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1. Generalities
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cyclotomic Z,-extension ks of an algebraic number field k& of CM-type containing the
group fip, of pth roots of unity:

AT(K) =1 =[K k- (A (k) = 1) + > (e (KL /L) — 1), (1)

where K/ is a finite p-extension of CM-fields (the maximal totally real subfields of k and
K are denoted kT and K, respectively; to simplify we have supposed K Nko, = k); then
vT ranges over all non-p-places of K1, split in Ko,/KZ, e,+ being the corresponding

ramification index. See also [Iw, § 9] giving again this formula.
When K/k is p-ramified (i.e., unramified outside p) the formula reduces to:

A (K)—1=[K: k- (A (k) —1). 2)

Many generalizations of Kida’s formula were given as for instance in [Sch]. In [FOO]
it is shown (for the primes 2, 3, and 5) the existence of Z,-extensions with prescribed
Iwasawa A-invariant by using Kida’s formula.

A general formula was established at the origin by Iwasawa [Iw, 1981, Theorem 6] for
the whole A-invariant; for instance, when K/k is cyclic of degree p and the p-invariant
is 0, one gets:

ME) =1=p-(Ak) = 1)+ (p = 1) - (X(G, Ex) + 1) + ) (ew(Koo/koo) = 1),

where w ranges over all non-p-places of Ko, where pX(G-Fxs) is the Herbrand quotient

7H2(G’ .. of the group Ex__ of units of Ko, and G = Gal(K s /ks) (see [Sch, The
HY(G, Ek..) group Eg o0 = oo/ Noo Ay LH8

orem 1.5 and Theorem 1.9] for some generalizations). For generalized class groups with
ramification and decomposition, see [JaMa,JaMil.

Of course, in the CM-fields case for relative class groups, the units of infinite or-
der “disappear” as is well known, and one obtains Kida’s formula using only obvious
parameters from K/k (still assuming the nullity of the u-invariant).

Definitions 1.1. (i) For any number field F, let (/7 be its p-class group and let Cgf be
its two usual components when F' is a CM-field, so that (g = CKF ® Uy (to simplify, we
shall suppose p # 2).

(ii) We denote by Hp the p-Hilbert class field of F.

(iii) The p-rank of a Z,-module M is the F,-dimension of the F,-space M/MP.

An interesting question is to ask if a Kida’s formula can be valid, in a p-extension K /k
of CM-fields, for the p-ranks (rj and ) of the relative class groups ;- and &}, . If so,
such a formula should be (in the simplest case where K/k is p-ramified and contains )
analogous to formula (2), that is to say:

re—1=[K:k-(r, —1). (3)
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Indeed, in a work using Iwasawa theory and published by K. Wingberg [W, 1996], it is
proposed, in a very general framework, an analog of Kida’s formula for the p-ranks of
relative S-class groups in some S-ramified p-extensions containing p,, for a set of finite
places S containing the p-places [W, Corollary 2.2 (i)] and applied to the following data
(taking for S the set of p-places):

k is a CM-field containing u, such that no prime of k™ above p splits in k, and K+
is a totally real p-ramified p-extension of k*; then K := K (u,) = Kk.

This leads, for K/k, exactly to formula (3) that we intend to disprove (see [W, Corol-
lary 2.2 (ii) & Remark 2.3]).

We can be astonished by a result which is not really “arithmetical” since many of
our class group investigations show that such a “regularity” only happens at infinity
(Iwasawa theory). The analytic proof of Kida’s formula given by W. Sinnott [Sin, 1984],
using p-adic L-functions, is probably the most appropriate to see the transition from one
aspect to the other giving the A-invariants as “ultimate p-ranks” of class groups in the
cyclotomic Z,-extensions.

Indeed, finding a relation between the p-ranks of p-class groups (e.g., in K/k cyclic of
degree p with Galois group G), depends on non-obvious structures of finite Z, [G]-modules
M (= Uk) provided with an arithmetical norm Ng,, and a transfer map g/, (with
ig/k O Ngp = Vg i=1+0o+--+ oP~! where o is a generator of G), the filtration
of the M; := {h € M, R1-o)" = 1} playing an important non-algebraic role because all
the orders #(M;41/M;) depend on arithmetical local normic computations by means of
formulas, given in [Gr3, 1973] and systematized in [Gr2, 1994] or [Gr4, 2016], similar to
that of the case i = 0 of Chevalley’s ambiguous class number formula (see §4.1).

To be more convincing, we shall give numerical computations and we shall see that
it is not difficult to conjecture that there are infinitely many counterexamples to the
formula (3) which may be true in some cases.

2. A numerical counterexample

Using PARI (from [P]), we give in §4.2 a program which can be used by the reader
to compute easily, for the case p = 3, the 3-ranks of class groups in some 3-ramified
cubic cyclic extensions K /k over a biquadratic field k£ containing a primitive 3rd root of
unity ¢, and such that its 3-class group is (for instance) of order 3.

2.1. Definitions and assumptions

Consider the following diagram:
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Kt % K=k(Ja)
K : k]=3
Kr=QW/3d) k=k" ()
/
k~=Q(v=d)
Q Q) =0W=3)

Recall, in this particular context about the 3-class group of k, the hypothesis of
[W, Corollary 2.2 (ii)]; we shall suppose these conditions satisfied in all the sequel.

Hypothesis 2.1. (i) d > 0, d squarefree, d # 0 (mod 3),
(ii) p = 3 does not split in k/Q (hence d =1 (mod 3)),
(iii) K*/kT is a 3-ramified cubic cyclic extension and K = K+(¢),
(iv) KT is not contained in the cyclotomic Zs-extension of kT,
(v) O+ =1 & - ~7Z/37Z (equivalent to Uy, ~ Z/37Z).

From (v), the ambiguous class number formula shall give g+ = (. = 1, so that
U = Ui (Lemma 2.3); this is convenient for numerical calculations because this avoids
the computation of Cﬁj( since PARI gives the whole class group. Moreover, in spite of
appearances, this context is rich enough for our purpose.

2.2. Recalls on Kummer and class field theories

Starting from a 3-ramified cubic cyclic extension KT /k™, the associated Kummer
extension K/k is k({/B)/k, for B € k> \ k>3, (8) = b3, up to a power of p = (v/—3), for
an ideal b of k, and 5511 € k>3, where s € Gal(K/K ™) is the complex conjugation (usual
decomposition criterion of a Kummer extension over a subfield) which gives (8) = b3
where we can choose b prime to p. More precisely:

Lemma 2.2. Under the above conditions, a system of solutions [ giving independent
extensions k(§/B)/k is for instance {o, a-C, a-¢?,(}, the number a € k™ being obtained
from the non-trivial 3-class of k~.

Proof. The Kummer extension K/k is 3-ramified if and only if 8 € (3,(, e, )z - k>3,
where ¢ is the fundamental unit of £*. But the cubic subextensions of k(4/3, ¢/z) are

! Conditions (iii) and (iv) imply that the “minimal” base field k D ug3 is a suitable biquadratic field.
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not decomposed over k™ and k(+{/¢) is decomposed over k™ but is not allowed for our
purpose because of the condition (iv) (the 3-rank of the Galois group of the maximal
Abelian 3-ramified 3-extension of k™ is 7~ + 1 = 2 because 3 does not split in k; see
[Gr1, Proposition 111.4.2.2] for the general statement).

So, B € (¢,a)z - k*3 with a in k= such that (o) = a® (a must be a non-principal
ideal since E},- is trivial); this defines a canonical 3-ramified cubic cyclic extension K+
of k* and the numbers a-C, a-¢? define the two other 3-ramified cubic cyclic extensions
K, K of k*, distinct from the first step of k% defined by ¢ (which explains the
“dimension 2”). O

In all our numerical examples, we shall only use the canonical “pseudo-unit” « since
the Galois group of K1 /Q is the dihedral group Dg while the Galois group of the Galois
closure of K;"/Q or of K /Q is of order 18 (group Fig(6) = [3%]2 = 3 wr 2, from [KM]).
For instance, with k = Q(v/—211,v/-3), a = ”Uﬂ (example of the §2.3 below),
a polynomial defining K*/Q is 23 — 152 + 17 (the discriminant of K+/Q is 33 - 211)
while a polynomial defining the Galois closure of K /Q is given by 2¢ —302* 4+ 1723 +
22512 — 2552 — 86 (the discriminant of K /Q is 3 - 2113).

Lemma 2.3. We have # g+ = 1, hence U = Ay since At ~Ug+ =1, #0% =
#, = 3. We have #Cg, = 1.

Proof. Using Chevalley’s formula in KT /k™ (see e.g. [Grl, Lemma I1.6.1.2]) with a
trivial 3-class group for k™, the formula reduces to

3

Afer =
# Kt 3'(Ek+:Ek+ ﬂNK+/k+K+X)

= ]_7
since the product of ramification indices is equal to 3 ((p+ = 1 implies that K /k™ is
totally ramified at the single prime of £ above 3). The same formula in K/k is

#C, - 3
3 (B : EkﬁNK/kKX)

#OAG =

with B = (¢, (), where ¢ is the fundamental unit of k¥; but, as for K*/k™, there is by
assumption a single prime ideal of k ramified in K/k, thus, using the product formula,
the Hasse norm theorem shows that all these units are local norms everywhere hence
global norms. So #0% = 3 since #Uy = #C),- = 3.

. ' #C,
With G’ := Gal(H/k) ~ Z/3Z, we get #0¢ = =1. O
(HI/K) = 537, we gt #0, = o
2.8. Numerical data for a first counterexample
We have a first counterexample with d = 211 = 1 (mod 3) and o = 1Y =211 {211 where

(a) = p3 for a non-principal prime ideal dividing 5 in k~. The class number of kT
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is 1 and that of £~ is 3, which is coherent with the fact that the fundamental unit
£ = 440772247 + 17519124+/3-211 of k* is 3-primary (¢ = 1+ 3v/3-211 (mod 9)), which
implies that Hy- /k~ is given via k(/¢)/k, decomposed over k™.

So all the five conditions (i) to (v) of Hypothesis 2.1 are fulfilled.

The PARI program gives in “component (H,5)” the class number and the structure
of the whole class group of K; the program needs an irreducible polynomial defining K;
it is given by “P = polcompositum (x> + x + 1,Q)” where Q = 25 — 1723 + 53 is the
irreducible polynomial of ¥/« over Q, from the general formula:

Q = 2% — Try- (@) 2° + Nj- jg(e);

one obtains P = z'2 — 621 + 21210 — 842° 4 243 2% — 43227 + 103725 — 1896 2° —
204 2% — 966 23 4 5949 22 + 4905 2 + 11881. The program gives

Ok =0 ~7/92D Z/3Z, ie., rx =2,

for a whole class number equal to 27. This yields, from Lemma 2.3, the 3-rank r = 2
for &} when the 3-rank r, of (Z; is 1, which is incompatible with formula (3):

We do not know if the problem in [W] comes from the “group theory and cohomology”
part or from the “number fields” part. But this “Riemann—Hurwitz formula” is valid if
and only if (e = ()Y ~ Z/37Z (no exceptional 3-classes). Such a case is also very
frequent (see §4.3). From [DFKS], we get A~ (k) = 2 (for p = 3) whence A\~ (K) = 4
from (2), which illustrates the difference of nature between A~ and r~.

3. Some structural results

Denote by M a finite Z,[I']-module, where we assume that I is an Abelian Galois group
of the form G x g, where G = Gal(K/k) =: (o) is cyclic of order p and g ~ Gal(k/kg) (of
order prime to p), where ky is a suitable subfield of k (so that K = k Ky with K := K9).
The existence of g allows us to take isotypic components of M (as the t-components
when the fields are of CM-type). In our example, p = 3, g = (s), ko = k™ and Ko = K.

For our purpose we shall have M = (), = ({x since CK}'{ = 1; to simplify, we shall
use the notations (y, X instead of the minus parts. By class field theory, K/k being
totally ramified at the unique prime ideal p = (v/=3) | 3 of k, the arithmetical norm
Ng/r + U — (y is surjective. Another important fact for the structure of Uk in
our particular context, is that the class of order 3 of k£ capitulates in K because the
equality (a) = a® becomes (/o) = (a)x in K (the transfer map ix ), : (p — Uk is
not injective). This has the following tricky consequence for v := v/ = ig /i © Ng /i

Ni/w(@x) =y & (Ax)” =1.
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3.1. Structure of Z,[G]-modules M such that MV =1 and #M® =p

Return to the cyclic case G of order p (for any prime p) with a Z,[G]-module M of
finite p-power order, and suppose M? = 1 for the algebraic norm v =1+o+---+oP71,
and #MS = p. So M is a module over

Zp|G)/(v) = Zp[X]/(1 + X + -+ XP71) = Z,[C],

where ( is a primitive pth root of unity. We have, canonically M ~ & Z,[¢]/(1 — ()™,
j=1

1<n <ng <---<mny,, m>0,and the exact sequence 1 — M — M2 M
which becomes in the Z,[(]-structure:

EBS

(1= Zp[C)/(1 = Q)™ —

1

]

- (4)
ZplCl/ (1= O™ 5D (1 - Q) Z,[¢)/(1— Q) — 1.

1 j=1

Ds

J

Since #M = p, we get m =1 and M ~ Z,[¢]/(1 = ¢)", n > 1 (M is Z,[¢]-monogenic).
Lemma 3.1. Putn=a(p—1)4+b,a>0and 0 <b<p—2. Then
M = Z,[(]/(1 = Q)" = (Z/p*T'2)" D (Z/p* )"~

Proof. We have Z,[¢]/(1 —{)" =~ Z,[¢]/p* (1 —¢)°. So, to have the Abelian group struc-
ture, it is sufficient to compute the p"-ranks for all » > 1 (i.e., the dimensions over F,
of Mprfl/Mpr)7 which is immediate since this p"-rank is p — 1 for r < a,bforr=a+1
and 0 forr >a+1. O

This implies that the p-rank of M is R=p—1ifa>1and R=0b1if a = 0 (ie.,

b =mn < p—2). So the parameters a and b will be important in a theoretical and numerical
point of view.

3.2. The structure Cp; ~ 7.)3°7.P Z/3%Z does not exist

We shall prove that in our particular example of the case p = 3, we always have b =1
in Lemma 3.1 (ie., M := U ~ Z3[(]/3* (1 = (), a>0).

Theorem 3.2. Under the Hypothesis 2.1, there exists a > 0 such that
U = U ~ Z3[¢)/3° (1 — () ~ Z/3° 2D Z/3°Z.

The case a = 0 is equivalent to U = C€§(.
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Proof. Suppose that M ~ Z3[¢]/(3%) = Z3[¢]/(1 — ¢)** ~ Z/3°Z@D Z/3°Z, a > 1.
Consider the following diagram; since Gal(H /K Hy) ~ xM and since M=% C yM is
of index #MY =3 in M, we get Gal(Hy /K Hy,) ~ M*'~°:

M =(h)

Ml
— T

K KHy Hg

k

Let Ik be the group of ideals of K (by abuse of notation, some writings may be
sometimes in Ix ® Z,). Let h = (), A € Ik, be a 3-class generating M as G-module.
Then we have (as Abelian group) M = (h)z D (h*)z, where w = (1 — o) in Z3[G] (or
w=((1=¢) in Z3[¢] so that w? = =3 in Z3[(]). Let hy = (A1), A1 € Ik, be a class
generating M¢. We know from (4) that we can suppose hy = he™" = h(=3)""'w,

(i) Action of s and t on M (see the first schema in §2). Let s be the complex conjuga-
tion on K and let ¢ be an extension to K of the generator of Gal(k/k™) (¢ is non-unique
modulo Gal(K/k), but t is of order 2 since Gal(K/k~) = Dg; moreover, we shall see that
the calculations do not depend on this choice).? Thus s and ¢ operate by conjugation on
Gal(Hk /K) since Hg /Q is Galois (if 7, € Gal(Hg /K) is the Artin symbol of h € M,
then 1,0 = ¢ - 75, - 1 for any ¢ € Gal(K/Q)). We have

t-o-t7 =01 & WW=h"lforallhe M.

The key fact is the action of ¢ on M. Since h generates M and N((k) = (g, we have
N(h) = hg, the class of order 3 of k™ seen in k; of course hf, = hg, thus (N(h))! = N(h).
Since t - vk = Vi i - t and vi g = ix/k © Ni g, we get easily that N(h') = N(h), and
it follows that h*=! € NM = M'=7. So we can put

ht:h1+Q7 QEWA7

where A and w mean Z3[G] or Z3[¢] and o (1 — o) or {(1 — ¢) = /=3, respectively. We
must have b = h, whence h = (R'+?)! := bt (law of left modules). We have to
compute, in general, ht(a+bo+eo®) hyt ¢ . (a+bo + co?) = (a + bo? + co) - t, which can
be translated into ht' 1+ = p+D1 where O is the “conjugate” of € in an obvious
meaning. So we finally obtain A = I+t = (R4 — DA+ which implies
(1+Q)(1+9Q) =1 (mod w"), where #M = 3"; in the local ring Z3[¢] this defines a
principal unit v = 1 (mod 3), but we do not need its precise value.

2 One can find similar Galois operations in [L] in a dihedral context and some generalizations.
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(i) Computation of (h*")t = ht“" for any k >0, k = 2£ or 2/ + 1.
~If R = B then (Rt = R(=D"(14Q) = pet-(149),

—if " = K3 then (A" @)t = p(=3)'@ (149) = =" (49) gince 7 = —/=3.
(iii) Direct computation of ht. We have hy = c/(2;) such that A}~ = (z), z € K*,
with N(z) = n € Ej; since we are in relative class groups, the only solution is 7 = ¢

(indeed, if n € Ej+, this implies 2; € I, hence hy = 1 (absurd)). Then the relation
N(z) = ¢ yields (N(z))! = N(2') = ¢7!, hence N(z*) = N(2~!) whence

.I’t — .T_l .y1—0'7 y c KX,

SO
@) = =2 ),
but
o =T = = )
then “suppressing” 1 — ¢ and writing ~ for equivalence modulo principal ideals:
@AD" ~ AT (o) kB~ AT, ag € Iy,

because the class of any ag capitulates in K and the ramified prime ideal 9 | 3 in K
is invariant but principal (see Remark (i) below). The element 1 4 o is invertible with
inverse 1 (1 — o 4 0?) giving A, ~ Ql;% (=ote®) 2y, i.e., ht = hy, since we have
—1(1-0+0%) =1 (mod (3,1—0)). But the case hy = R(=3)""' would give (from the
second case of (ii))

hl‘i _ h7(73)“_1w~(1+ﬂ) _ hl_(1+Q) _ hl_l
since h§! =1 (absurd). O

Remarks 3.3. (i) Since 3 is non-split in k/Q, the prime ideal B |3 in K is 3-principal:
indeed, P!1T* = P2 gives the extension of P+ | 3 in K+ which is 3-principal (Lemma 2.3);
so di(P) =1 in Uk. By class field theory, B splits completely in Hg /K.

(ii) The parameter a can probably take any value; we have for instance obtained the
following examples:

For d = 12058, #j+ = 2, Cly,— ~ 7./37, a = 989 + 26+/—d of norm 2093,

Oy ~7/3*7D 7./3%7. A polynomial defining K is:

P =22 — 62"+ 212 — 4006 2° + 17892 2% — 35730 27 + 22212821 26 — 66531354 2° —
113482743 2 — 35777798264 x°+ 54059937672 2 + 54106942656 = + 83308554531904.

For d = 86942, #y+ = 4, Uy- ~ Z/37Z, o = 557 + 3v/—d of norm 1033,
U ~7/3°Z@ Z/3*Z. A polynomial defining K is:
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P=z2 -6z 4212102278 2% + 10116 28 — 20178 =7 + 3449985 25 — 10289502 z° —
8954865 z* — 2399550304 23 + 3642928674 22 + 3641624304 z + 1191621124996.

For d = 954163, #CUj+ = 2, Uy~ ~ Z/3Z, o = 5 (691 + v/—d) of norm 713,
Uy ~7/357.@ 7/3°Z. A polynomial defining K is:

P =22 — 621 + 21210 — 143229 + 6309 2® — 12564 27 + 1207955 26 — 3586254 25 —
2509908 z* — 483644468 23 + 739433307 22 4 738375807 x + 127606842841.

4. Numerical results and heuristic aspects
4.1. A filtration for the computation of the invariants a and b

We briefly recall some theoretical computations showing that, in an heuristic point of
view, there is a large degree of possibilities for the values of the p-ranks in a more general
situation of a p-extension K/k with arbitrary (/ (the fields k and K are not assumed
of CM-type). To simplify the approach, we consider M = ( in a cyclic extension K/k
of degree p with Galois group G = (o) and we suppose K/k totally ramified at a single
place q (not necessarily above p). Then we assume that M” =1 & #ME = p, which
is equivalent to #, = p and jg/,(Hx) = 1.

Put M; = {h e M, R1=o)" = 1}, i > 0, and let n be the least integer i such that
M; = M. We have M; C M;y;1 for i =0,...,n — 1. From the exact sequence:

1— My = M® —— My —% M7 C My — 1,

with #M; = p by assumption, we obtain leﬂ” = M; and #(M;y1/M;) = p, for
i = 0,...,n — 1, which gives immediately #M = p" and the structure theorem
M:(Z/p“HZ) EB(Z/p“Z)p = n=a(p—-1)+ba>0and0<b<p—2.

We use the general formula [Gr2, Corollaire 2.8]:

#CekHeU(K/k)
[K K] - #Ng (M) - (Aq Ay mNK/k(KX))’

B (M/M)E = #( My /M) =

where N/, (M;) := dp(Ng/i(I;)) for a suitable ideal group I; such that dk (I;) = M;,
and where A; = {z € k*, (z) € Ny, (I;) }.

In our particular case there is a single prime ideal q ramified in K/k, and the el-
ements of A;, being norms of ideals, are everywhere local norms except perhaps at q;
so (A; : Aj N Ng,p(K*)) = 1 by the product formula and the Hasse norm theorem; this

yields #(M;y1/M;) = m

So, in this case where the p-rank of Ng /(M) = (), ~ Z/pZ is rp, = 1 and that of
M = Uk is Tk, we have the Riemann—Hurwitz formula rx — 1 = p- (rx — 1) if and only

which is trivial as soon as Ny, (M;) = (.

if b = n = 1, which is equivalent to M = M. Otherwise, rx can take a priori any value
in [1,p — 1] since it depends only on local data with computable probabilities.
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For structural results, when M" # 1, see [Gr3, Chapter IV, §2, Proposition 4.3]
valid for any p > 2, or [Gr4, Theorem 4.3]. With our biquadratic case and p = 3, we
obtain interesting structures for which a theoretical study should be improved. From the
general PARI program of §4.2 we have obtained the following numerical examples with
#p+ =1 (hence #+ = 1) but (- cyclic of 3-power order larger than 3:

(i) For d = 1759, &/}~ ~ Z/27Z, o = 37 + 201/—d of norm 893,
U ~7)277 (ie., Up = (Ux)%).

(ii) For d = 2047, &)~ ~ Z/9Z, o = 332 + 11y/—d of norm 713,
O ~7)92.® 7./32.P Z./3Z.

(iii) For d = 1579, Cy- ~ Z/9Z, o = 3(115 + 3v/—d) of norm 19,
Uy ~7/2T2.D 7./97.D 7./37Z.

In conclusion, the structure of (! strongly depends on the order of (/;  and not only
of its p-rank (here the 3-rank is 1 but we have chosen orders larger than 3).

4.2. PARI program

We keep the same assumptions ((i) to (v)) of Hypothesis 2.1 about k¥ = Q(v/—d, ¢)
and the 3-class groups of kT = Q(v/3-d) and k= = Q(v/—d) (especially U+ = 1,
- ~ Z/37), the non-splitting of 3 in k/Q, and the Kummer construction of the
3-ramified cubic cyclic extension K/k decomposed over k. We give explicit numerical
computations of (k, for various biquadratic fields k.

The following PARI program gives in “component (H,5)” the class number and the
structure of the whole class group (x of K in the form:

class group : [#Clk, [c1,...,c)]]

such that Ux ~ @), Z/c;Z.

For simplicity we compute an o € k~ = Q(v/—d) being an integer without non-trivial
rational divisor; so (a) is the cube of an ideal if and only if Nj- g(a) € Q*3. Then the
irreducible polynomial defining K is given by P = polcompositum(z? + x + 1,Q) where
Q = 25— 2uax® 4+ u? + dv? where a = u +vv/—d (u, v integers or half-integers). If by
accident, a € k*3, PARI gives a list of three polynomials of degree 4. But the program
uses the least odd A € N such A? is the norm of an integer a as above; so if @ = 83, then
A = Nj- /() which may be very rare (or impossible) because of the inequality A > %.

{d = 1;while(d < 10%,d = d + 3;if(core(d) == d, D = 3 x d;if(Mod(D,4)! = 1,D = 4 x D);

h = qfbclassno(D);if(Mod(h,3)! =0, K = bnfinit(z? 4+ d); hm = bnrinit(K, 1);

hm = component(component(hm,5),1);if(Mod(hm,3) == 0&Mod(hm,9)! =0, A = 1;Test = 0;
while(Test == 0, A = A+ 2; Z = bnfisintnorm(K, A%);

if(component(matsize(Z),2) > 1,Y = component(Z,2);u = component(Y,1);v = component(Y, 2);
if(ged(u,v) <=1,Test = ;T =2xu; N =u? +dxv%,Q =2 — T x2® + N;

P = polcompositum(z? + = + 1, Q); R = component(P,1);

H = bnrinit(bnfinit(R,1),1); F = component(H,5); G = component(F,1);

if(Mod(G,3) == 0&Mod(G,9)! = 0, print(””); print(d = 7, d); print("u = 7, u); print("v = 7, v);
print("hm =7, hm, ”h = 7, h); print(P); print("classgroup : 7, F)))))))))}
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The condition “Mod (G, 8)==0 & Mod (G, 9)!=0 7 must be adapted to the relevant
needed structure (371, 3%) (i.e., write “Mod (G, 32T )==0 & Mod (G, 3%*¢+2)I=0 ");
here we test the case a = 0. We give below an extract of the examples we have obtained
from another program giving others w,v (but the same K) with prescribed a > 0; for a
more complete table up to 10°, please use the link:
https://www.dropbox.com/s/6rlwrt34ami4383/ TABLE-Riemann-Hurwitz.pdf?dl=0

4.8. Case Uy ~7/37 (a=0), equivalent to Ay = UG ~7/37

d=31,u=1/2,v=1/2,#C,- =3, #C+ =1
P=z'2 -6z +212'° —522° +992% — 14427 +1792% — 186 2% — 33 2% + 268 2% — 8722 — 24z + 64
classgroup : [3, [3]]

d=61,u=8v=1#CU =6, #Clp+ =2

P=2?—-62"14212'0-822°42342% —414 27 +983 25 — 1788 2:° —393 z* — 506 2> +5394 2:% + 4620 £ +12100
classgroup : [12,[6, 2]]

d=913,u =321,v =4, #0- = 12, #CU+ =8

P=a'?—62""4+212'°-13342°+5868 2® — 11682 27 + 661085 2.5 — 1948290 z:° + 702561 z* — 149227072 z° +
227288688 2 + 224655360 = + 13690872064

classgroup : [768, (24,4, 4, 2]]

d=970,u = 563, v = 20, #C0- = 12, #C+ = 4

P = 2'?2 — 62" 4+ 2120 — 23022° + 10224 2% — 2039427 + 2701601 2° — 8043702 2% — 2977323 z* —
1568242964 2> + 2378397756 2 + 2373361968 = + 495396376336

classgroup : [600, [30, 10, 2]]

4.4. Case Uy ~7/972.@D Z/3Z (a=1)

d=211,u=17/2,v = 1/2, #Cy- = 3, #C+ =1

P=a?—62'"14212'0-842%+243 28 —432 27 +1037 2° — 1896 2:°> —204 2* — 966 2> +5949 2% +4905 2 +11881
classgroup : [27,]9, 3]]

d=214,u =89,v=06,#C0U,- =6, #Cl+ =2

P=2z2 -6z +212'° — 406 2° + 1692 2% — 333027 + 66813 x° — 190530 2:° — 45783 z* — 5155600 2> +
8296296 22 + 8156544 x + 238640704

classgroup : [54, [18, 3]]

d=4531,u = 403/2,v = 5/2, #Clj- = 12, #Clj+ =2

P=2a'? 62" +212'° —8562° + 3717 2% — 7380 27 + 308855 z° — 904506 z° — 62898 z* — 53921936 =:> +
83258895 2 + 82428357 = + 4694853361

classgroup : [1728, (36,12, 4]]

d=4639,u = 361,v = 2, #0U- = 51, #CUp+ = 1

P=a'?—-62""4+212'"—-1494 2° + 6588 2% — 13122 27 + 834341 25 — 2463738 2:° + 888141 z* — 212657184 = +
323349156 2 + 320016960 x + 21950200336

classgroup : [7344, [612, 12]]

4.5. Case Uy ~7.)2717.PD 7./97. (a = 2)

d=1141,u = 449, v = 8, #U— = 24, #Cp+ =4

P=ga'?-62"4+212'°-1846 2°+8172 2% — 16290 7 +1374653 2° — 4075170 =° + 711057 2* — 487867520 2> +
740542656 22 + 735780864 = + 74927017984

classgroup : [7776, (216, 18, 2]]

d=1174,u = 21,v = 5, #C- = 30, #Cp+ =2

P=2z'2 -6zt +2120 —1342° + 468 2% — 88227 + 62369 2% — 184542 2° — 436569 z* — 1322320 2> +
3316650 22 + 3570000 z + 885062500

classgroup : [2430, [270, 9]]
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d=4087,u = 357, v = 8, #Cl),— = 30, #Cp+ = 2

P =g'?

—6z'1 421 21°—1478 2% +6516 % — 12978 27 +1302965 2% — 3870042 2:° — 2782815 z* — 543509224 x>+

830485104 22 + 829417344 = + 150779996416
classgroup : [19440, [270, 18, 2, 2]]

d=4567,u = 195/2,v = 1/2, #Cl),- = 33, #C+ = T

P = 12
6294021

— 6zt + 2120 — 4402° 4 1845 2% — 3636 27 + 63557 ® — 179844 2® + 66765 x* — 3988930 > +
z2 4+ 6052866 = + 109286116

classgroup : [18711, [2079, 9]]

4.6. Case Uy ~7/817.D 7./277 (a = 3)

d = 12058, u = 989, v = 26, #Cl),- = 42, #Cy+ = 2

P:le

— 6zt + 2120 — 4006 2° 4+ 17892 2% — 35730 27 + 22212821 2% — 66531354 2:° — 113482743 z* —

35777798264 x® + 54059937672 x? + 54106942656 = + 83308554531904
classgroup : [30618, [1134, 27]]

d=15607,u = 534,v = 1, #Cl,— = 39, #Cly+ = 1

P =g'?

—62'1 421 210 —2186 2% +9702 2% — 19350 27 +1764719 2:° — 5236188 x:° +2322777 z* — 638361238 >+

965957748 22 4 958427808 = + 89817692416
classgroup : [28431, [1053, 27]]

d = 45517, u = 845,v = 6, #Cl,- = 1204+ = 4

P =2 — 62" + 2120 — 3430 2° + 15300 2% — 30546 27 4+ 7597005 x° — 22699458 2° — 18168075 x* —
7877764840 2 + 11909686236 z2 + 11905200672 = 4+ 5526956498704

classgroup : [174960, [3240, 54]]

d=47194,u = 293, v = 2, #Cly- = 1204+ = 4

P =z'?

—6 211421 210 —1222 2° 45364 2% —10674 27 +905093 2% — 2683338 2° — 2064183 z* — 313267016 2>+

480721224 22 + 480118080 = + 75097921600
classgroup : [699840, 3240, 54, 2, 2]]
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