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1. Introduction

A first generalization of the Riemann zeta function ((s) is provided by the Dirichlet
L-functions. Subsequently, Dedekind studied the zeta function (x(s) of an arbitrary
algebraic number field K, defined for Re(s) > 1 by

1 = a(n
CK(S):ZWZZ T(LS)7

n=1

where the first sum is to be taken over all nonzero integral ideals a of K and where |al|
denotes the absolute norm of a. In the second sum, a(n) is used to denote the number
of integral ideals a with norm |a|| = n.

As in the particular case K = Q, where ((s) = (gp(s), the function (x(s) is analytic
everywhere except solely for a simple pole at s = 1. (See Davenport [3] and Neukirch [11].)
The residue of this pole is given by the analytic class number formula

2770~ Rych
Res(CK(s)) — u’
s=1 wK |dK|

where r = r1 +7r9 (with 71 being the number of real embeddings and r2 being the number
of complex conjugate pairs of complex embeddings of K), ng = [K: Q] denotes the degree
of K/Q, Rk denotes the regulator, hx denotes the class number, wy denotes the number

of roots of unity in K, and dx denotes the discriminant of K. (See Neukirch [11, p. 467].)
For ((s), Hardy and Littlewood [5] provided the approximate functional equation

1 172 ((1—s)/2 1 —c o—1)4|—0+1/2
C(S)ZHZ;(E—I—?TS*/ ((]1(8/2))/)7;7118+0(X ) +O(Y o o +1/2),

where s =0 4+it, 0 <o <1, X >H >0,Y > H >0, and 27XY = |t|, with the
constant implied by the big-O term depending on H only. Such approximate functional
equations motivate the study of properties of the partial sums Fx(s) of ((s) defined
by
1
FX S) = —.
(s) 2w

Gonek and one of the authors [4] studied the distribution of zeros of Fx(s). The
authors denote the number of typical zeros px = fBx + iyx of Fx(s) with ordinates
0 < vx < T by Nx(T). In the case that T is the ordinate of a zero, they define Nx (T')
as lim._,o+ Nx (T + ¢€). In [4], the authors are concerned with results on Nx(7T) as both
X and T tend to infinity.

Theorem 1 in [4] collects together a number of known results on the zeros of Fx(s)
(see Borwein, Fee, Ferguson, and Waall [1], Montgomery [8], and Montgomery and
Vaughan [9]), which can be summarized as follows:
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The zeros of Fx(s) lie in the strip a < o < 3, where o and 8 are the unique solutions
of the equations 14277+ -+ (X —=1)"77=X"7 and 2774377+ -+ X7 = 1, respec-
tively. In particular, « > —X and 5 < 1.72865. Furthermore, there exists a number Xg
such that if X > Xo, then Fx(s) has no zeros in the half-plane

4 loglog X
>1 - =1
7 * <7r > log X

On the other hand, for any constant C satisfying the inequalities 0 < C' < 4/m — 1 there
exists a number Xo depending on C only such that if X > Xo, then Fx(s) has zeros in
the half-plane

Cloglog X

1
o>1+ Tog X

Theorem 2 in [4] (see also Langer [7]) can be summarized as follows:

If X and T are both greater than or equal to 2, then one has

T X
Nx(T> — glog[X} < 5

Here and henceforth, [X] denotes the greatest integer less than or equal to X. For
(i (s), Chandrasekharan and Narasimhan [2] gave the approximate functional equation

o) = 3 )y e A0S 55 S oo g x), ()
n<X nY

where A(s) = I (s/2)"2(s), B = 2"27™/2/\/|dg|, X > H>0,Y > H >0, XY =
|[dx|(Jt]/2m)™, and Cy < X/Y < Cj for some constants Cy and Cs. In the present article,

we investigate the distribution of zeros of the partial sums of the function (x(s) defined
by

1 a(n
ext)= 3 = X

llall<X n<X

which appears in the approximate functional equation (1). Our purpose is to determine
whether (x x (s) exhibit similar properties. To this end, we denote the number of non-real
zeros pr.x = Br,x + vk, x of (x x(s) with ordinates 0 < yx x < T by Ng x(T). It T
is the ordinate of a zero, then Nk x(T) is to be defined by lim. o+ Ng x (T + €).

We can summarize our first result as follows.

Lemma 1. Let K be an arbitrary algebraic number field of degree ng = [K: Q)] over the
field Q of rational numbers, let X be a real number greater than or equal to 2, and
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denote by s the compler variable o + it. Then there exist two real numbers o and f3,
with o depending on ng and X only and with § depending on ng only, such that the
zeros of (i x(s) all lie within the rectilinear strip of the complex plane given by the
inequalities o < o < f3.

As will be seen in the proof of Lemma 1 in Section 3, for any fixed dg > 0 and any X
large enough, an admissible choice for a is @ = —3(Jp + log 2)neX log X/loglog X. As
for 8, an admissible choice is of the form g = log Ce, n,Dey,n,/10g 2, where € is fixed
and satisfies the inequalities 0 < €9 < 1/n0, Deyng = D nen4/n?70" and Cp, ,, is a
constant defined in terms of the divisor function.

Furthermore, we provide an asymptotic formula for N x (T') when K is a cyclotomic
field, which is sharper than the one known in the case of ((s). Let K be any algebraic
number field of degree ng = [K:Q] over the field Q of rational numbers. In a similar

fashion to the case of ((s) (see [4] and [7]), it can be shown that

T X
Nix(T) = 5-log N| < T, 2)

where T" and X both go to infinity together, and N is the largest integer less than or
equal to X for which a(N) # 0. However, if K = Q(¢,) is a cyclotomic field, we can
significantly improve the error term in (2).

Theorem 1. Let g > 2, let {, be a primitive root of unity of order q, let K = Q({,), and
let T, X > 3. Let, further, N be the largest integer less than or equal to X such that
a(N) # 0. We have

log logX ) 11/¢(Q)>

T
Nk x(T) = 27rlogNJqu(X< log X

(3)

where ¢ is Fuler’s totient function.

Finally, we remark that the larger the degree of the cyclotomic field is, the better the
asymptotic formula (3) becomes.

2. Preliminary results

To prove Theorem 1, we will make use of two auxiliary lemmas.

Lemma 2. Fix a positive integer q > 2. We have

log logy> 11/¢(‘1))

#{n <y:un)#0 and p|n imply p=1 (mod q)} = Oq<y( logy

where 1 denotes the Mébius function.
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Proof. Fix a positive integer ¢ > 2 and define

B(g,y) = {n <y:p(n) #0and p | n imply p =1 (mod q)}.

We apply Brun’s pure sieve to estimate the size of the set B(q,y). (See Murty and
Cojocaru [10, p. 86].) Let A be the set of all positive integers n < y. Let P be the set
of all primes p incongruent to 1 modulo g. Let A, be the set of elements of A which are
divisible by p. Let, further, Ay = A4 and Ay = ﬂp‘ 4 Ap, where d is a square-free positive
integer composed of a list of prime factors from P. For any positive real number z, we
define

S(A,P,Z):A\ U AP?
p|P(2)
where

P(z) = H .

pEP
p<z

We consider the multiplicative function w defined for all primes p by w(p) = 1. We

have
w(d)
#As=#{n<y:n=0 (mod d)} = TerRd,
where
|R4| < w(d).

From Mertens’ estimates, we have

Z w(p) = ola) —1 loglog z + O(1).

o op ¢(q)

p<z

For the sake of brevity, we let

By Brun’s pure sieve, we have
#S (AP, 2) = yW(2)(1+ O((log 2) ™)) + O (2788 %), (4)
where A = nlogn and, for some a < 1,

_ alogy
= log zloglog z”
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Since w(p) = 1, Mertens’ estimates yield

1
e = 0 g ) “

We now choose log z = clog y/log log y. Then for a suitable positive and sufficiently small
constant ¢ and from (4) and (5), we have

1-1/¢(q)
£S(AP,2) = O, (y(lgl—gy) ) (6)

logy

Since B(q,y) C S(A,P,z), we have #B(q,z) < #S(A, P, z). Employing this last in-
equality together with (6), we complete the proof of Lemma 2. O

Lemma 3. Let ¢ > 2 and let K = Q((,). Let, further,

_ Zl afln)

We have

—1/¢(a)
#{néx:a(n)#O}Oqu(lOglﬂ)l v )

logz
Proof. Let K = Q(¢,), where (, is a primitive root of unity of order g. We have

o) =T1(1- W)#”)Fm

Pla

where

(See [11, p. 468].) For o > 1, we have

Fs)= ] H( p>1.

X (mod ¢) p prime
piq

Hence, for ¢ > 1, we have

logFy(s)=— > Y 1o ( p))

X (mod q) p prime
piq
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— Xx(p™)
X (r%;i ) p;nc mZ:1 mp™®
plg
N x(p™)
p%‘ﬂe mz_:lx(mzodq) mpms ’
plq

where

> X(pm):{¢(q)v if p™ =1 (mod g);

0, otherwise.

It follows that

q
log F,(s) = Z 4l0) .
p prime, m>1

p™=1 (mod q)

Hence, we have

¢(9)
F, = E .
a(8) exp( . mp™s
p prime, m>1
p™=1 (mod q)
Now, for o > 1,

OOCTL C C 2
Fys) = fls): 11 (1+%+%+-~)-

p prime

Thus, we have

and hence

[ ¢(q), ifp=1(mod q);
clp) = {O, if p£1 (mod q).

For all n such that c¢(n) # 0, we have n = AB, where A is coprime to B, A is
squareful, and B is square-free, that is, u(B) # 0. Furthermore, all the prime factors
of B are congruent to 1 modulo ¢. Letting
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Hx)= [[ »
p<z, p prime
p=1 (mod q)

we have

#{n < z:c(n) # 0}

N

#{(A, B): A squareful, u(B) #0, AB <z, B|H(z)}

POEND

A<z B<z/A
A qquareful B|H(x)

x
> 5(«3)
ALz
A squareful

X x
A<z log x V7 log z<A<Lz
A squareful A squareful

We examine the sums on the far right-hand side separately.

E loglog:ﬂ 1-1/¢(q)
A\ logzx

Using Lemma 2, we see that

3 B( ) 0,
A<z logx
A squareful

A<z log x
A squareful

<log log x
T
log x

1-1/6(a) 1

o

A<\/_ log ©
A squareful

log log 1-1/¢(q) 1
* logz a?b?

21
1-1/ ¢>(q)>
Furthermore, we have

X X
vz log x< ALz Vv log x< ALz
A squareful A squareful

0,

(2
(
(
-0+ (%

Z 10 T
Vzlog e< ALz f &
A squareful

\/_
log z

ofiz)
log x

#{A < x: A squareful}
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Suppose that Py,..., P, are the prime ideals in the ring of integers of K lying over
the prime factors of ¢ and consider the Dirichlet series

,ibf? ‘H<l |7>1||s>1'

Plp
For all z, we have
#{n < z:b(n) #0}
< #{n < z with all prime factors of n in the sets Py,..., P }. (7)

It is well known that the right-hand side of (7) is O4((log 2)"). Thus, we have
#{n < z:b(n) # 0} = Oy((log2)").
For brevity’s sake, we let

A= {n:a(n) #0}, B={m:b(m)#0},  C={kic(k)#0},

and denote
A, = AN w], B, =BnN[1,w], C, =CnNIl,w].
Here, we note that
#B, = Oy ((logw)")

and

1-1/¢(q)
40, =0, @(M) ) (8)

log w

Furthermore, we have

On noting that A C BC, where BC = {bc:b € B, ¢ € C}, we have A, C (BC),. It
follows that

# Az < #(BC)a, (9)

where

#BC = D 1=> Y 1+ > S 1, (10)

b<z c<z/b b<L c<z/b L<b<z e<a/b
beB ceC beB  ceC beB ceC
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with 1 < L < z (to be chosen later). By (8), we have

z (loglog(z/b)\ '~ /*@
1< 2 = O - =7 .
DD IEED ST OO E e
b<L c<xz/b b<L b< L
beB ceC beB beB

Since b < L, we have

Hence, we have

loglogz\ ' ~/¢@ 1
1=0 —

beB ceC beB
_ o,z el e (11)
“\"\log(z/L) ’
since
> g
b
beB

Next, we have

Y Y- Y #eps X jersn-o (M)

L<b<z ez /b L<b<zx L<b<zx
beB ceC beB beB

In view of (9), we substitute (11) and (12) into (10) to obtain

B z(logx)” log log = 1-1/¢(a)
w0 (M) vo(o(i ) )

Then choosing L = (logx)" ™1, we obtain

1-1/¢(q)
#Am—()q(xCoglogx) )
log x

This finishes the proof of Lemma 3. O
3. Proof of Lemma 1

We show separately that |(x x(s)| > 0 in the right-half plane ¢ > § and in the
left-half plane o < a. More specifically, we want to find a [ so that
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T aT(LZ)>O,

2<n<X

for o > B. Toward this end, we employ the upper bound a(n) < d(n)" !, where d(n)
denotes the number of divisors of n (see Chandrasekharan and Narasimhan [2, Lemma 9])
and satisfies the upper bound d(n) < C¢,n for all positive ¢ (see Hardy and Wright |6,
Chapter XVIII, Theorem 317]). Hence, we have a(n) < Ce n,n ™.

It is enough to show that

> 1
Ceomo D ey < L (13)
n=2

If we let €9 < 1/ng, then for o > 8 we have

= 1 = 1 1
Z no—€ono < Z nﬁ—eono < 2_[%D60’n0’
n=2 n=2

where
o0
4
Degng =D —5=com
n=2
In order to obtain (13), it is enough to have

log C-, 0 Deo,no

p> log 2

‘We have

0o 0o
d(n)™o 1 1

E ( 23 < Ceo,no § CGO,HODEOJLO'

n=2

n nP—como 28
n=2

Then for ¢ > 3, we have

< > Ma, (14)

nB
2<n<X 2<n<X

and hence
x| >1-| Y s
K,x\S)| =2 s

Therefore, (i, x(s) # 0 on the right-half plane ¢ > .
Next, let N be the largest positive integer less than or equal to X for which a(N) # 0.
Since
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y o w

1<n<N—1

a(N)
No

)

|CK,X(S)} =

it is enough to find an « such that

1 a(n)
W > Z ne ’

for o < a.
To this end, let us fix dp > 0. Then there exist constants Cs, > 0 and ns, € Z" such
that for all 1 < n < ns,, we have

d(n) < Céon(60+log 2)/log log n7

and that for all n > ns,, we have

d(n) < n(5o+log 2)/log log n

(See Wigert [13].)
It suffices to have

1 (60+1og 2)ng/loglogn (80+1log 2)ng/loglogn
cmo n n
No > do Z ne + Z ne

1<n<ngs, —1 ng, <KNSN—1

=1+ Cg)OSI(nOvéOa Uz 0) + S][(no,(so, g)’

for o < a, where

n(60+log 2)ng/log log n
S1(no, 0,1y, 0) = E

2€n<nsy —1

nO’

and

n((?o +log 2)ng /log log n

Si(no,d0,0) = >

ngo <KNIN—1

n(f
This would follow from the inequality

1
Na 1+ 52 S1(no, b0, 15y, @) + S11(no, do, @),

since, for any o < «,

1 1
W > W [1 + C&DS[(H(),(S(),H(;U,OL) + S[[(n0,§0,a)]

1 n(ég—i—log 2)ng/loglogn n(60+10g 2)ng/log log n
et X P>
No’—oz + do Na—ana Na—ana

2<n<nsy —1 nsyg<nSN—1
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n(60+10g 2)ng/log log n n(60+log 2)ng/loglogn

n
> 1 +C§OO Z no—ana + Z nO’—CKnCK

2<n<ns, —1 2<n<N—1

=1+ C;)OS[(TL(),(Smn(;mO') + SH(TLQ,(S(),U).

Thus, it is enough to find « such that

% > 2+ 2057 S1(no, 6o, 5y, @) (15)
and such that
1
N > 2517 (no, 9o, ). (16)
It is enough to have
% So 20&0% Z (o108 2)mo /log log n. (17)

0 2<ngns, —1

since the right-hand side of (17) is greater than the right-hand side of (15).

The inequality in (17) holds for any fixed aw < 0 and for all N large enough in terms
of ng, do, ns,, Cs,, and . Therefore, we may take any fixed o < 0 as a function of IV,
ng, and &g for which (16) holds true. For ns, > 16, we see that

n(50+10g 2)ng/log log n N(50+log 2)ng/log log N

2 o < 2 o

N <KNSN—1 nsgy <KNSN—1

< N(50+log 2)ng/log log N Z

Nsg<n<N—1

(18)

ne’

It remains to examine the sum on the far right-hand side of (18).
For a < 0, we have

> <o nTe / @<(N—1)‘“<]¥__§>~

ngo<SnSN—1

It follows from (18) that (16) is consequence of

N=9 > gN(Gotlog2mo/loglog N (7 _ 1)~ (N - a).
1—a

One sees that an admissible choice of « is given by

Nlog N

= —3(do + log 2)ng—————.
« 3(d0 + log )nologlogN

Then (k,x(s) # 0 in the left-half plane ¢ < a. This completes the proof of Lemma 1.
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4. Proof of Theorem 1

Assuming for simplicity’s sake that T does not coincide with the ordinate of any zero,
we have

1 C}(,X(S) ds

NK’X(T):% Crx(s)
R

where R is the rectangle with vertices at «, 8, 8 + T, and a + 7. Thus, we have

(GO
2nNg x(T) = R/Im<CK,X(S)) ds = Ararg (x,x(5), (19)

where Ag denotes the change in arg (x, x(s) as s traverses R in the positive sense.
Since (i, x(s) is real and nonzero on [«, 8], we have

Afa,p arg Cx,x (o) = 0. (20)
As s describes the right edge of R, we observe from (14) that
Cre,x (s) — 1] < 1.
It follows that Re (x x (8 +it) > 0 for 0 < ¢t < T. Hence, we have
Apo,ryarg (k x (B +it) = O(1). (21)

Furthermore, along the top edge of R, to estimate the change in arg (x x(s) we de-
compose (x x(s) into its real part and its imaginary part. We have

a(n)[cos(tlogn) — isin(tlogn)]

Cex()= 3 am)exp{—(o+it)logn} = 3

)

/rLO'
n<[X] n<X]
so that
; a(n)sin(7T logn
Im ((xx (0 +4T)) = — Z w
n<[X]

By a generalization of Descartes’s Rule of Signs (see Pélya and Szegd [12, Part V,
Chapter 1, No. 77]), the number of real zeros of Im((x x(o + ¢T)) in the interval
a < 0 < fis less than or equal to the number of nonzero coefficients a(n) sin(7" logn).
By Lemma 3, the number of nonzero coefficients a(n) is O, (X (loglog X/ log X )!~1/¢(2)
at most.
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Since the change in argument of (x x (o + ¢T') between two consecutive zeros of
Im(Cx,x (0 +iT)) is at most =, it follows that

‘ loglog X\ 71/
AN arg (x, x (o +1iT) = O, (X(%) ) (22)

As in the proof of Lemma 1, we let N be the largest integer less than or equal to X
so that a(N) # 0. Along the left edge of R, we have

1+a(2)27 %+ 4 a(N—-1)(N-1)"2"%
a(N)N—a—it

Crx(a+it) = [1 + ]a(N)Na“.

Therefore, we have

1+ a(2)2_04—it +--4a(N—-1)(N - 1)—04—it:|
a(N)N—a—it

+ Ajo,7) arg a(N)N_O‘_"t. (23)

Ao,y arg (., x (o 4 it) = Apg 1) arg {1 +

In the proof of Lemma 1, we noticed that

a(N) a(n)
No Z na

Thus, for any ¢, we have

<1,

1+a(22 "4 FaN-1)(N-1)"*""
a(N)N—a-it

and hence

+a(2)27 "+ Fa(N-1)(N - 1)_0_“] =0(1). (24

A 1+ !
[0,7] 318 a(N)N—a-it
Finally, we have

Ajo,1) arg a(N)N_(’_“ = Ao,] arg a(N)N~“exp{—itlog N}
= A[o,) argexp{—itlog N'}
= —TlogN. (25)

Then substituting (24) and (25) into (23), we obtain
Ao, arg (i, x (o +it) = =T'log N + O(1). (26)

Since
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Ararg (r x(s) = Apa,p arg Cr, x (o) + Ao,y arg Cre, x (B + it)
— Aa,g1 218 Cr x (0 +iT) — Ao 77 arg (e, x (o + it),

we may now substitute (20), (21), (22), and (26) into (19) to obtain Theorem 1.
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