free energy limit, for 8 > 2 is

1
lim —8INn
m—oo  Npy

For ¢, we know that N, =m+ 1 and that qn,, = Fin, where Fp is the mth Fibonacci number. We

know that
(55 -(59)

Then the 1-free energy limit will be

. loggn, . logFy
lim = lim

m—oo  Np T mSoo m+1

=logg,

® C(l)efSICr(e;S'rse, similar arguments can be used to find the 1-free energy limits for many quadratic
irrationals.
4.9. The number e has +/N log(N)-free energy limit
We will actually show this for e — 1. The continued fraction expansion for e — 1 is
[1;1,2,1,1,4,1,1,6,...].
Thus for e — 1, we have

a3y =0ask+1 =1 and ase2 =2(k+1).

Let qn,, denote the denominators of the fraction [ag;ay,...,am] associated to e — 1, where Ny =
aop+---+am.
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In an analogous fashion to the proof that quadratic irrationals have 1-free energy limits, we will
first show for e — 1 that

lim loggn,,
Nm—00 /N 10g(Nm)

exists and then show that the existence of this limit will give us our result.
We know that

AmqNy_1 < 4Ny = AmqNy,_y + Ny -
Then we have
aoas . ..am < qn,, < 2" Mamam_1 ... ao.
Then, provided the limits exist, we have

im logapay ...am lim logqgn,, im lomeHamam,l ...dg
Nn—00 /Ny 10g(Nm) —~ Nn—0¢ /Ny 10g(Nm) ~ Nm—oe  /Np log(Nim)

We will show that

logagay .. .am . log2™anman,_1...ag
im ———— = lim
Nm—00 /Nplog(Npyp)  Nm—oo /N log(Nm)

)

which will force limy,, 0 108GN,, /~/Nm l0g(Nm) to exist.

We now have to look at the explicit values for the a;;. There are three cases, depending on if m
is 0, 1 or 2 mod 3. We will let m =3k + 2 and show that the above limits exist and are equal. The
other two cases are similar. The above denominator is

T+14+24+14+1444+1+--+2(k+1)=2(k+ 1)+ k+1)(k+2),

which has quadratic growth in k. The numerator on the left-hand side of the above limit is

logap + - - -+ logay =log1+log1+log2 +log1+log1+log4+---+log2(k+ 1)
=klog2 +1log1+1log2+---+logk+1),

which has klogk growth. Similarly for the right-hand side of the above limit, we have
log 2™ amam 1 ...ap = log(amy1 + 2) + (m + 1) 1log(2) + log(ao) + - - - + log(am),

which also has klogk growth, with the same leading coefficient. The above limits will exist.
Now to show that

lim log(Zn(a; B))
N—oo +/NlogN

exists.
In an argument similar to the proof of Theorem 4.6, we have

1 B
log(dy, ) _ log(Zn(@:B) _ log(<4z Ndy )
VNmi1logNmi1 — ByY/NlogN — B+/NmlogNp
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Following the proof in the last section, we see that

. logdn,,_, . logdn,,_,
lim = lim

m—oo «/Nm+1 IOgNm_H T m—oo VNm-1 IOgNm_] ’

since Npp+1 — Npm—1 grows at most linearly with respect to m and since each Ny grows quadratically
with respect to m.
Since amy1qn,, < dn,, < (@m+1 + 2)GN,qN,,, if the limits exist, we have

im 108Am41qNy . logdn, . log(am+1 +2)qn,,
m—00 \/Nplog Ny, m—> /Ny logNy  m—o0o  /NplogNm

Since the apn41 grow at most linearly with respect to m and the N, grow quadratically, we have

lim logam+1 — lim log(am+1+2) _
m—o0 /Nplog Ny — m—oo /Ny log N ’

giving us that

lim —08dNn . 10gan,
m—>00 /Ny logNy,  m—o /Ny log N’

concluding the proof.
5. Conclusion

There are a number of directions for future work. It would certainly be interesting to know if there
are algebraic numbers besides the quadratics that have 1-free energy limits. Also, what type of free
energies are there for various other real numbers. We have shown that some real numbers have 1-free
energy limits while others do not. This too is just a beginning. What types of limits are possible? Are
there numbers « for which the sequence bg(z’,ﬁ# has any possible limit behavior? For example,
certainly we should be able to rig o so that any number can be the limit of the sequence. In fact, we
should be able to find such sequences with two accumulation points, three accumulation points, etc.
All of these should provide information about the initial real number «.

Once we know that there is a free energy limit, then the most pressing question is to find for
which values of g is the free-energy non-analytic. These points will be the analogs to critical point
phenomena in physics. For the Knauf approach, there have been a number of good papers (such as in
[16-20,2,5,6,9,11,13,14,21]) exploring the nature of these critical points. For our Diophantine partition
functions, these types of questions seem to be equally subtle.

The various partition functions Zy(8) depend on the choice of the two-by-two matrix M. Different
choices of M give rise to different thermodynamics. Knaufs MX and Fiala’s and Kleban's MF are of

the form
00
x 1

(b @)

But certainly other M can be chosen and studied.

while the M introduced in this paper is
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Also, Zy(B) depends on the choice of the matrices Ag and Ai. Other choices for these matrices
will lead to different thermodynamical systems, each with its own number-theoretic implications.

Of course, why stick to two-by-two matrices. This leads to multi-dimensional continued fractions.
There are many different multi-dimensional continued fraction algorithms. See Schweiger [34] for a
sampling of some. Also, Major [22] has some preliminary work on this. Each of these will give rise to
a thermodynamical system, again with meaning in number theory.

Finally, there is the question of putting these results into the language of transfer operators. (See
[31,23,1] for general references.)

Supplementary material

The online version of this article contains additional supplementary material. Please visit
doi:10.1016/j.jnt.2010.01.016.
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