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Ramanujan [21] originally introduced these sums to obtain remarkable trigonometric
series representations of certain normalized arithmetical functions. Today there is a
profound theory on the representation of arithmetical functions as infinite orthogonal
expansions involving Ramanujan sums (see [16,19,22,23]). Carmichael [11] was the first
to obtain specific orthogonality properties such as

chl(j>ck2(j> =0

whenever ki # ko and ki, ke both divide N, and

ZCk(ﬁQ = p(k)N

whenever k divides N and ¢ is Euler’s totient function. It would be of interest to search
for additional orthogonality relations or obstructions to such relations, specifically, a fam-
ily of vectors that are not orthogonal but arbitrarily close to being orthogonal to vectors
arising from values of Ramanujan sums. Asymptotic orthogonality of the closely related
Mbobius function to nilsequences is recently established by Green and Tao [14] (see [25]
and [7] for other types of cancellation results on partial sums of the Mobius function
along semigroups of integers). For any positive integer r and modulus k, consider the
sum

k
erck(j)-

Making use of properties of such sums, the author [1,6] derived exact formulas involv-
ing Euler’s and Jordan’s totient functions for averages of special values of L-functions
under parity conditions imposed on the characters. The author [3] further studied the
distribution of values of a normalization in the form

k
1 o
jrasy Z i ek (d)
j=1
and showed that average value of this normalization over k is
r+ 1 B2m
<\ 2m ) ¢(2m+1)’

where ( is Riemann zeta function and Bs,,’s are Bernoulli numbers. Connections between

<

(5]

w
[
|

m=

Ramanujan sums and Burgess type zeta functions were investigated in [4]. For similar
average type results concerning values of a special multiplicative function known as the
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restrictive factor, the reader is referred to the recent work of Ledoan and Zaharescu [17].
The author [5] further showed that weighted averages of Gauss sums in the form

%éw(ﬁ)%,x),

where ¥ is a non-principal character modulo k, G is the corresponding Gauss sum and w is
a Lipschitz continuous function, can be well approximated by certain linear combinations
using algebraic parts of special values of L-functions. Note that when y is the principal
character modulo k and w(z) = 2" for r > 1, one obtains the above normalization
involving values of Ramanujan sum and this gives further motivation for the study of
its distribution. Precisely, we focus on the sign of such a normalization as a real number
and show that these sums have more tendency to be positive. In terms of the standard
inner product on R¥, our results below confirm that for many values of k and r, the
inner product of the vectors

U2 k) and (D), aul2) . en)

is positive and they are therefore not orthogonal but somehow arbitrarily close to being
so (see Theorem 2 below). Whether this holds for all values of k and r remains an open
problem.

Theorem 1. The average value over k of
1k
sy erck ()
j=1
1s positive for all r > 1. For any given k and r large enough only in terms of k,

k
1 , .
o 23" ek()
j=1
18 positive.

A natural question is about the positivity of this normalization for all values of k
and r. For fixed r, the limit points of such a normalization as k ranges over certain
semigroups of positive integers were studied in [3]. If r is allowed to vary as well, then
we are able to get more precise results on the set of limit points. In particular, our next
result shows that verifying positivity for all values of k and r is delicate.

Theorem 2. Let P be a set of primes having positive lower density such that for some
constant 0 < 0 < 1 and for all large enough x, there exists p € P with v < p < x + 2?.



150 E. Alkan / Journal of Number Theory 140 (2014) 147-168

If M is an infinite set of positive integers and (P) is the semigroup of positive integers
generated by the primes in P, then any number in [0,1] is a limit point of the set

k
1 P
U:{W ‘Elj cx(j): ke (P), TEM}.
i=

We remark that P in Theorem 2 can be taken as the set of all primes in a fixed
arithmetic progression containing infinitely many primes. To have a more general con-
struction, assume that for all large enough integers n, there exist primes in [n, n+n?]. We
may then choose a prime p in [n,n + ne] (note that for any n < j < p, it is not necessary
to choose a new prime in [j, j + j] since p € [4,5 + j%], hence the most efficient way is
to choose the largest prime in [n,n + n?]). Doing this for all large enough 7, one obtains
a set T' consisting of all the primes that are chosen. Then any set of primes P O T with
positive lower density clearly satisfies the conditions of Theorem 2. Let

Jn(k) = k" H(1 — Z%)

plk

be Jordan’s totient function of order n > 1. For fixed r, it is possible to produce explicit
positive values of the normalization for certain values of k. Indeed we have

Corollary 1. Let

k

1 s

ar(k) == Jr L Z] ck(4)
j=1

Assume that r > 2 is fivred and {k,} is an increasing sequence of integers satisfying

TR b
Then we have
1 1
imi > - .
fmiferta) >3 =00

Moreover, for any given r > 1, there exists a positive density of k’s, where the density
depends only on r, such that a,.(k) is positive.

It is true that for small values of r, a,.(k) is always positive regardless of the value
of k. Precisely, the following result holds.

1, we have az(k) > =, az(k) > 525, aua(k) > 5 — 55,
2z = Gt oe5-

Corollary 2. For any k >
a5(k)>%—12, ()>
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Determination of the size of peak value concerning partial sums of a non-principal
character xy modulo k is an important problem. As a consequence of the Polya—
Vinogradov inequality, this peak value is < vklogk and it is also > 2—‘/5 (see [13]). As-
suming the Riemann hypothesis for Dirichlet L-functions, Montgomery and Vaughan [18]
showed that

< VEloglogk,

> x(n)

n<N

max
N

which is essentially best possible as Paley [20] showed that

> (ﬂﬂ > 1ﬁloglogd
n 7

n<N

max
N

holds for infinitely many quadratic discriminants d > 0, where (%) is the Kronecker

symbol for the real quadratic field Q(v/d). Cancellation type results for convolution
sums of two characters over short ranges were obtained by Giiloglu [15]. Here we offer
to study this peak value for partial sums of Ramanujan sum.

Theorem 3. For any k > 1, the estimate

Z%(j)

Da(k) | (k)

2
4k 2

max
N
holds.

Consider the simple but elegant inequality

k 1
A 1+ —— ) <2vt),
e(k) H( pl)

plk

where w is the number of distinct prime divisors. One has the following curious inequality
involving these arithmetic functions.

Corollary 3. For integers r > 1 and k > 1, the inequality

(5]
1 1 r+1 ng(k‘) k
- B A
2+ ((T‘+1) 1( 2m ) o g2 )(p(k)

m=

< gw(k)

holds.

Our next result is inspired by the work of Bachman [9] who showed uniqueness of
Ramanujan sums as solution of a certain minimization problem. We see below that
Ramanujan sums are unique solutions of a more general optimization problem with
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nonnegative weight functions and subject to the constraints |b,| < 1 for all n > 1. In
this connection, nontrivial lower bounds are produced concerning weighted exponential
sums supported on reduced residue systems.

Theorem 4. Let w be a nonnegative function. For any sequence b, of complex numbers
and real number g = 1, the inequality

k

> w(y)

j=1

LRAD DI N DN R
= (W) Zw(J)‘Ck(ﬁ‘

j=1

2ming
g bpe
n

holds, where the sum over n is for 1 <n <k and (n, k) = 1. In particular, if w(j) = j"

for some integer r > 2 and q = 1, then we have

k (5]
. minj 1 1 r+1 Jam (k) k X
IS be T 2 S bal| = Bom — k"
2|2 bne 2 2+<(r—|—1) <2m) 2m gam | (k)
j=1 n n m=1
If w(j) = j and ¢ =1, then we have
k oming | _ 1
. ming 1 w(k)
Z]ane S 52| (2 + 1)k
j=1 n n
Define the constant302:ﬂ—lz,63:%,04:%—%,05:%—1_12706:%_%+;_56

Then forr € {2,3,4,5,6}, we have

k

>0

Jj=1

2ming
E b,e *
n

For any givenr > 2, there exists a positive constant M, depending only on r and infinitely
many k such that

k .
ST bueTF| > M| b |k loglog k.
Jj=1 n n
Finally, for r > 1, we have
k 1

>

Jj=1

2
<, (Z |bn|2> kT+1’

n

2mwing
E bpe ¥
n

where the implied constant depends only on r.
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As a remark note the trivial bounds

< <Z |bn|)k7'+1.

n

k
K<
j=1

2ming
E b,e *
n

To have an application of Theorem 4, let x be a non-principal character modulo k£ and
take b, =1 — x(n). Then since

S by = (k) = 3 xn) =

we see that

(29™) + 1) p(k)k,

DO | =

k
> ilGG ) = ()] =
j=1

where

G(zx) =Y x(n)e

n

is the Gauss sum. Moreover, by a result of Hardy and Ramanujan, w(k) is about loglog k
for almost all k and since ¢(k) > logl 5 for all & > 3, the estimate

]{32(10g k)(l—i—o(l)) log 2
Z]|G 7X) = )] > log log k

holds for almost all k£ with an absolute implied constant. Relations between special values
of L-functions, class numbers and finite trigonometric sums were studied by Berndt and
Zaharescu [10], Chan [12] and the author [2]. As a further contribution to this topic, we
give the following evaluation of trigonometric sums subject to divisibility constraints as
a natural consequence of our study of Ramanujan sums.

Theorem 5. For integers k > 2 and r > 1, we have

i(min(rierl) <;>Ar_j,skj>< Z %)

= = 1<m<k
(m,k)=1
pret B (r n 1) 0 1
= Bom (1 - W)?
(r+1) &=\ 2 ok D
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where both sides are interpreted to be zero when r = 1, the coefficients Aq ; for q,j =1
are uniquely determined by the relations Ag1 = (—1)?, Agq+1 = (—1)%¢!,

Agj=—0—1DAg—1,j-1—JjAg-1,

forl<j<q+1and

(k,m s){(_l) T sin(7pe) ifs=+1 (mod 4)

(1) cos(™22)  if s=10,2 (mod 4).

Combinatorial properties of A, ; are studied in [2] and it is shown that they can be
written in terms of Stirling numbers of the second kind together with the formula

P e (7)o

v=0

2. Proof of Theorem 1

Let us start by giving an alternative representation of the normalization of weighted
averages of Ramanujan sums. Indeed using an evaluation of Ramanujan sum in the form

where £ is the Mobius function and a recent result of Singh [24] given as

Z ] T‘+1 [5] (’r‘ —+ 1) BQm H 2m 1
2
1<j<n T + 1) m=0 ns

(m)=1

for r > 1 and n > 2 together with some inspired calculations, one obtains the formula
(see [3] for details)

1 o ooy ek 1
e 2 al) = S
j=1

for r > 1 and k > 2 with the convention that the sum over m in (1) is taken to be
zero when 7 = 1. A more useful representation of the right side of (1) is required. Such
a representation was also needed in [3] and for convenience let us reproduce it here.
Assuming r > 2, one has from (1) that
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1 v (k) 1
et 20 e ) = MACESY
j=1

If r is even, then the monic Bernoulli polynomial of degree r 4+ 1 is given by

r+1 T
r+1 1o r+1 rles
BT+1(””):Z( s >Bsx - SZZ( s )BSI o

s=0 s=0
since B,11 = 0. Rewriting (3), one obtains

T

r (T+1 r r 2 7‘+1 BQ
Brii(z) = 2" — 2 o Z xsz-

Taking x = d in (4), we see that

r+ 1\ Bap, 1 (r+1)
—— (B _gr+l N .
‘ ( m ) 2m gl ( r1(d) —d™ 2 d

Consequently from (5), it follows that

(MR

m=

[5]
r—+ 1 Bgm Br+1(d) T+ 1
> n(d) 1( >d2m :Z“(d)< prEs i

dlk m= dlk

_Z’u dr—rijl ZM

dl|k dlk

-y #d)Braa(d) | (r+ Do(k)

dr+1 2k
d|k

since the Mobius sum is zero for k > 2. As a result of (2) and (6), we see that

k
1 -7 S\ 90( :u T+1
k’”+1j§_:lj e (j) = 7"+1 cﬂzk dr+1

_ 90( w(d)Bri1(d
B 7‘-1—1 d%: dr+1 ’
d>1

1
SRR
d|k

155
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where we used the fact that B,11(1) = 0. For n > 1, define

Using the well-known evaluation of S,(n) in the form
" r+1 rtlos
(r+1)Sp(n) = Z% ( s )Bsn + )
one obtains

Br+1 (d)

Sr(d) = r+1

for any d > 1. Combining (7) and (8), the representation

k
ﬁﬁi}%mﬂ:%?+§:ﬂ%%@_ o)
=t dlk
d>1

follows for even r > 2. A similar argument shows that (9) holds for odd r > 2 as well.
Next observe that for d>1,

d—1

S, ( 14
Lay = dr+1 d’“+1z‘7 EZ(> (10)

is a lower Riemann sum using the equally spaced partitioning points {%, %, ceey %}
corresponding to the integral fol " dx = r_%l For any d > 1, Lg, < Til and this
motivates to define the numbers
15
dd.r ':7‘—&—1_ g >0 (11)

as an error in the approximation of this integral by lower Riemann sums. Also considering
the upper Riemann sum for the same integral defined as

m.;;() (12)

one obtains that Ly, < r+1 <Ugrand Ugy — Ly, = é. It follows from (10)—(12) that
0 < 0, < 5 for any d > 1 and r > 2. As a result of (9) and (11), the representation
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1 & (k) 1
Tt erck(J) = T Z H(d)(m - 5d,r>
j=1 d|k
a>1
k)
— #lh) d)da,r (13)
k
d\k
d>1
follows for k£ > 2. Using (13), we have that
1 F
S (e <1+ 5 (3 a0)
k<x j=1 2<k<z
A S S S e (1)
k<= 2<k<e  k<z dlk
d>1
Using the well-known asymptotic relation
k
Z % = —ux + O(log x),
k<Lx
we see that (14) further equals
6
(5 1)e X X w@s, + Oftoga) (15)
k<z d|k
d>1
Moreover, note that
Doae = > wdoar |2 = 3 wd)da, S +0(1)
h d d
<= d\k 1<d<a 1<d<w
d>1
- N(d)édr
=z — 4+ O(log z), 16
> K + Oftog) (16)

where we used the fact that 0 < 64,
value over k is determined to be

< L. Combining (14)-(16), the desired average

62,7”
2

637‘
3 +

55,7"
)

p(d)da,r
d

d=6

d)ss, 6 1
2 r4+1
6
2 r—l—l

i# 6dr

d=6

(17)
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Observing that

< d)a,| 11 1
DETE S g < gdt=1, (18)
d=6 d=6 5

we deduce from (17) and (18) that

6 1 o pu(d)dg, 6 8

S ﬂ%ﬂ>7_ﬁ>o

™ r+ e ™
for r > 2. But when r = 1, the average value over k is % Thus the average value over
k is positive for all » > 1. Finally when k > 2 is fixed, using (13) and the fact that for

any fixed d > 1,

lim 04, = lim (1 - Sr(d)) =0,
’ r+1

r—00 r—00 d"+1

we see that
1 < (k)
]:

which happens to be true also when k = 1. Therefore, if 7 is large enough only in terms
of k, then the normalization is positive by (19). This completes the proof.

3. Proof of Theorem 2

First observe that since M is infinite, we have from (19) that

k
lim (ﬁ ercku)) S (20)
j=1

rT—00

Hence as a result of (20), to show that any number in [0, 1] is a limit point of U, we need
to show that the numbers @ are dense in [0,1] as k ranges in (P). To this end, let us
define an arithmetic function ¢ : N — Q as follows. If n € (P), then we take ¢(n) = =R
This makes ¢ a multiplicative function on (P). Then extend ¢ as a multiplicative function
on N by defining ¢(p™) = 1 for any prime p ¢ P and m > 1. Note that f,(n) = log ¢(n)
is an additive function defined on N. Thus, if n € (P), then fs(n) = log(ﬁ). Moreover,
observe that for any prime p € P and m > 1, we have

N () R

[fs(p™)| =
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and

1 1
p)=—-+0 (—) 22
fo(p) . e (22)
Next we employ the main result of [8]. Given an additive function f : N — R, assume
that the following conditions are satisfied for some 6 > 0 and A > 0:

> fp) =00, (23)
AL
£m)] < < @1

for any prime p and m > 1 with C(f) > 0 depending only on f. There exists to(f) > 0
depending only on f such that for any 0 < ¢ < to(f), there is a prime p satisfying

t—t" < fp) <t (25)

Then there is a § > 0 (depending on 4, A) such that for all appropriate o € R

’f(n)—a|<niﬁ

holds for infinitely many n. Since fs(p™) = 0 when p ¢ P and P has positive lower
density by our assumption, it follows from (22) that

= -5 (teo(3) -

fo(p)>0 peP
p prime

and (23) is satisfied. Using (21), we see that (24) holds with C'(fy) =2 and 6 = 1. In
order to verify (25), we consider

1 1
t—t1+’\<—+0<—2><t (26)
p p

for p € P. It is easy to see that (26) is equivalent to
x<p+O(1) <z+27 (27)

for all large enough z. Since for all large enough z, there exists p € P with z < p < z+2?
by our assumption, we may choose A < 1 — @ to see that (27) holds as well. It follows
that the values of f4 are dense in [0, c0) and therefore that the values @ are dense in

[0,1] as k ranges in (P). This completes the proof.
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4. Proof of Corollary 1

Using the evaluation of Bernoulli polynomials at x = 1, it is easy to see that

(3]

1 1 1 r+1
- = B 28
2 r+1 (r+1)m1(2m> am (28)
for any r > 2. Assume that r > 2 is fixed and {k,} is an increasing sequence of integers
satisfying
kn,
lim 22n) (29)

Clearly, (29) gives

B T ! 30
for any m > 1. Using (1), one gets
(5]
o(kn) 1 r+1 Jom (kn)
arlkn) = S+ 03D om )2 g2 (81)
m=1
Combining (28), (30) and (31), we deduce that
1 1
im i > — )
tmiferln) 25 =5
To prove the other claim our main idea is to sieve by the first N primes 2,3,...,pn,

where N is a parameter. Note that when r = 1, aq (k) is positive for any k > 1. Therefore,
we may assume that r > 2. Given € > 0, one can find N large enough such that

1-e< ] (1) <1
pP>PN
and consequently that
1-e< [] (1—) <1
P>PN

for any m > 1. It follows that with this choice of N, if k is not divisible by the first NV
primes, then

Jom (k) 1
L-e< =50 :H 1—]92—m <1
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holds for any m > 1. Using now (28) it is clear that

[
1 r+1 ng(k)
(r+1) Z ( 2m )Bm k2m

m=1

[V

can be made as close as we wish to 5— m > 0 when r > 2. To do this, N would depend
only on r. Since the set of k’s not d1v151b1e by the first N primes has positive density
depending only on 7, one obtains from (1) that a,(k) is guaranteed to be positive for

these values of k.
5. Proof of Corollary 2

Since a,(1) = 1 for r > 1, the inequalities hold when k = 1. Therefore, we may assume
k > 2. We only prove the inequality for » = 6. The other inequalities can be obtained
similarly. Indeed taking r = 6 in (1), we obtain

_plk) | Ja(k)  Jalk) | Je(k) _ Ja(k)  Ja(k) | Je(R)
ak) =5+ 00~ ed T ake ok oet T azks

(32)

Using the inequalities

Jok)y 16 Ja(k) Je(k) 1 945
2@ a2 kb =6

for k > 2, we obtain from (32) the desired inequality for ag(k).
6. Proof of Theorem 3

First note that when & = 1, the required maximum is infinite and the inequality
trivially holds. We may then assume that k > 2. In this case one has

k
D (i) =0 (33)
j=1
and the required maximum is finite. Taking » = 3 in (1), we obtain that
o(k) | J2(k) 4
—r 4
Z] Ck ( or T a2 k (34)

for k > 2. Applying Abel’s summation to the left side of (34) and using (33), one sees
that

ijgck(j) = —/k?)tz( Z ck(j)) dt. (35)
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>k3. (36)

It follows from (35) that

k

> iter(h)

Jj=1

N
. )
< (mj@x Zlck(j)
]:

The desired estimate follows from (34) and (36).

7. Proof of Corollary 3

Again when k = 1, the inequality holds by (28). Hence we may assume that k > 2.
From (1), we have

k (5]
> i"ex(j) = (%I:) e i 0 (7«24;11) B Jzéggf) ) R (37)

j=1 m=1

Applying Abel’s summation to the left side of (37), one obtains

k
)k’ < (Z{ck(jﬂ)kr. (38)

k
> irer(d)
j=1

N
> )
j=1

< (max
N
Let
S
k= H P
v=1

be the prime factorization of k into distinct primes. Then note that c¢x(j) = 0 unless
ﬁ is a square-free number. If we let d = (k, j), then

S
d=T[r
v=1

with a, — 1 < b, < a, for each v and there are exactly 2¢®) values of d (which are
divisors of k) such that ¢k (j) # 0. Using the estimate

(i o(k)
we have
- , , p(k)
Yola@l= D la@< Y - (39)
j=1 1<j<k Sen Ylan)

er(1)#0 e (1) #0
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The conditions 1 < j < k and d = (k,j) are equivalent to 1 < 2 < £ and (£,2) = 1.
Therefore, the number of such integers is ¢ %) and (39) gives that

Z\ck k)2 k), (40)

The desired inequality follows from (37), (38) and (40).
8. Proof of Theorem 4

We may assume that b,’s are periodic with period k. Note that if (s,k) = 1, then
multiplication by s permutes residue classes (or reduced residue classes) modulo k. Thus

\(Zb )= 2“‘”)\q

2misg
k

we have

q

> wiles()|” ﬁi
2w

(41)

w() sn€

=1

<.

Using Hoélder’s inequality when ¢ > 1 and triangle inequality when ¢ = 1, one obtains

>%(n 3;, (42)

where % +, =1 Combining (41), (42) and using the fact that w is nonnegative, the
left side of (41) is

2misj
k

2misg

sn€ sn€

27isg

2mwisnng
% %

» (43)

k)& w(j)

j=1

sne sne

q k
= (k)7 303wl

J=1

where 7 is the inverse of n modulo k. For each fixed 1 < n < k with (n,k) = 1, the
numbers 7§ run over a complete residue system modulo k£ and the numbers sn run
over a reduced residue system modulo k. Noting that the number of such n is (k) and
1+ % = ¢, we see that the right side of (43) equals

k
k)Y w(j)

Jj=1

2ming q
E bpe *
n
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The desired inequality now follows from (41), (43) and (44). Indeed taking w(j) = j" for
some integer r > 2 and ¢ = 1, one has

Z \szk: \Zbl

Jj= =1

k

2%

=1

2ﬂln]

(45)

Therefore, the desired inequality follows from (37) when k > 2 and from (28) when
k=1.If w(j) = j and ¢ = 1, then we have

k - k
ne ko> (46)
Using evaluation of Ramanujan sum and the fact that Q(d) = dg(d) when d > 2, one
obtains
- . . 1% (d) 1 2
Z]|0k(3)| = ko(k) Z d—@l)Ql(d) =ko(k){ 1+ 3 Z = (d)
j=1 ar ¥ dlk
d>1
L (guk)
=3 (2 + 1) ke(k). (47)

Combining (46) and (47) gives

k
27ming
k

,/

(2% +1)k.

5.

n

When r € {2,3,4,5,6}, using (45), one has

k
DI
j=1

2mwing

and

k

>

j=1

is a consequence of Corollary 2. To show the next inequality, one can use an idea of the
proof of Corollary 1. Indeed if IV is large enough and k is not divisible by the first NV

2ming
g b,e

n

primes 2,3, ..., pn, then for any given r > 2
(5]
1 r+1 B ng(k)
(r+1) o2m )M g2

m=1
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can be made arbitrarily close to % — 4 Since + — X > L for r > 2, we may safely

r+1° 2 r+1 = 6
assume that

(48)

for any k not divisible by the first N primes and N is large enough only in terms of r.
It is well-known that record low values of ¢(k) occur when k is a product of the first R
consecutive primes, where R is a parameter. Moreover,

_ k
" loglogk

(k) (49)

for these specific values of k. When k is not divisible by the first N primes, the record
low values of ¢(k) occur when k is a product of the first R consecutive primes coming
after py, namely pyy1,PN+2;- .-, PN+R. Since

1
()
PPN p
is a constant depending only on r, it follows from (49) that

_ k
" loglog k

p(k) (50)

when k is a product of the first R consecutive primes coming after py. Therefore, com-
bining (37), (45), (48) and (50), we deduce that there exists a positive constant M,
depending only on r and infinitely many & not divisible by the first N primes and satis-

fying (50) such that
5 (3 (1) )
- — "2 (r+1) ==\ 2m o gzm ) o(k)
> bn

To complete the proof, note that by the Cauchy—Schwarz inequality,

k 3/ k o2\ 2
< (Zj”) (z e ) o1
=1 1

Jj= n
k 3
1
(Zj%) < KT (52

k

>

Jj=1

I

27ing
Ebnek
n

> M,

k" loglog k.

k

>

j=1

2ming
Ebnek
n

holds. Clearly, we have
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where the implied constant depends only on r. Using the observation

k k
3 ane”i”’ Zb ;Z T 2 Y Jbaf? (53)
j=1'"n n

and gathering (51), (52) and (53), one may obtain the desired upper bound.
9. Proof of Theorem 5

First using the definition of Ramanujan sum, we may write

k k-1 k-1 B
S itek() =Kpk)+ Y iTel) = ko) + > S et (54)
j=1 j=1

1<m<k j=1
(m,k)=1

It is shown in [2] that

k—1 T :
o 2migm . dr—J 1
;j -2 ( ) B Q7 (ew = 1) (55)

Jj=1 e

for k > 2 and r > 1. Again from [2], recall that when j <r — 1,

=i (1 A,
— = — 56
dwr—J <ew _ 1) Z (ew _ 1)5 ( )

s=1

holds, where A, ;’s are integers defined uniquely by the conditions given in the statement
of the theorem. Combining (54), (55) and (56), we see that

k r—1r—j+1 r ) 1
i) =kek)+ > > (j)Ar—j,s’f] > & 1)
j=1 =1 5=

j=1 s=1 1<m<k
(m,k)=1
1
K%:gk ) (57)
(m,k)=1

Since the left hand side of (57) is a real number, it is enough to keep only the real part
of the right hand side of (57). Thus we get

k

erc;c(j)=kT“‘;<k)+r_lr_j+l <;)Arj,sk:j9%( S ﬁ) (58)

j=1 j=1 s=1 1<m<k

Clearly, we have
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m( > ﬁ)zg{( 2 m>

1<m<k 1<m<k 2
(m,k)=1 (m,k)=1
Z g(kvma 8) (59)
Wl (2 sm(%))s
(m,k)=1

where g(k,m, s) is defined modulo 4 as in the statement of the theorem. Changing the
order of j and s in (58) imposes the conditions 1 < s < rand 1 < j < min(r—1,r—s+1).
Combining (1), (58) and (59), we complete the proof of Theorem 5.
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