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1. Introduction

The differential modular forms are invented by Buium and his collaborators in a beau-
tiful series of papers [8-10,12,11]. These are the modular forms obtained by applying the
arithmetic p-jet space functor (adjoint to the p-typical Witt vector functor) to the ring
of modular forms. We wish to understand the differential modular forms obtained by ap-
plying arithmetic jet space functor to the ring of modular forms on Shimura curves over
totally real fields [19]. This paper is a modest attempt to study the differential modular
forms for Shimura curves over totally real fields extending the results for the Shimura
curves over Q [9,10]. We note that the present paper is the first initiative to investigate
the differential modular forms for fields different from Q. It is expected that the study
of the differential modular forms on the Shimura curves over totally real fields should be
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useful in an “effective” proof of the André—Oort conjecture for the Shimura curves over
totally real fields. The aim of the present paper is to study the following questions.

Question 1. Describe the Shimura curves over totally real fields modulo Hecke correspon-
dences.

Question 2. Describe the quotient of Shimura curves over totally real fields modulo
isogeny.

Question 3. Describe the “test objects” of the Shimura curves over totally real fields
which have lifts of Frobenius.

Question 4. Describe explicit lifts of Hasse invariants for the Shimura curves over totally
real fields.

We observe that isogeny covariance is stronger condition than being Hecke equivari-
ance. Inspired by Kolchin’s theory for differential algebras, Buium introduced §-geometry
and the theory of differential modular forms to answer these questions. ¢ is an analogue
of the differentials for number fields. We enlarge the algebraic geometry to d-geometry
of Buium to study the questions. As in [11], we replace polynomials with arithmetic
differential equations to describe the categorical quotients of Questions 1, 2 and the ge-
ometrically significant class of abelian schemes inside the unitary PEL Shimura curves
as in Questions 3 and 4.

Some of the differential modular forms over totally real fields also have certain symme-
tries, namely isogeny covariance. This is one of the motivation of the study/construction
of the differential modular forms. We closely follow the constructions of basic differential
modular forms of Buium to show that there exist differential modular forms over totally
real fields, whose zero sets are the solutions to the questions.

Let f = ), anq™ be a classical elliptic newform of weight 2 with respect to the
congruence subgroup I'1(N). Let K¢ = Q({ay, }) be the coefficient field of this newform
with gy = [Ky : Q]. Buium attached g, differential eigenforms of order 2, weight 0
to such a classical newform in [12]. We fix a totally real number field F' with ring of
integers O and let N be an ideal of Op. We assume that the field F' and the ideal N
satisfy the following Jacquet—Langlands condition: either [F' : Q] is odd or ord,(N) =1
for all v | N. Let T denote T'®]],Zy for any abelian group 7" and let Ko(N) = {(‘i Z) €
GL3(OF)|N | ¢} be a subgroup of GLa(F).

Let p be an odd prime not dividing the discriminant of the totally real field F' and let
B be a prime ideal of O over p. We also assume that a fixed quaternion algebra over F’
is split at P (cf. Section 2). In this paper, we will study differential modular forms w.r.t.
this fixed prime ideal.

Let f be a Hilbert modular newform over F' of parallel weight 2, level Ky(N) and
trivial central character with the coefficient field K¢, a number field of degree h. Then
there is an abelian variety of dimension h with a motivic L-function. This abelian variety
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is a quotient of the Jacobian of a suitably defined Shimura curve. We now state one of
the main theorems of this paper, which gives a partial answer to Question 1.

Theorem 5. Let £ be a Hilbert modular newform as above. There exist h non-zero linearly
independent differential modular forms on Shimura curves over totally real fields (cf.
Section 3) of weight 0, which are eigenforms of the Hecke operators for all ideals m
coprime to the ideal ‘PN .

Notice that the above theorem is a generalization of Theorem 2.6 in [12] for totally
real number fields. This theorem is a partial result towards the “Main Conjecture” 2.54
of [11].

Theorem 6. There exist 16d° isogeny covariant full cotangent differential modular forms
(¢f. Section 3) of order 1 and weight 1+ ¢ on any affine, open subscheme of the Shimura
curves over totally real fields of degree d > 1 such that the quaternionic abelian schemes
(¢f. Section 2) on this affine scheme have lifts of the Frobenius at P if and only if they
belong to the zero set of these forms. One of these full cotangent differential modular
forms is a differential modular form of weight 1 4 ¢.

Proposition 7. For allr, there exist non-zero isogeny covariant differential modular forms
of order r and weight 1+ ¢".

The points of these Shimura curves are abelian schemes with some extra structure
coming from endomorphism, polarization and level. Recall that Hasse invariants for the
quaternionic Shimura curves over totally real fields are defined in [19, Section 5].

Theorem 8. Let p be an odd prime that splits completely in F. There exist isogeny covari-
ant differential modular forms of weight 1 — ¢ and order 1 on the Shimura curves over
totally real fields such that on the set of ordinary points of the special fiber they coincide
with the Hasse invariants of the Shimura curves over totally real fields.

Since differential modular forms are global sections of certain line bundles on com-
pact Shimura curves, they do not have Fourier expansions. We define the Serre-Tate
expansions for differential modular forms on Shimura curves over totally real fields in
Section 6 as a special case of the general expansion principle in [11].

2. Modular forms on quaternionic Shimura curves over totally real fields

We start by recalling few basic facts about Shimura curves over totally real fields
mentioned above. Let F' be a totally real field of degree d > 1 with r; : F — R for
1 < i < d its embeddings in R. We denote 71 simply by 7. Let O be the ring of integers
of F and let N be an ideal of Op. Fix a prime p as in the introduction and we denote
the primes of F' lying above p by B, ..., B,,. We call P, simply P. Let Fy denote the
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completion of F' at *B. Let Oy be the ring of integers of Fip with residue field & of order
q = pf. Without loss of generality, we may assume p is the uniformizer of Ox.

Let O(g) be the localization of O at ‘B with completion O/(f;) Let %W denote the

maximal unramified extension of O/(;) This is a discrete valuation ring with maximal
nr

ideal generated by p. Let R denote the completion of @

Let B be a quaternion algebra over F' which is split at 7 and ramified at all other
infinite places. We also assume that B is split at . Let N be a non-zero ideal of Op
and F be a totally imaginary quadratic extension of F' whose relative discriminant is
prime to N. Let D = B ®p E be the quaternion algebra with center E. We have an
inclusion,

E-E0Q=50F=F, o -0k, ©Fp, © 0Ly,

The above decomposition of E ® Q, induces a decomposition Op ® Z, = (Op, &
Op,---Op,,)® (Op, ®Op, ---Op,,). Hence every Op ® Z, module A decomposes as

A=Nese oA,)e(fese o).

Since B is unramified at the prime 1, we have Op, = M3(Og). The matrix algebra
Mj(Oxyp) has two idempotents e = (| 0) and 1 —e = ({9). There is a further decom-
position of A% as two isomorphic projective R module eA? and (1 — e)A? with an action
of Ogp. We denote them by A7 and A3 respectively. Let I' be the restricted direct
product of (B ® F,)* for all places v but B. We are interested in subgroups of I" of the
form GL2(Og) x H and we denote them by {0, H}.

For any abelian scheme A, let A* = Pic’(A) be the dual abelian scheme of A and
A be the formal completion of A along the closed fiber p. Let G = Resp,g(B*) be an
algebraic group such that G(Q) = B* acts on the complex manifold H* = C — R. Let
Al = Hp Z,, denote the ring of finite adeles of Q. We fix an open, compact subgroup
K C G(A') and now consider the Shimura curve, whose C valued points are My (C) =
G(Q)\H* x G(Af)/K. By the work of Shimura, there is a model of this Shimura curve
over F, though it won’t have any modular interpretation. According to Jarvis (cf. [18,
p. 4, Thm. 3.1]), this Shimura curve has a model over Ogp N F. Carayol introduced an
auxiliary Shimura curve in [16] with a model over E. We fix an embedding of E in Fiy
and base change this new unitary PEL Shimura curve to Fiz. The model of this Shimura
curve has a modular interpretation.

We now define these PEL Shimura curves. Let V' be the underlying Q vector space
of D with a fixed trace form (cf. [19, p. 4]). For any Fiz-algebra R, let G'(R) be the group
of symplectic similitudes w.r.t. this trace form [19]. Let I" = G'(AfP)x (B®Fy, )* x- - - x
(B®Fy,,)* be an adelic group with G'(A7) = Q) xGLa(Fp)x I'". Let K" = Z, x Ky x H'
be an open compact subgroup of I'/. We consider the Shimura curve with C valued points
M}, (C) = G"(Q)\ X' x G'(AT)/K’. This Shimura curve has a smooth, canonical proper
model over E. The base change of this curve to Fiyp is denoted by M.
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Theorem 9. (See Carayol [16].) M., represents the functor
(Fyp-algebra)” — Sets

that sends any Fy-algebra S to the set of all isomorphism classes of (A,4,0, ay) such
that

e A is an abelian scheme over S of relative dimension 4d equipped with an action of Op
given by i : Op — Endg(A) such that
(1) the projective S module Lie}" (A) has rank one and O acts on it via Op — S,
(2) forj =2, we have Liel(A) =0,

e 0 is a polarization of A of degree prime to p such that the corresponding Rosati
involution sends i(l) to i(I*),

o aup is a K’ level structure, so a class modulo K' of symplectic Op linear isomor-
phisms asp T(A) ~V @y Z.

If we choose the subgroup of the form {0, H'}, then there is a specific choice of the
level structure (last condition in the above theorem) [5]. For H’ sufficiently small, there
is a smooth curve My , over Oy such that My 5, = Mj g ® Fyg [16, Prop. 5.3, p. 191].
By [5, p. 38|, the smooth curve M 5, solves the same moduli problem but now for
Ox-algebras.

In this paper, we denote the points of this quaternionic Shimura curve by “quaternionic
abelian schemes”. The above moduli problem is fine. There is a universal object (A%, =
Ab g, 0, asp) over M g, such that any test object over an Og-algebra R is obtained by
pulling back the universal quadruple via the corresponding morphism Spec(R) — M67 It

Let € : Af) i, — M ., denote the structure map. The Oy module €, (2}, M )
s 5 0,H’ 0,H’ 0,H’

is an Op ®Z, module and w = (e, (12}, M )3 is a line bundle on M ;.. Let Wa/R
0,H' 0,H/' ’
be the corresponding line bundle on the quaternionic abelian scheme A/R.

For any Og-algebra R, the space of modular forms over R of level K’ and weight k is
defined by

SP(K' k,R) =H°(M{ 1 ® R,w®").

To study the Shimura curves My fr, the following theorem of Carayol [16] shows that it
is enough to study the Shimura curves Mg .

Theorem 10 (Carayol). Let H C I' be a small enough open compact subgroup and N
a connected component of My g ® Fyg". There exists an open compact subgroup H' C I
and a connected component Ny, of My ) @ F", such that Ny and Ny, are isomorphic
over F;ff.
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2.1. Arithmetic jet spaces and Witt vectors

In this section, we briefly recall the concept of p-typical Witt vectors and arithmetic jet
spaces by closely following [4] and [6]. For any ring A, we denote by Alts completion in the
p-adic topology. By p-adic ring, we mean a ring A such that A = A= lim A/p"A. Any
such ring has a natural structure of Z,-algebra. For any p-adic ring S, let Spf(S) be the
formal scheme obtained by completing Spec(S) along the closed subscheme defined by the
ideal pS. By a p-formal scheme, we shall understand a formal scheme locally isomorphic
to formal schemes Spf(S). For a scheme X over Og, let X be the completion of X along
the closed subscheme defined by the ideal (p). Let C be the category of p-formal schemes.

Let CRings be the category of p-adic rings. For any A € CRings, we may consider
the ghost maps w; : At — A 0 < i < m by wi(ag,a,...,a,) = ijja’f'_j. Let
o™ : CRings — CRings be the functor o®(A) = A™. Recall that the Witt vector
is a functor W,, : CRings — CRings whose underlying functor CRings — Sets is
W, (A) = A"™! and for which the ghost maps w : W, (4) — A" (2,)n — (wn)n
define a natural transformation of functor of rings W,, — o"*!. The ring W(A) is an
inverse limit of the rings W, (A).

Following [4], we recall that W (A) is an example of a ring B with a map ¢ : B — A
and a Frobenius map F' : B — B which reduces to the map x — xP mod pB. The ring
W (A) is a universal object in the category of rings with Frobenius map and with a map
to A. In other words, if B’ is another ring with a map v : B’ — A and a Frobenius
map F : B’ — B’ which reduces to the map z — 2P mod pB’ then there exists a map
¥ : B — W(R) which commutes with Frobenius and satisfies the following diagram:

B’ L— W(A)

S

Let ¢ : A — B be a ring homomorphism.

Definition 1. A map § : A — B is called a p-derivation of ¢ if it satisfies the following
equalities:

[« )

.« 5(1)=0.
o d(xy) = (p(2))Po(y) + (¢(y))Pd(z) + pd(2)d(y).
T+

» Oz +y) =0(x) +0(y) + Cpe(x), 0 (y))-

Here, Cp(z,y) = w is a polynomial with integer coefficients.

In other words, ¢ is such that the map (p,0) : A — W1(B) (where W1 (B) is the ring
of “Witt vectors” of length 2 on B) is a ring homomorphism. For a p-derivation § of ¢,
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let ¢ : A — B denote the ring homomorphism ¢(a) = ¢(a)? + pd(a). If R = B then ¢
lifts the p-power Frobenius of R/pR. A dé-ring is a ring A € CRings equipped with a
p-derivation A — A. The category of d-rings is the category DCRings whose objects
are d-rings and whose morphisms are the ring homomorphisms that commute with 4.
The arithmetic jet space functor is a left adjoint functor to the Witt vector functor. In
other words, we have HomcRrings(J"(C), R) ~ HompcRings (C, Wi (R)).

By a prolongation sequence, we mean a sequence S° ¢’ g1 ¢ g2, of ring
homomorphisms which are equipped with p-derivations of ¢™’s S° G -
such that ¢, 0 0p41 = 0y 0 @uy1. For any ring C, J*(C) = (J™(C)) is naturally a
prolongation sequence. We fix an embedding Oy — R. Let ¢ : R — R be the unique ring
homomorphism that lifts the p-power Frobenius endomorphism. We endow the ring R
with the derivation of identity §(z) = W. Let R* be the prolongation sequence
obtained by letting all R™ = R and all p-derivations be equal to . In this paper, we only
consider prolongation sequences S* over R* [8, p. 103] with each S™ p-adically complete,
Noetherian and flat over R.

We recall the following fundamental proposition of Buium. The arithmetic jet space
functor induces a contravariant functor from the category of affine schemes to itself. This
functor induces by gluing a functor from the category C to itself [6].

Proposition 11. For X,Y € C, giving a morphism f € Hom(J"(X),Y) is equivalent to
attaching any prolongation sequence S* a map fs+ : X(S°) — Y (S™) which is functorial
in S*.

Proof. Follows from [8, Prop. 1.9, p. 107]. O
2.2. § weight

If G and G’ are two groups, by a d-homomorphism of order < n we mean a group
homomorphism x : J*(G) = G'. Let Z[¢p] denote the polynomial ring in ¢ with coeffi-
cients in Z. If w = > a;¢' with a; € Z, we get a 6-homomorphism y,, : @; — (/};
by xw(A) = A%@p(A)* - ¢"(N\)*. By a § weight, we mean group homomorphisms
J"(Gyn) = Gg. For a § weight w = Y0 a;¢* € Z[¢], let deg(w) = S a; be the degree
of the weight w. By Proposition 11, giving § weights are equivalent to giving homomor-
phisms (S%)* — S™.

3. Differential modular forms on the quaternionic Shimura curve

Let H' be an open compact subgroup of I"” and let X be an affine, open subscheme
of My . Let V' = Spec(@D,,czw®") — X be the physical line bundle attached to the
line bundle w with zero section removed. The space of modular forms M = M(X) on X
are the global sections of V on X [19]. The space of differential modular forms are global

sections of J™ (V).
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We now make it more explicit following [14]. A differential modular form of weight
w € Z[¢], order < n over X is a rule which assigns to any “test object” (A, 14,0, ag,w, S*)
over S, where

. (A, 1,0, asp) S X(SO),
» wis a basis of wy g,
¢ prolongation sequence S* over R*,

an element f(A, 14,0, op,w,S*) € S™ such that

o f(A,1,0,ap,w,S*) depends on S* and the isomorphism classes of (A, 1,0, ag, w),
o the formation of f(A,1¢,6, agp,w, S*) is functorial in S*,
o for any A € SO, we have f(A,i,0,ayp, \w, S*) = xu(N) 7L f(A, 1,0, ag, w, S*).

A full cotangent differential modular form of order < n and weight w is a rule f that takes
“test object” (A, 14,0, asp, @, S*) consisting of a prolongation sequence S*, a quaternionic
abelian scheme (4,4,6, ay) and a basis @ of the projective Oy module H°(A, 24) of
dimension 4d, an element f(A,1,0, ay, @, S*) € S™ such that

f(A, 0,0, aq, @, S*) = Xw()\)_lf(A, i,0, asyp, @, 5%)

for A € S°. Observe that the information about the 1-dimensional projective Og mod-
ule HO(4, QA)?’I is clearly not sufficient to completely determine when a “test object”
consisting of a 4d-dimensional abelian scheme has a lift of Frobenius (Theorem 6). To
salvage the situation, we introduce full cotangent differential modular forms which may
be thought of as a generalization of the differential modular forms in our setting. This
is inspired by the concept of matrix valued Siegel differential modular forms (cf. [2,
p. 1461]). Let M™ be the space of all differential modular forms over X of all weights
and order n.

Lemma 12. M7 = J"(M).

Proof. Since M = O(V) and X is affine, hence we have J"(M) = O(J"(V)). The
points of X(S°) are the isomorphism classes of quaternionic abelian schemes over S°
with certain structures coming from endomorphism, polarization and level structures.
By Proposition 11, giving a morphism J*(V) — S° is equivalent to giving a morphism
V(S%) — S™. Hence, we deduce the desired equality. O

For an isogeny u : A7 — As of degree prime to p between two quaternionic abelian
schemes over S, let [u] be the 4d x 4d matrix corresponding to the natural linear map
between the cotangent spaces. A full cotangent differential modular form f of weight k
is said to be isogeny covariant if for any isogeny u : A; — Ay with [u] = Id,
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deg(k)

f(Ahilaelawl?S*) = deg(u)_ f(AQ,’L'Q,QQ,OJQ,S*).

We note that the isogenies are not required to commute with polarizations or endomor-
phism structures.

4. d-Dimensional formal group attached to abelian schemes

In this section, we recall some basic facts about d-dimensional formal group. Let
A be an abelian scheme of relative dimension d over R. Since the abelian schemes
are commutative, it is enough to study the behavior of the tangent space at the
origin. Let e : Spec(R) — A be the identity section and let O4 . be the regular
local ring at the origin with maximal ideal m4 .. Finally let Oﬁ)”; be the comple-
tion of 04, w.r.t. my-adic topology. Since A is smooth of relative dimension d,
there exist indeterminates X, Xs,..., X4 such that OJ;{’; = R[X1,...,X4]. Similarly,
O hexe = RIV1,...\Ya, Z1,..., Zg] with X; o = Y; and X; o my = Z;. The mul-
tiplication map m : A x A — A induces morphism m* : (’)J;{); — (’)]:;A)exe with
FiYi, Z;) = m*(X;). We get a d-tuple of power series F = (Fi,...,Fa) € R[X, Y],
which satisfies the following properties:

Proposition 13. If Y = (Y1,...,Yy) and Z = (Z4,...,Yy), then

« F(Y,2) =Y+ Z (mod ma.),
. f(XaO)ZX F(0.Y) =Y,
« FXFY Z) = F(FXY),Z).

If in addition, F;(X,Y) = F;(Y, X) for all ¢ then the formal group law is said to be
commutative. Once we choose a basis w; of H°(A, 24), by duality it will determine a
basis of the tangent space H(A4, T4 ,s). Now, let F(X,Y) € R[X,Y]" be a d-dimensional
formal group and n be a positive integer. We can construct a formal group with a formal
group law p~"F(pX, pY'). This gives a p-formal group structure F{n} on the affine space
@ and we call them the n-twists of F. According to [6, Prop. 3.3], we have a complete
description of the kernel J"(G) — J"~1(G).

Proposition 14. Let G/ R be a smooth group scheme of finite type and let F be any formal
group law defining the associated local formal group. The kernel of J*(G) — J"~Y(G)
is isomorphic as a p-formal group to the twist F*" {n} of F¢". Here, F*" is the formal
group law obtained by applying ¢™ to the coefficients of the formal group law F.

4.1. The Hasse invariant

Let Ry be an F,-algebra and (A,i) be a quaternionic abelian scheme over an
Ro-algebra R. Consider the abelian scheme A(® obtained from base change by the



362 D. Banerjee / Journal of Number Theory 135 (2014) 353-373

g-power Frobenius map on R. Finally, let F : A — A be the Frobenius map with
V : AW — A the dual isogeny (Verschiebung) and let w be a basis of HO(A, QA/R)f’l.
To prove Theorem 8, it is useful to recall the definition of the Hasse invariant for Shimura
curves over totally real field [19, Prop. 3.3].

Let W = Spec(R) be an affine open subset of M 5, @ k. We choose a coordinate of
(O4.0)>" such that w = (14 a; X 4+ agX?---)dz. In this coordinate, the action of the
uniformizer takes the form [p](X) = pX +aX 743", ¢; X701 We now define the Hasse
invariant by H|W = aw®(@~1), By suitably modifying [21, Lemma 3.6.1], we observe
that C(w) = Hw'® for the Cartier operator C' on the cotangent complex.

4.2. Frobenius operator and unit root subspace of the De Rham cohomology of
quaternionic abelian schemes

Let (A/S°,i,0,,w,S*) be a test object as in Section 3. Let ¢ : S — S! be a ring
homomorphism and 6 : S° — S be the p-derivation of ¢. Let ¢ : S — S! be the ring
homomorphism ¢(z) = p(z)P + pd(x). Let A?/St and A?/S be the pullback of A/S°
by ¢ and ¢.

Let pr: A — A be the projection map. A quaternionic abelian scheme A/S° is said
to have a lift of Frobenius if there is a morphism Fjy,g. : A — A? whose reduction
modulo p is the p-power Frobenius map and which satisfies the following diagram:

N Fa
FA/S*
EN

Yy

|, el

st g0,

For an affine scheme of the form S = Spec(R), the De Rham cohomology H7, is
a contravariant functor from the category of S-schemes to the category of R modules.
Let iy : Hip(A/S%) — HLL(A/SY) ®4 S be the natural inclusion of the De Rham
cohomology groups and let & = H}:Ty(Fw,(ﬁ) be the Frobenius endomorphism on the
De Rham cohomology (8, p. 135].

Recall, the Frobenius @ has the property @(iy(Ax)) = ¢(N)P(igy(z)) [1, p. 244]. Let
C' C A be the canonical subgroup [19, Thm. 9.1, p. 19] with A’ = A/C the quotient
abelian scheme and 7 : A — A’ the projection map. Let M° be the ring of p-adic ordinary
modular forms and let 4 be the universal “ordinary” quaternionic abelian scheme. Let
€ be the canonical subgroup of A and let A" = A/€. Again by [19, Thm. 9.1, p. 19],
this quaternionic abelian scheme is ordinary. Hence, there is a unique homomorphism
¢ M% — MO such that A’ = A? and ¢ is the Frobenius homomorphism of M?.
Let & = o ¢t : Hp(A/M°) — HLL(A/MY) be the Frobenius morphism on the



D. Banerjee / Journal of Number Theory 135 (2014) 353-373 363

De Rham cohomology group. Note that the Frobenius @ respects the Hodge filtration and
hence by an argument of successive approximation, there is a subspace of the De Rham
cohomology invariant under the Frobenius. In other words, there exists U C HilR(A)
such that ®(u) = u for all u € U and H},(A) = H°(A, 24) & U. For any quaternionic
ordinary abelian scheme, we get the unit root subspace as a pullback in the De Rham
cohomology of the unit root subspace U (cf. [1, p. 248]).

We now prove a lemma about the De Rham cohomology of an abelian scheme in
characteristic p > 0:

Lemma 15. For a “test object” on the special fiber of the Shimura curve Mf)’H,, the
Frobenius endomorphism commutes with the Hodge filtration of the De Rham cohomology
groups. In other words, we have a commutative diagram in the De Rham cohomology
groups:

HbR(E) — Hl(ﬁvoﬂ)

F F

Hjyp(4%) —— H'(4%,05;).

Proof. Since the Hodge—De Rham spectral sequence degenerates at E;, we have a short
exact sequence for any abelian scheme A/S

0— 2}y ,5 — Hyr(A/S) = H'(A,04) — 0.

Since the formation of this short exact sequence is functorial, so the Frobenius map of
the abelian scheme A%¥/S! gives rise to a commutative diagram as in the statement of
the lemma. 0O

According to [3], there exists a canonical perfect bilinear pairing
(Va: Hip(A) x Hip(AY) — Os.

We also have an evaluation bilinear pairing ( ). : HY(A, £24) x Lie(A) — Os. There
is a natural isomorphism Lie(A) — H'(A!, O4¢) [15, p. 114]. Recall that the Cartier
operator is dual to the absolute Frobenius w.r.t. the pairing ( ).. In other words, we
have an equality (n, C(w))e = (F*n,w)e.

For any Ogs module T, we set T = Homoe 4 (T, Og). The above two bilinear pairings are

induced by functorial homomorphisms ¢4 : HY  (A?) — H} 5 (A) and ¢4 : HO (E,\Q At) —
H(A,O4). By [15, Thm. 5.1.6], these homomorphisms are actually isomorphisms. We
can write

(Msm2)a = V3" (m)(n2)
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for my and 72 in H)5(A) and HY 5 (A?) respectively. Similarly, we conclude that (w,n)e =
w%_l(n)(w) for n and w in H'(A, O4) and HO(A?, 24¢).

Lemma 16. The evaluation pairing is compatible with the pairing { )q in the De Rham
cohomology groups.

Proof. Let ¢ : HY(A',24:) — HL,(A") be the natural inclusion map. Recall [15,
Prop. 7.2.1, p. 115], we have the following commutative diagram in the De Rham coho-
mology group:

o~

HL (At — = HO(A, (240)

e |

HYp(A) —> H'(A,04).
Using this, we get

(ma(m),wt), = ¥4 wa(n) (W) = W5 (n) (")
=93 ()(E(W)) = (ni(w')), O

Lemma 17. If u : A — B be an isogeny between two abelian schemes over S, then we
have a commutative diagram in the De Rham cohomology:

H},(B/S) x Hyp(B'/S) —— S

g

Hyp(A/S) x Hyp(AY/S) —— 8.

Proof. By [15, Prop. 7.2.2, p. 116], we have a commutative diagram

HY(B1/8) — Hlp(B/S)

—
\Lut* \Lu*

— P
HY(AY)S) —> HYp(A/S).
We obtain

(u"(d2),wh) , = 03w (92) (wh) = w45’ (6) ()
= U5 (¢2) (u"wi) = (d2,u"wi) . O
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The following two important lemmas of Buium will be very useful in the proof of
Theorem 6. We fix a prolongation sequence S* (cf. Section 2.1).

Lemma 18 (Buium). An abelian scheme A over S° has a lift of Frobenius if and only if
the projection J*(A) — A has a section.

Lemma 19 (Buium). For any abelian scheme A of relative dimension g over S°, the
following are equivalent:

e A has a lift of Frobenius,
o the St module Hom(J'(A),G,) has rank g.

The proofs are given in [6, Prop. 3.2, p. 328] and [11, p. 74, Cor. 3.7].
5. Explicit differential modular forms for totally real fields

In this section, we prove Theorems 5, 6 and 8 by closely following the fundamental
constructions of Buium and Barcau.

5.1. Proof of Theorem 5

Proof of Theorem 5. Let the field F' and the ideal N satisfy the Jacquet—Langlands con-
dition. We use the converse of the Jacquet—Langlands correspondence due to Zhang [24,
Thm. 5.4, p. 32] to identify automorphic representations of PGLo(Ap) of parallel
weight 2, level Ko(N) and holomorphic 2-forms on the Shimura curve My g, which are
common eigenforms for all the Hecke operators. We also denote by f the holomorphic
2-form on the Shimura curve corresponding to f. Let af be the character of T induced
by f and let A¢ be the maximal abelian subscheme of Jac(Mp ) killed by the kernel
of ag. According to [23, Lemma 3.4.5], we have a decomposition Jac(Mo r) ~ Py As
with a projection map IT : Jac(Mo ) — As.

Recall that the Hodge class [(] is a degree 1 line bundle obtained by a suitable nor-
malization of the canonical bundle. In [23], Zhang defined a map 5 : Mo g — Jac(Mo i)
by B(z) = [z] — [(]. We use Theorem 10 and fix an isomorphism s between the con-
nected components Mg’ gand T = MéfJH, of two Shimura curves. By composing the
above morphism with s, we get a morphism 7' — Jac(Mop, i) over C and now the Neron
mapping property allows one to get a map Il o Sos : T — Af over R. We apply
the arithmetic p-jet space functor to the above mentioned homomorphism and obtain

—

J"(IIoBos): JVT)— J*(Af) for all n. One knows that Hom(J*°(A¢), G,) is of rank
at least g [6, Thm. A, p. 311].

Since each connected component of My g is isomorphic to one of the connected com-
ponents of Mé) 1> we deduce that each of these non-zero §-homomorphisms gives a global
section of J°(Mg /) and hence differential Hilbert modular forms of weight 0. Let % | p
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be a prime such that Af has a lift of Frobenius at 3. By Lemma 19, there exist at least
g linearly independent J-characters of order 1. For all 1 < j < g, let ¢ : J'(Ag) — G,
be the d-characters. We get induced homomorphisms

ff = ;0 (Bollos): JY(T) = G,.

On the other hand if Hom(J? (Af),@;) = 0, then Hom(J2(Af),((/};) is of rank g. There
exist ¢ linearly independent d-characters 1; : J?(Af) — ([/}; By composing these
d-characters with induced maps on arithmetic jet spaces, we obtain the differential
Hilbert modular forms of weight 0 and order 2

f}:zﬁjoJ?(ﬁoHos):J2(T)—>@;.

For ideals m of Op coprime to the level N, we consider the Hecke operators T'(m)’s
as in [23, Section 3.2]. Recall that f is a common Hecke eigenform. We prove that each
f}i is also a common Hecke eigenform. Say P = s(P’) for P € Mgz and P’ € M{%..
The Hecke operators have the properties that T(m)¢ = deg(T(m))¢. We now have

GIT (m) (B(P)) = G5 IIT(m)(P =€) = w1y (P =) =v; } 1 (B(P,))
=D I (B(P) =T(m)y; o I o 5(P) = T(m)£}(P).

Let O¢ be the ring of integers of Q(a,(f)), we fix an embedding ¢ : Of — End(As).
Applying [12, Prop. 4.5], we observe that ;IIT(m)(8(P)) = x;(i(am)) - fjﬁ(P) and
hence T(m)f}(P) = X;j (z(am))f]ﬁ(P) We deduce that the differential Hilbert modular

forms f;’s are eigenforms of Hecke operators T'(m)’s for all ideals m coprime to BN. O

Remark 20. We proved the above theorem without using analogue of the Manin—Drinfeld
theorem [12]. In [12], the embedding of modular curve to it’s Jacobian is obtained by
associating to any P the point of the Jacobian [P] — [Pp] for any cusp Fy. For the cusp
Py = 00, the proof may be simplified using T;(c0) = (1 4 {)cc.

5.2. Frobenius lifting of an abelian scheme

The aim of the present section is to construct full cotangent differential modular forms,

which are generalization in the totally real field setting of the differential modular form

1

et i [8]. In other words, we prove Theorem 6.

Proof of Theorem 6. Let (A,i,0,«, @, S*) be a quaternionic test object with & basis of
the full cotangent space H(A, £24). Since the quaternionic abelian schemes are of relative
dimension 4d, one knows that the formal completion of A along the identity section is
given by O . = R[X1, Xa, ..., X44]. The kernel of the S' schemes J'(A4) — A s given
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by the twisted formal scheme §?{1} = p~'F?(pX,pY) (cf. [6, Prop. 2.2]). According to
Grothendieck’s existence theorem, an abelian scheme A has a lift of Frobenius if and only
if A has a lift of Frobenius. By Lemma 19, the abelian scheme A has a lift of Frobenius
if and only if Hom(J'(A),G,/S") is of rank 4d. We choose a basis of Lie(A) and N*(A)
corresponding to the basis @ of H(4, 24) and let L? be a basis of Hom(N!(A), @;)

Recall that the short exact sequence of p-formal abelian schemes 0 — N! — J1(A4) —
A—=0 gives rise to a long exact sequence,

0 — Hom(J*(A),G,) — Hom(N',G,) 2+ HY(A,0,).

An abelian scheme of dimension 4d has a lift of Frobenius if and only if each L° lifts
to elements of Hom(J(A),G,). In other words, the existence of lifting is equivalent to
A(L%) = 0 in the above short exact sequence.

Since the polarization 6 of A is of degree prime to p, we obtain that 6* is invertible
and hence H(A, 24) = HY(A?, 24:). Corresponding to the basis @ of H°(A, 24), we
choose a basis w? = (%)~} (@) of HO(A?, £24:). We now define the 16d> full cotangent
differential modular forms by

Fij(A,1,0,0,,8%) = (9(L'),w)..

That F;;(A,4,0,w,a,5*) = 0 if and only if O(L?) = 0 for all i follows from the fact
that the evaluation pairing is a non-degenerate bilinear pairing. The last assertion is

o~

equivalent to the fact that Hom(J!(A),G,) has rank 4d. Clearly, Fy; is a differential
modular form corresponding to the basis w of H°(4, 2 A)%’l.

We now prove they are of weight 1 + ¢. Under the identification of Oy, =
R[Xi,...,X44], a choice of basis Aw; instead of w; of HY(A, 24) is equivalent to a
choice AX; of the dual basis instead of X; and hence F; will be replaced by AF; (cf.
Section 4). Since the kernel of the group scheme J*(A) — A is p~LF?(pX,pY), hence
we get the formal group law ¢(\)L; instead of L; and the weight of the full cotangent
differential modular forms as 1+ ¢.

We now prove that these forms are isogeny covariant. Let u : Ay — As be an isogeny
of degree prime to p such that wl, w2* be the basis of HO(A?, Q4:) and HO(AS, 24:)
respectively and T, T2 be the basis of H! (A, 04,) and H!(Az, O4,) dual to the above
basis. Recall, we have [u o u!] = [deg(u)] and [u o u'] = [u] o [u!] (cf. [2, p. 1463]).
If ut*wlht = deg(u)w?! then by Lemma 17 w*(T?) = deg(u)T" and hence we get
u*(9(L?)) = deg(u)d(L'). Consider now the commutative diagram:

HY (Ay) —2s HY(Ay, O
ar(Az2) (A2,04,)

P |-

HY . (A)) —— H(A,, O
dR( 1) ( 1, Al)'
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Say OL? = ma,(T;), then Lemma 17 shows that

1 . 1 . ’
<8(Li1)’wjl”t>A1,e - deg(u) <u (8(L12))7w]1‘7t>,41)e = m@t (7TA2(7;)),(.031. t>A17e

1 . 1 . ,

~ deg(u) (manw (7)) 0, o = deg(u) (" (75

_ 1 - tx 1,2 _ 1 - tx 1.t

= Gog@) T D ana = ogray = (T w9 ) e
1

= Jeate) (O(LF),utw;") = deg(u) ™ (D(LF),w5") . -

Hence, the full cotangent differential modular forms F;;’s are isogeny covariant. O
We now prove Proposition 7.

Proof of Proposition 7. Since the degree of polarization of the “test object” is prime to p,
6* induces an isomorphism HO(A, 24) — HO(A?, 24+). Let w? = (#*)~!(w) with w and w!
basis of H(A, .QA):{’I and HO(A?, .QAt)%l respectively. Let @ be the Frobenius morphism
on the De Rham cohomology groups (cf. Section 4.2). We define the differential modular
forms on the Shimura curves over totally real fields for all » > 1 by

1

Ggl‘ys (Av i,0,a,w, S*) - p

<Q5T(w),wt>d.
That they are isogeny covariant follows again from [u] = Id and hence [u] = [deg(u)].

Let A be a quaternionic abelian scheme of the form Jacobian Jac(C) of a curve C,
then the pairing (,)q coincides with the usual cup product [20, p. 192] pairing of
the De Rham cohomology group. In this case, we note that the p-adic valuation of
GgryS(A,%, 0,a,0,5%) is finite (cf. [8, Section 5, p. 137]). Hence, we proved that the
differential modular forms Gg,,s’s are non-zero. 0O

5.8. Construction of lifts of Hasse invariants

We now construct differential modular forms which are lifts of Hasse invariants on the
ordinary locus of the unitary PEL Shimura curves over totally real fields. In [19], Kassaei
proved that the lifts of the Hasse invariants exist as B-adic modular forms on Shimura
curves. In this section, we also assume that the inertia degree f = 1. We construct
differential modular forms on the ordinary points of Shimura curves, which are lifts of
Hasse invariants. The weights of these differential modular forms are ¢ — 1.

Recall that Kassaei proved the existence of lifts of Hasse invariants by showing
HY (M, w®%) = 0. We consider the formal Oy modules attached to quaternionic abelian
schemes. According to [19], a quaternionic formal abelian scheme is supersingular if the
corresponding 1-dimensional formal Og module is of height two. By [19, Prop. 5.1], the
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Hasse invariant vanishes at the supersingular points of the quaternionic Shimura curve.
We now prove Theorem 8.

Proof of Theorem 8. By Lemma 16, the pairings ( )4 and ( ). are compatible. Since
the polarization is of degree prime to p, hence the polarization induces an isomorphism
of corresponding local rings. Recall that ordinarity of the quaternionic abelian scheme
is determined by the rank of the corresponding formal Ogp module. This allows one to
conclude that the quaternionic abelian scheme A is ordinary if and only if the dual
quaternionic scheme A? is ordinary. Let U be the unit root subspace inside the De Rham
cohomology group H}(A?) as in Section 4.2 with u a basis of U12’1 and let T = (4,14,0, @)
be a geometric point of the special fiber M&H, ® k. Let u be a basis of the 1-dimensional
unit root subspace U12’1 ~ HY(AL OAt)%l. Let @ be the Frobenius endomorphism on
HL,(AY) as in Section 4.2.
We define the order 1 differential modular form by

£7(A,i,0,0,w,8%) =

Again since (Au) = ¢(A\)P(u), so £ is independent of the choice of basis u € U™
and hence they are well-defined. The Frobenius induces an endomorphism F* on the
1-dimensional Oy module Hl(ﬁ, (’)E)f’l and Section 4.1 says that the Cartier opera-
tor C' is dual to F* for the pairing ( ). with C(w) = Hw.

We now prove that £ is actually a lift of the Hasse invariant. Since the definition of
the differential modular form is independent of the choice of basis of unit root subspace,
without loss of generality we may assume that (uy,w)q = 1. Let IT be the natural projec-
tion HY 5 (A?Y) — H'(A?, O4¢). The map II commutes with the Frobenius endomorphism
of the De Rham cohomology. By [10, Prop. 6.1], we have

£0 = (D(ur),w), = <H(q5(u1)),w>e = (F*I(u1),w),

= <H(u1),C(w)>e = <H(u1),Hw>e = H{uy,w)q = H.
That the differential modular forms f?’s are isogeny covariant, follows from |1,
Lemma 5.1, p. 253] and Lemma 17. O

6. Serre-Tate expansions of differential modular forms

We study the Serre—Tate expansions of differential modular forms for Shimura curves
over totally real fields. The Serre-Tate expansions of differential modular forms are
the expansions induced by the Serre-Tate’s deep theorem in deformation theory about
lifting of characteristic p ordinary abelian schemes to characteristic zero. We first show
that Serre-Tate expansions exist for differential modular forms in this setting. We note
that the special fiber M 5, is not geometrically irreducible. By [23, p. 43], the set of
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geometric connected component of the special fiber is the same as that of the generic
fiber. We restrict our attention to one of the connected components of the geometric
special fiber.

Let now C be the category of complete, Noetherian local @ -algebras with residue
field k and let z¢g = (Ao, 0o, i0, ap) be a geometric point on the connected components of
the special fiber of the quaternionic Shimura curve. Denote by M{ the projective limit
of Mg g, for all compact, open subgroups H', providing an étale cover Mg — Mg .
EE&\Hy, let ﬁ a pullback of zy w.r.t. this map giving an isomorphism of local rings
OM(’),y ~ OM(;,H":CO.

According to [16, Section 5.4], there is a bijection between the isomorphism classes
of quaternionic abelian schemes A with an isomorphism A ® Spec(Ry) = Ao and the
isomorphism classes of p-divisible groups with an action of Op and this bijection is
given by A — A[p>]. The deformation of a point xg = (Ao, i0,6p) is determined by the
corresponding p-divisible group Ag[p*°]. To study this p-divisible group, it is enough to
study the formal Oy module & = Ag[p>]7" of height 2 [18].

Let £ be the pullback of & by the map y : Spec(k) — M}. This module &€ is inde-
pendent of the choice of the pullback y and it is a formal Oy module f : Op — & of
height two. For h = 1,2, let X} be the unique formal divisible Oy modulo of height h.
Drinfeld’s classification of formal Oy module of height 2 says that there are only two
possibilities for £, namely £ = X; x Fip/Og or € = Xs.

By Appendices 7 and 8 of [16], the functor which to each S € C associates the set of
isomorphism classes of deformations of (£, f) to S is represented by a ring isomorphic to
W (k)[T]. By the well-known fact, the deformation functor is isomorphic to the completed
local ring at the point x. Since Oﬁz . W (k)[TT], we have a map E : O(M{ ;) —
W (k)[T] and hence an induced map E : O(J™ (M} ) — W (k)[T][T",T",...,T" (cf.
Proposition 11). If we start with a line bundle L, locally this line bundle is trivial. Hence,
we have a Serre-Tate expansion map

E,, : M" — R[T][T".T",...,T"].

Since we have chosen the geometric point in one of the connected component of the
special fiber, hence the Serre-Tate expansion maps are injective on these components.
If the strict class number of F' is one, then the Serre-Tate expansion maps are injec-
tive.

6.1. Serre-Tate expansion of £}

In this section, we again assume that the inertia degree f = 1. Recall [22], an elliptic
curve E over Z;,”\T is called CL (canonical lifting) at the prime p if there exists a morphism
Fp : E — F that satisfies the commutative diagram of Section 4.2 with S* = ' = Z]—,’}\T
and ¢ = Id. According to Theorem 4.4 of [13], the CL and CM elliptic curves are closely
related.
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Theorem 21. Let £ be a Hilbert modular newform of parallel weight 2, level Ko(N) and
trivial central character with K¢ = Q. Suppose ff be a differential modular form as in

Theorem 5. There exists a power series G(S) € R[S] such that the Serre-Tate expansion
of ff 18

o () = L(6? a0 +p) Y, ZG(S)",

. EB(ff) = Lo —up) ¥, 2G(S)"
depending on whether the elliptic curve E¢ is non-CL or CL. Here, G(S) and f(X) =
don @T” are two well-defined power series related to the Hilbert modular newform f.

Proof. Following (23], let IT : M g, — Eg = E be the Shimura curve parametrization of
the elliptic curve E with I1(z) = e. Let T' = —% be a local parameter at the zero element
on the global minimal model of the modular elliptic curve E. We consider the formal
group (cf. Section 4) attached to the elliptic curve E. Let wg be the invariant differential
on the global minimal (Neron) model of E. We develop wg locally in terms of T to
find an expression of the form wg = (}_,~, B(n)T™)dT, 5(1) = 1. The formal minimal
model of Fr is now Gg(X,Y) = f5' (fe(X) + fe(Y)) for fp(X) = S Bn)X™. If
l is the logarithm of the formal group attached to the elliptic curve E, then we have

E = %df The induced map 7* : OJ;—;Z = R[T] — Oﬁf & = R[] satisfies
(T) = G(S). ’ "

Since e = f = 1, we view E¥f as an elliptic curve over Z,. Let E¢ be a non-CL elliptic
curve for a prime p and let 1) be the non-zero d-character on the elliptic curve E¢ over Zj,.
By [7, Thim. 1.10], we have E(¢)) = 1(¢* — ap¢ + p)lp(T). On the other hand, let E¢ be
a CL elliptic curve at p. Let u be the unique root in pZ, of the polynomial ¢* — a,¢ + p.
Again by [7, Thm. 1.10], observe that E(¢) = %(¢—up)lE(T). Since the formation of the
differential modular form is functorial in S*, we deduce that the Serre-Tate expansion
of ff = IT*(¢) has the form as in the statement of the theorem. 0O

We end this paper with some computation. Using the software SAGE, we calculate
B(n)’s for some modular elliptic curves. Consider the totally real number field F' =
Q(V5) =Q(a). By [17, p. 17], A: y? +xxy+ (1/2xa+1/2) sy = 2° + (=1/2xa —
3/2) * 2% is a modular elliptic curve over F. Since l4(T) = [wa dt, we use the command
sage : A.formalgroup().differential(50) to compute w4 and hence the coefficients 8(n)’s.
We calculate the coefficients up to n = 10 as

1 2 —-1/2
ZA(t):t+(—1/4>f<a—1/4)>f<t2—§t3+W*t4+(5/*(;—/)*t5
(=17/2 % a —47/2) o (—4%a—3) ot (81/2 % a+ 235/2) o 45

6 7 8
(=7 % g + 33) o 4 (—475/2 *18 —979/2)

« 10+ 0(t").
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From the Hilbert modular form database (cf. http://www.1lmfdb.org/ModularForm/
GL2/), we deduce that the corresponding Hilbert modular form is a non-CM newform.
The prime 19 splits into two different prime ideals in Q(v/5) with the corresponding
eigenvalues of the Hecke operators are 4 and —4 respectively. The elliptic curve A is
not a CL elliptic curve over Z7. If 7*(T) = G(S), then we have E(f’li) = 5(¢? — 49 +
19)>°., @G(S)" for coefficients 3(n)’s as in the previous paragraph.
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