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1. Introduction

Assuming the Riemann hypothesis, the prime number theorem refines to
m(z) = li(z) + O(v/zlog x) (1.1)

for > 2, where 7(z) is the number of primes that are < z and

[ d
t
li(x)= | —.
logt
2
It is not possible to obtain directly from (1.1) that there are primes in short intervals of

the form
(x,7 + cv/zlog 7]

for an absolute positive constant ¢. Despite this drawback, Cramér [5] was still able to
show that

1/2
n

Pnt1 — Pn = O(p;/ ~log py)

under the Riemann hypothesis, where {p,} is the sequence of primes. For interesting
connections between correlation of zeros and gaps in primes, the reader is referred to the
work of Languasco, Perelli and Zaccagnini [11]. Cramér actually had the stronger result

m(z + cv/xlogr) — m(z) >z (1.2)

for some absolute constant ¢ > 0 as a consequence of the Riemann hypothesis. By
providing a new proof of (1.2), Dudek [7] showed that for any € > 0, one may take ¢ = 3+¢
for all sufficiently large x. However, the optimal value of ¢ for all sufficiently large x is
still unknown. In the same paper, Cramér [5] suggested a convenient probabilistic model
which predicted that the distribution of primes in short intervals is Poissonian. This was
nicely confirmed by Gallagher [9] who assumed a uniform version of the k-tuple conjecture
on primes. Recently, Tsai and Zaharescu [17] went along this direction and discovered
that the Poissonian behavior of prime elements over small regions persists in number
fields by assuming a general form of the k-tuple conjecture adapted to finite extensions
of Q. With this motivation, we are curious to see how far (1.2) could be extended to the
number field case. It turns out that one can provide a satisfactory answer (see Theorem 1
below) by establishing a uniform version of (1.2) for all cyclotomic extensions of Q. To
be precise, let K be a number field over Q of degree n with Oy denoting the ring of
integers in K. For any integral ideal a of Ok, let N(a) = |Oy, : a| = |Ok/a| be the norm
of a. Then the Dedekind zeta function of K is given by

w0~ st 1~ )
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for R(s) > 1, where the summation and the Euler product are over the integral and prime
ideals of O, respectively. (x(s) has an analytic continuation to the whole complex plane
with the exception of a simple pole at s = 1 and has a functional equation relating ( (s)
to (i (1 — s) (see p. 467 of [14]). By a critical zero of (x(s), a zero s with 0 < R(s) < 1
is understood. Then the Riemann hypothesis for (x(s) claims that any critical zero of
Ck (s) has real part 1/2. The statement of the main result is now as follows.

Theorem 1. Assume that all of the nonreal critical zeros of Dedekind zeta functions
corresponding to cyclotomic extensions of Q have real part 1/2. Let K, = Q(¢,) be a
cyclotomic extension with , being a primitive qth root of unity. Further let T (x) be
the number of prime ideals of the ring of integers in K, whose norm is < x. Given
any number A > 0, there exists an effective absolute constant ¢ > 0 such that for all
)A

sufficiently large x with ¢ < (logx)*, we have the inequality

K, (7 + cp(g)Vrlogz) — 7k, () > p(a)V7,

where ¢(q) is Euler’s function. The inequality also holds with an ineffective constant ca
in place of c for all x with ¢ < (log x)?. Finally, assuming the Riemann hypothesis for all
Dedekind zeta functions of cyclotomic extensions, there exist effective positive constants
¢ and X such that the same inequality holds for all z with ¢ < x*.

An interesting feature of Theorem 1 is its uniformity over the order of primitive roots,
hence over the degree of cyclotomic extensions. Concerning this uniformity, Ledoan, Roy
and Zaharescu [12] gave asymptotic formulas for the number of nonreal zeros (in the
upper half plane with imaginary part < T') of partial sums converging to (x(s) when
K = Q(¢,) with a fixed ¢ > 2. Their asymptotic formulas turn out to be sharper than
the classical case of the Riemann zeta function. It remains to be seen whether analogs
of their results with more uniformity in ¢, such as varying ¢ with T, can be studied. One
could also speculate that Theorem 1 holds for any number field K over Q in a way that
the degree of the extension, namely [K : Q], plays the role of p(q) and [K : Q] < f(x)
for a suitable increasing function f(x) tending to infinity. Clearly the only additive input
for counting prime numbers is the number of positive integers that are < x and this is
2+ O0(1). The situation significantly changes in the case of a number field K over Q with
[K : Q] > 2 since the count of prime ideals depends ultimately on the number of integral
ideals with norm < z which is known to be

ckx+ Ok (xl_ﬁ) , (1.3)

where cx > 0 is the residue of (i (s) at s = 1, also called the ideal density of K. Although
the error term in (1.3) gets progressively worse with increasing [K : Q], we still have,
subject to the Riemann hypothesis for {x(s), that

i (x) = li(z) + Ok (Vxlog ).
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Unconditionally, Landau’s prime ideal theorem (see [10]) gives that
ik (z) =li(z) + Ok (me‘chogm)

for some ¢ > 0 depending only on K. Moreover, it is possible to further relax the
assumptions in Theorem 1. Indeed assuming a quasi-Riemann hypothesis for Dedekind
zeta functions of cyclotomic extensions by requiring that R(s) < 1 4§ for a small § > 0
and for any critical zero s (such an assumption is not unreasonable as by a celebrated
result of Bohr and Landau, see section 9.6 of [8], all but an infinitesimal proportion of
the critical zeros of the Riemann zeta function lie within § of the critical line for any
given ¢ > 0), one can show by modifying our approach that

i, (x + cp(g)ritloga) — m, (x) > p(g)az ™

with uniformity in q. We have simply selected to present our results in terms of the
shortest possible intervals. Besides finding numerical values of ¢ for all sufficiently large x
(as in [7]) in Theorem 1 is an interesting problem. Referring to the general theory, it is
known that (see p. 466 of [14]) the completed zeta function

Zic(s) = ldxe|*/ 25"/ 220792 D (5/2) T ()" Crc (5)
satisfies the functional equation
ZK(S) = ZK(l — S),

where dg is the discriminant of K, r; and, respectively, 2ry denote the number of real
and complex embeddings of K with r; + 2r = [K : Q] and I'(s) is the gamma function.
Consequently (x(s) belongs to the Selberg class and by a result of Selberg [16]

Ng(T) ~ MTlogT

27
follows, Ng(T') being the number of critical zeros with imaginary part in (0,7). It is
the specific structure and arithmetic of cyclotomic fields that we exploit in the course
of proving Theorem 1. However, we also make use of the following result on the number
of primes over progressions in short intervals assuming a slightly weaker form of the

Riemann hypothesis for Dirichlet L-functions by allowing Siegel zeros.

Theorem 2. Assume that all of the nonreal critical zeros of Dirichlet L-functions have
real part 1/2. Let w(x,q,a) be the number of primes p < x satisfying p = a (mod q),
where 1 < a < q and (a,q) = 1. Given any positive number A, there exists an effective
absolute constant ¢ > 0 such that for all sufficiently large x and for all a, ¢ with 1 < a <
q < (logz)* and (a,q) = 1, we have

(x4 cp(q)Vrlogr,q,a) — n(z,q,a) > V.
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The inequality also holds with an ineffective constant ca in place of ¢ for all © with
q < (logx)?. Finally, assuming the Riemann hypothesis for all Dirichlet L-functions,
there exist effective positive constants ¢ and A such that the same inequality holds for all
x with ¢ < 2.

As will be clear from the proof of Theorem 2, A < 1/4. Besides being flexible in
the modulus aspect, the conclusion of Theorem 2 is partially influenced by the presence
of exceptional real zeros of Dirichlet L-functions. Another instance of this influence is
clearly seen in the classical asymptotic formula (see p. 123 of [6])

W(xaQ7a') = -

li(z)  xa(a)li(z™) —e1VTogm
©(q) v(q) +O(£€ )

which holds in the range ¢ < e“V!°8 % where y; is the exceptional real character modulo g,
(1 is the Siegel zero of the corresponding Dirichlet L-function

o~ Xi(n)
L —

(Sa Xl) ; ns
for R(s) > 1 and ¢; > 0 depends only on the arbitrary constant ¢ > 0. As a final remark
on Theorem 2, note that ¢ < cp(q)v/z logz holds for all ¢ <z, z > 2 and for a suitable
constant ¢ > 0. Then the Brun-Titchmarsh theorem gives that

zlog x
(o + cpla)VTlogz, a,0) — n(e,q,0) =0 | - (Cf(q)fﬂogr) — O(V/3).
gl =4 ——

Therefore, the lower bound in Theorem 2 is best possible apart from constants. In light
of this observation, it is natural to expect more uniformity over ¢ in Theorem 2 (and in
Theorem 1) such as ¢ < z. Although we are far from confirming uniformity for all ¢ < z,
some heuristics are worth mentioning in an almost all ¢ sense. A number 6 > 0 is called
admissible if there exists a positive constant C'(6) such that

C(0)x
m(z,q,a) > ; (1.4)

(q)log >

holds for almost all ¢ < 20

= (@, allowing ﬁ exceptions for some K > 0. In-
equality (1.4) can be viewed as a lower bound version of the Brun—Titchmarsh theorem
adapted to the case of almost all moduli. Bombieri—Vinogradov theorem shows that any
0 < 1/2 is admissible. Rousselet [15] was the first to go beyond 1/2 and obtained that

any 6 < % + 10%00 is admissible. Let us assume that

ﬂ <q< 20 (1.5)
loglog x
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for some 1/2 < 6 < 1. By the Brun—Titchmarsh theorem, we easily get from (1.5) that

x vz (loglog r)?
< = o(/2). (1.6)
¢(g)log (%) log

m(2,q,a) <

Heuristically, as z = o(¢(q)/zlogx), (1.4) suggests that

C(0)(z + cp(q) vz logx)
(¢)log(z + cp(q)v/xlogz) > 2e

m(x + cp(g)Vrlogr,q,a) > ; (1.7)

for many values of ¢ if ¢ is large enough. Thus we would expect from (1.6) and (1.7) that

m(z + cp(q)Veloge, q,a) — n(z,q,a) > Vo

still holds for many values of ¢ subject to (1.5) (actually we require also the condition
q < (p(q)y/rlogx)?). This ends our digression on the uniformity of ¢ in an almost
all sense. For research on other types of denser sequences such as the B-free numbers
and application to the size of gaps between consecutive nonzero Fourier coefficients of
modular forms via sieve methods, see [1,2,13].

2. Proof of Theorem 1 assuming Theorem 2
First of all the ring of integers in K, = Q(¢,) is (see p. 60 of [14])
ZIC) =2+ T+ -+ + ZC D

We will use an elegant decomposition law of primes into prime ideals of the Dedekind
domain Z[(,] (see p. 61 of [14]). To state this decomposition law, let

q=Hp”"
p

be the prime factorization of ¢, where the product is over all primes with the convention
that v, = 0 if p does not divide g. For every prime p, let f, be the smallest positive
integer satisfying

plr=1 (mod ¢/p"?). (2.1)

Then the factorization

() = PZICg) = (pr- - pr, ) 7P (2.2)

holds for the principal ideal generated by p, where p1, ..., p, are distinct prime ideals of
Z[¢,) lying above p with N(p;) = p/» for all j. Since K, is a Galois extension, we know
that for each prime p,
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efr =(@") fory = v(q) (2.3)

holds. Now consider a prime p with p = 1 (mod ¢). Since p does not divide ¢, v, = 0
and (2.1)—(2.3) give that f, = 1 so that there are exactly ¢(q) distinct prime ideals lying
above p each having norm p. As K, is a cyclotomic extension, the factorization of the
Dedekind zeta function of K, (see p. 468 of [14]) in the form

e, =TT (1~ 577 [T 2650 (2.4

plg

is valid over the complex plane, where the first product in (2.4) is over the prime ideals
lying above the prime divisors of ¢ and the second product in (2.4) is over all Dirichlet
characters modulo g. Since we are assuming that all of the nonreal critical zeros of (g, ()
have real part 1/2, it follows from (2.4) that all of the nonreal critical zeros of L(s, x) have
real part 1/2. Thus Theorem 2 applies and gives the existence of an effective absolute
constant ¢ > 0 satisfying

7T(£L'+C§0(q)\/510géﬂ,q,l) 771—(1’7(]71) > \/E (25)

for all sufficiently large 2 with ¢ < (logz)?. As we have seen above, for each prime p =
1 (mod ¢) belonging to the interval (z,z + ¢ p(q)\/x log x|, there are ¢(g) distinct prime
ideals lying above p with norm p. Consequently the norms of these prime ideals also
belong to the same interval. Note that for different primes, the set of prime ideals lying
above them are disjoint as their norms are different. Using (2.5), this contributes more
than ¢(¢)y/z prime ideals of Z[(,] with norms in (z,z + c¢(g)+/x log ] and

T, (@ + cp(q)Vrloga) — mx, (x) > p(q)Va
follows for all sufficiently large = with ¢ < (logx)” and some absolute constant ¢ > 0.
The remaining claims in Theorem 1 can be shown in the same way using Theorem 2.
This completes the proof of Theorem 1 assuming Theorem 2. The rest of the paper will
be devoted to the proof of Theorem 2.

As the proof of Theorem 2 is rather long, it would be worthwhile to give an outline of
the argument. Our approach is mainly based on obtaining explicit formulas representing
certain exponential sums over the critical zeros of the Riemann zeta function in the case
of the principal character (see (3.86) below) and over the critical zeros of L-functions
in the case of nonprincipal characters (see (3.129) below). For the principal character,
our explicit formula differs from Cramér’s explicit formula [5] in the respect that addi-
tional sums over the divisors of the modulus appear and these create further technical
complications. The verification of such formulas proceeds by complex integration. To
overcome difficulties arising from accumulated zeros of finite Euler products, we resort
to strong lower bounds for the linear forms in logarithms. At the same time, one has to

keep track of the argument change resulting from logarithms of L-functions. Moreover,
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some detailed analysis based on zero-free regions is needed to justify the interchange of
the summation with the integral in (3.82). For the fusion of (3.86) and (3.129), the influ-
ence of a possible Siegel zero has to be taken into account and this is the most delicate
part of the proof. Here finding the exact value of the argument (see (3.167) below) is
indispensable. Using a consequence of the fusion of explicit formulas (see (3.172) below),
we then pass to the arithmetic setting (see (3.183) below) with the help of asymptotic
formulas for the number of critical zeros with ordinates in (—7,T) as T tends to infinity,
where L(s, x) and L(s,X) are grouped for the count of their critical zeros. The proof is
then completed by deducing lower bounds for suitable weighted sums over prime powers
in a progression, where the main contribution comes from the primes, by employing the
Brun-Titchmarsh theorem.

3. Proof of Theorem 2

Let xo be the principal character modulo ¢. Consider

s = I (1- ) (3.1)

plg

which holds for all s € C, {(s) denoting the Riemann zeta function. Two obvious con-
sequences of (3.1) are the facts that L(s,xo) has a simple pole at s = 1 with residue
©(q)/q and all of the critical zeros of L(s, xq) coincide with the critical zeros of ((s) as
the zeros of the finite product in (3.1) are purely imaginary. For any complex number
z = x + iy with x,y > 0, define

V(z)i=) e, (3.2)

>0

where the sum in (3.2) is over the critical zeros p = o + iy of L(s, xo) (hence of the
Riemann zeta function) with positive imaginary part. The convergence issue in (3.2) can
be settled easily as by partial integration, we see that

T

T
_ _ TN(T) N (¢)
pz x Yy x ty _ ey z
E e?l <e E e =e /e dN(t) Ty +e y/ oty dt  (3.3)

0<y<T 0<y<T 0 0

with N(T') denoting the number of critical zeros of the Riemann zeta function with
imaginary part in (0,7). Since N(t) = O(tlogt) for t > 2 (see p. 98 of [6]) and y > 0,
we have

ety ety

/N(t) di=0O /tlo_gtdt =0(1). (3.4)
0 2
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Thus (3.3) and (3.4) give that V(2) in (3.2) is a well-defined function. Let us now work
towards relating V(z) to certain explicit formulas involving primes. To this end, let S
be the set of all purely imaginary zeros of L(s,Xo) with nonnegative imaginary part.
Precisely, we may write

3—{2mkzp|q,kez,kzo}. (3.5)
log p

Clearly, (3.5) shows that S is a countable set and may be represented as the sequence
{Zn}n>1 with 0 = S(z1) < S(22) < .... Let s = inf |z, 41 — 2,|. If ¢ is a prime power,
then S is a discrete set of equally spaced points. On the other hand, if w(q) > 2, w(q)
denoting the number of distinct prime divisors of ¢, then let us see that S is not discrete.
Assume that r and p are distinet primes dividing g. Then logr/log p is irrational and by
Dirichlet’s theorem, there are infinitely many {/k € Q satisfying

27k B 27l
logp logr

< ! and < 2m
— an .
2 klogr

(3.6)

logr 1 ‘

logp k

As k can be arbitrarily large, (3.6) gives that ds = 0 and S is therefore not discrete in
this case. Next for a positive parameter T, let C'r be an almost rectangular path with
positive orientation having vertices at 0, 1, 1 + 47" and T, where in addition there are
half circular indentations of radius €,, > 0 directed to the right of the imaginary axis with
center at z, for n > 2. Moreover, Cr has quarter circle indentations of radius € > 0 both
at 0 and 1, where at 0, the direction of the indentation is to the right of the imaginary
axis and at 1, it is to the left of the axis $(s) = 1. € and ¢, are chosen small enough
so that the indentations do not intersect with each other and all the critical zeros with
imaginary part in (0,7) lie in the region enclosed by Cr. The choice of T is delicate,
especially when S is not discrete, and demands further consideration. In particular, as
a first step, one may take T in such a way that (see p. 108 of [6]) the interval

Co Co
T———,T 3.7
< logT"’ * logT> (87)

does not contain the imaginary parts of critical zeros for some constant ¢y > 0 and all
large T'. With this choice of T', the estimates (see p. 108 and p. 116 of [6])

('(o +iT)
C(o+1iT)

L'(oc £4T, x)

_ 2
= O(log™T), Lo £iT, x)

= O(log” qT) (3.8)
hold uniformly for —1 < ¢ < 2 and any primitive character x modulo ¢q. We will
need (3.8) repeatedly in the sequel. Observe that there is a unique integer n > 1 such
that S(z,) < T < S(zp41). If S is discrete, then

27
S(zn+1) — S(2n) = @
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is fixed, where p is the unique prime divisor of ¢q. Otherwise, we may assume without
loss of generality that

21k
S(zn) = log v

27l
and $(zp41) = lo7grr’

where v # r are prime divisors of ¢ > 6 and [, k are positive integers. Let us find a
positive lower bound for

2m
& n - R n - 1 - 1 . .
S(zn+1) — S(zn) " rlogv(l ogv — klogr) (3.9)

For this purpose we shall use an estimate of Waldschmidt that complements the seminal

work of Baker [3,4] on the transcendentality of linear forms in logarithms (see [18]).
Given an algebraic number o with minimal polynomial

d
ag H(f — )

over Z, define the Mahler measure of a by

d
M(a) = ag H max(1,|o;l),
j=1
and the absolute logarithmic height by

hia) = 2 log M (a).

Then the precise formulation of the result we need is as follows.

Lemma 1. Let m > 1 and let K be a number field of degree d over Q. Let aq, ..., a, be
nonzero elements of K and By, 51,...,Bm € K. Consider

k= 0o+ Prlogas + ...+ B log auy,.
Assume that the numbers Vi, ..., V,,, W are subject to the conditions

<8V,
V; > max(h(e;),|logaj|/d) forl1<j<m,
> - ).

Wz max h(6;)

If K #£ 0, then

|| > exp (=282 d™ T2V, LV, (W + log(edViy)) log(edVin—1)) -
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Noting that [logv — klogr > 0, we may apply Lemma 1 to x = [logv — klogr. In
this case, m = 2 and d = 1. Taking V; = 2logv, V5 = 2logr and W = max(logl,log k),
one obtains that

llogv — klogr > exp (—273 log vlog r(max(log !, log k) + log(2elogr)) log(2elog v)) .
Consequently, as logv,logr < log ¢, the lower bound

¢—C1(log 9)* (log log ¢)*

(Inax(l, k))CQ (log q)2 log log ¢

llogv — klogr > (3.10)

follows for some positive constants C, Co independent of q. Since only arbitrarily large
values of T" are under consideration, one may also suppose that $(zp4+1) < 23(z,,). Hence
T'log g > max(l, k) and (3.10) becomes

logv — klogr > C(q)T~Clos )’ logloga (3.11)

for some positive constant C'(q) depending on g and C'. Assembling (3.9) and (3.11), one
deduces that

F(2ns1) — S(zn) >4 T~Clor0)? logloga, (3.12)

As a result of (3.12), we may vary T by an amount which is a constant multiple of
T—Cloga)*logloga When doing this, it is possible to stay in the interval of (3.7) as

T—C(log q)? log log q _ 0((log T)_l).

In this way one may ensure that for any prime p | g, if T'log p = 27j & 7, holds with 27
being the closest integer multiple of 27 to T'logp and 0 < 7, < 7, then

7p >, T~CU08 9)* loglog g (3.13)
As a consequence of (3.13), we now have
[pT — 1] = [T 157 — 1] = |sin(r,/2)| 3, T-CUosa?logloga (314)

Once T is chosen with the above restrictions, €, and €, are taken to be small enough so
that the indentations at z,, and 2,41 do not intersect the horizontal line passing through
1T. This completes our digression on the choice of T and the construction of Cr. As ((s)
has no zeros in [0, 1] and on the lines R(s) = 0, R(s) = 1, by the residue theorem applied
to Cr, one obtains

L/

/esz L'(s,x0) ds = 2mi Z eP? (3.15)
L(S>X0) 0<~<T

Cr v
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for all z = x + iy with a2,y > 0. Next let us show that

T
L/(87 XO)
eF——""2ds—0 3.16
/ L(S7XO) ( )
1+iT

as T tends to infinity subject to the conditions above. First we have

iT L
L/(S, X0 ) T < o+ ZT logp

o ds| < et y do. (317
/ ‘ L(s, x0) sl=e C(o +iT) Z|pU+ZT o ( )
14T

Using (3.8), (3.14) and the elementary inequality [p°**T — 1| > [p’T — 1] for all primes p
dividing ¢, one gets

T
L/(S XO) —T 2 2
e 22 ds| =0 (em Y(log? T 4 TC(oga)" loglog g ) . 3.18
1+/'T L(SaXO) q ( g ) ( )
i

Thus (3.16) follows from (3.18). Let C; be the remaining part of Cp with the same
orientation after deleting the open segment from 1 + i7" to 7. Integrating by parts, we
see that

I/ , ,
/ es* L'(s,x0) XO)) ds = e 1og L(1 + T, xo) — €'7# log L(iT, x0)

L(S7 X0
Cr
—z / e**log L(s, xo0) ds. (3.19)
Cr
Gathering (3.15) and (3.19),
iT Iy
Z er* = / e“% ds—z/esz log L(s, x0) ds
0<y<T 14T > X0 cx
+ D2 100 L(1 + 4T, x0) — €' # log L(iT, x0) (3.20)

follows. Let us remark that in (3.19) and (3.20), log L(s, xo) is the unique branch of the
complex logarithm defined on the simply connected region

( 2mik 2mik
—00 +

r 1 r 1
C-(-OO,”-[%+Z'YO,5+ZOO>—|:§—Z’YO,§—ZOO)— U @7@

plg,k#0

(assuming the Riemann hypothesis with § + iyo denoting the critical zero of ¢(s) with
least positive ordinate) and satisfies
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oo
A(n)xo(n)
log L = —
og (Ua XO) ngl no logn
as 0 — 0o, where A(n) is the von Mangoldt function. Note that this branch is analytic
on C and differs from the classical branch defined on the region

N S 2mik 2mik
C — (—o0,1] fU (—OO-I—Z’)/,2 —i—w} — U <—oo—|—

2 plg,k#0 logp- logp

(with £ + i denoting the critical zeros of ((s)) by an amount in the argument which is
easily seen to be O(tlogt) at points of the form o + it with 0 < o < 1/2 and t > ~.
For other points of the form o + it with ¢ > 0, the two branches coincide. Therefore,
one can still carry out calculations with respect to the classical branch but then add the
difference in the argument which is O(tlogt) whenever necessary. We have to show that
both of the terms e +¥1)* log L(1 + T, xo) and e*7*log L(iT, xo) in (3.20) tend to zero
as T tends to infinity. To begin with, note that

log L(1 44T, xo) = log |L(1 + 4T, xo)| + iarg L(1 + T, xo)- (3.21)

Here arg L(o +it, xo) = Slog L(1+it, xo) is defined by continuous variation from oo+ it
to o + it, namely that

< !
arg L(o +it, xo) z/S%(oH—it) da.

If o + it is a zero, then we set

arg L(o +it, xo) = (arg L(o +it",xo) +arg L(o + it~ XO))

= DN | =

in the case of a horizontal branch cut at o + it and

—_

arg L(o +it,x0) = 5 (arg L(0™" +it, xo) +arg L(o™ +it, X0))

2

in the case of a vertical branch cut at o + it. Let us write from (3.1) that

1
log |L(1 + 4T, xo)| = log [¢(1 +iT)| + » log |1 — 7 |- (3.22)
plg p
Using log|¢(2 +4T")| = O(1) and (3.8), we have
14T ,
log [C(1 +4T)| = log |C(2 +iT)| + R / i((j)) ds < log? T. (3.23)

2+iT
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Observing that

log

1 1 1
< max <log (1—1——) , — log (1——)) = —log (1——),
p p p

L= T

one obtains

1 q
log |1 — ——=| < log — < logloglogg. 3.24
> log pi+iT (@) (3.24)
plg
Thus from (3.22)—(3.24),
log |L(1 44T, x0)| = O(log* T + log log log q) (3.25)

follows. Moreover, we may write

1+iTL/
arg L(1 + 4T, xo) = arg L(2 4+ 4T, x0) + & / ﬁ ds. (3.26)
24T ’
First of all since arg L(2, xo) = 0,
24+iT
arg L(2+iT,x0) = S (3, x0) ds
’ N L(s,
) (s, X0)
holds. By uniform convergence, one gets
2+iT T
L'(s, x0) [~ A)xo(n) ~ A)xo(n) iy
Z5X0) s — AXW) gy N BVVXOW (—iTlogn _ 1y,
/ L(s, xo) s l/z n2tit Z n2logn (e )
2 0 n=1 n=1
This implies that
A
arg L(2 + 4T, x0) = — Z %;(nn) sin(T'logn) = O(1). (3.27)

n=1
It remains to consider
1+iT 1+iT 1+iT

R M s =S CI(S) s S o 1 .
J/ L(s,xO)d /C(s)d+ Zlgp/ps_ld. (3.28)

24T 24T plq 2+44T
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Noticing
LT
s
2+iT
1+iT )
%Zlogp / P ds < w(q)
plq 2+iT

and gathering (3.26)—(3.28), we see that
arg L(1 + 4T, x0) = O(log T + w(q)).
Therefore, from (3.21), (3.25) and (3.29), one has
log L(1 + 4T, x0) = O(log® T + logloglog ¢ + w(q))
and (3.30) gives that
le1+ D)= 1og L(1 44T, x0)| = e*~T¥|log L(1 + iT, x0)| = 0
as T' — oco. Next consider
log L(iT, xo) = log |L(iT, x0)| + iarg L(iT, xo)-

Similarly as above, we have

log |L(iT, xo)| = log [¢(iT)| + D log |1 — 2T
plq
Using (3.8) and (3.14), one obtains that
i
_— , ¢'(s) 2
log [C(¢T)| = log |((2 +iT)| + R s ds < log” T,
2+iT
1
Zlog 1— T Lq logT.

plg

Hence by (3.32)—(3.34), we may write

log |L(T. x0)| = Oy (log> T).

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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Finally observing that

iT o
!/
1
2+4T plq . p
using
iT (s) . 1
: 2
S / ) ds < logT, SZlogp / P ds <, T C o5 )* loglog g
24T ol -

and the argument difference between the branches which is < TlogT, we deduce
from (3.36) that

arg L(iT, xo) = O, (T 08 0)" logloz a)_ (3.37)
Combining (3.31), (3.35) and (3.37), one easily infers that
leT#log L(iT, x0)| = ¢*~T¥|log L(iT, x0)| = 0
as T — oo. Next for n > 2, let
I, = / e**log L(s, xo) ds, (3.38)
Ce,,

where C,, is the half circular indentation of radius €, at z,. Let us decompose the right
hand side of (3.38) as

/eszlog|L(s,Xo)\ds+i / e’ arg L(s, xo) ds. (3.39)

€n €n

First note that

/eszlog\L(s,Xoﬂds: /eszlog|((s)|ds+2/eszlog

plac,

1
1— —| ds. 3.40
ps‘ (3.40)

€n €n

As log|¢(s)| is continuous and uniformly bounded on C,, when ¢, — 0, we see that

6Llr_r)lo e**log|¢(s)|ds = 0. (3.41)

C.

n

2mik
log p

Assuming z, = for some prime p | ¢ and k > 1, we also have
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Moreover, when €, is small enough, one may write

1
1- i (s — zn)F(s).

Here F(s) is a bounded analytic function as €, — 0, satisfying

lim F(s) =logp.

S—Zn

Therefore,

log

1
1-— E‘ =log|s — zp| + log |F'(s)| = log|s — z| + O(1)
holds when s — z, and

lim e** log
€n—0
Ce

1
1-— —‘ ds = hm O(en|logen]) =
p? €n—>

n

follows. Combining (3.40)—(3.43), one gets

e}}go e**log |L(s, x0)|ds = 0.
c

€n

For all s =0 +it € C,,, we know that

o+it
arg L(s,x0) = O(1) + / j ds +Z / Ing d.

2+t 241t
Next we have
o+it ,
3 / i((:)) ds = O(log(|t| +4)) = O(log(|z,| + 4)).
2%t

(3.42)

(3.43)

(3.44)

(3.45)

(3.46)

On the other hand, over the strip region defined by 3(s) € (|zn| — 2€n, |2n| + 2€,) and

R(s) > 0, one may write for all small ¢, that
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where G(s) is analytic and bounded as s — z, in this strip. Consequently we obtain
that

o—+it
1
<) / Tsog_’"l ds = O(1) (3.47)
241t

for all primes r | ¢ with r # p and

o—+it 1 o+it 1

o ogp _

& / P ds =S / (s — + G(s)) ds = 0(1). (3.48)
2+t 2-+it

Assembling (3.45)—(3.48) and taking into account the argument difference between the
branches, one infers that

arg L(s, x0) = Oq((|zn] + 4) log(|zn| + 4))

is uniformly bounded on C, for all small ¢, and

lim e**arg L(s, xo)ds = 0. (3.49)
en—0
c

€n

Thus from (3.38), (3.39), (3.44) and (3.49),
lim I,, =0 (3.50)
€n—0

is justified for n > 2. Similarly, we can show that

lim [ e**log L(s, xo0)ds =0, (3.51)

e—0
Co,e

where Cj . is the quarter circle centered at z; = 0 with radius € > 0, by taking into
account the singularities of log(1 —p~*) at s = 0 for all p | g. On the other hand, if C .
is the quarter circle centered at 1 with radius € > 0, then by writing

L(saXO) = S—l’

where f(s) is an analytic function bounded in a neighborhood of 1 with

tim f(s) = 22,

s—1 q
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one can easily obtain

lim [ e**log|L(s,x0)|ds = 0. (3.52)

e—0
Cie

Moreover, on C1 ¢, we have arg L(s, xo) = Oq(1) uniformly for all small € > 0 and this

implies that

lim e’ arg L(s, xo) ds = 0. (3.53)

e—0
Ci,c

From (3.52) and (3.53), it follows that

lirr(l) e**log L(s, xo) ds = 0. (3.54)

€e—
Cl,e

Now letting T — oo in (3.20), we get
2mi Z er? =z / e**log L(s, x0) ds — z / e**log L(s, xo) ds
>0 CBA cp

—z / e* log L(s, x0) ds, (3.55)
DEF

where

A=+ico, B=+ie, C=c¢
D=1—¢ FE=1+4ie, F=1+41i0c0.

Using (3.1) and the functional equation for {(s), one has

L(s, x0) = 2°7* L sin (‘%r) T(1—s)L(1 - s,x0) [ (1 - i) (1 _ 1! )1 . (3.56)

ps plfs
pla

Our goal is now to exploit some symmetry on the path of integration by relating
log L(s, xo0) to log L(1 — s, xo) through (3.56). Thus it will be necessary to keep track of
the initial difference between the arguments of the relevant logarithmic terms. Precisely,
let us show that as s traverses from C to B, then arg L(s, xo) = —7 at s = C, whereas
1 — s traverses from D to 1 —ie = E with arg L(1 — s, x0) = 7 at 1 —s = D. This results
in a 27 initial difference in the arguments and by continuous variation of the argument,
the same holds on the path CBA. To verify our claim, for 0 < s < 1, let C = C; UCs be
the circle of radius 1 — s centered at 1, positively oriented, where C; is the upper half
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and Cy is the lower half. As L(s, xo) has no zeros in C' and a simple pole at s = 1, it
follows that

L L
/f(s7X0)d8+/f(s,Xo)ds = —2mi. (3.57)
C1 CZ
Using
L _ L
f(sa XO) - 3(57 X0)7
one sees that
L L
/Z(S,Xo)ds = */ Z(S,Xo)ds-
Cl CZ
Now as arg L(2 — s, xo) = 0, by continuous variation on Cj and using (3.57), we have
/
arg L(s, x0) = arg L(s, xo) —arg L(2 — s, x0) = S/ f(s, Xo) ds = —r. (3.58)
Cq

Similarly, by continuous variation on Cs, we get

/
~arg L, xo) =arg L(2 - 5,x0) ~arg Lis.xo) = [ (s, x)ds = —m (3.9
Cs

which implies that arg L(s, xo) = 7. From (3.58) and (3.59), one concludes that the
argument of log L(s, xo) is sensitive to the direction of the path. It is —7 if we traverse
the path from right to left indenting around 1 in the positive direction and it is 7 if
we traverse from left to right indenting around 1 in the positive direction. In addition
the arguments of the logarithms of all the other terms appearing on the right hand side
of (3.56) are 0 for 0 < s < 1. Consequently, the following equation is justified via (3.56)
by formally taking logarithms of both sides.

z / e log L(s, x0) ds

CBA
=2z / e**(slog2 + (s — 1)log m + log sin (%) +1logT'(1 —s) +log L(1 — s, x0)
CBA
1
+) log <1 - —S> — log <1 - 1_5> — 2rri) ds. (3.60)
p p
plg plq

Letting € — 0 and ¢, — 0 for all n > 1, (3.50), (3.51) and (3.54) give that the path
of integration in (3.55) and (3.60) can be assumed to be unions of straight lines. Hence
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C BA becomes the straight line from 0 to ico, DEF becomes the straight line from 1 to
1+ i00 and C'D becomes the straight line from 0 to 1. To analyze the right hand side
of (3.60) further, let us consider

100

1
/esz log <1 - —) ds. (3.61)
pS
0
Note that for any k£ > 0,
2mi(k+1) 2
og p log

1
log (2 sin tlog

1og<1—pi>‘ds—0/p p)’dt—l—()(@):O(l).

Using this, (3.61) becomes

ico iT
/esz log (1 - p_> ds = /esz log (1 - p_> ds +O0(e™v7T) (3.62)
0 0

(here the parameter T has nothing to do with the earlier uses of it in the proof). But

1 e > e—mslogp
log (1 - F) =-> mpms — Z (3.63)

m=1

for all s =it, t # %, where both
1 t1
§Rlog<1—_g> oy costmtlogp)
P m>1 m
and
Slog <1 B i) _ Z sin(mt log p)
ps m>1 m

are boundedly convergent except at finitely many points (so almost everywhere on [0, 7).
Thus interchange is permissible in (3.62) and by (3.63), we obtain

/ sz10g<1__) ds = — Z / s(z— mlng)dS

m>1

ezT(z—m log p)
-2 ( m(z — mlogp) - om(z - mlogp)>

m>1
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As eT(z=mlogp) — O(e=¥T), letting T — oo termwise in the above equation,

%21 1—-— 3.64
o feog (1= ) as e (3.60)
0 m=
follows. Similarly, one shows that
=1 1- 3.65
Jolgm)o- S O
0 m=1
Gathering (3.55), (3.60), (3.64) and (3.65), the following formula is verified.
1+i00 100
2miV(z) = —2 e**log L(s, xo0) ds + =z / e**log L(1 — s, x0) ds
1 0
100 100 1
— z(log 7 4 271) / e’ ds + zlog 2w / se’*ds —z / e**log L(s, xo) ds
0 0 0
+z/ Szlogsm( 3 ) ds+z/eszlogf‘(l —s)ds
0 0
3.66
plg m= 1 plg m=1

Next some terms on the right hand side of (3.66) are to be estimated. To begin with

note that
100 e 00
) . Tt __ 1
z/ 9Zlogsm( 5 ) ds =log2 — 7 + % +zz/e”zlogtdt—|—z'z/e”zlog dt
0

0

[ee]
:U+log2—m'+£+logz—log7r—/( )e_frtidt
0

i (1
=U+log2+ 5 (21) +\If(m) (3.67)

~tlogtdt is Euler’s constant and

where U = — fooo e

U(s) = FF/((SS)) - U+ / e_lt__i::ttsdt (3.68)
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is the digamma function. By Stirling’s asymptotic formula for the gamma function, we
have

le**log (1 — )| = e7*~%¥|log I'(1 — s)| = O(e~"*I*!|s|log |s|) (3.69)

for some positive constant k& when s is in the second quadrant. Therefore, residue theorem,
(3.68) and (3.69) give

100 —00
z/esz logT'(1 —s)ds =z / e log'(1 — s) ds
0 0
= —z€® / e *logI'(s)ds = —e® /\IJ(S)efsz ds. (3.70)
1 1

From (3.68) and (3.70),

T Sz U r T —t—sz —(t+z2)s
z/e logF(lfs)ds:; 6/1 et/ —e )>d5
0 0 1
U o1
:Z_;/@ (3.71)
0

follows. For any character xy modulo ¢, consider the Dirichlet series

5~ M) 512)

nslogn
n=2 &)

which represents log L(s, x) for ®(s) > 1. Assume that s =1+ it with 0 < ¢g <t < M,
where ¢y and M are fixed but arbitrary. Let us see that (3.72) converges uniformly to
log L(s, x) for all such s. If x is half an odd integer (which we may assume without loss
of generality), then by Perron’s formula, we have

c+iT
A 1 N !
y Amxm _ 1 / T log L(s + w, x) dw + O 287 (3.73)
nslogn 2me w T
2<n<z c—iT

where in (3.73), ¢ = 1/logz and T is a parameter that can be taken to be arbitrarily
large and will be chosen as an increasing function of = later (here the parameter T has
nothing to do with the earlier uses of it in the proof). Note that [S(s + w)| < T + M
and N(s + w) =1+ R(w). Let us recall that L(s + w, x) has no zeros when

log(q(|3(s + w)| +4))

1+ R(w) >1—
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for some absolute constant ¢; > 0 with the possible exception of a single simple real zero
satisfying

C2

1+ R(w) <1 - ——5—
Valog” q

for some absolute constant ¢o > 0. We may choose § > 0 small enough so that L(s4w, x)
has no zeros for R(w) > —§ and |I(s + w)| < T + M. Indeed it suffices to take

A

= 74
g T’ (3.74)

where A > 0 is a constant depending only on g and M. Hence we see that if x is a
nonprincipal character modulo ¢, then L(s+w, x) has no poles or zeros in the rectangular
region with vertices at ¢ — T, ¢+ i1, —§ + i1, —0 — iT. Then by the residue theorem,
one has

c+iT w
1 ,
— / x—logL(s—i—w,x) dw
273, w
c—iT

c+iT —o4+iT  —6—iT

:logL(&x)—l—% /+ / +/ . (3.75)

—6+iT  —6—iT c—iT

In the above zero-free region, we know that
[log L(s + w, )| €arg loglog T

for all large T". Thus

84T T
/ ﬁ10 L(s+w,x)dw =0 % loglo T/L
w g » X - M,q g 10g \/m

—§5—iT -T

=0myq (x_‘s log T'loglogT) . (3.76)

Moreover, we have

c+iT c

w loglog T
/x—logL(s—i—w,x)dw:OM,q %/m“du
w

—5+iT iy

z¢loglog T loglogT
=O0myq (%) =0Omyq (%) (3.77)
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and similarly

—§5—iT
w loglog T
/ T log L(s + w, x) dw = Oy 4 (ﬁ) (3.78)
w T
c—iT

follows. Assembling (3.73), (3.75)—(3.78), one infers that

A(n)x(n
Z (n)x(n)

nslogn
2<n<z &

log x

loglog T
zlogL(S,X)+O( & oglog

> + O (7% log T'loglog T) + Opr,q (T) . (3.79)

Taking for example T = log® z in (3.79), we deduce that the convergence is uniform for
all s =1+t with 0 < ¢g <t < M. If x = x¢ is the principal character modulo g, then
a minor modification of the argument is required as L(s + w, xo) has a simple pole at

w = —it. Precisely, by the residue theorem
c+iT u
1 D)
— / T log L(s 4+ w, xo) dw
2mi w
c—iT
c+zT —6+2T —6 7
= log L(s, x0) + — ( (3.80)
64T —6 c— zT

where C in (3.80) is a loop starting and finishing at —d — it encircling —it in the positive
direction. In particular, C' consists of two oppositely oriented straight lines joining —d —it
to —5 — it and a circle of radius ¢/2 positively oriented with center —it. We also have

[ 508 Ls + w.x0) i = Osy (a7 To(1/0)(c + 9)

1 1
= e 1 1 . . ].
Oo,q<og Ogm(logT—i_logac)) (3.81)

As a result of (3.76)—(3.78), taking T = (logz)'°8!°8® in (3.79)-(3.81), the uniform
convergence of

i A(n)xo(n)

nslogn
n=2 &)

to log L(s, xo) is obtained for all s = 1 + it with 0 < ¢g < ¢ < M. Observe that
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1+4ico 1+iM
-2z / e**log L(s,x0)ds = —z lim0 / e**log L(s, xo) ds
€0—
1 ]V]0—>ool+i€0
14iM
m
. lm / esz< Xo(p )> ds
eg—0 mpms
M~>ool+ieo m,p
™) 1+iM
_ . Xo(p™ s(z—m log p)
=~z lim Zim / e ds,  (3.82)
M—oco0 M,p 1+ieg

where the change of order of sum and integral in (3.82) is possible by the uniform
convergence of the series on the range of integration. (3.82) further gives

14200

—z / e**log L(s, x0) ds

— —2¢* lim Z XO(pm) (eiM(z—mlogp) _ eieo(z—mlogp)) ) (383)
mp™(z — mlogp)

As

6zM(zfm logp) ezeo(zfm log p)

= o)

and the series

Xo(P™)
2 (=~ mlog)

m,p

is convergent by comparison with Zp m, one may let ¢g — 0 and M — oo termwise

on the right hand side of (3.83) to get

1+i00

xo(P™)
—z / e**log L(s, xo) ds = ze” Z — —. (3.84)
/ £ mp™(z = logp™)
Similarly, we have
100 m
. / e log L(1— s, x0)ds = —z Y _ mpmg(fb)gpm). (3.85)

0

Feeding (3.71), (3.84) and (3.85) into (3.66), one derives the following explicit formula

over primes:
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mp™(z — logp™) ™ (z + log p™)

27TiV(z) = ze* Z Xo(pm) _ ZZ mp XO(pm)

m,p

PEY

plg m= 1™

z—logp szp z+10gp )

plg m=1

100

1
—z/esz 1ogL(s,xO)ds+z/esz log sin (%) ds
0

[

The case of the principal character settled, we may now proceed to the case of a nonprin-

+logm + — (U+log27r + 27 —

(3.86)

NI»—!

cipal character x modulo ¢ and arrive at an analog of (3.86). Assume that x is induced
by the primitive character y; modulo ¢; (so that ¢; divides q). First we have the identity

L(s,x) = L(s;x1) [ (1 - Xl(p)) (3.87)

pS
plg

for all complex s. Let us define for any z = x 4 iy with =,y > 0

= e, (3.88)

v>0

where the sum in (3.88) is over the critical zeros of L(s, x) with positive imaginary part.
The convergence in (3.88) can be checked easily as before since the number of critical
zeros of L(s,x) with imaginary part in (0,7) coincide with that of L(s, x1) by (3.87)
and this number is O(T'log¢T'). Let S, be the set of purely imaginary zeros of L(s, x)
with nonnegative imaginary part. Clearly each x1(p) is a gth root of unity and we write
x1(p) = €2™"» with r, = a,/q, 0 < a, < ¢. Then S, can be described precisely as

2me
SX_{IO (k+rp):pq,k>0}. (3.89)

In general S, is not a discrete set but can be represented as a sequence {2, },>1 with 0 <
J(21) < S(22) < .... For a positive parameter T', let C'r, be an almost rectangular path
with positive orientation having vertices at 0, 1, 1447, i7" and half circular indentations
of radius €, > 0 directed to the right of the imaginary axis with center at z, for n > 2
(for n > 1if 0 < Y(21)). In addition, Cr, has a quarter circle indentation of radius
€ > 0 at 0, where the direction of the indentation is to the right of the imaginary axis
(the indentation at 0 might be necessary when 0 is a member of S, or when x is even
so that L(0,x) = 0). In the case of a pair of Siegel zeros in (0, 1), say at 5 and 1 — 3, we
make half circular indentations of radius € at 8 and 1 — 3, where the indentations are
above the real axis. Here € and ¢,, are chosen small enough so that the indentations do
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not interfere with each other and all the critical zeros with imaginary part in (0,7) lie
in the region enclosed by Cr . The choice of T is again delicate and is subject to (3.7)
and (3.8). We may assume that S(z,) < T < S(zn41),

2 2

S(2n) = (k+r,) and S(znii1) =

(U4 7)),

logwv log u

where v # u are prime divisors of ¢q. As logv and log u are linearly independent over Q,
it follows that (I +r,)logv — (k+7,)logu > 0. It remains to find a positive lower bound
for this combination in terms of T and ¢. This can be done by applying Lemma 1. Only
the choice W changes and becomes

W = max(log(ql + ay),log(gk + ay)).
Thus similarly as in (3.10) and (3.11), one obtains

e—C1(log q)*(log log ¢)*

(I +ry)logv — (k+1y)logu > (max(gl © an. gk T au))CeE 0¥ oz Tog ¢ (3.90)
As 0 < ay,a, < g, it follows from (3.90) that
S(2ns1) — S(2zn) >, T~ Clos ) loglogg, (3.91)

Compared to (3.12), only the constant depending on ¢ worsens in (3.91). Nevertheless,
varying 1" subject to (3.7), we may guarantee that for any prime p | ¢, if T'logp — 271, =
2mj £ 1, holds with 27j being the closest integer multiple of 27 to T'logp — 277, and
0 <7y <, then

T >>q T*C(log q)2 log log q (392)

Consequently from (3.92),
|p7,'T —xi(p)| = |eiT logp 627Ti7’p| >, T—C(log )% loglog q (3.93)
follows for all p | q. After choosing T' with these conditions, we take €, and €,; small

enough so that the indentations at 2, and z,4; do not intersect the horizontal line
passing through ¢7". This completes the construction of Cr, and gives

/

/éﬁ@”mzﬁizew (3.94)
L(s,x) i

Cr,x v

since L(s,x1) has no zeros on the lines R(s) = 0, R(s) = 1 except possibly at s = 0.
From (3.87), one gets
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L'(s,x) _ x1(p logp

3.95

L(s,x) Zp —xa(p) (399)

Using (3.8), (3.93), (3.95) and [p° T — x1(p)| > [p'T — x1(p)| for ¢ > 0, we easily see
that

T
L'(s,x) _ 2
i G\ M (ew Ty(log? T + TC 108 0)" loglog q ) 3.96
lJr/T L(S,X) q ( ) ( )

Let Cf » be the remaining part of Cr,, with the same orientation after deleting the open
segment from 1+ 7T to ¢T'. Integrating by parts, we see that

s L' (5, %)
/ “ L) s

X
CT,X

T2 10g L(1 + 4T, ) — €T *log L(iT, x) — 2 / e**log L(s, x) ds. (3.97)

Cr
Thus by (3.94) and (3.97),
T I/
Z epxz — / esz L((va)) dS — / esz 10gL<S,X> dS
5’
o<y<T 14+4T X C;X
+ e D= 1og (1 44T, x) — 7% log L(iT, x) (3.98)

follows. Here log L(s, x) is the unique branch of the complex logarithm defined on the
simply connected region

1 1 1 1
C- ( o0 B] |: +7”70,X7 9 +7100> - |:§ - Z"}/LX, 5 — ZOO)

2m 21
- U <_°°+ b—(k+7“p)7 @(’CJF%)}

plg,kEZ &P

(where f is the largest real zero of L(s, x), possibly a Siegel zero and % +970,x % — i1,y
are the first critical zeros above and below the real axis, respectively) and satisfies

o0

log L(a, x) Z 1ogn —0

as 0 — oo. If o + it is a zero, then the limiting conventions for arg L(o +it, x) in the case
of a vertical or a horizontal branch cut are defined similarly as in arg L(o +it, o). Again
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the classical branch requires horizontal cuts at each critical zero. But for all points of
the form o + it with 0 < o < 1/2 and t > Y0,x» We have to take into account a change
in the argument between the two branches which is O((t + 4) log q(¢ + 4)). This being
said, we can still use the classical branch of log L(s, x) in the rest of the argument. Let

us write
log L(iT, x) = log |L(iT, x)| + t arg L(i T, x)- (3.99)
We also have

x1(p) )

1- piT

(3.100)

log | L(iT, x)| = log|L(iT, x1)| + Y log

plg

Since x1 is primitive, using (3.8) and (3.93), one obtains that

iT
L/
log |L(iT, x1)| = log|L(2+iT, x1)| + R / % ds < log*qT,  (3.101)
2T » X1
Y log |1 - Xli(f) < logT. (3.102)
plg b
Collecting (3.100)—(3.102),
log |L(iT, x)| = O,(log* T) (3.103)
follows. Moreover, we have
iT ( ) iT ®)
. 5, X1 X1(p
arg L(«T, x) = O(1 —l—%/ ——=—ds+ S logp/ —=—_ds 3.104
() = 0W) L(s,x1) 2 P* = x1(p) (3.104
24T pla 2T
and using
iT Iy iT
Ry / 7(8’ x1) ds <4 logT, SZlogp / 7){1(}?) ds <, T C(log 0)” log logq,
L(s, x1) p* —x1(p)
24T pla 2T

together with the O((T + 4)logq(T + 4)) change in the argument between the two
branches, one infers from (3.104) that

arg L(iT, x) = Qg (TC(os )" loglog a), (3.105)
From (3.99), (3.103) and (3.105), one sees that

|eiTz log L(iT, x)| = ex_Ty| log L(iT, x)| — 0
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as T — oo. Similarly
|1+ )2 Jog L(1 + 4T, x)| = 0

as T — oo. Let C'* be any of the indentations on the path of integration. Consider

/esz log L(s, x)ds = /esz 10g|L(s,X)\ds+i/esz arg L(s, x)ds (3.106)
cx Cx Ccx
and
sz o sz sz Xl(p)
e**log|L(s,x)|ds = [ e*log|L(s,x1)lds+ Y [ e**log|l — | ds. (3.107)
Cx O X P|qC><

The center of C'* is either a z,, = lggfo (k+rp) or one of 0, 8, 1—f. Note that log|L(s, x1)|

is continuous and uniformly bounded near z, (and also near 0, if L(0, x1) # 0). Other-

wise, 0, 8, 1 — 8 are simple zeros of L(s, x1) and one may write

sF1(s)
L(s,x1) = 4 (s = B)Fa(s)
(s = (L= B))Fs(s),

where Fj(s) are analytic functions with F;(0) # 0, F5(8) # 0, F3(1 — 3) # 0. It follows
that

log|s| + O(1) if s is close to 0
log |L(s,x1)| = { log|s — B8] + O(1) if s is close to 3
log|s— (1 —=75)+0O(1) if sis close to 1 — §.

In all cases, we see that

/ e**log |L(s,x1)|ds — 0
(02

S

as radius of C* tends to 0. Similarly, each of 1 — x1(p)p~° is either continuous and

uniformly bounded near the center of C* or has a simple zero at z, so that

Z / e** log

P‘qcx

1— x1(p)

‘ds—>0
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as radius of C'* tends to 0. Hence by (3.107),

/ e** log | L(s, )| ds — 0 (3.108)
CX

as radius of C'* tends to 0. If s = o + it € C*, then

(T—Ht otit
arg L(s,x) =0(1) + & / ( ds + Z / pram Xl?gp
2%t ple 2%
As x1 is primitive, we have
Q3 7itM ds = O(log q([t| +4)) = O,(log(|z| + 4))
2-+it Lisxa) B o S ’

where z is the center of C* and the radius of C* is small enough. Writing

xi(p)logp 1
P —xi(p) s—z

+ F(s)

if necessary, where F(s) is analytic and bounded near z,, one easily obtains that
arg L(s, x) = Oq((|2] + 4)log(|z] +4)) and

/ e’ arg L(s,x)ds — 0 (3.109)
[OR

as radius of C* tends to 0. Gathering (3.106), (3.108) and (3.109), one is justified to
assume that the path of integration consists of straight lines. Letting T" — oo,

2m’ZerZ =z / e’ log L(s,x)ds — z / e’ log L(s, x) ds

>0 CBA CD

—z / e**log L(s, x) ds, (3.110)
DE

where
A =+ico, B=+4ie, C=c¢
D=1, FE=1+io0.

To make use of symmetry for L(s, x), especially for the integral over C BA appearing on
the right hand side of (3.110), let us note that by the functional equation for L(s, x1),
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1_s (s+a)m

L(s,x) = 6()(1)257'(571(]1 sin Tf(l —s)L(1 —s,%)
@) (,_x®\
X E (1 b ) (1 s ) (3.111)

holds for all s, where |e(x1)] =1 and a =0 or a =1 in (3.111) according to x; is even
or odd, respectively. As we will take the logarithm of both sides of (3.111), the initial
difference between the arguments has to be taken into account. For 0 < s < 1, we know
that

arg L(s,x1) = O(logq), argL(l—s,x1)= O(logq). (3.112)

If x1(p) = 1, then

arg (1 - Xl(p)) =0 (3.113)
pS
for 0 < s < 1 and if x1(p) # 1, then
arg <1 - Xl(p)) =0(1) (3.114)
pS

for 0 < s < 1. As a result of (3.113) and (3.114),

arg [ [ (1 - %@) (1 - X_l—(m>_l = O(w(q)) =0 (l(’i> (3.115)

o pl—s log log ¢

follows for 0 < s < 1. Since arge(x1) = O(1) and the arguments of all the other terms on
the right hand side of (3.111) are 0 for 0 < s < 1, we see from (3.111), (3.112) and (3.115)
that

2 / e**log L(s,x)ds = z / e**(loge(x1) + slog(2m/q1)
CBA CBA

+log(y/q1/m) + log sin % +1logT'(1 — s) +1og L(1 — s,X)

+ ) log (1 ~ %@) = log (1 — E@) +iA(g, X)) ds, (3.116)
plg

plg

where A(q,x) = O(logq) is the initial difference in the arguments of the logarithms of
both sides of (3.111) when s = €. Letting ¢ — 0 in (3.110) and (3.116), one has
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2 (log (1) + og(Vr/m) + iA(q. ) [ ¢ ds
0
= — (loge(x1) + log(v/a1/m) +iA(q, x)) (3.117)
and
100 1
zlog (27 /q1) / se’Fds = Z log(27/q1). (3.118)
0
Moreover, when a =1
100 1 1+i00
/esz log sin w ds=¢e"" / e%* log sin (%) ds. (3.119)
0 1
For any positive parameter M, one obtains that
1+iM 14+iM
/ ¢* log sin (8—”) ds = / €% log sin (S—”) ds
2 2
1 iM
iM 1
—i—/esz log sin (%) ds — /esz log sin (%) ds.  (3.120)
0 0

But when s = 0 +iM with 0 < o < 1, the estimate

i ()
m ( — =
& 2

holds for all large M. Letting M — oo in (3.120) and using (3.121), we see from (3.119)
that

e%(7M+io') _ eg(Mficr)
log ( 2%

)' = O(M) (3.121)

100 100

1
/esz log sin u ds = /e(s_l)z log sin (ﬂ) ds
2 2
0 0
1
_ [ s D2 15gin (2F
/e logsm( 5 ) ds. (3.122)
0
Next consider
100 T
/esz log <1 - X1(p)) ds = /esz log (1 e (p)> ds + O(e7vT). (3.123)
p® p°

0 0
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Using
1
log (1 — E X1\P)
mpms
m>1

for all s = it with t # 15223 (k+rp) and the facts that

P cosm(tlogp — 27r
Riog (1 201 __ 5 conmielonp 2,

m>1 m
Slog (1 B Xl(p)> _ Z sinm(tlogp — 27r,)
° m>1 m

are both boundedly convergent almost everywhere on [0, T, one justifies that interchange
is permissible and

7632 log (1 - X%’”) ds =" ( (Xl(p - Xl(pM)eiT(z_ljpm)) (3.124)
0

= m(z — log p™) m(z — logp™)

holds. Letting 7" — oo in (3.124), one obtains from (3.123) that

Zlog [ 1 — E 12
/6 og( > mz—logp m(z —logp™)’ (3.125)
0

=1

Similarly,

T m>) e )
e Flog | 1— ds = 3.126
0/ ® < p'* mz:; mp™(z + log p™) (3.126)

follows. Finally, as interchange was shown to be valid above for all characters, one easily
derives that

14+ico
x(@™)
—z / e**log L(s, x) = ze* Z (3.127)
/ ~ mp™(z —logp™)
and
52 X(@™)
/ log L(1 — 5,%) —zz e + Togp) (3.128)

0

Therefore, assembling (3.116), (3.117), (3.118), (3.125)—(3.128), the following formula
which is analogous to (3.86) is verified.
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mp™(z — log p™) < mp™ (z + log p™)

2miV(zx) = 20t Y — Xy X0

m,p

+ZZZ

z—logp Zzzlmp z+logp )

plg m= L plg m
1 100
-z / e**log L(s,x) ds + z / e** log sin @ ds
0 0

1 2 \/
+ 2 <U + log —ﬂ-> — <1og e(x1) + log % + iA(q7x)>
q1

0/ el : (3.129)

For the fusion of (3.86) and (3.129), some preliminary estimations are necessary. First
note that

N|>—‘

e? Z Z m(z — logp e” Z Z . (3.130)

2
plg m=1 plg m=1"" logp )2 +y

To estimate the right hand side of (3.130) further, let m, be the closest integer to =/ logp
for each p | g. Then the contribution of m,, for p | ¢ is

- 1 e""logg
ey (3.131)
plg mp\/(x — logp™)? + plg
Moreover, we have
20D s
iR T
m#my
PSP mlogp(ﬂcl— log p™)
plg m< s
m#my,
e " 1 1
= logp ) +
T ‘ mlogp x— mlogp
pla M<5ep
m#my,
-] 1
< ¢ "logglogz (3.132)

T

Similarly,
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1
e " E E < e *logg (3.133)
— m )2 2
plg m>m m\/(:zr logp™)* +y

m;émp

follows as |x — mlogp| > 5 in the range of summation over m. Lastly, we consider

2m

2OVEDY 1

PO fogp <M< my/( —logp™)? + 4

x
—S+logp
m#my

e " 1 1
< — 1 -
T Z o8P Z (mlogp—x mlogp)

pla log:n<m< I+logp

m;émp

= log gl
« & 084087 (3.134)
T

As y will be taken as a very small function of x later, it is safe to infer from (3.130)—(3.134)
that

e *loggq
e Z Z < . (3.135)

e ™ zflogp ) Ty
Clearly,
1 N m
-3 x(p™) <e® (3.136)
e* £~ mp™(z + log p™)
and
1 3.137
plg m=

hold with absolute implied constants. Using the well known estimate for the digamma
function in the form

U(z) < log|z]|
when z is in the first quadrant and |z| tends to infinity, one gets from (3.67) that
100
1
—Z/ %% log sin (82 ) ds| < e log|z| < e”*logx. (3.138)

€
0
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Since

1 1
/e(sfl)zlogsin (%) ds| < /|logs\ds<< 1,
0

(3.122) gives that

1 1

— /esz logsinw ds| < e ®. (3.139)
It is also clear that

1 2T 1 \/ .
’ — <U+log —) - = (loge(x1) +log Y2 +ZA(q,X))
22e 1 ze

™

L[t .
_z2eZ/et—1't+z’<<e "logq. (3.140)
0

Corresponding terms on the right hand side of (3.86) can be estimated similarly. Com-
bining (3.86), (3.129) and (3.135)—(3.140), one gets

1

x(™) 2mi oz, 1 /

= S Ep— 5% log L d 141

Z mp™(z —logp™)  ze? %:oe + e? e**log L(s, x) ds + R(z, ¢, x) (3 )
0

m,p

for any character x modulo ¢, where

e “logq
R -0 —=2). 142
(2,4,x) < =y ) (3.142)

Using the orthogonality of characters, (3.141) and (3.142) give that

>y v(q)

& mp™(z—logp™)
p""=a (mod q)

=TS @Y e [ S n@logLis ) ds 4 R, (3:143)
X 0 X

ze*
v>0

with

R(z,q) =0 <M) . (3.144)
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Comparing imaginary parts of both sides of (3.143), the formula

B Z e(q)y

mp™|[(z — logp™)? + y?]
p™=a (mod g)

1
Pxz a)log L( .14
zez ZX e / zx: Ylog L(s, x) ds + SR(z,q) (3.145)
0

v>0

holds with

SR(z,q) = O (M> (3.146)

Ty

by (3.144). Let us consider the function

F(s,a) = HL(S,X)X(E).

X

In particular, F'(s,a) can be recovered by the unique branch of its logarithm which is
given as

logF(s,0) = 3 x@logLis, ) =plg) 5 —) (3.147)

n®logn
n>2 g
n=a (mod gq)

for R(s) > 1. Thus F(s,a) is analytic in a maximal simply connected open subset of C
and it follows from (3.147) that

F’ F’
F(E a) = s, a) (3.148)

for all possible s. Our task is then to get a useful estimate for the quantity

1

1

—Z/e (log|F(s,a)| +iarg F(s,a))ds.
0

To begin with, we have

log [F(s,a)| = > (R(x(@))log |L(s, x)| — S(x(@)) arg L(s, X)) - (3.149)

X

Using (3.149), one sees that
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1

1
1
S [ e log Fis,a)lds = S RO(@)S [ e log (s, )l
(&
X 0

0
1
- Z S(x(@))S / eV arg L(s,x)ds.  (3.150)
X 0

Recalling that z = x + iy with z,y > 0, one obtains

1 1
3 / eV log |L(s, )| ds| < | == / e** sin(sy) log |L(s, x)| ds
0 0

siny

1
/e cos(sy)log |L(s, x)|ds| . (3.151)
0

Let us temporarily assume that y is primitive. For all §; > 0 small enough, there are
no critical zeros of L(s, x) with ordinate d; and the set of (finitely many) critical zeros
with ordinates in (01 — 1,01 4+ 1) is the same as the set of critical zeros with ordinates in
(=1,1). Suppose now that 0 < s < 1. As x is primitive, using a well known result (see
p. 102 of [6]), we may write

L'(s+id1,x) 1
- 1 152

where the finite sum in (3.152) is over the critical zeros with ordinates in (—1,1). Con-
sequently, we see from (3.152) that

t+’L(§1, )

log |L(s +i61, x)| = log [L(1 + id1, x |+§R/W

= log |L(1 + 01, x)| +Zlog|s+i51 -l
P

— 3 log|1 +id; — p| + O(logq). (3.153)
P

Letting 6; — 0 in (3.153), one obtains

log |L(s, x)| = log | L(1,x)| + Y _log[s — p| = Y log|l — p| + O(logq) ~ (3.154)
P P

for all 0 < s < 1 not coinciding with a real zero of L(s,x). Armed with (3.154), let us
revisit the terms on the right hand side of (3.151). Precisely, one has
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cosy

1
/e sin(sy) log | L(s, x)| ds
0

1
_ cosy o o B
- /e sm(sy)Z(log\s pl —log|l — p|)ds
0 P
1
COby/e sin(sy)(log |L(1,x)| + O(log q)) ds. (3.155)
0

To control the right hand side of (3.155), note that if p = 3 is a Siegel zero, then

C1
1-8> ———
Valog®q
for some constant ¢; > 0 and for other zeros p = o + it with ¢ € (—1,1), we have
2

1—0>
log g

for some constant ¢ > 0. In any case we see that log|1 — p| < log ¢ for all critical zeros
with ordinates in (—1,1). As the number of zeros with ¢ € (—1,1) is < log ¢, one easily

obtains
1 2
C(;y glogﬂ - /es” sin(sy) ds <« Y Of g (3.156)
We know that
1
— < |L(1, x)| < loggq. 3.157
NG |L(1, x)| (3.157)

Using (3.157),

1
ylo
cosy /e sin(sy) log | L(1, x)| ds < % (3.158)
0
follows. Clearly, we have
1
lo
cosy /e sin(sy) log ¢ ds < L xgq. (3.159)
0

Finally let us observe that
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COSyZ/ sin(sy) log |s — p| ds < —Z/ e**|log|s — ol| ds

<<3/Z/\10g|8—0||d8<<ylogq. (3.160)
P

Gathering (3.155)—(3.160), one gets

1
1 2
cosy /e sin(sy) log |L(s, x)| ds < ylogq + Of 1, (3.161)
0
We can show similarly that
. 1 1 2
Slenmy /esm cos(sy)log |L(s, x)| ds < ylogq + yc;ﬂ. (3.162)
0
Thus (3.151), (3.161) and (3.162) give that
1 Jlog?
/e *log|L(s, x)| ds| < ylogq + Of q, (3.163)
0
Moreover writing
1 1
%/e(‘g_l)z arg L(s, x) ds| < C(;y /e‘”” sin(sy) arg L(s, x) ds
0 0
1
smy /e cos(sy) arg L(s, x) ds (3.164)
0

and using the fact that arg L(s, x) < logq when x is primitive, we deduce from (3.164)
that

ylogq

1
/e(S Dz arg L(s, x) ds| < =——= (3.165)
0

On the other hand, if x is not a primitive character modulo g, then using (3.87), (3.113)
and (3.114), we can easily see that (3.165) holds for all nonprincipal characters modulo g.
Note that for any p | ¢,

log(1 — p—*
lim og(l —p~*)

=1
50 log s
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Then we see that

1

1
1
cosy/e sin(sy 1og’ Xl(sp)‘ds<<y/log(l—p—) ds <y
p
0

0

and

siny

1
/e cos(sy log‘ Xl(sp)‘ ds < y,
p
0

where x1 is the primitive character inducing x. Therefore, (3.163) holds for all nonprinci-
pal characters modulo g as well. In case when y = x¢ is the principal character modulo g,
one can similarly show that (3.163) and (3.165) continue to hold (which is even easier
as no Siegel zeros enter into the argument) by considering logarithmic singularities of
L(s,x0) at s = 0 and s = 1 arising from the finite product over p | ¢ and from the
Riemann zeta function, respectively. Assembling (3.150), (3.163) and (3.165), one infers
that

1
1 1 2
Se—z/esz log |[F(s,a)| ds < ¢(q) (ylogq+ Y oxg q> . (3.166)
0

=

If 8 > 1/2 is a Siegel zero, then it is easy to see by a calculation as in (3.58) and (3.59)
that

- ff<s<1
arg F(s,a) =<0 ifl—-B<s<p (3.167)
T ifo0<s<1-—7.

Consequently from (3.167), we see that

1
%/ arnga)ds-% / *arg F(s,a)ds
0

= §R—(—1 — e e 4 e (1702
z

--»(%)+o0 (e;/z) +0 <6(1xm) . (3.168)

By Siegel’s estimate (see p. 127 of [6]), we know for 6 > 0 that

c)

B,
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where C() > 0 is an ineffective constant. In this way (3.168) becomes

_C®)e
9

q —x/2
_/ Zarg F(s,a)ds x;fy +0|& -~ +O(€ . ) (3.169)

for all # > 0. Furthermore, if we assume that critical zeros of all Dirichlet L-functions
have real part 1/2, then

1
—x/2
iz/ *arg F(s,a) ds——lQJrO(e ) (3.170)
0

follows. Collecting (3.145), (3.166), (3.169) and (3.170), one justifies the formula

3 e(a)y
=~ mp™[(x — log p™)? + y?|
p™=a (mod gq)
_C®)a

—x/2
P T ol of¢
zezzx Ze +362—1-3/2+ T + x

¥>0

+0 (go(q) <ylogq + yloxgzq» +0 <6_I‘p(q)bgq) . (3.171)

Ty

But writing p,, = 1/2 + i, with 7, > 0 and noting that

2

™ ™ Yy

I —— (O ===
$2+y2 JC+ <I3>’

the following relation is immediate from (3.171).

Yy s
;p mp™((z —logp™)? +y*  plg)z
p"=a (mod gq)
_Cc®e

e L2 o (am) o T ) o ()

X x>0

1 o
+O(ylogq+y o8 q) +O<e°gq). (3.172)
x xy

The O-term involving 6 in (3.172) has to be discarded if no Siegel zeros exist. To
make (3.172) manageable, it suffices to study the behavior of
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S e

X x>0

in terms of y. Then a judicious choice of y as a small function of ¢ and x will prepare
us for the minimization of the right hand side of (3.172). Let N (T, x) be the number of
nonreal critical zeros of L(s,x) with ordinates in (=7, T). It is known that (see p. 101
of [6])

N(T,) LlogT + O(Tlogq) if T >2
'y X) =
O(logq) if0<T<2.

In particular when Y is a real character, then the number of critical zeros with ordinates
in (0,7) is %N (T, x). If x is not a real character, then using the correspondence between
the critical zeros of L(s,x) and L(s,), we see that the total number of critical zeros of
L(s,x) and L(s,x) with ordinates in (0,7) is N(T,x). Therefore, if x is real, then we
have

T
=1 e
0<'yX<T 0
T
1
= 5e_TyN(T, X)+ %/e_tyN(t,x) dt. (3.173)
0

As e TYN(T, x) — 0 when T — 0o, one sees from (3.173) that

Ze "’Xy—g/ TWN(t,x) dt +

x>0

o<

/e_tyN(L X) dt. (3.174)
2

To proceed, we need to study the right hand side of (3.174). First we have

N

2
/e*tyN(t,X) dt < logq(l —e %) < yloggq. (3.175)
0

Second we observe that

g/ “WN(t,x)d :%/ e Wlogtdt + O ylogq/te*tydt . (3.176)
2 2 2

One easily calculates that
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i/te*ty logt dt = <y /te*f 1ogtdt+/te*f at|. (3177
s 21y log (l)
2 y) 2y 2y
Obviously,
1 e} o0
/te_tlogtdt — 0 and /te_t dt — 1
log (l)
y) 2y 2y
as y — 0. It follows from (3.174)—(3.177) that
log (l) 1
D e = (1 o(1) 5 + 0 < qu) (3.178)
Vx>0 i Y
as y — 0. Similarly,
log (l) 1
S e g 3 e = (14 0(1)— L 10 ( qu) (3.179)
Vx>0 x>0 Ty y

is obtained for each pair of complex characters x # ¥. Collecting (3.178) and (3.179),
one gets

S e =1+ 0(1))%2) log (;) +0 (%) (3.180)
X x>0

as y — 0. For the judicious choice of y that was alluded to above, we take y = p(q)ze™ 2.
In the presence of Siegel zeros, let us assume that ¢ < x4 for any given number A > 0.

Then using a small enough 6 > 0 (in terms of A), one can satisfy
_c®)=

%ﬁ_zﬂaﬁ)am%m (3.181)

Moreover, we have

2 —xz/2
o () © ()
e(q)x e(q)x
2 —x
OQMMJTQ)OGJ%%:% 1

@(Q)x> asx — oo (3.182)

whenever
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Since 101&% — 0 as z — 0o when ¢ < 2%, one obtains from (3.172), (3.180)(3.182)
that

Z Yy _ Tt O(x) (3.183)
&= mprfr—logpm)?2+y?]  p(g)z '
p"™=a (mod q)

where O(z) is a function satisfying |©(z)| < 1 for all sufficiently large values of z. On

the other hand, if no Siegel zeros exist, then (3.183) still holds when ¢ < e** for some

log q
log(1/y)
large values of z). Let us remark that A is an effective constant. It is now immediate

from (3.183) that

sufficiently small number A > 0 (so that is small enough for all sufficiently

Y 2
> 3.184
2 e e P wlae (3184
p™=a (mod q)

for all sufficiently large values of x. Let us estimate the contribution of terms with
|z — log p™| > 1 on the left hand side of (3.184). Precisely, consider

y 1
< . 3.185
;7 mp[(@ —logp™ )2 +y?2] 7 ;p mp™|z — log p™| (3.185)
p""=a (mod q) p"=a (mod q)
|z—log p™|>1 |z—log p™|>1

Clearly, we have

1

=0(1). 3.186
;p mp™|x — log p™| o) (3.186)
m>2

p"=a (mod q)

m

|z—log p™|>1

Hence it suffices to look at

> - (3.187)

>~ plz—logp|
|z—log p|>1

as a function of all large x. When |z — logp| > 1, it is easy to see that

1 x

< .
|z —logp| ~ logp

Consequently, (3.187) is < x and one obtains from (3.185), (3.186) that

Y
<L yzx. 3.188
2 e lgr ] < (3.188)
p™=a (mod q)
|z—log p™|>1
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Since ¢ < e for some sufficiently small number A > 0, one gets yr = o(1/¢(q)r)
and (3.184), (3.188) give that

Y 1.9
> 3.189
mz,p mp™[(x —logp™)? +y°] ~ p(q)x (3159
p"=a (mod q)
lz—log p™|<1

for all sufficiently large . To analyze the left hand side of (3.189) further, we decompose
the interval (z — 1,2 + 1) to tiny subintervals of length y starting from the point = (the
rightmost and the leftmost subintervals being possibly of length < y). We then look at
the contribution of each such subinterval. For a nonnegative integer v with vy < 1, let
us first study sums of the type

P R VLD VR

m,p = =
p=a (mod a) I il spat TR ori- N it AW
vy<|z—logp™|<(v+1)y =p= =p=

+Z% > 1+ > 1],

m>2 p™=a (mod q) p™=a (mod q)
atvy ot(vt1 — (v+1) "
T <pe T O e

(&

(3.190)

where the sum over m in (3.190) is actually finite with m < z. Estimating trivially,

(MBS

Z% > 1+ > 1| <e? (3.191)

m>2 p™=a (mod q) p"=a (mod q)
ztvy o+ (v+l)y z—(v+1)y
e m <p<le m m

R
e <p<e’m

holds. Moreover, by the Brun—Titchmarsh theorem, one has

ertY(e¥ — 1)

> 1<3 ey < e (3.192)
p=a (mod q) SO(Q) IOg (f)
em+uy§p§ez+(9+l)y
for all sufficiently large x. Similarly,
> l1<e? (3.193)

p=a (mod q)
T (DY << Ty

follows for all sufficiently large z. Gathering (3.190)—(3.193), one infers that
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1
> — <k (3.194)
m

m,p
p™=a (mod q)
vy<|z—log p™|<(v+1)y

with an absolute and computable implied constant. Using now (3.194), it is easy to see
that

Y 1 1 1
Z mpm[(x _ logpm)Q n y2] < QD((])LC (; + m + .. ) s (3195)

m,p
p""=a (mod q)
vy<|z—log p™|<1

where the implied constant is absolute. Therefore, fixing a large enough value of v
in (3.195), we obtain from (3.189) that

3 Y 5 18 (3.196)

mp™|[(z —logp™)? + %] ~ w(g)x

m,p
p™=a (mod q)
|x—log p™ |<vy

for all sufficiently large x. As a result of (3.196),

1 T—vy .
Yo 18 (ye ) > 1.7¢% (3.197)
P m p(q)z

p™=a (mod q)
|z—log p™|<vy

follows for all sufficiently large x. Let us define the function

m,p

p"=a (mod q)
p" <z
Then (3.197) can be reformulated as
(7Y, q,a) — f(e"Y,q,a) > LTe? (3.198)

for all sufficiently large x. Let us rewrite (3.198) in terms of a more customary way of
representing short intervals. To this end, it is enough to replace x by logz in (3.198).
Note that the conditions on ¢ should be scaled in the same way. Namely, if there are
Siegel zeros, then ¢ < (logz)4 for any given A > 0 and otherwise ¢ < z* for some small
enough A > 0. In this way the interval (e*~*¥ e**t*¥] is mapped to the interval

__ve(q) logx ve(q) log x
(:L‘e Ve xe Vv } (3.199)

Next we show that the interval in (3.199) is a subset of the interval
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(v — 2vp(q)Vrlogw,x + 2vp(q) Vo log 7]

for all sufficiently large x. For the right end points of the intervals, this amounts to
checking the inequality

ve(q) log = Z/SD(q) logl‘
e V@ <1+2—— =
NG

W% — 0 as £ — oo. The verification for the left end

points of the intervals can be done in the same way. Therefore, (3.198) becomes

which is obviously true since

f(z +2ve(q)vxlogz,q,a) — f(x — 2vp(q)Vrlogr,q,a) > 1.7/z (3.200)

for all sufficiently large x. Using (3.200), we can find an absolute constant ¢ > 0 (in
terms of v) such that

fx+co(q)Vzlogx,q,a) — f(x,q,a) > 1.7\/z.

Finally observing

JT

log x’

f(z,q,0) —m(z,q,0) €
one easily obtains

7(z + cp(q)vxlogx,q,a) — m(x,q,a) >z (3.201)

for all sufficiently large x. It is possible to arrange an effective constant ¢ that works
for all z and ¢ subject to ¢ < 2* but in the presence of Siegel zeros and ¢ < (logz)4,
the choice of c4 in place of c is ineffective since we can not know precisely how large x
should be to have (3.201). This completes the proof of Theorem 2.
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