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1. Introduction

Let F' be a non-archimedean local field of residue characteristic p. Let G be a con-
nected reductive algebraic F-group and G denote the topological group G(F'). In a recent
paper ([1]), Abe, Henniart, Herzig, and Vignéras have classified the irreducible admis-
sible smooth representations of G over an algebraically closed field of characteristic p
in terms of supersingular representations of Levi subgroups. There are two functorial
steps in the construction of the irreducible representations. In this article, we study the
behaviour of extensions and deformations under the first step (extension to a larger
parabolic subgroup and twist by a generalised Steinberg representation). For the second
step (parabolic induction), this has been done in [7,9] when char(F) = 0 and [8] when
char(F) = p.

Let R be a commutative ring. We write Modg (R) for the category of smooth
R-representations of G (i.e. R[G]-modules 7 such that for all v € 7 the stabiliser of
v is open in G) and R[G]-linear maps. It is an R-linear abelian category. When R is
noetherian, we write Mod®™ (R) for the full subcategory of Mod% (R) consisting of ad-
missible representations (i.e. those representations 7 such that 7*! is finitely generated
over R for any open subgroup H of G). It is closed under passing to subrepresentations
and extensions, thus it is an R-linear exact subcategory, but quotients of admissible
representations may not be admissible when char(F) = p (see [2, Example 4.4]).

We fix a parabolic subgroup P = LU of G and we let (“U) denote the normal
subgroup of G generated by U. A smooth R-representation o of L extends to a smooth
representation eg (o) of G trivial on U if and only if it is trivial on L N (¢U), in which
case this extension is unique ([1, §II]). We fix a parabolic subgroup Q = MN of G
such that P € Q and L € M, and we write @ = MN for the opposite parabolic
subgroup. We let Stg(R) denote the generalised Steinberg representation of G over R
relative to Q ([6] when G is split, [10] in general). We obtain an R-linear exact functor
Stg : Mod7) (1n(cuy) (R) — Mod (R) which commutes with small direct sums by setting

Stg(0) i= eq(0) ®r Stg(R).

Results When R is noetherian and p is nilpotent in R, S‘cf—2 respects admissibility ([2,
Theorem 4.21]) and we prove that its restriction to admissible representations is fully
faithful (Corollary 5). When R is artinian and p is nilpotent in R, we prove that Stg
induces an isomorphism between the R-modules of Yoneda extensions (Proposition 8).
We also extend the definition of Stg to I-adically continuous R-representations where
I is a finitely generated ideal of R. When R/I is noetherian and p is nilpotent in R/I,
Stg respects admissibility and we prove that its restriction to admissible representations
is fully faithful (Proposition 9). Finally, we prove that Stg induces bijections between
certain sets of deformations (Propositions 10 and 12) and we deduce some results on
universal deformation rings and universal deformations (Corollaries 11, 13, and 15).
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Notations We keep the notations of the introduction. We fix a minimal parabolic sub-
group B C G contained in P and a maximal split torus S C B contained in L. We let
W (resp. W) be the Weyl group of (G,S) (resp. (M,S)) and A (resp. Apm) be the
set of simple roots of (G,B,S) (resp. (G,M’' N B,S)). We let Zp; denote the centre
of M. We write Modﬁ’ZM_l'ﬁn(R) for the full subcategory of Modj3;(R) consisting of
locally Zj;-finite representations (i.e. those representations ¢ such that for all v € o,
R[Zy] - v is contained in a finitely generated R-submodule). Given an R-module o, we

set 0p_ord 1= [1pen P"0-

2. Extension from L to G

We do not make any assumption on R. We recall the description of (U) from [1,
§11). Let ¢ : G — G — G be the simply connected cover of the derived subgroup
of G. Recall that G*° is the direct product of its almost-simple components. We let B
be an indexing set for the isotropic almost-simple components of G*¢ and for b € B
we write (~}b for the corresponding component. We let B(P) C B denote the subset
consisting of those elements b such that Gy, ¢ ~1(P). By [1, IL.5 Proposition], we have

(°U) = L(HbeB(P) éb)~
Lemma 1. The group (CU) is perfect.

Proof. Since images and direct products of perfect groups are perfect it is enough to
prove that Gb is perfect for all b € B(P). Let b € B(P). We write G’ for the (normal)
subgroup of Gb generated by the F-points of the unipotent radicals of the parabohc
subgroups of Gy. Since Gy is almost-simple and card(F) > 4 (indeed F is infinite), Gb
is perfect (see [15, §3.3]). Since G, is almost-simple, simply connected, and isotropic,
we have Gb = G' (this is the Knesser—Tits conjecture, proved by Platonov over non-
archimedean local fields, see [12, Theorem 7.6]). Thus G, is perfect. O

Let o be an R-representation of L. If o extends to an R-representation of G trivial
on U, then any extension has to be trivial on (“U). In particular, ¢ has to be trivial
on LN {CU). Since L(¢U) = G ([1, IL5 Corollary (iii)]), we deduce the converse: if o is
trivial on L N (¢U), then it extends uniquely to an R-representation eg (o) of G trivial
on U. Moreover, eg(o) is smooth, admissible, or irreducible if and only if o is (see the
proof of [1, I1.7 Proposition]). Thus we obtain an R-linear fully faithful functor

ec : Mod7) ey (R) = Modg (R)

which commutes with all small limits and colimits (and in particular all finite ones, so
that it is exact) and respects admissibility.
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3. Parabolic induction and ordinary parts

We do not make any assumption on R. Recall the smooth parabolic induction functor
Indg : Mod§}(R) — Modg (R)

defined on any smooth R-representation o of M as the R-module Indg(a) of locally
constant functions f : G — o satisfying f(mng) = m - f(g) for all m € M, n € N, and
g € G, endowed with the smooth action of G by right translation. It is R-linear, exact,
and commutes with small direct sums ([16, Proposition 4.2]). In the other direction,
there is the ordinary part functor ([4,16])

Ordg : Mod¥ (R) — Mod3y#M~Hin(R)

which is right adjoint to the restriction of Indg2 to locally Z)-finite representations ([16,
Corollary 7.3]). It is R-linear and left exact. When R is noetherian, Ordg also commutes
with small inductive limits ([4, Proposition 3.2.4]) and both functors respect admissibility
([16, Corollaries 4.7 and 8.3]).

Let o be a locally Zj;-finite smooth R-representation of L trivial on L N (“U). We
assume R noetherian and o,_oq = 0. By [2, Corollary 5.9], the unit of the adjunction
between Indg and Ordg induces a natural isomorphism

en (o) = Ordg(Indg(enr(0)))- (1)

Given a smooth R-representation 7w of G, the counit of the adjunction between Indg and
Ordg induces a natural morphism

Indg(OrdQ (m)) = . (2)

Applying Indg to (1) and composing the result with (2) with 7 = Indg(eM(U)) yields a
natural composite

Indg (ear(0)) = Indg(Ordg (Indg (ear(0)))) — Indg(ear (o)) (3)
which is the identity of Indg (er (o)) by the unit-counit equations ([9, (2.5)]).
4. Generalised Steinberg representations

We do not make any assumption on R. Given a smooth R-representation o of L trivial
on LN (YU), we define a smooth R-representation of G' by setting

_ Indg(eM (0))
Y qogdg (en (o))




316 J. Hauseuz et al. / Journal of Number Theory 195 (2019) 312-329

where Q' = M’'N’ runs among the standard parabolic subgroups of G (i.e. such
that B C Q' and S C M’) strictly containing Q. There are natural isomor-
phisms Ind%,(eM/(U)) r~ Indg,(R) ®r eg(o) for all standard parabolic subgroups
Q' = M'N’ of G containing Q, which are compatible with the natural injections
Indg, (ep(0)) — Indg (ear(0)), hence a natural isomorphism

Stg(0) ~ Stg(R) @r ec(0) (4)
and Stg(R) is free over R ([10, Corollaire 5.6]). Thus we obtain an R-linear exact functor
St : Mod$)(znory) (R) = Modg (R)

which commutes with small direct sums. When R is noetherian and p is nilpotent in R,
Stg respects admissibility ([2, Theorem 4.21]).

Let o be a locally Zy;-finite smooth R-representation of L trivial on L N (“U). We
assume R noetherian and 0,_orq = 0. By definition, there is a natural surjection

Indg (enr () = StG (o). (5)
Applying Ordg to (5) and precomposing the result with (1) yields a natural composite
er(o) = OrdQ(Indg(eM(a))) — OrdQ(Stg(U)). (6)

Lemma 2. The natural composite (6) is an isomorphism.

Proof. We deduce from [2, Lemma 7.10] that there is a commutative diagram of smooth
R-representations of )

c-ind2%(enr(0)) —— Ind§(enr(0)

H |

c-ind2%(ers () ——— St§(0)

where the right vertical arrow is (5). We deduce from [2, Corollary 7.14] that applying
Ordg to the horizontal arrows yields isomorphisms. Thus applying Ordg to (5) also
yields an isomorphism. 0O

Applying Indg to (6) and composing the result with (2) with = = Stg(a) yields a
natural composite

mdS(ear(0)) = Indd (Ordg(St5(0)) - St& (o). ™)

Lemma 3. The natural composite (7) is the natural surjection (5).
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Proof. There is a commutative diagram of smooth R-representations of G

Indg (e (o)) —— Ind§(Ordg(Indg (er(0)))) —— Indg(enr(0))

H l? |

Indg(eM(U)) o~ Indg(OrdQ(Stg(U))) _— Stg(d)

where the upper and lower arrows are (3) and (7) respectively, the middle vertical arrow
is obtained by applying Indg Ordg to (5), and the right vertical arrow is (5). The left
square is commutative by definition and the right square is commutative by naturality
of (2). Since the upper horizontal composite is the identity of Indg (enm (o)), the lower
horizontal composite is (5). O

Proposition 4. Assume that R is noetherian and p is nilpotent in R. The functor

St - Modi"/’(ZLf‘ézclﬁ?)(R) — Mod (R) is fully faithful.

Proof. We do not assume p nilpotent in R. Let o and ¢’ be two locally Z,,-finite
R-representations of L trivial on L N (“U). Let ¢ : ¢ — ¢’ be a morphism such that
Stg(tb) = 0. Using (4), we deduce that eg(¢) = 0 because Stg(R) is free over R, hence
¢ = 0 because eg is faithful. Thus Stg is faithful. Assume 0p_ora = aé_ord = 0 (this
is automatically true if p is nilpotent in R). Let 9 : Stg(a) — Stg(a') be a morphism.
There is a commutative diagram of smooth R-representations of M

e ()

em(o)

|
Ordg (St8(0)) —2™0, Ordg

en(o’)
iz (8)

$t§(0")

where the vertical arrows are (6) and its analogue for ¢’, which are isomorphisms by
Lemma 2, and ¢ : 0 — ¢’ is the unique morphism making the diagram commutative.
There is a commutative diagram of smooth R-representations of G

Indg (¢)

Indg (enr(0)) Indg (ear (0”))
| |
1S (Ordg (518 (7)) —— 22, 114G (Ordg (StE (')

l |

» /
Stg(a) Stg(a )

where the upper square is obtained by applying Indg to (8) and the lower vertical arrows

are (2) with 7 = Stg (o) and its analogue for ¢’. The lower square is commutative by
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naturality of (2). By Lemma 3, the vertical composites are (5) and its analogue for o’.
Thus ¢ = Stg(¢). O

Corollary 5. Assume that R is mnoetherian and p is nilpotent in R. The functor
Stg : Modi (L~ apy (R) = Mod&'™ (R) is fully faithful.

Proof. There is a commutative diagram of R-linear categories

Mod35 2 558 (R) — Mod% (R)

adm Stg adm
MOdL/(Lﬁ(GU))(R) E— MOdG (R)

where the vertical arrows are the full inclusions (see [16, Lemma 3.6] for the left one).
Since the upper horizontal arrow is fully faithful by Proposition 4, so is the lower hori-
zontal arrow. 0O

5. Bruhat filtration

We do not make any assumption on R. Let ¢ be a smooth R-representation of L
trivial on LN (€U). We write QW for the set of representatives of minimal length of the
right cosets W \W and wn o for the longest element in Wiyg. We set

Q= {Qw c QW ‘ wato®w ¢ w0 @ W for all Q' 2 Q}

where Q' = M’'N’ runs among the standard parabolic subgroups of G strictly contain-
ing Q. In [7, §2.2] is constructed a natural filtration Filj (Indg (enm(0))) of Indg(eM(J)) B
by R-subrepresentations indexed by QW such that for all Q@w € @W, there is a natural
isomorphism

Gry® (Ind§ (ear(0))) = c-ind2 """ (ear (0)).

By taking its image by (5), we obtain a natural filtration Fil.B(Stg(J)) of Stg(a)w by
R-subrepresentations indexed by @W. We deduce from [2, Lemma 7.10] that for all
Qu € QW, there is a natural isomorphism

c—indewB(eM(a)) if Qu € W,

0 otherwise.

Grp”(StS(0)) =~ {
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6. Higher ordinary parts

We assume R artinian, p nilpotent in R, and char(F) = 0. The results of [5] remain
valid over R instead of A (in [5] A is an artinian local Z,-algebra with finite residue
field; here R is naturally an artinian Z,-algebra but need not be local with finite residue
field). In particular, there are R-linear functors

H"Ordg : ModZ (R) — Modﬁvzzw—l.ﬁn(R)

for all n € N with H’0Ordg = Ordg. They commute with small inductive limits, respect
admissibility, and form a cohomological d-functor

H*Ordg : Mod%™ (R) — Modj¢™ (R).
Likewise, the results of [7] remain valid over R instead of A.

Proposition 6. Let o be an admissible R-representation of L trivial on L N (CU)
and Q' = M'N’ be a standard parabolic subgroup of G containing Q. We have
H'Ordg (Stg(0)) = 0.

Proof. Note that H*Ordg restricts to Modg (R) (see [7, Definition 3.1.4]). Using (9), it
is enough to prove that for all Qw € QW ,

H'Ordg (c—indeWB(eM(U))) =0.

Let Quw € QW and write Quw = QwQ/wM/ with QU € AW .= AW N QW1 and
wnmr € W (see [7, §2.1]). Let Q7 = M”IN” be the standard parabolic subgroup of G
such that Ay = Ay N QR (Apy). Using [7, Theorem 3.3.3], it is enough to prove
that

H-FQldq o Ordprngr (eM(U)) =0

(see [7, Notation 2.3.3] for the definition of dq,q € N). If dqyq = 0, i.e. @w®R" =1, then
H'Ordpngr = H'Ordy = 0 by [5, Lemma 3.6.1]. If either F' = Q, and dq, o > 1, or
F # Qp and dq,q > 0, then 1—[F : Qp]dq,,q < 0so that HI-F:Qldq ,qf Ordpngr = 0.
Now assume F' = Q, and dq,q = 1. Thus QuQ' = s, for some a € A\App and
Ay = Ap N {Oé}l. If @« L A, then WM, 080 = WM,,0, where Q, = M,N,, is the
standard parabolic subgroup of G such that Ang, = ApU{a}, and wyy € QW (because
wwmr € M/OQWM/ and o ¢ App) so that wMonw S meOQ“W, which contradicts the
fact that Qw € QUW. Thus o / Ay so that M N Q" C M. Since ey (o) is trivial on
MNN" (see the proof of [1, IL.7 Corollary 2]), we deduce that Ordang~(ea(o)) =0. O
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7. Extensions

We do not make any assumption on R. Given two smooth R-representations m,n’
of G, we write Extg(n’, ) for the R-module of extensions of 7’ by 7 in Modg (R).

Lemma 7. Let 0,0’ be smooth R-representations of L trivial on L N (CU). The functor
ec induces an R-linear isomorphism

EthL/(LNGU))(U/v o) = Bxtgleg (o)), eq(o)).

Proof. The morphism is well defined since eg is exact. It is R-linear since eg is, and it
is injective since eq is fully faithful. We prove that it is surjective. Let

0—eg(o) >m—eg(c’) =0

be a short exact sequence of smooth R-representations of G. We prove that 7 is trivial
on (“U) so that 7 = eg(m). Taking the (“U)-invariants yields an exact sequence of
R-modules

0= ec(o) = 770 5 eq(o) — HI((CU), eq(0)) (10)

where the rightmost term is the R-module of (¢U)-cohomology computed using locally
constant cochains (see [5, §2.2]). Since (“U) acts trivially on eg (o), there is a natural

isomorphism
H'((“U),ec(0)) ~ Hom& ((“U), e (0))

where the right-hand side is the R-module of continuous group homomorphisms, which
is trivial by Lemma 1 (because eg(o) is commutative). Using (10), we deduce that
7T<GU> =m. O

Proposition 8. Assume that R is artinian and p is nilpotent in R. Let 0,0’ be admis-
sible R-representations of L trivial on L N (CU). The functor Stg induces an R-linear
isomorphism

Exti/(meU)) (o' 0) = Exté(Stg(U'), Stg (0)).

Proof. The morphism is well defined since Stg is exact. It is R-linear since Stg is, and
it is injective since Stg is fully faithful by Corollary 5. We prove that it is surjective by
induction on |[A\Anm|. If App = A (e. Q =M = G), then the result is Lemma 7. We
assume An; # A and that we know the result for relatively bigger parabolic subgroups.
Let

0— Stg(a) -7 = Stg(a’) —0 (11)
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be a short exact sequence of admissible R-representations of G. Pick a € A\Ap
and let Q¥ = M*N® and Q, = M N, be the standard parabolic subgroups
of G defined by Apme = A\{a} and Anm, = Am U {a} respectively. We have
A\ An| = A\ Anr, | = [A\Ang] — 1.

Applying Ordge to (11) and using [2, Theorem 6.1 (ii)] and Proposition 6 (if
char(F) = 0) or [8, Theorem 1] (if char(F) = p) yields a short exact sequence of admis-
sible R-representations of M“

0— StMmQ( o) — Ordga(m) — StMamQ( a') — 0. (12)

By the induction hypothesis, there exists a short exact sequence of admissible
R-representations of L/(L N (M*(M*NU)))

0—s0—=n—0 =0 (13)

and a commutative diagram of admissible R-representations of M

0 —— StMaﬂQ(cr) O StM(,nQ(n) e StMmQ( o) ——0

H [ H “‘”

0 —— Styfang(0) — Ordge(m) —— Stjfa 5(0") — 0

where the upper row is obtained by applying St%i ng to (13) and the lower row is (12).
Now, we have a commutative diagram of admissible R-representations of G

0 0 0
0 — St¢ l(a) T Stgal(a’) —0
0+ Ind§, (St %ﬁaﬂ@(a)) + Indg. (St}7ang (M) + Indga(sézw(a')) >0 (1)
0 — Sté(a) T Stf}(a/) —0

; : ;

whose rows and columns are exact. The lower row is (11) and the middle row is obtained
by applying Indga to (12) and using the middle vertical isomorphism of (14). The lower
vertical arrows are induced by the counit of the adjunction between Indga and Ordge
(the left and right ones are the natural surjections by an analogue of Lemma 3 and the
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middle one is surjective by the five lemma). The upper vertical arrows are the kernels of
the lower vertical arrows (the left and right ones are the natural injections).

By the induction hypothesis, there exists a short exact sequence of admissible
R-representations of L/(L N (YU))

0—>0c—Kk—0 =0 (16)

and a commutative diagram of admissible R-representations of G

0 — Stg(0) — Stg (k) — Stg(0’) —— 0

] m

0—— Stg(o) T Stg(a’) — 0

where the upper row is obtained by applying St%ir@ to (16) and the lower row is the
upper row of (15). Combining (17) with the upper and middle rows of (15) yields a
commutative diagram of admissible R-representations of G

0 —— StS(0) ———— St§(x) ———— StG(0") —— 0

| l |

0 — IndZ, (Sthfang(0)) — MdG. (St)7ang(n) — IdG. (St)7ang(0’) — 0

and passing to the N%-coinvariants yields a commutative diagram of admissible
R-representations of M®

Mo M M~
MO‘HQ(U) E— StM"‘ﬁQ(H> e StM‘J‘ﬂQ

H [ H

(0) — Sti1ang (M) —— Sthfang(c’) —— 0

0 —— St (¢/)) —— 0

M®
MonQ

0 —— St
whose rows are exact by [2, Corollary 6.2 (i)] (the left and right vertical morphisms are
the identities by taking a closer look at [2, §6.2] and the middle one is an isomorphism
by the five lemma). By the injectivity part of the statement, it is induced by applying
St%ZnQ to a commutative diagram of admissible R-representations of L/(L N (¢U))
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where the upper row is (16) and the lower row is (13). Applying Stg to the middle
vertical isomorphism and precomposing the result with the inverse of the middle vertical
isomorphism of (17) yields an isomorphism 7 ~ Stg(n) via which the upper middle
vertical arrow of (15) is the natural injection. Indeed, there are natural isomorphisms

Homg (St3 (k), Indga (St17a g (1)) = Homaze (Styfe g (K): Sthtang (M)
~ Homp,(k,n)

(the first one is induced by the adjunction between (—)y. and Ind$, together with [2,
Theorem 6.1 (i)] and the second one is follows from Corollary 5).

We conclude that the middle and lower rows of (15) yield a commutative diagram of
admissible R-representations of G

0 — Stg(0) — Stg(n) — Stg(o') —— 0

R

0—— Stg(a) i Stg(o’) —— 0

where the upper row is obtained by applying Stg to (13) and the lower row is (11). O
8. I-adically continuous representations

Let I be an ideal of R. We write Mod ™ (R) for the category of I-adically continuous
R-representations of G (i.e. I-adically complete and separated R[G]-modules 7w such
that the map G X # — m is jointly continuous when 7 is given its [-adic topology,
or equivalently the R/I"-representations mw/I"m of G are smooth for all n > 1) and
R[G]-linear maps. We write Modl, *¥™(R) for the full subcategory of Mody “"*(R)
consisting of admissible representations (i.e. those representations 7 such that the smooth
R/I™-representations 7/I"m of G are admissible for all n > 1). If I is nilpotent, then
Mod5 “™(R) = Mod (R) and Mod% ™™ (R) = Mod%™ (R).

We assume [ finitely generated. Given an I-adically continuous R-representation o of
L trivial on L N (“U), we set

Stg(o) = 1%1 Stg(J/I"U).

=

Using (4) with R/I™ and ¢/I™0 instead of R and o respectively for all n > 1, we see
that (Stg(a/l"a))nzl is an I-adic system of R-modules ([17, Definition 2.1]). By [17,
Theorem 2.8, Stg(o) is an I-adically continuous R-representation of G and there are
isomorphisms

Stg(a)/I" Stg(a) ~ Stg(a/I"U) (18)
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for all n > 1. Thus we obtain an R-linear functor

s : Mod! /fggt@U))(R) — Mod5 “™(R)

which respects admissibility when R/T is noetherian and p is nilpotent in R/I.

Proposition 9. Assume that I is finitely generated, R/I is noetherian, and p is nilpotent

in R/I. The functor St Modi/agglcU»(R) — Mod5 ™ (R) is fully faithful.

Proof. By induction, R/I™ is noetherian and p is nilpotent in R/I™ for all n > 1. There
are natural R-linear isomorphisms

Homg (Stg (o), 5tg (0)) = li

=

HomG(St (0")/T" St (o), StG (o) /1™ St (o))

ﬁT

12
g %

Homg (St§ (0" /1"0"),Stg (/1" 7))

vl

Homy (o' /"0’ 0 /1"0)

R
vE

¢
T

omyp (o', o)

(the first and last ones follow from the fact that Stg (o) and o are I-adically complete
and separated, the second one follows from (18) and its analogue for ¢’, and the third
one follows from Corollary 5 with R/I™ instead of R for alln > 1). O

9. Artinian deformations

Let E be a finite extension of Q,. We let O denote its ring of integers and k denote
its residue field. Given a local O-algebra A, we let m denote its maximal ideal. We
write Art(O) for the category of artinian local O-algebras A such that the structural
morphism O — A induces an isomorphism ¥ —+ A/m 4. The morphisms A — A’ are the
(local) O-algebra homomorphisms.

A lift of a smooth k-representation 7 of G over A € Art(O) is a pair (7, ¢) where 7
is a smooth A-representation of G free over A and ¢ : m — T is a surjection with kernel
myum. A morphism ¢ : (m,¢) — (7,¢’) is a morphism ¢ : @ — 7’ such that ¢ = ¢’ o ..
For A € Art(O), we let Defz(A) denote the set of isomorphism classes of lifts of 7 over
A. If (m,¢) is a lift of T over A € Art(O) and A — A’ is a morphism in Art(O), then
(m @4 A, ¢') is naturally a lift of ™ over A’ where ¢ : m ® 4 A’ — T is the morphism
induced by ¢. Thus we obtain a functor Defz : Art(O) — Set.

Let & be a smooth k-representation of L trivial on L N (“U) and set 7 := Stg(&).
For A € Art(O), we consider the set of deformations Defs(A) of & over A as a smooth
k-representation of L/(L N (“U)). We obtain a functor Def : Art(O) — Set. Using (4)
with R = A and the fact that Stg(A) is free over A, we see that:
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. Stg(a) is free over A if and only if o is,
. Stg is compatible with base change: for any morphism A — A’ in Art(O), there is a
natural isomorphism Stg (0)®a A’ ~ Stg(a ®a A).

Thus the functor Stg induces a natural transformation
el
StQ : Def; — Defx . (19)
Proposition 10. If ¢ is admissible, then (19) is an isomorphism of functors Art(O) — Set.

Proof. Let A € Art(O). We prove that (19) induces a bijection between the A-points.

We start with injectivity. Assume that & is locally Zy,-finite (this is automatically true
if & is admissible, see [16, Lemma 3.6]). Let (0, v) and (o7, 9’) be two lifts of & over A such
that there exists an isomorphism 2 : Stg(a) = Stg (¢') such that Stg(w) = Stg(w') o1.
By [9, Lemma 2.12 (1)], o and ¢’ are also locally Z-finite. Thus applying Ordg and
using (6) and its analogue for ¢’ yields an isomorphism 7 : ¢ =+ ¢’ such that 1 = 1)’ 0 ).

We now turn to surjectivity. Assume that & is admissible. We proceed by induction
on the length of A. The base case A = k is trivial. Assume A # k and that we know
surjectivity for rings of smaller length. Pick a € A non-zero such that ams = 0 and
set A’ := A/aA, so that {(A") = £(A) — 1. Let (m,¢) be a lift of 7 over A and set
7w’ := 7 /ar. We set 7’ := 7/am which is free over A’. Since am C ma7, ¢ factors through
a surjection ¢’ : 7/ — 7 whose kernel is my 7/, so that (7', ¢') is a lift of ™ over A’. The
multiplication by a induces an isomorphism 7 — am, hence a short exact sequence of
admissible A-representations of G

0—>7—7m—7n —0. (20)

By the induction hypothesis, there exists a lift (¢’,1’) of & over A’ and an isomorphism
Vo Stg(o’) =5 7’ such that Stg(z/)’) = ¢' o/. We deduce from Proposition 8 that there
exists a short exact sequence of admissible A-representations of L

0—>0—0—0 =0 (21)

and an isomorphism ¢ : Stg(a) = 7 such that the diagram of admissible A-representa-
tions of G

0—— Stg(ﬁ) — Stg(a) — Stg(a’) — 0

) lz g lz (22)

0 T T i 0

where the upper row is obtained by applying Stg to (21) and the lower row is (20), is

commutative. In particular, Stg(o) is free over A so that o is also free over A. Since
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mao = 0 and A # k, the image of the second arrow of (21) lies in myo. Thus, if we
define ¢ : ¢ — & to be the third arrow of (21) composed with ¢, then v is surjective
with kernel myo, i.e. (0,9) is a lift of . Moreover, there is a commutative diagram of
admissible A-representations of G

y’ _
Stg(a) — Stg(a') — Stg(a)

| i

T T ™

where the left square is the right square of (22). By definition, the upper horizontal
composite is 1, and the lower composite is ¢, hence Stg(w) =¢ot O

10. Pro-representability

Let Pro(O) be the category of profinite local O-algebras A such that the structural
morphism O — A is local and induces an isomorphism k — A/m,. The morphisms
A — A’ are the continuous O-algebra homomorphisms. Note that Art(O) is the full sub-
category of Pro(Q) consisting of (discrete) artinian rings. Moreover, Pro(Q) is equivalent
to the category of pro-objects of Art(O) ([14, Lemma 3.3]).

Let m be a smooth k-representation of G. We say that Defz is pro-representable if
there exists a universal deformation ring RV € Pro(Q) so that there is a natural
bijection

Homp,, (o) (RF", A) = Defz(4) (23)

for all A € Art(O). If Endg(7) = k, then Defz is pro-representable by [14, Theorem 3.8]
whose proof works for any locally profinite group G.

Corollary 11. Let ¢ be a smooth k-representation of L trivial on L N (CU) and set
T o= Stg(&). Assume that Defs is pro-representable (e.g. Endp (o) = k). If ¢ is ad-
missible, then Defx is also pro-representable and there is an isomorphism R3™MY ~ Runiv
in Pro(O).

11. Noetherian deformations

Let Noe(O) be the category of noetherian complete local O-algebras A such that
the structural morphism O — A is local and induces an isomorphism k& — A/ma.
The morphisms A — A’ are the local O-algebra homomorphisms. If A € Pro(0Q) is
noetherian, then the profinite topology is the m4-adic topology ([13, Proposition 22.5]).
Moreover, a morphism A — A’ between noetherian rings in Pro(Q) is continuous if and
only if it is local. Thus Noe(O) is the full subcategory of Pro(O) consisting of noetherian
rings.
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A lift of a smooth k-representation 7 of G over A € Noe(O) is a pair (7, ¢) where 7
is an my-adically continuous A-representation of G orthonormalisable over A (i.e. the
A/m"%-modules w/m’%7 are free for all n > 1) and ¢ : # — 7 is a surjection with kernel
mym. A morphism ¢ : (m,¢) — (7',¢') is a morphism ¢ : # — 7’ such that ¢ = ¢’ o ..
If (m,¢) is a lift of T over A € Noe(O) and A — A’ is a morphism in Noe(O), then
(r @4 A, ¢') is naturally a lift of 7 over A, where the completed tensor product is
defined by

TRy A = l% T/WAT @ g jmn A fmy,

[an

and ¢ : m @4 A’ — 7 is the morphism induced by ¢. Thus Def extends to a functor
Noe(O) — Set.

Let & be a smooth k-representation of L trivial on L N (“U) and set 7 := Stg(&).
Likewise Defs extends to a functor Noe(O) — Set. Using (18), we see that:

. Stg(a) is orthonormalisable over A if and only if o is,
. Stg is compatible with base change: for any morphism A — A’ in Noe(O), there is
a natural isomorphism Stg(a) R4 A~ Stg(a ®a A).

Thus (19) extends to a natural transformation between functors Noe(O) — Set.
Proposition 12. If ¢ is admissible, then (19) is an isomorphism of functors Noe(O) — Set.

Proof. This is a formal consequence of Proposition 10 (see the proofs of [9, Lemma 3.14
and Theorem 3.15]). As in the proof of Proposition 10, we only need to assume that &
is locally Z/-finite for the injectivity. O

Let 7 be a smooth k-representation of G such that Defz is pro-representable. By [14,
Corollary 3.9], which holds true for any locally profinite group G, Rz € Noe(O) if and
only if dimy Extg(7,7) < oo. In this case, (23) extends to all A € Noe(O) and there
exists a universal deformation (7", ¢UV) of 7 over RI™MY so that (23) is induced by
base change:

(R = A) > (7™ @ guniv A, §),
where ¢ : 7'V @ guniv A — 7 is the morphism induced by GunY,

Corollary 13. Let ¢ be a smooth k-representation of L trivial on L N (YU) and
set T = Stg(&). Assume that Defs is pro-representable (e.g. Endp(c) = k) and
Rs; € Noe(O) (ie. dimyExt}(5,6) < oo). If & is admissible, then Defz is also
pro-representable and there is an isomorphism R3I™ ~ RV jn Noe(O) wvia which
ﬂ.univ — Stg(auniv)‘
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12. The case of a character

Let A be the Iwasawa algebra over O of the pro-p completion of the abelianisation
of G, i.e.

A =1lim O[G/H]
—
H
where H runs among the open normal subgroups of G such that G/H is an abelian
p-group. We let A : G — A* denote the natural continuous group homomorphism. By
[13, Proposition 19.7], we have A € Pro(O). Moreover,

A € Noe(0) & dimp, Hom& (G, F,) < .
In particular, A € Noe(O) when char(F) = 0 by [14, Proposition 3.12].

Example 14. Assume G = GL,(F) so that det induces an isomorphism of topological
groups G* = F*. Using [11, IT Proposition 5.7], we deduce the following.

o If char(F) = 0, then A ~ Ofup (F)][[X1,. .., X4]] € Noe(O) where pip (F) is the
group of p-power roots of unity in F and d = [F : Q,] + 1.

o If char(F) = p, then A ~ O[[ X, Xo, X3,...]] is the algebra of formal power series in
countably infinitely many indeterminates with coefficients in O (in the sense of [3,
IV §4]), which is not noetherian.

Let x¥ : G — k> be a smooth character. We let y : G — O* denote the continuous
character obtained by composing Y with the canonical lifting k* < O*. We define a
continuous character "™V : G — A by setting

X" (g) = x(9)A(9)

for all g € G. Proceeding as in the proof of [14, Proposition 3.11] (here G*® need not
be topologically finitely generated because H is required to be open in the definition

univ

of A), we see that A is the universal deformation ring of ¥ and x is the universal

deformation of .

Corollary 15. The universal deformation ring of Stg(f() is A. If A € Noe(O) (e.g. if
char(F) = 0), then the universal deformation of Stg()Z) is Stg(xu“i").

References

[1] N. Abe, G. Henniart, F. Herzig, M.-F. Vignéras, A classification of irreducible admissible mod p
representations of p-adic reductive groups, J. Amer. Math. Soc. 30 (2) (2017) 495-559.


http://refhub.elsevier.com/S0022-314X(18)30180-X/bib41484856s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib41484856s1

J. Hauseuz et al. / Journal of Number Theory 195 (2019) 312-329 329

[2] N. Abe, G. Henniart, M.-F. Vignéras, Modulo p representations of reductive p-adic groups: Func-
torial properties, Trans. Amer. Math. Soc. (2017), https://doi.org/10.1090/tran/7406, in press,
published online.

[3] N. Bourbaki, Elements of Mathematics, Algebra II, Springer, Berlin, 1990, Chapters 4-7, translated
from the 1981 French original.

[4] M. Emerton, Ordinary parts of admissible representations of p-adic reductive groups I. Definition
and first properties, Astérisque 331 (2010) 355-402.

[5] M. Emerton, Ordinary parts of admissible representations of p-adic reductive groups II. Derived
functors, Astérisque 331 (2010) 403-459.

[6] E. Grosse-Klonne, On special representations of p-adic reductive groups, Duke Math. J. 163 (12)
(2014) 2179-2216.

[7] J. Hauseux, Parabolic induction and extensions, Algebra Number Theory 12 (4) (2018) 779-831.

[8] J. Hauseux, On the exactness of ordinary parts over a local field of characteristic p, Pacific J. Math.
295 (1) (2018) 17-30.

[9] J. Hauseux, T. Schmidt, C. Sorensen, Deformation rings and parabolic induction, arXiv:1607.
02602v2, J. Théor. Nombres Bordeaux (2016), in press.

[10] T. Ly, Représentations de Steinberg modulo p pour un groupe réductif sur un corps local, Pacific
J. Math. 277 (2) (2015) 425-462.

[11] J. Neukirch, Algebraic Number Theory, Grundlehren der Mathematischen Wissenschaften, vol. 322,
Springer, Berlin, 1999, translated from the 1992 German original.

[12] V. Platonov, A. Rapinchuk, Algebraic Groups and Number Theory, Pure and Applied Mathematics,
vol. 139, Academic Press, Boston, 1994, translated from the 1991 Russian original.

[13] P. Schneider, p-Adic Lie Groups, Grundlehren der mathematischen Wissenschaften, vol. 344,
Springer, Heidelberg, 2011.

[14] T. Schmidt, On unitary deformations of smooth modular representations, Israel J. Math. 193 (2013)
15-46.

[15] J. Tits, Algebraic and abstract simple groups, Ann. Math. (2) 80 (2) (1964) 313-329.

[16] M.-F. Vignéras, The right adjoint of the parabolic induction, in: Progress in Mathematics, Arbeit-
stagung Bonn 2013, vol. 319, Birkh&duser, Basel, 2016, pp. 405-425.

[17] A. Yekutieli, Flatness and completion revisited, Algebr. Represent. Theory 21 (4) (2018) 717-736.


https://doi.org/10.1090/tran/7406
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib42626B4134372D656Es1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib42626B4134372D656Es1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib456D31s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib456D31s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib456D32s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib456D32s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib474Bs1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib474Bs1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib4A4844s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib4A4845s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib4A4845s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib485353s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib485353s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib4C795374s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib4C795374s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib4E6575s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib4E6575s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib5052s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib5052s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib704C47s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib704C47s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib5363686Ds1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib5363686Ds1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib546974733634s1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib56696741646As1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib56696741646As1
http://refhub.elsevier.com/S0022-314X(18)30180-X/bib59656B32s1

	Functorial properties of generalised Steinberg representations
	1 Introduction
	2 Extension from M to G
	3 Parabolic induction and ordinary parts
	4 Generalised Steinberg representations
	5 Bruhat ﬁltration
	6 Higher ordinary parts
	7 Extensions
	8 I-adically continuous representations
	9 Artinian deformations
	10 Pro-representability
	11 Noetherian deformations
	12 The case of a character
	References


