
Journal of Number Theory 169 (2016) 295–314
Contents lists available at ScienceDirect

Journal of Number Theory

www.elsevier.com/locate/jnt

Quantitative versions of the joint distributions 

of Hecke eigenvalues

Hengcai Tang a, Yingnan Wang b,∗

a School of Mathematics and Information Sciences, Institute of Modern 
Mathematics, Henan University, Kaifeng, Henan 475004, PR China
b College of Mathematics and Statistics, Shenzhen University, Shenzhen, 
Guangdong 518060, PR China

a r t i c l e i n f o a b s t r a c t

Article history:
Received 24 November 2015
Received in revised form 10 May 
2016
Accepted 10 May 2016
Available online 19 July 2016
Communicated by David Goss

Keywords:
Holomorphic cusp forms
Maass cusp forms
Hecke eigenvalues
Joint distribution
Quantitative version

In 2009, Omar and Mazhouda proved that as k → ∞, 
{λf (p2) : f ∈ Hk} and {λf (p3) : f ∈ Hk} are equidistributed 
with respect to some measures respectively, where Hk is the 
set of all the normalized primitive holomorphic cusp forms of 
weight k for SL2(Z). In this paper, we obtain a quantitative 
version of Omar and Mazhouda’s result. Moreover, we find 
out that {λf (p4) : f ∈ Hk} and {λf (pr) − λf (pr−2) : f ∈ Hk

and r ≥ 2} follow some nice distribution laws respectively as 
k → ∞ and get quantitative versions of these distributions. 
In the context of Maass cusp forms, we establish analogous 
results.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Let Hk be the set of normalized primitive holomorphic cusp forms of even integral 
weight k for the modular group Γ = SL2(Z). Given any f ∈ Hk and prime p, the 
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distribution of the normalized Hecke eigenvalues λf (p) is an interesting and difficult 
problem. The generalized Ramanujan conjecture for primitive holomorphic cusp forms 
implies that |λf (p)| ≤ 2 for any f ∈ Hk and prime p. This conjecture was proved by 
Deligne [4] in 1974.

Inspired by the Sato–Tate conjecture, Serre studied the asymptotic distribution of 
the Hecke eigenvalues λf (p), as f is fixed and the primes p vary. In the 1960’s, Serre 
conjectured that for any f ∈ Hk, as x → ∞, λf (p), p ≤ x, are equidistributed in [−2, 2]
with respect to the Sato–Tate measure

dμ∞(x) =

⎧⎨⎩ 1
π

√
1 − x2

4 dx if x ∈ [−2, 2],
0 otherwise,

which is also called the Sato–Tate conjecture. This conjecture was proved by Barnet-
Lamb, Geraghty, Harris and Taylor [1] in 2011.

For a fixed prime p, as k → ∞, the values of λf (p), f ∈ Hk, also follow some nice 
distribution laws. Conrey, Duke and Farmer [3] and Serre [11] figured out that they are 
equidistributed with respect to the p-adic measure

dμp(x) =
{

p+1
2π

√
4−x2

(p1/2+p−1/2)2−x2 dx if x ∈ [−2, 2],
0 otherwise.

(1)

Moreover, Murty and Sinha [8] proved that the rate of convergence to the above dis-
tribution is O

( log p
log k

)
. Lau and Wang [7] later generalized Murty and Sinha’s result to a 

joint distribution.
On the other hand, it is well-known that for any m, n ≥ 1

λf (m)λf (n) =
∑

d|(m,n)

λf

(mn

d2

)
and so

λf (pn) = Xn

(
λf (p)

2

)
,

where Xn is the nth Chebychev polynomial of the second kind. One may naturally 
consider the distribution of {λf (pn) : f ∈ Hk} for some fixed prime p and as k goes to 
infinity. In this direction, Omar and Mazhouda [9] proved that {λf (p2) : f ∈ Hk} and 
{λf (p3) : f ∈ Hk} are equidistributed with respect to the measures

dμp,2(x) =
{
mp,2(x) dx if x ∈ [−1, 3],
0 otherwise,

and
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dμp,3(x) =
{
mp,3(x) dx if x ∈ [−4, 4],
0 otherwise,

respectively. Here

mp,2(x) = p + 1
2π

1
(p1/2 + p−1/2)2 − (x + 1)

√
3 − x

1 + x

and mp,3 is given by [9, formula (3.1)] with

φ1(x) = 2
√

6
3 cos

2π + arccos 3
√

6
8 x

3 , φ2(x) = 2
√

6
3 cos

4π + arccos 3
√

6
8 x

3 ,

φ3(x) = 2
√

6
3 cos

arccos 3
√

6
8 x

3

for x ∈
[
−4

√
6

9 , 4
√

6
9

]
. In fact, when n < 5, we can easily solve the following types of 

inequalities

a ≤ Xn

(
λf (p)

2

)
≤ b (2)

for some real numbers a, b ∈ R. Then applying Lau and Wang’s result, we obtain a 
quantitative version of Omar and Mazhouda’s theorems. Furthermore, we also get a 
quantitative version of the joint distribution of {λf (p4) : f ∈ Hk}.

Theorem 1. Let r = 2, 3, 4. There exists a small constant δ > 0 such that for all suffi-
ciently large k,

1
|Hk|

# {f ∈ Hk : (λf (pr1), . . . , λf (prN )) ∈ Ir}

=
∫
Ir

N∏
n=1

dμpn,r + O

(
rN log(p1p2 · · · pN )

log k

)

holds uniformly for any integer N ≥ 1 and distinct primes p1, p2, . . . , pN satisfying

rN log(p1p2 · · · pN ) ≤ δ log k,

and uniformly for

I2 =
N∏

n=1
[a2,n, b2,n] ⊂ [−1, 3]N , I3 =

N∏
n=1

[a3,n, b3,n] ⊂ [−4, 4]N ,

and
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I4 =
N∏

n=1
[a4,n, b4,n] ⊂ [−5/4, 5]N .

Here, the intervals [a2,n, b2,n], [a3,n, b3,n] and [a4,n, b4,n] are any subintervals of [−1, 3], 
[−4, 4] and [−5/4, 5], respectively. Furthermore,

dμp,4(x)

=

⎧⎨⎩
1

2
√

x+ 5
4

(
mp,2

(
1
2 +

√
x + 5

4

)
+ mp,2

(
1
2 −

√
x + 5

4

))
dx if x ∈ [−5/4, 5];

0 otherwise.

When n ≥ 5, the nth Chebychev polynomial is complicated and it is not easy to solve 
the inequality (2). We cannot figure out the precise distributions of {λf(pn) : f ∈ Hk}
for n ≥ 5. However, we find some interesting relationships between λf (pn) and λf (pn−2)
for n ≥ 2.

Theorem 2. There exists a small constant δ > 0 such that for any integer r ≥ 2 and all 
sufficiently large k,

1
|Hk|

#
{
f ∈ Hk : (λf (pr1) − λf (pr−2

1 ), . . . , λf (prN ) − λf (pr−2
N ) ∈ I

}
=

∫
I

N∏
n=1

dμ∗
pn,r(x) + O

(
rN log(p1p2 · · · pN )

log k

)

holds uniformly for any integer N ≥ 1 and distinct primes p1, p2, . . . , pN satisfying

rN log(p1p2 · · · pN ) ≤ δ log k,

and uniformly for

I =
N∏

n=1
[an, bn] ⊂ [−2, 2]N .

Here, dμ∗
p,r(x) is defined by

dμ∗
p,r(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1

π
√

4−x2
pr+p1−r−(1+p)(x2−2)

(pr/2+p−r/2)2−x2 dx if x ∈ [−2, 2] and r ≥ 3 is odd;

1
π
√

4−x2
pr/2+p1−r/2−(1+p)x

(pr/4+p−r/4)2−2(1+x) dx if x ∈ [−2, 2] and r ≥ 2 is even;

0 if |x| > 2.

In the context of Maass forms, we have similar results. Let C denote the space con-
sisting of all the Maass cusp forms for Γ = SL(2, Z). Let {uj : j ≥ 0} be a complete 
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orthonormal basis for C consisting of common eigenfunctions of the Hecke operators Tn, 
n = 1, 2, . . . and the Laplacian Δ = −y2((∂/∂x)2 + (∂/∂y)2

)
with

Tnuj = λj(n)uj and Δuj = (1/4 + t2j )uj ,

where u0 is a constant function. It is well-known that 0 < t1 ≤ t2 ≤ · · · and (Weyl’s law, 
see [5])

r(T ) = #{j : 0 < tj ≤ T} = 1
12T

2 + O(T log T ).

Moreover, we have λj(n) ∈ R and the generalized Ramanujan conjecture for Maass forms 
asserts that

|λj(p)| ≤ 2

for any prime p. Unfortunately, this conjecture is still open and the best result

|λj(p)| ≤ p7/64 + p−7/64 for any prime p (3)

was obtained by Kim and Sarnak [6].
Let

xj = {(λj(2), λj(3), λj(5), . . .)}.

Then xj ∈
∏
p

[−p7/64−p−7/64, p7/64 +p−7/64]. In [10], Sarnak pointed out that {xj}, j =

1, 2, 3, . . . is equidistributed with respect to 
∏
p
dμp(x). Inspired by Murty and Sinha [8], 

Lau and Wang [7] obtained a quantitative version of Sarnak’s result.
It is well-known that for any m, n ≥ 1

λj(m)λj(n) =
∑

d|(m,n)

λj

(mn

d2

)
(4)

and

λj(pn) = Xn

(
λj(p)

2

)
,

where Xn is the nth Chebychev polynomial of the second kind. We consider the analogues 
of Theorem 1 and Theorem 2 and obtain the following two theorems.

Theorem 3. Let r = 2, 3, 4. There exists a small constant δ > 0 such that for all suffi-
ciently large T ,
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1
r(T )# {0 < tj ≤ T : (λj(pr1), . . . , λj(prN )) ∈ Ir}

=
∫
Ir

N∏
n=1

dμm
pn

(x) + O

(
rN log(p1p2 · · · pN )

log T

)

holds uniformly for any integer N ≥ 1 and distinct primes p1, p2, . . . , pN satisfying

rN log(p1p2 · · · pN ) ≤ δ log T,

and uniformly for

I2 =
N∏

n=1
[a2,n, b2,n] ⊂ [−1, 3]N , I3 =

N∏
n=1

[a3,n, b3,n] ⊂ [−4, 4]N ,

and

I4 =
N∏

n=1
[a4,n, b4,n] ⊂ [−5/4, 5]N .

Theorem 4. There exists a small constant δ > 0 such that for any integer r ≥ 2 and all 
sufficiently large T ,

1
r(T )#

{
0 < tj ≤ T : (λj(pr1) − λj(pr−2

1 ), . . . , λj(prN ) − λj(pr−2
N )) ∈ I

}
=

∫
I

N∏
n=1

dμ∗
pn,r(x) + O

(
rN log(p1p2 · · · pN )

log T

)

holds uniformly for any integer N ≥ 1 and distinct primes p1, p2, . . . , pN satisfying

rN log(p1p2 · · · pN ) ≤ δ log T,

and uniformly for

I =
N∏

n=1
[an, bn] ⊂ [−2, 2]N .

We shall omit the proofs of Theorem 1 and Theorem 2 because they are very similar 
to the proofs of Theorem 3 and Theorem 4 respectively.
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2. Proof of Theorem 3

By (4), we have

λj(p2) = λ2
j (p) − 1.

Then λj(p2
n) ∈ [a2,n, b2,n] ⊂ [−1, 3] is equivalent to

λj(pn) ∈ U2,n =
[√

a2,n + 1,
√

b2,n + 1
]
∪
[
−
√

b2,n + 1,−
√

a2,n + 1
]
.

For n = 1, 2, 3, . . . , N , put[√
a2,n + 1,

√
b2,n + 1

]
= 1 ×

[√
a2,n + 1,

√
b2,n + 1

]
,[

−
√

b2,n + 1,−
√
a2,n + 1

]
= −1 ×

[√
a2,n + 1,

√
b2,n + 1

]
and

U2 =
N⋃

n=1

⋃
εn=±1

N∏
n=1

εn ×
[√

a2,n + 1,
√
b2,n + 1

]
.

Then (λj(p2
1), . . . , λj(p2

N )) ∈ I2 is equivalent to (λj(p1), . . . , λj(pN )) ∈ U2. Hence, by [7, 
Theorem 1], we have

1
r(T )#

{
0 < tj ≤ T : (λj(p2

1), . . . , λj(p2
N )) ∈ I2

}
= 1

r(T )# {0 < tj ≤ T : (λj(p1), . . . , λj(pN )) ∈ U2}

=
∫
U2

N∏
n=1

dμpn
(x) + O

(
2N log(p1p2 · · · pN )

log T

)
.

Making a change of variable x2 − 1 → t, we obtain

1
r(T )#

{
0 < tj ≤ T : (λj(p2

1), . . . , λj(p2
N )) ∈ I2

}
=

∫
I2

N∏
n=1

dμpn,2(x) + O

(
2N log(p1p2 · · · pN )

log k

)
.

Noting that

λj(p3) = λ3
j (p) − 2λj(p) and λj(p4) = λ2

j (p2) − λj(p2) − 1,

we can prove Theorem 3 for r = 3, 4 similarly. �
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3. Preparations for Theorem 4

To begin with, we cite some notation and results from [2,7,12] which will be used 
to prove Theorem 4. Let ϕu,v : R/Z → R be the normalized characteristic functions 
defined as

ϕu,v(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if u < x− n < v for some n ∈ Z,

1
2 if u− x ∈ Z or if v − x ∈ Z,

0 otherwise,

where u < v < u + 1. For our purpose, we take 0 ≤ u < v ≤ 1/2 and define

ϕ̃u,v(x) = ϕu,v(x) + ϕ−v,−u(x) ∈ [0, 1]

for any x ∈ R, since the two intervals (u, v) and (−v, −u) do not overlap in R/Z. 
Furthermore, Barton, Montgomery and Vaaler [2, §2] obtained

ϕu,v(x) = (v − u) + ψ(u− x) + ψ(x− v)

with ψ(x) = x − [x] − 1/2 for x /∈ Z and ψ(x) = 0 for x ∈ Z.
Let M be a positive integer to be determined later. Define

kM (x) =
∑

|�|≤M

(
1 − |
|

M + 1

)
e(
x) = 1

M + 1

(
sin π(M + 1)x

sin πx

)2

(5)

and

jM (x) =
∑

|�|≤M

Ĵ

(



M + 1

)
e(
x),

where

Ĵ(t) =
{

πt(1 − |t|) cotπt + |t|, if 0 < |t| < 1;
1, if t = 0.

(6)

Furthermore, define

β̃u,v(x) = (2M + 2)−1(kM (x− u) + kM (x− v) + kM (x + u) + kM (x + v)
)

and

α̃u,v(x) = ϕu,v ∗ jM (x) + ϕ−v,−u ∗ jM (x), (7)

where f ∗ g is the convolution given by
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f ∗ g(x) =
1∫

0

f(y)g(x− y)dy.

By direct calculation, we rewrite α̃u,v and β̃u,v in cosine series (see [7, (2.6)])

α̃u,v(x) = α̂u,v(0) +
∑

1≤|�|≤M

α̂u,v(
) cos(2π
x) (8)

and

β̃u,v(x) = (2M + 2)−1
∑

|�|≤M

β̂u,v(
) cos(2π
x), (9)

where

α̂u,v(
) =
{

(π
i)−1
Ĵ
(

�
M+1

)
(e(−
u) − e(−
v)) if 
 �= 0;

2(v − u) if 
 = 0;

β̂u,v(
) =
{

2
(
1 − �

M+1

)
(e(−
u) − e(−
v)) if 
 �= 0;

4 if 
 = 0.
(10)

Moreover, for x ∈ R, it is known that (see [2, (2.6)] or [7, (2.4)])

|ϕ̃u,v(x) − α̃u,v(x)| ≤ β̃u,v(x) (11)

and (see [7, (2.8)] and the line below it)

0 ≤ α̃u,v(x) ≤ 1 and 0 ≤ β̃u,v(x) ≤ 2. (12)

Define

Φu,v(x) =
N∏

n=1
ϕ̃un,vn(xn), (13)

where u = (u1, u2, . . . , uN ) and v = (v1, v2, . . . , vN ) with 0 ≤ un < vn ≤ 1/2 and 
un(M + 1), vn(M + 1) ∈ Z for all n = 1, 2, . . . , N . For simplicity, we put

ϕ̃n(x) = ϕ̃un,vn(x), α̃n(x) = α̃un,vn(x), β̃n(x) = β̃un,vn(x),

α̂n(
) = α̂un,vn(
), β̂n(
) = β̂un,vn(
).

The following result is one of our main tools.
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Lemma 3.1 ([7, Proposition 1]). Let Φu,v : (R/Z)N → R be defined as in (13) where 
0 ≤ un < vn ≤ 1/2 and un(M + 1), vn(M + 1) ∈ Z. Then for x = (x1, . . . , xN ),

|Φu,v(x) − α̃(x)| ≤ B(x),

where

α̃(x) =
N∏

n=1
α̃n(xn) =

∑
�∈([−M,M ]∩Z)N

α̂(
) cos(2π
 � x),

B(x) =
N∑

n=1
β̃n(xn) = 1

2(M + 1)

N∑
n=1

∑
|m|≤M

β̂n(m) cos(2πmxn).

Here,

α̂(
) =
N∏

n=1
α̂n(
n), cos(2π
 � x) =

N∏
n=1

cos(2π
nxn) (14)

and 
 � x := (
1x1, . . . , 
NxN ) denotes the Hadamard product; the values of α̂n(
) and 
β̂n(m) are defined in (10). Moreover,

|α̂n(
)| ≤ 2k̂M (
), |β̂n(m)| ≤ 4k̂M (m) (15)

where k̂M (
) = (1 − |
|/(M + 1)).

Another main tool is the following lemma.

Lemma 3.2 ([7, Lemma 3.4]). Let S be a finite set of distinct primes. Then we have for 
mp ≥ 1 (p ∈ S),∑

1≤j≤r(T )

∏
p∈S

(
apλj(pmp) + bpλj(pmp−2)

)
= T 2

12
∏
p∈S

δ2|mp

( ap
pm/2 + bp

pm/2−1

)
+ O

(
2#(S)T 2−κ

∏
p∈S

(
pmpη max(|ap|, |bp|)

))

where δ2|h = 1 if 2|h and 0 otherwise, ap, bp are constants depending only on p, #(S)
denotes the cardinality of S, 0 < κ < κ0 = 11

155 and η > η0 = 43
620 are any absolute 

constants. When mp = 1, λj(pmp−2) denotes 0.
Further, for M ≥ 1, we have

∑
1≤j≤r(T )

∏
p∈S

λj(pM )2 
 r(T )
∏
p∈S

σ(pM )
pM

+ T 2−κ
( ∏
p∈S

p
)2Mη

,

where σ(m) =
∑

d|m d.
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The Hecke eigenvalue λj(p) can be expressed in the form λj(p) = αj,p + βj,p with 
αj,p, βj,p ∈ C and αj,pβj,p = 1. By (3), |αj,p| ≤ pθ with θ = 7/64. Hence, there exists a 
unique θj(p) ∈ [0, π] ∪ i(0, θ log p] ∪ π + i(0, θ log p] such that αj,p = eiθj(p) and

λj(p) = 2 cos θj(p).

It is well-known that

λj(pr) = Xr(cos θj(p)) = sin(r + 1)θj(p)
sin θj(p)

. (16)

Then we easily obtain that for r ≥ 2,

λj(pr) − λj(pr−2) = 2 cos rθj(p) ∈ [−2, 2]

and λj(pr) − λj(pr−2) ∈ (a, b) ⊂ [−2, 2] is equivalent to

rθj(p)/(2π) ∈ (kr,j,p + b∗, kr,j,p + a∗) ∪ (kr,j,p − a∗, kr,j,p − b∗)

for some integer kr,j,p depending on r, p and j, where

a∗ = arccos(a/2)
2π and b∗ = arccos(b/2)

2π .

Hence λj(pr) − λj(pr−2) ∈ (a, b) ⊂ [−2, 2] if and only if ϕ̃b∗,a∗(rθj(p)/(2π)) = 1. There-
fore, for any (a, b) ⊂ [−2, 2] and r ≥ 2∑

1≤j≤r(T )
λj(pr)−λj(pr−2)∈(a,b)

1 =
∑

1≤j≤r(T )
θj(p)∈[0,π]

ϕ̃b∗,a∗

( r

2π θj(p)
)
. (17)

Let p1, . . . , pN be distinct primes. To prove Theorem 4, we shall consider

Φu,v

(m

2π θj(p)
)
,

where θj(p) = (θj(p1), . . . , θj(pN )) and θj(pn) is defined as above. In light of Lemma 3.1, 
we are led to prove the following two lemmas.

Lemma 3.3. For r
 = (r
1, . . . , r
N ) where |
n| ≤ M , we have∣∣∣∣∣∣
∑

1≤j≤r(T )

α̃
( r

2πθj(p)
)
− r(T )

∑
�∈([−M,M ]∩Z)N

α̂(
)cp(r
)

∣∣∣∣∣∣

 (2M + 2)NT 2−κ(p1 · · · pN )2rMη, (18)

where cp(r
) =
∏N

n=1 cpn
(r
n) with cp(0) = 1, and
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cp(r
) =
{

1
2p

−|�|r/2(1 − p) if r
 is even
0 if r
 is odd.

Here 0 < κ < κ0 = 11
155 and η > η0 = 43

620 are any absolute constants and the implied 
constant in (18) depends only on η.

Proof. By (15), we only have to prove∣∣∣∣∣∣
∑

1≤j≤r(T )

cos(r
 � θj(p)) − r(T )cp(r
)

∣∣∣∣∣∣ 
 T 2−κ(p1 · · · pN )rMη. (19)

Using 2 cos(
θ) = X|�|(2 cos θ) −X|�|−2(2 cos θ) for |
| ≥ 2, we have

cos(
θj(p)) =

⎧⎪⎨⎪⎩
1
2
(
λj(p|�|) − λj(p|�|−2)

)
, |
| ≥ 2,

1
2λj(p), |
| = 1,
1, 
 = 0.

Therefore, if we denote Q(X, Y ) = 1
2 (X − Y ), then

cos(r
 � θj(p)) =
∏

n: |�n|≥1

Q(λj(pr|�n|n ), λj(pr|�n|−2
n )).

Applying Lemma 3.2 with apn
= 1/2, bpn

= −1/2 and mpn
= r|
n|,∑

1≤j≤r(T )

∏
n: |�n|≥1

Q(λj(pr|�n|n ), λj(pr|�n|−2
n ))

= T 2

12
∏

n:|�n|≥1

δ2|r�n

(1
2

1
pr|�n|/2

− 1
2

1
pr|�n|/2−1

)
+ O

(
T 2−κ

∏
n:|�n|≥1

pr|�n|ηn

)

= T 2

12 cp(r
) + O
(
T 2−κ(p1 · · · pN )rMη

)
.

Here we have used the assumption |
n| ≤ M in the last step. The proof is complete. �
Define

Fp,r(y) =
∞∑

�=−∞
cp(r
)e(
y), (20)

where cp(r
) is defined as in Lemma 3.3. By the identity

∞∑
tm cosmx = 1 − t cosx

|1 − teix|2 (t, x ∈ R, |t| < 1),

m=0
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we get

Fp,r(y) =

⎧⎪⎨⎪⎩
pr+p1−r−(1+p) cos 4πy

(pr/2+p−r/2)2−4 cos2(2πy) if r is odd;

pr/2+p1−r/2−(1+p) cos 2πy
(pr/4+p−r/4)2−4 cos2(πy) if r is even.

(21)

Note that Fp,r(y) ≥ 0 and 
∫ 1
0 Fp,r(y) dy = 1, yielding a probability density function on 

the space R/Z.

Lemma 3.4. Let α̂(
) and cp(r
) be defined as in Lemma 3.1 and Lemma 3.3, respectively. 
Then we have

∑
�∈([−M,M ]∩Z)N

α̂(
)cp(r
) =
N∏

n=1

vn∫
un

2Fpn,r(y) dy + O
(N

M

)
.

Proof. By the definition of α̂(
), cp(r
), we have

∑
�∈([−M,M ]∩Z)N

α̂(
)cp(r
) =
N∏

n=1

∑
|�n|≤M

α̂n(
n)cpn
(r
n) =

N∏
n=1

Σpn,r,

where

Σpn,r =
∑

|�n|≤M

α̂n(
n)cpn
(r
n).

By (8) and (20), we obtain

Σpn,r =
1∫

0

α̃un,vn(y)Fpn,r(−y)dy = α̃un,vn ∗ Fpn,r(0).

By the nonnegativity of Fpn,r(y) (see (21)) and (12), we have

0 ≤ Σpn,r =
1∫

0

α̃un,vn(y)Fpn,r(−y)dy ≤
1∫

0

Fpn,r(−y)dy = 1. (22)

Moreover, we have

|Σpn,r − ϕ̃un,vn ∗ Fpn,r(0)| =

∣∣∣∣∣∣
1∫
(α̃un,vn(y) − ϕ̃un,vn(y))Fpn,r(−y)dy

∣∣∣∣∣∣

0
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≤
1∫

0

|α̃un,vn(y) − ϕ̃un,vn(y)|Fpn,r(−y)dy

≤ β̃un,vn ∗ Fpn,r(0). (23)

Here we have used (11) in the last step. By the nonnegativity of β̃un,vn (see (12)) and (9), 
we have

β̃un,vn ∗ Fpn,r(0) ≤ max
y∈[0,1]

|Fpn,r(y)|
1∫

0

β̃un,vn(y) dy 
 1
M + 1 . (24)

Recall that 0 ≤ u < v ≤ 1/2. It is easy to see

ϕ̃u,v ∗ Fp,r(0) =
v∫

u

2Fp,r(y) dy ∈ [0, 1]. (25)

Combining (25) with (23) and (24), we get

Σpn,r =
vn∫

un

2Fpn,r(y) + O
( 1
M

)
. (26)

Suppose for S ≥ 1, we have

S∏
n=1

Σpn,r =
S∏

n=1

vn∫
un

2Fpn,r(y) dy + O
( S

M

)
.

By (22), (25) and (26), we have

ΣpS+1,r ×
S∏

n=1
Σpn,r = ΣpS+1,r ×

S∏
n=1

vn∫
un

2Fpn,r(y) dy + O
( S

M

)

=
S+1∏
n=1

vn∫
un

2Fpn,r(y) dy + O
( 1
M

)
+ O

( S

M

)

=
S+1∏
n=1

vn∫
un

2Fpn,r(y) dy + O
(S + 1

M

)
.

Therefore, by induction,

∑
�∈([−M,M ]∩Z)N

α̂(
)cp(r
) =
N∏

n=1
Σpn,r =

N∏
n=1

vn∫
2Fpn,r(y) dy + O

(N

M

)
. �
un
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4. Proof of Theorem 4

For N log(p1 · · · pN ) ≤ δ log T , we have N 

√

log T as pi ≥ 2. Define

ΘT (p) = {1 ≤ j ≤ r(T ) : θj(p) ∈ [0, π]}.

We have the following result.

Lemma 4.1 ([7, Lemma 4.3]). Let p be a prime. Then for all sufficiently large T ,

1
r(T ) (r(T ) − |ΘT (p)|) 


(
log p
log T

)2

where |ΘT (p)| denotes the cardinality of ΘT (p) and the implied constant is absolute.

Define

Θ =
N⋂

n=1
ΘT (pn)

and

Θ′ = {j : 1 ≤ j ≤ r(T )} \ Θ =
N⋃

n=1
({j : 1 ≤ j ≤ r(T )} \ ΘT (pn)).

Here we suppress symbols for the dependence on T and p1, . . . , pN , as no ambiguity will 
arise. By Lemma 4.1, we obtain

|Θ′| 
 r(T )
(log T )2

N∑
n=1

(log pn)2 
 r(T )
(

log(p1 · · · pN )
log T

)2

. (27)

With the notation as in Section 3, we prove the following lemma.

Lemma 4.2. Let 
∏N

n=1[un, vn] ⊂ [0, 1]N satisfy the conditions in Lemma 3.1. Then we 
have

1
r(T )

∑
j∈Θ

Φu,v

( r

2πθj(p)
)

=
N∏

n=1

vn∫
un

2Fpn,r(y) dy + O

(
rN log(p1 · · · pN )

log T

)
. (28)
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Proof. By Lemma 3.3 and Lemma 3.4, we obtain∣∣∣∣∣∣
∑

1≤j≤T

α̃
( r

2πθj(p)
)
− r(T )

N∏
n=1

vn∫
un

2Fpn,r(y) dy

∣∣∣∣∣∣

 (2M + 2)NT 2−κ(p1 · · · pN )2rMη + r(T )N

M
. (29)

Note that the complete sum in (29) shows that it suffices to estimate

∑
j∈Θ′

α̃
( r

2πθj(p)
)
.

If λj(pn) ∈ [−2, 2], then θj(pn) is real and by (12)

|α̃n( r

2π θj(pn))| ≤ 1.

If |λj(pn)| > 2, then θj(pn) = iϑj(pn) or π+iϑj(pn) for some real ϑj(pn). By (8) and (15), 
we have

|α̃u,v(rθj(pn)/(2π))| ≤
∑

|�|≤M

|α̂n(
)| cosh(
rϑj(pn))

≤ 2
∑

|�|≤M

k̂M (
) cosh(
rϑj(pn))

≤ 2
∑

|�|≤M

k̂M (
) cosh(2
rϑj(pn))

as cosh(φ) ≤ cosh(2φ) for real φ. Thus by (5) the last line gives

|α̃u,v(rθj(pn)/(2π))| ≤ 2kM
(rθj(pn)

π

)
= 2

M + 1

(
sin(M + 1)rθj(pn)

sin rθj(pn)

)2

. (30)

It is easy to see that (noting that r ≥ 2)

(sin rθj(pn))2 = (e2rϑj(pn) + e−2rϑj(pn) − 2)/4

> (e2ϑj(pn) + e−2ϑj(pn) − 2)/4

= (sin θj(pn))2.

Combining the above formula with (30), we obtain
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|α̃u,v(rθj(pn)/(2π))| ≤ 2
M + 1

(
sin(M + 1)rθj(pn)

sin θj(pn)

)2

= 2
M + 1

(
X(M+1)r−1(cos(θj(pn)))

)2
= 2

M + 1λj(prM+r−1
n )2

by (16). Therefore, for both cases, we have

α̃
( r

2π θj(p)
)



N∏
n=1

(
1 + 2λj(prM+r−1

n )2

M + 1

)
.

By the second part of Lemma 3.2 and the fact σ(pM )/pM ≤ 2, we have∑
j∈Θ′

α̃
( r

2π θj(p)
)

≤
∑
j∈Θ′

N∏
n=1

(
1 + 2

M + 1λj(prM+r−1
n )2

)


 |Θ′| + T 2
N∑

h=1

(
N
h

)( 4
M + 1

)h + 2NT 2−κ(p1 · · · pN )2(rM+r−1)η


 |Θ′| + r(T )N
M

(31)

if

M ≤ κ

4rη
log T

log(p1 · · · pN ) . (32)

Here we have used the fact that the sum over h is 
 (1 + 4
M+1 )N − 1 
 N/M .

By Lemma 3.1, we also need to estimate∑
1≤j≤T

B
( r

2π θj(p)
)
.

By (19), we have

∑
1≤j≤T

B
( r

2π θj(p)
)

= r(T )
2M + 2

N∑
n=1

∑
|�|≤M

β̂n(
)cpn
(r
) + O

(
T 2−κ

N∑
n=1

p2rMη
n

)


 r(T )N
M

(33)

provided that (32) holds.
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Combining (33), (29), (31) and (27) with Lemma 3.1, we conclude that∣∣∣∣∣∣
∑
j∈Θ

Φu,v

( r

2π θj(p)
)
− r(T )

N∏
n=1

vn∫
un

2Fpn,r(y) dy

∣∣∣∣∣∣ 
 r(T )rN log(p1 · · · pN )
log T

by taking

M =
[

κ

4rη
log T

log(p1 · · · pN )

]
. � (34)

Now we are ready to complete the proof. Let T be sufficiently large, and write I =∏N
n=1[an, bn] with [an, bn] ⊂ (−2, 2) where n = 1, . . . , N . Then 2 cos rθ ∈ [an, bn] is 

equivalent to

rθ/(2π) ∈ (kr,θ + b∗n, kr,θ + a∗n) ∪ (kr,θ − a∗n, kr,θ − b∗n)

for some integer kr,θ depending on r and θ, where

a∗n = arccos(an/2)
2π and b∗n = arccos(bn/2)

2π .

Hence 2 cos rθ ∈ [an, bn] if and only if ϕ̃b∗n,a
∗
n
(rθ/(2π)) = 1. Therefore,

χ[an,bn](2 cos rθ) = ϕ̃b∗n,a
∗
n
(rθ/(2π)),

where χ[a,b] denotes the characteristic function over [a, b].
Next, we choose [un, vn] ⊂ [b∗n, a∗n] ⊂ [u′

n, v
′
n] (⊂ [0, 1/2]) such that u(M + 1),

v(M + 1) ∈ Z for (u, v) = (un, vn) and (u′
n, v

′
n), the complement has a small measure∣∣[u′

n, v
′
n] \ [un, vn]

∣∣ 
 1/M

where M takes the value as in (34), and also,

ϕ̃un,vn(rθ/(2π)) ≤ χ[an,bn](2 cos rθ) ≤ ϕ̃u′
n,v

′
n
(rθ/(2π)).

We denote

u = (u1, . . . , uN ), v = (v1, . . . , vN ),

and write u′, v′ similarly. Applying Lemma 4.2 to Φu,v and Φu′,v′ , we obtain lower and 
upper bounds of the form in the right-side of (28) for

1 #{1 ≤ j ≤ r(T ) : (λj(pr1) − λj(pr−2
1 ), . . . , λj(prN ) − λj(pr−2

N )) ∈ I}.

r(T )
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Write u = (u1, . . . , uN ) and v = (v1, . . . , vN ). It remains to show

N∏
n=1

vn∫
un

2Fpn,r(y) =
∫
I

N∏
n=1

dμ∗
pn,r(x) + O

(N

M

)
(35)

for (u, v) = (u, v) and (u′, v′). For odd r, we make a change of variable x = 2 cos 2πy. 
Then we get that (with the subscript n suppressed)

v∫
u

2Fp,r(y) dy = 2
v∫

u

pr + p1−r − (1 + p) cos 4πy
(pr/2 + p−r/2)2 − 4 cos2(2πy)

dy

= 1
π

2 cos 2πu∫
2 cos 2πv

pr + p1−r − (1 + p)(x2 − 2)
(pr/2 + p−r/2)2 − x2

1√
4 − x2

dx.

As [2 cos 2πv, 2 cos 2πu] ⊂ [a, b] ⊂ [2 cos 2πv′, 2 cos 2πu′], we get

v∫
u

2Fp,r(y) dy =
b∫

a

dμ∗
p,r(x) + O(1/M)

and (35) follows. By similar arguments, we get (35) for even r. Finally we relax the 
condition [an, bn] ⊂ (−2, 2) to [−2, 2] with (35) and the proof is complete.
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