Journal of Number Theory 183 (2018) 428-441

Contents lists available at ScienceDirect
Journal of Number Theory

www.elsevier.com /locate/jnt

JOURNAL OF

Some divisibility properties of binomial coefficients

@ CrossMark

Daniel Yaqubi, Madjid Mirzavaziri *

Department of Pure Mathematics, Ferdowsi University of Mashhad,

P.O. Box 1159, Mashhad 91775, Iran

ARTICLE INFO

ABSTRACT

Article history:

Received 14 July 2016

Received in revised form 19 August
2017

Accepted 19 August 2017

Available online 20 September 2017
Communicated by the Principal
Editors

MSC:
primary 11B65
secondary 05A10

Keywords:

Binomial coefficients
p-adic valuation

Lucas’ theorem

Euler’s totient theorem
Bernoulli numbers

In this paper, we aim to give full or partial proofs for the
following three conjectures of V. J. W. Guo and C. Kratten-
thaler: (1) Let a > b be positive integers, «, 8 be any integers
and p be a prime satisfying gcd(p,a) = 1. Then there ex-
ist infinitely many positive integers n for which (‘;Zig) =r
(mod p) for all integers r; (2) For any odd prime p, there are
no positive integers a > b such that (ZZ) =0 (mod pn—1) for
all n > 1; (3) For any positive integer m, there exist positive
integers a and b such that am > band (*}"") =0 (mod an—1)
for allm > 1.

© 2017 Published by Elsevier Inc.

1. Introduction

Binomial coefficients constitute an important class of numbers that arise naturally

in mathematics, namely as coefficients in the expansion of the polynomial (z + y)™.

Accordingly, they appear in various mathematical areas. An elementary property of
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binomial coefficients is that (:Ln) is divisible by a prime p for all 1 < m < n if and only
if n is a power of p. A much more technical result due to Lucas asserts that

() = () ) (o)

in which n = ng+n1p+- - -—I—nkpk and m = mgo+mip+- - -—|—mkp’C are the p-adic expansions

of the non-negative integers n and m, respectively. We note that 0 < m;,n; < p, for all
1=0,...,k. In 1819, Babbage [1] revealed the following congruences for all odd prime p:

(2;’_11) =1 (mod p?).

In 1862, Wolstenholme [6] strengthened the identity of Babbage by showing that the same
congruence holds modulo p? for all primes p > 5. This identity was further generalized by
Ljunggren in 1952 to (:f;) = () (mod p*) and even more to (Z’;)/(Z) =1 (mod p?)
by Jacobsthal for all positive integers n > m and primes p > 5, in which p? is any
power of p dividing p*mn(n — m). Arithmetic properties of binomial coefficients are
studied extensively in the literature and we may refer the interested reader to [6] for
an account of Wolstenholme’s theorem. Recently, Guo and Krattenthaler [2] studied a

similar problem and proved the following conjecture of Sun [4].

Theorem 1.1. Let a and b be positive integers. If bn+1 divides (a”;;b”) for all sufficiently
large positive integers n, then each prime factor of a divides b. In other words, if a has a
prime factor not dividing b, then there are infinitely many positive integers n for which
bn + 1 does not divide (a":;Lb").

They also stated several conjectures among which are the followings. We aim to prove
or give partial proofs to these conjectures.

In Section 2, we prove Conjecture 1.2 in special cases, see Theorems 2.1 and 2.2.

Conjecture 1.2 (/2, Conjecture 7.2]). For any odd prime p, there are no positive integers
a > b such that

(ZZ) =0 (modpn—1)
for allm > 1.

In Section 3, using only properties of the p-adic valuation, we give a full proof for
Conjecture 7.3 of [2].

Conjecture 1.3 (/2, Conjecture 7.3]). For any positive integer m, there exist positive
integers a and b such that am > b and
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(al::in> =0 (modan—1)
foralln > 1.

Maxim Vsemirnov [5] has proved that Conjecture 1.4 is not true for p = 5. In Section 4,
we prove this conjecture in a special case. The conjecture is still open for the cases p # 5.

Conjecture 1.4 (/2, Conjecture 7.1]). Let a > b be positive integers, o, B be any integers
and p be a prime satisfying ged(p,a) = 1. Then there exist infinitely many positive

an + «
(bn+ﬂ)

integers n for which

r  (mod p)

for all integers r.
2. Conjecture 1.2

Our first result is the proof of Conjecture 1.2 in the case where a,b Z 0 (mod p).
Furthermore, we also provide a partial proof of Conjecture 1.2 in the case where a = 0
(mod p); see Theorem 2.2.

Theorem 2.1. There are no positive integers a > b with ged(ab, p) = 1 such that

an
= -1
(bn) 0 (mod pn—1)
forallm > 1.

Proof. Suppose on the contrary that a > b exist satisfying the conditions of the theorem.
Let 1 < s < p—1 be such that sb =1 (mod p), and write

sa=pQ+r, (1<r<p-1)
sb=pQ" + 1.

Also, choose t > 0 such that st = —1 (mod p), and suppose st = kp — 1 for some k > 0.
We claim that

<pn+t><p+s>—pf<—1|(§§),

where K = pn + ns + t + k. By Dirichlet’s theorem, there are infinitely many primes of
the form pn + t. If pn + t is prime, Lucas’ theorem implies that
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aK\  (a(pn+ns+t+k)
(bK)(bpn+ns+t+k))
a(pn +t) + a(ns + k)
(b(pn +1t) + b(ns + k:)>
<a(pn +t)+Q(pn+1t)+rn+ak — Qt)
S \blpn+t) + Q' (pn+t) +n+bk—Q't

a4+ Q\ [rn+ak—Qt
- <b+Q’>(n+bk—Q’t

) (mod pn + 1),
since for sufficiently large n we have rn + ak — Qt,n + bk — Q't < pn + t. Now we have

s(n+bk—Q't) =sn+ (pQ" + 1k — Q'(pk — 1)
=sn+k+Q
<srn+rk+Q
< srn+ (pQ + 1)k — Q(pk — 1) = s(rn + ak — Q)

rn+ak—Qt

whence (n+bk_Q,t

) # 0. The proof is complete. O

Notice that Conjecture 1.2 is still open in the cases where a = 0 (mod p) or b = 0
(mod p). In the next theorem, we consider the case where a = c¢p and b = pk + r
(1<r<p-—1)and give a partial answer to Conjecture 1.2 in this case.

We know that for each prime p and € > 0 there is a real number M,(¢) such that
for each x > M,(e) there is a prime number ¢ in the interval (z, (1 + ¢)x) with ¢ = —1
(mod p) [3]. Moreover, there is a real number M, (e) such that for each 2 > M (¢) there
are at least two prime numbers ¢, ¢’ in the interval (x, (14¢)z) with ¢,¢' = —1 (mod p).

In the following we may assume b < ¢(p — r), since if b > c(p — r) then (57) = (777),

bn b'n

where b’ = pc—b. We have b’ = pk/+7r/, where ¥’ = c—k—1,r =p—r,and ¥/ < c(p—1').

Theorem 2.2. Let p be an odd prime, 1 <r <p—1, and v = %.

(i) If pk+7r < cp(1—7), then there are no positive integers ¢ > Mp(sz(;?f)) and k such
that

((pkpinr)n> =0 (mod pn—1),

forallmn > 1.
(i) If ep(l =) <pk+r <c(p—r) and r < %, then there are no positive integers
k> 2M)(P=Crt)) and ¢ such that

1
pen
= -1
((pk N r)n) 0 (mod pn —1),

foralln > 1.
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Proof. (i) Put b = pk +r. We have —2 > (y — 1)p. Thus

ple=k) _ 1 — k) — b _ »)\2
v _ ple—k) 7":2_9__>1_9+E_2_9:1+(P oo
c re r orec_r r T pr(p+1)
Now since ¢ > Mp(sz(;?f) ), there is a prime number pn — 1 with

plc—k)

c<pn—1< — 1.

This gives the result, since k < rn + k < ¢ < pn — 1 and Lucas’s theorem implies

<<pkpinr)n) - (k(pcrgp—n 1 oA k) - (2) (Tnj— k) tmod pr=1).

(ii) For o = % we have
k 2(p — — (2 1
& _2p=r) g poQ@4D
ak p+1 p+1
and since ak > Mz’j(%)7 there are two prime numbers pm — 1, pn — 1 with ak <

pm—1<pn—1<k. We have

b—r c(p—r)—r:07r(c—|—1)

k= < < c.
p p p
Furthermore,
kE+1 k+b k — —
m4k<r- i —I-k::r + <T +clp r)<rc+c(p T):c.
p p p p
Moreover,
¢ b _ k]; +r <P + 17
ko k(L=vp  gp. Ef0ezr) = p—r

p2(p+1)
where the last inequality is true since k > p. We can therefore deduce that

pt+1
pn—1<k<c<2-”;k=2ak<2(pm—1).

We have c+1 < 2(pm—1) < 2(pn—1). Write c = (pn—1)+ Rand rn+k = (pn—1)+ R’.
We know that pn — 1 > R > R’. Now Lucas’ theorem implies

() = (gl < (1) (1) wotme)
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The latter is not congruent to 0, since
1 kE+1 —k
[ e D e [P N P
pn—1 pn—1 pn—1
Lemma 2.3. Let p be an odd prime, 1 <r<p—2, j= LP%TJ, and o = m. Then
there is an 0 < e(p,r) < 1 with
T
wo pren) P
p-rG+1) j-1+7
Proof. A simple verification shows that
o< 2T
J—1+ »
if and only if p — r 1 p or equivalently r # p — 1. This implies the existence of e(p,r). O

On the other hand, welet c=j(pn— 1)+ R, 0< R<pn—2,rn+k=(pn—1)+ R’
with 0 < R/ < pn — 2, and suppose pn — 1 = 0k, where o < 6 < 3. Then by Lemma 2.3,

R +j0k =k — (pn —1) + rn+ j0k

1
S TR L
p

_k(1+(—1+%+j)0)+

gk(1+(—1+£+j)ﬂ)+

ST TS

Hence

R=c—j(pn—1)=c—j0k>R.
This shows that
c rn—+k c—(rn+k) ) )
_ - —j—1-(—1
P T IR E e R R e

from which the result follows.

R—R
pn —1
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3. Conjecture 1.3

In this section, using only properties of the p-adic valuation, we give an inductive
proof of Conjecture 7.3 of [2]. For n € N and a prime p, the p-adic valuation of n,
denoted by v,(n) is the highest power of p that divides n. The expansion of n € N in
base p is written as n = ng +nip + ... + ngp® with integers 0 < n; < p — 1 and ny, # 0.
Legendre’s classical formula for the factorials v, (n!) = 377, LI%J appears in elementary
textbooks.

Theorem 3.1. For any positive integer m, there are positive integers a and b such that

()

am > b and

0 (modan—1)

forallm > 1.

Proof. Let p1 =2 <ps =3 <p3s =5 < --- be the sequence of prime numbers. Choose ¢
such that p; > 3m and put

a=6ps...py,
b=4dps...p;.

Let n be a positive integer and ¢% | an — 1 for some prime number g. We aim at showing

that ¢* | (“»"). This of course proves that an — 1 | (“}'").

Write bn in base ¢ in the form Z;VZO r;q7, where N = a — 1 or « since bn > ¢*~'.

First we show that m < rg. We have
ro=bn=4ps...p;pn =2-3" - 6ps...ppn =2-3%an=2-3* (mod q),

where 3* is the inverse of 3 mod gq. We know that

S|, if3)g+2

Note that 3* exists since q # 3. We thus have

9.4tl S ¢ if 1
ro=2-3"= 2«?+1>3’ +2 _ g %3|q+ 7

We have ged(q,p1ps...p) = 1. Hence ¢ > p; > 3m. This shows that m < ro. We
therefore have
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N j N i—1 i

bn —m Do Tid —m 2T o —m

= =1 I=1 e+ = p ]
j=i

qt q

N
- bn

= g quj :I_ iJ'
j=i ¢

Now let an — 1 = kq®, where ged(k, ¢) = 1. We evaluate the g-adic valuation vg((%"")).
If N = a then

=1 qi ql
7amaﬂbin_mkq+mbn
—;( kq Lqu L 7 1)
=3 (kg™ — |2 — gt — | 220
i=1 1

& bn bn —m
=2 (-l -l—))
=3 (- 15+ 2 )

=1

since b”q;im is not an integer.

On the other hand, if N = a — 1 then

vq(<a::ln>) :mk—l—i (Laan B Lb_7:J B L(am—vb)nJ)

i i
— g q q

>mk+a—-12>a.

Thus ¢* | (“'"). O

4. Conjecture 1.4

Maxim Vsemirnov [5] proved that Conjecture 1.4 is not true for p = 5. Namely, he
proved the following theorem.
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Theorem 4.1. Let p =5, a =4, b= 2. If («, 8) € {(0,0),(1,0),(1,1)}, then

(4n+a

2n+ﬁ> =0,1 or 4 (mod 5).

Also, if (a, 8) € {(2,1), (3,1),(3,2)}, then

<4n+a

2n+ﬁ> =0,2 or 3 (mod 5).

In the following, we prove Conjecture 1.4 in a special case. We know that if
ged(x,y) = 1, then there is an integer 1 < 2/ < y — 1 with y | za’ — 1. We denote
this 2’ by Inv,(z). Moreover, for an integer x we denote the p-adic valuation of = by

vp(2).

Theorem 4.2. Let a and b be positive integers with a > b, let « and B be integers, and
let d = ged(a,b), ¢ = §, e = ged(p — 1,a). Furthermore, let p be a prime such that
p>a-+2b. Then

(i) if e < ¢ or va(a) < va(p — 1), then for each v = 0,1,...,p — 1, there are infinitely
many positive integers n such that

<ZZ I g) =r (mod p);

(ii) if e = ¢ and va(a) > v2(p — 1), then for each

e+2—p—a c+1—-—a

r¢{Cp-Detpta=—241:0<r <e—e, [—— I<p<l—5—1h
e e

there are infinitely many positive integers n such that

an+a\
<bn+6>T (mod p).

Proof. By Euler’s totient theorem, we have p?(*) = 1 (mod a), since ged(p, a) = 1. For
an arbitrary positive integer N, put © = Ng(a). Thus

p**=1 (moda), i€N.

In particular, there is an integer m with p* — 1 = am. Thus m = —Inv,(a). Put t =
(p—1)—r. Write c—t —a = pe + p, where 0 < p < e—1. Note that e | c — t — a — p.
Suppose

1, otherwise.

)

if p<ec—2,
6:{0, iftp<e
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If e < ¢ then put

c—t—a—p

. (pIIlV%

+(c—t —a— p)amlnv,(a + 1) — (B — 1)a*mInv,(b(a + 1)) + Lpa,

where L is sufficiently large so that K > 1. Note that ¢ = 0 in this case, since p < e—1 <
c— 2.
If e > c and va(a) < vao(p — 1), then put

c—t—a—p

. o= 10 +e),

: (pIIlV% ( -

e

+(c—t —a— p)amlnv,(a + 1) — (B — 1)a*mInv,(b(a + 1)) + Lpa,
where L is sufficiently large so that K > 1. Note that Inva (1 + ¢) exists, since ¢ is odd

in this case.
Finally, if e > ¢ and va(a) > va(p — 1), then put

goCt-t-a—p (p(pfl)))

L S % | o
(I+e)e (p Wertse e
+(c—t—a— p)amlnv,(a+ 1) — (8 — 1)a*mInv,(b(a + 1)) + Lpa,
where L is sufficiently large so that K > 1. Note that ““% is even by our assumption

on r in this case.
In each of the above cases we have

Kp—-1)(14e)=c—t—a—p (mod a),
mb(K(p—1)(a+1+e)—(c—t—a—p)=p—1 (mod p).

Let
M=K({p-1)(dc-1)+1)—(c—1)+p,
and

Iy={M—k(c—1):k=0,1,...,K(p—1)(d+¢) — 1},
I ={1,2,..., M} \ L.

We have
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pu(]W-&-l) - Zpuz _ Z 2pu1 —a

i€l i€lz
=l-t-M-Kp-1)(d+¢e)) —2K(p—1)(d+¢) —
=l-t—-a—-Kp-1)(a+14+e)+(c—1)—p
=c—t—a—-p—Kp-1)(1+¢)
=0 (mod a).

Hence, there is a positive integer n such that
an + o :pu(M+1) - Zpuz _ Z2puz
i€l i€l

Write an + « in base p as ZZ(:%/IH) asp®. Then we have

p—1—t, ifs=0,

p—2, if s = wi for some 7 € Iy,
A =
® p—3, if s = ui for some i € I,
p—1, otherwise.
We now aim to find digits of bn + 5 in base p. If bn + § = Zgg\‘fH) bsp® then by is the
remainder of Lbr;—fﬁj mod p. In fact, we need to find bs for s = 0, u, 2u, ..., Mu.

‘We have

bn+ B8 = E(p“(MH)—t—Zp“i—ZQp“i) —ga—&-ﬁ

a

i€l i€ly
i€y i€ly

(M- K- 1)d4 ) — 2K (p— 1)+ ) —a) + B

_ g(pu(M-‘rl) —1- Z<puz N 1) _ 22(pui - 1))
i€l i€lp
+B—g(c—t—a—p—K(p—1)(a+1+5)).

Thus

bn+ 8= —mb(p“(MH) -1- Z(p“i -1)- Z 2(p" — 1))

i€l i€lz
+8—mb(K(p—1)(a+1+e)—(c—t—a—p))
=—-(—-1)=1 (mod p).
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This shows that by = 1. Given s, for j = 1,2 let I, ; be the number of ¢ € I; with 7 > s.
For s € I; we have

Lbn + BJ _ Lé(pu(M-&-l—s) 11— Z (pu(z'—s) —1)— Z (2pu(i—s) ~2)

p’lLS a

s<i€ll s<i€ly
1 2 t B
- - -2l +1)+ |
w(s—1) Z u(s—i) “s s,1 5,2 ”
s>i€ly p s>i€ly p p* pHe
b —s u(s—1 u(s—1
:a(pu(M-H D D (I D I N ¢ P )
s<iely s<i€lly
b 1 2 t i
+LE( B Z =) Z i pus Isn—2L0+1) + pusJ
s>i€ly s>i€ly

) b
=-mb(—1+I1+2[2—7)— La(fl + 11+ 202)] —1 (mod p).
Let Is1 4+ Is2 — 1 = cqs + 15, where 0 < vy < c. Then for s € I; we have

bsy = mb(j —15) — L%J —-1= m(a[%j +a—>b(rs —j)) (mod p).

Let us evaluate 7, for s € I;. If j = 2 then s = M — k(c — 1) for some k = 0,1,...,
K(p—1)(d+¢)—1. Thus

Ii=M—(M—-k(c=1))+1—-(k+1), L=k+1
So
cgs+rs=k(c—1)+1+(k+1)—1=1 (mod ¢).
Hence rs = 1, whenever s € Ip. Note that we have K(p — 1)(d + €) times occurrence of
re=1.
Moreover, if j = 1 then s = M —k(c—1)— ' for some k =0,1,..., K(p—1)(d+¢)—1

and s’ =1,2,...,c— 2. Thus

Iii=M—-—(M-—Fk(c—1)—s)+1—(k+1), La=k+1.
So

cgs+rs=k(c—1)+s +1+(k+1)—1=5+1 (modec).

Hence rs = 2,...,¢— 1, whenever s € I;. Note that we have K(p —1)(d + & — 1) times
occurrence of rg = p+2—e(c—1),...,c—1 and K(p — 1)(d + ¢) times occurrence of
rs=2,...,p+1—g(c—1).
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Now we show that if s € I; then bs,,+1 Z 0 (mod p) and if s € I then bsy, +1,bs, +2 Z
0 (mod p).
Let s € I;. Then

bsy +1= m(a[%J —b(rs—j)) (mod p).

Now if p | bsy + 1 then p | a| %= | — b(rs — j). The latter holds if and only if a[ 2= | —
b(rs —j) =0, since
brs brs

a(;— 7j)+jb<a+2b<p

%

brs = ) = al = |

N

Thus we should have a | b(rs — j) which implies that ¢ | s — j. This is a contradiction,
since 7, < c and 7, # j whenever s € I;.
Let s € I,. Then

bow +2 = m(aL%J —a—>b(rs—2)) (mod p).

We know that rs = 1 whenever s € Iy. Thus if p | bs, + 2 then we should have p | a — b.
The latter is impossible since p > a — b.
We therefore have

(ZZI g) - (p 71;7 t) [T s+ 1) TT (bsw + 1) (bsu +2)

sely sels
p+l—ce(c—1) c—1
=—(1+1) H (bsy + 1)K(p71)(d+a) H (s 1)K(p71)(d+571)
rs=2 re=p+2—e(c—1)

.(mb)K(szl)(dJrE) (m(b— a))K(pfl)(dJrE)

—(1+41)
~(I+((@-1)-7)

r  (mod p).

Note that there are infinitely many such n, since N was arbitrary. 0O
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