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1. Introduction

Let f be a primitive (either holomorphic or Maass) cusp form of Hecke eigenvalues
As(n), level P and x be a primitive Dirichlet character modulo M. The L-function
attached to the twist f ® x is defined as
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at least for Re(s) sufficiently large. It is of great interest to establish a subconvexity bound
for L(f ® x, s) when both P and M are allowed to vary. Many methods have developed
in recent years to produce successively strengthened level aspect hybrid subconvexity for
twisted L-functions (not merely twisted by a Dirichlet character y) when the levels of the
forms are varying at different rate, say satisfying P ~ M", up to a constant n > 0 (see
for instance the related works [1,3,12,14,15]). In an interesting paper Blomer and Harcos
[3] firstly achieved a hybrid subconvexity for L-function L(f ® x,s) simultaneously in
all parameters of the form f and the conductor of x, invoking the idea in Bykovskii [5].
Particularly if one supposes P and M are co-prime positive integers, they may show that

L(1/2, fe® X) < Q%+€ (Q_ eET) + Q- 4(12_+nn)) (1.1)

for 0 < n < 1, where f € B;(P) or B(P) (see §2 for definitions) and Q@ = PM? is
the size of the (arithmetic) conductor Q(f ® x) of the L-function L(s, f ® x) (see [16,
Chapter 7]). More recently K. Aggarwal, Y. Jo and K. Nowland [1] showed that

L(1/2, f @ x) < Qi~ maim e (1.2)

for 0 < n < 2/5, where f € B (P) and M is a square-free positive integer.

It seems reasonable to ask how large of the exponent 7 to be ensured to produce a
subconvexity, and further how to obtain a sharp subconvexity bound for a fixed 7 (note
that the bound (1.2) is always weaker than (1.1)). In this paper we continue this theme
by studying the average of the second moment of L(1/2, f ® x) over a family of forms.
We are able to establish the following bound for the average of the second moment.

Theorem 1.1. Let M be a positive square-free integer and P be a prime such that (P, M) =
1. Let k > 2 be an even integer. Let h be a smooth function, compactly supported on
[1/2,5/2] with bounded derivatives. Set Q = PM?. Then for X < QY?*¢ and any
newform f € B (P) (or Bx(P)) we have

2

1 Ps
<. XVPQ* (—; n M%) o (1.3)

> a2 e ) Ry =

x mod M

where € > 0 is arbitrary, 1 (n) denotes the n-th Fourier coefficient of the form f, x runs
over the primitive characters modulo M, and ©*(M) =", s ¢(a)u(b) is the number
of primitive characters modulo M, with o(n) being the Euler’s totient function. Here
9 is the current known approzimation towards the Generalized Ramanujan Conjecture,
which is zero if [ is a holomorphic cusp form, and not greater than 7/64 if f is a Maass
cusp form.
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As an immediate consequence we obtain a subconvexity bound when P ~ M" with
0<n<3/2-—30.

Corollary 1.2. Let M, P, k, Q be as in Theorem 1.5. Let n = 18 P pen, for any newform

log M *
f € Bi(P) (or B5(P)) we have
1 _ n _3—-69-—2n
L(1/2,f ® X) < Qz+a (Q e+ 4+ Q7 122 ) . (1.4)

Remark 1.3. a) Compared to (1.1) the estimate (1.4) is stronger whenever max{69,1/2} <
17 < (3 —69)/2. b) The second moment method behaves like a harmonic detection pro-
cess. One may seek the harmonic extraction by introducing the amplifier ), ; cux(()
for some real sequence {a; : [ < L} in the sum of (1.3) by the amplification method of
[7]. However the choice of L is closely related to the level of the form f and the conduc-
tor of the character x (see for instance [4, Section 5]) which in turn imposes an extra
constraint on the parameter 7 in Theorem 1.1. One can find the moment computation
without amplification suffices to get a better exponent when at least two of the objects
are varying, as in the present work. See [13, Section 2] for details.

Our main general result, Theorem 1.1, will then follow from the following bound for
the average of the shifted convolution sum, as shown in Theorem 1.4 below. In our setting
the ‘well” structure of the summation condition of the convolution sum enable us to get a
saving by equipping with the large sieve relative to a trivial application of the Weil bound
for individual Kloosterman sums. This advantage would finally make the exponent 1 go
beyond 1 (it should, in view of the previous description, be 3/2 — 3+). Such improvement
will allow us to average over the larger level family (increasing the degree of freedom of
the basis of newforms) to produce a subconvexity when we are doing moment average.
When we are faced with seeking non-trivial bounds for the shifted convolution sums,
explicitly determining the dependence on the levels of the forms, on the other hand, is
also one of the points, which does not follow easily from any of the current works (see
for instance [7-9] for comparison).

Theorem 1.4. Let | be a positive integer and X, Y > 1. Let F(x,y) be a smooth function
supported on [1/2,5/2] x [1/2,5/2] with partial derivatives satisfying

O 8JF( Y

ZZZZJ
Y it X Y) <

for some Z >0 and Z,,Z, > 1. Let k > 2 be an even integer. For any non-zero integer
r and newforms f1, fo € Bi(P) (or Bi(P)) we define

Sf17f2XY Z Z wﬁ ¢f2 m)F (%7$) (1.5)

r#0 m=n+rl
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Then we have

p5/6 1/2
S5, 1 (X,Y) < (XY Py 22X 0 12 max(X, ¥) "/ < max(X,Y)

= (e Zy) T e ST 1P
(1.6)

uniformly for 1, where the implied constant depends only on € and the spectral parameters
of the forms. In particular if X =Y and Z, = Z, the bound in (1.6) is non-trivial for

1 1
. X6 3(1+29) x3 69
l S min { (ﬁ) Pz .

2. Preliminaries
2.1. Automorphic forms

We will recall some fundamental facts about cusp forms (see for instance Iwaniec’s
book [16]). Let k£ > 2 be an even integer and N > 0 be an integer. We denote by Si(N)
the vector space of holomorphic cusp forms on I'g(N) with trivial nebentypus and weight
k. For any f € Sk(N) one has a Fourier expansion

Zzljf n)n'z enz)

n>1

for Im(z) > 0. Here e(z) means €2™** for any z € C. Analogously we denote by Sy(N) the
vector space of Maass forms on I'g(N) with trivial nebentypus, weight 0 and eigenvalue
A =1/4+7r% > 1/4 (so that r € R). Then for any f € Sx(IN) one has a Fourier expansion

(2) =2V |yl > s (n)Kip (27 |ny|)e(na),
n#0

where z = x + iy and K, denotes the K-Bessel function.
Sk(N) and Sy (V) are finite dimensional Hilbert spaces which can be equipped with
the Petersson inner products

(1, f2) = / f1(2) f2(z)y"2dady
To(N)\H

and

dxdy

i fo) = / one)

Fo(N)\H

respectively. We recall the Hecke operators {T,,} with (n, N) = 1 which satisfy the
multiplicativity relation
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> Top. (2.7)

d|(n,m)

The adjoint of T;, with respect to the Petersson inner products is itself, hence T;, is
normal. One can find an orthogonal basis By (N) (Bx(N) respectively) of Si(IN) (Sx(NV)
respectively) consisting of common eigenfunctions of all the Hecke operators T, with
(n,N) = 1. For each f € Bi(N) or Byx(N), denote by A¢(n) the n-th Hecke eigenvalue
which satisfies

Tof(z) = As(n)f(2)

for all (n, N) = 1. From (2.7) one has

vpmhp(n) = Y vy (%)

d|(n,m)

for any m,n > 1 with (n, N) = 1. In particular ¢ f(1)\f(n) = 9¥(n) if (n,N) =1
Therefore

AmAs(m) = 37 A () (2.8)

d|(n,m)

if (mn,N)=1

The Hecke eigenbasis By (N) (B (V) respectively) also contains a subset of newforms
B (N) (B5(N) respectively), those forms which are simultaneous eigenfunctions of all
the Hecke operators T,, for any n > 1 and normalized to have first Fourier coefficient
1f(1) = 1. The elements of B;(N) and B} (N) are usually called primitive forms.

We will need the following general Voronoi-type summation formula which is Theorem
A4 [18].

Lemma 2.1. Let k > 2 be an even integer and N > 0 be an integer. Let f € Bj(N)
(or BX(N)) be a newform. For (a,q) = 1 set Ny := N/(N,q). If h € C®(R*") is a
Schwartz class function vanishing in a neighbourhood of zero, then there exists a complex

number w of modulus one, which depends on a, q and f, and a newform f* € Bjf(N)
(or BX(N)) such that

St (3o~ 255 v (F2) o (1)

0
25 e (52) T, ()

In this formula,
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o if f is holomorphic of weight k then
Jf(x) :2m'ka,1(w), Kf([L‘) =0.
e if f is a Maass form with eigenvalue A = 1/4 + r? then

Jp(x) = sz:ir) (Jair(@) = J2ir(2)),  Kj(x) = dcosh(mr) Kai(2).

2.2. A Wilton-type bound

We have the following Wilton-type bound involving the level of the cusp forms (see for
instance [24, Lemma 2.1]). The uniform estimate for exponential sums associated with
f in term of the sup-norm || f ||oc was first proved in [9]. For any f € B (N) (or B} (V))
with square-free level N, it shown in [10] that || f ||ee<< N3¢ for any € > 0.

Lemma 2.2. Let X > 2 and h be a smooth function, compactly supported on [1/2,5/2]
with bounded derivatives. Then for any o € R and any newform f € Bi(N) (or B5(N))
with square-free level N, we have

S As(m)e(na)h (%) < X PN (XN,

where the implied constant depends on e and the parameter k (or ).
2.3. Bessel functions

We recall some properties of Bessel functions which can be found in the Appendix of
[4] and [15, Section 2.

Lemma 2.3. For any complex number s we have
(2°J(2)) = 2°Je_1(x), (2°K(z)) = —2°K,_i(z).
Denote by Hy the Js or Kg. Then for any a > 0

% (av/z) N H,1(avT) = £(a?/2) (avz)® Hy(av/), (2.9)

where the sign + is positive if Hy = Js, and negative if H; = K. Moreover for non-
negative integers j there exist polynomials Q;,1 < j of degree i such that

2 HY (av/z) = Q;(s)(av/m) Hy—j(av/®) + Q-1 (s)(ay/x)* 7T H; 1 (a/x)
+ -+ Qo(s)Hs(avx). (2.10)
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Lemma 2.4. Let k > 2 be an even integer. For any newform f € B} (N) (or Bx(N)) and
non-negative integers j we have

. . X
2 (J5) 9 (@) <on A4z

if f € Bf(N), and

1

I (Jp) 9 () <o Axa)7?

if f € BX(N). Furthermore

(I+1rDs, 0<ax <14
e < {1,

x> 1+ 7|

Lemma 2.5. Let k > 2 be an even integer and r > 0 be an integer. Let P,q be positive
integers. Take Q > 1 and X,Y > 1. Let E(z,y) as in (3.19). For any a,b > 0 and

newforms fi, fo € BE(N) (or B5(N)) define

oo

I (a,b) / E(z,y)Jy, (4ray/z)J s, (4mby/y)dzdy, (2.11)
00

and Ik (a,b) to be the integral I j(a,b) with the second Bessel function Jg, (resp. Jy,)
replaced by Ky, (resp. Kg,) in (2.11). Similarly we define I j(a,b) and I i (a,b). De-
note by I . any element belonging to {1 5,15k, Ik, 7,1k K }. Then for any non-negative
integers ¢ and j we have

I*,*(avb) <<i,j,uf1,uf2 50 (212)
with

ZXY Z,

(1+a\/f)1/2 <1+b\/37)1/2 Lig—(} [b‘/y}_f} |

50 =

where vy, , vy, = £2ir or k — 1.

Proof. We only consider I ; since the proofs for I; i, Ik, 7, Ik, are similar. Integrating
by parts once in z and together with the property (2.9) gives

LT v E(z,y)
IJJ a, b %// <f E .’1,‘ y) 12\/5 JVf1+1 (47‘-0‘\/%)’]’/& (47Tb\/§)d$ﬁ'dy
0 o0
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Note that B9 (z,y) <; ; Xii] Thus combining with Lemma 2.4 one arrives at (2.12)
with ¢ = 1 and 7 = 0. Repeated integration by parts would then establish (2.12) for all
iand 7. O

2.4. A large sieve inequality

Let S(m,n;c) be the classical Kloosterman sum. We have the following form of the
large sieve inequality (see [6, Theorem 9 ]):

Lemma 2.6. Let r,q, D be positive integers with ¢ and D co-prime. Let C, M, N be pos-
itive real numbers and g be real-valued infinitely differentiable function with support in
[M,2M] x [N,2N] x [C,2C] such that

gititk Zititk
miamiger M €) ik Jren
foralli,j,k > 0. Let

qM N
Cyr -~

Then for any € > 0 and complex sequences a = {an}, b = {b,} one has

ZZ Z Qb nwg(m,n,c)

n cmodD
(e,r)=

9 X—2’l9 M
€ 4 -
<. (qDMNZCY- '/ Ve Z+Xq+’/rD

N
<Z+X +\/ 5 >29||a| 1[b]]2-

Xq =

2.5. Circle method

We will now briefly recall a version of the circle method which has been investigated
by Jutila (see [19] and [20]). In this paper we will employ Jutila’s variation of the circle
method with an important new input - the ‘conductor lowering mechanism’ (see [21],
[22] or [23]). As shows in Lemma 2.7, Jutila’s circle method provides a smooth bump
function of ¢ as ¢ — oo, which is more convenient for us to implement the large sieve
method later.

Lemma 2.7. Let Q > 2 be a large parameter to be chosen later. Let w be a non-oscillating
smooth function supported on [Q/2,5Q/2] with values in [0,1], which equals to 1 on
[Q,2Q)] and satisfies that w'» <; Q=" for any i > 0. For any set S C R, let I denote
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the associated characteristic function, i.e. Is(x) =1 for x € S and 0 otherwise. We also
set

T=Q7" L:=) wgp(q) (2.13)

and define

fiLZ D DA (PRSP 7%)

a mod ¢q

Assume that L >, Q*~¢ for any € > 0. We then have

1

/ 1 — ()2 da <. Q1.

0

3. Proof of Theorem 1.4

For any given integer [ > 2 and X,Y > 1, denote by Sy, r,(X,Y;r) the inner sum
over n,m in (1.5). Hence we write Sy, r,(X,Y) as

Sf17f2(XaY):Z‘Sfl,fzr(X’Y;r)v (314)

where clearly r satisfies » < max(X,Y)/l. Appealing to §(n,0), the Dirac symbol at 0,
one may write

n o m
S (X,Y57) ZZM n)As, (m F(},?) 8(n—m+11,0). (3.15)
Notice that for any positive integer K we have

§(7,0) = Ck +0(7/K,0),

where Cg ; is equal to 1 or 0 according as K |7 or not. We then have

0/1 3 (o)

Thus with the option that 7 = n — m + rl and K = P we obtain a approximation to
St..1.(X,Y;7) by Lemma 2.7:
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1
gfl}fz(X,Y;T) :%0/ Z ZZ)‘fl >\f2 F (%7 g) € (ngG)

bmod P n m

- l
x I(a)e (oz%) da.

Lemma 3.1. We have

- ZX'\?Y PY37,7,(XY P)°
Sf17f2(X7Y;r) :Sflny(X7Y;T)+Of1,f2,E < . ) . (3'17)

VaQ

Proof. By partial summation it follows that

For the middle sum we have 3 Az, (n)e(an) <. z/2PY/3(X P) by Lemma 2.2. Thus
applying Cauchy’s inequality we now arrive at the expression on the right hand side is

o0 %o 1/2
ZZ Z P1/3+5 a 1) 1 )
< //’F =) /|17I(a)| da
00 0
9 1/2
Z/\fz(m)e(—m(a—i—b)/P) da dzdy
0 |m<y
which is bounded by
(XYP)zXx'\/?2ypl/3z,2,
V@

by Lemma 2.7, together with the basic estimate Y . A} (n) <y. O

n<y

Now we proceed towards the estimation of Sy, f,(X,Y’;r). Using the definition of the
approximating function I(«), we get
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Sfl,fz(x,y;r):%qiw DS (a+qb)z/\gl (aq—i}—)bq))

a mod ¢gb mod P (318)

<3 A (-2 B,

where

T

E(z,y) = F (% %) % /e(a(m —y+rl)/P)da (3.19)

-7

with 7, L being as in (2.13). We write v = a + bg, so that Sy, 1,(X,Y;7) reduces to

e Y (M) S e (1) S Apmpe (~73 ) Bt

n

Our focus thus turns to investigating the cancellations of the averages involving the
Fourier coefficients and the harmonics. The Voronoi summation formula would be put
into use in an effort to obtain the transformation formula with the Kloosterman sums and
smooth weights involved. To construct individual Kloosterman sums we would identify
two situations (v, P) = 1 or not. We will now proceed by considering these two cases.

3.1. Case 1: (v,P) =1

In this case one has (7, ¢P) = 1. Thus Sy, 1,(X,Y;r) becomes

Spop(X, Y1) = PLZ > e <T17>;Afl(")e<2_;)

q v mod qP
my
X ZAJQ (m)e (qp) G((Lnam),

where G(gq,n, m) = w(q)E(n, m). Applying the Voronoi summation formula (Lemma 2.1)
to sums over n and m respectively yields, up to a constant factor,

Sf17f2<X Y; T PgL Z ZZ)\fl >‘f2 {S(’I“l m-—n; qP)GJ}J(q,n,m)

q>1 n
(3.20)
+ S(Tl» n+ m; qP)GI,K(qv n, m) + S(Tlv —n—m,; QP)GK’J((], n, m)

+S(rl,n —m; ¢P)Gk k(g,n,m)},

where
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_ 7T 4m\/xn 47t /ym
GJJ q,nm _//anxy‘]ﬁ( qP )Jf2( qP dl’dy,
0 0

Gk, Gk,; and Gg i are defined similarly as G5 ;. Moreover by Lemma 2.5 one easily
finds that every element belonging to {G. s, Gk, Gk, 7, Gk i } is negligibly small unless
2 2 p2 2 22
n < %(XYP)E, m< 2T (xypy (3.21)

for any ¢ > 0.

We may write Sy, 1,(X,Y;7) as a sum of four terms Siz (X,Y;r) say, depending
on the signs of m, n in the Kloosterman sums in (3.20). Correspondingly we denote by
3;:1?2 (X,Y) the contributions of these terms when summing with respect to 7, upon
recalling (3.14). In what follows we only consider the case where r > 0 for the sums
Sfi1 jfz (X,Y), the argument for the situation where r < 0 following similarly. We only
treat S;‘t’,fz (X,Y), upon noting that the argument of the other terms (that is, Sf1 ';2
S;Z and 5;1;2) can follow similarly with it.

By dyadic subdivision we may decompose G j(g,n, m) in the ¢ variable such that

Gra(gn,m) =Y Grrg(g,n,m) (3.22)
Q*>1

with Gy 1,0~ being a smooth function of ¢ supported on g ~ Q*, where Q* runs through
the powers of 2 independently and satisfies that Q/2 < @* < 5Q/2. Analogously, for the
sum over r in 3;;2 (X,Y), we introduce another smooth partition of unity and break

the sum into dyadic segments of size R. Hence we recast 5’;{1;2 (X,Y) as

SZ’]% LZZZ)‘JH )AL (m Z Z S(rl,m - )E(m,n,r,c),

cmod P r

(3.23)

where

E(m,n,r,c) = Gy (c/Pn,mng(r)/c. (3.24)

Here ng is a smooth function supported on [R/2,5R/2]. Notice that R must be of size
at most max(X,Y)/l by the congruence condition and m < S7,n < Sy with

(2,Q*P)°

Sl = X

(XYP)* and S, :=

(Z,Q*P)* .
S (XY P)

for any & > 0. Write m — n = h. Then we split the inner quadruple sum in (3.23) as the
“diagonal term” Dy and the “off-diagonal” term D;, where
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Do(X.Y, Q) =3 S ApmApm) S Y TlocEmnTc)
n m=n cmod P 7
and
Dy (X,Y,Q") Z ZZ S(rl, hic) Z At (m)A g, (M)E(m,n, 7, c).

cmod P 7 h#0 m—n=h

‘We now turn to the estimations of these two terms as follows.

3.1.1. Treatment of Dy
Using the identity for Ramanujan sum

>

c’|(n,c)

so that we write ¢ = ¢/¢” with ¢/|lr and P|¢’¢”. Changing variable r — ¢/r/(c/,1) the
inner sum over ¢ in Do can be rewritten as

’u(;///) Z E(n,n,dr/(c 1), "),

ccald

whence
ZXYR(S1 + S2) —~ p(c”) (P, c") N
Dy < PO Z w7 Z < ZXY RQ* max(Zy, Z,).
c (P C//) |C
ce'~P
(3.25)
This contributes 5‘;{1}2 (X,Y) an amount
o (XYP)ZXY max(Z,, Z,) max(X,Y) (3.26)

PQI ’

upon noting that L > Q?¢.
3.1.2. Treatment of Dq
Using the idea in [2] (namely partial summation) to separate the variables m,n in-

volving the Fourier coefficients Ay, (n), Ar,(m) and the smooth weight =(m,n,r,c), one
might rewrite Dy as

D1(X,Y, Q") / D1 (y)dy, (3.27)
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where

D DD bay ng(r, h,c) (3.28)

cmod P 7 h#0

with

9 _
by = Y An(n)Ap(m) and gy(r.h0) = 5 Elyy — o). (3.29)

m<y
m—n=h

As in (3.22), one may proceed by decomposing gy (r, h,c) in the h and ¢ variables dyad-
ically writing

(r,h,c) Z 9y:H,c (1, R, C), (3.30)
H,C>1

with g,.z,c being a smooth function of h and ¢, supported on h ~ H and ¢ ~ C,
respectively. Recalling (3.24), it is clear from Lemma 2.5 that g,.z,c and all its partial
derivatives are very small unless

CNPQ*, y < S1, H <S4+ 5. (331)

In such truncated range we may thus deduce the bound for the partial derivatives of =
as follows.

Lemma 3.2. Under (3.31), for any non-negative integers i, j, k,l and any € > 0 one has

mind rRd2GIRD (m e ¢) < (XY P)°E (Zo + Z,)' (3.32)
ZXY
R

where £ 1=

Proof. Applying the recurrence relation (2.10) in Lemma 2.3 to the m and n variables
one easily see that

minirkd=( Jkl)(m n,r,c) <K B knR //3cl ( c/ %5 y)) WiWwy

4 4
J ( mc/ym) Jor s < mc/xn) dudy,

Vg —1

where Wy = V0T LU and Wy = 4”‘/7” . Note that the partial derivative %G (¢/Px,y) <
C~!, whence
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i+j
, , vnX vmY

min? rFd2GIRD (m n o e) < (XY P)E (1 + Z’ + 73)

< (XYP)E(Z,+2,) . O

Consequently we infer that the smooth weight g, (7, h, ¢) in (3.30) satisfies
Pk g ) by e) = B {EOTLOR (g — ) + EOLE (g — o)}
E(XYP)* it
<« 2+ 2

for all 4,7,k > 0 and any € > 0. Now an application of Lemma 2.6 gives that

Di(y) <

C

o (T (T

where Z = Z, + Z,, and meanwhile one sees that by Lemma 2.2

S(XYP)EZ (1 . \/ZRH> o

I by [l P/2yH28, 12,
so that (3.27) shows that

Z Dl(vaQ*)

Q*>1

< sup max PY3VE(XYP)°
Q <QH S1Q<F*Sz

( @ \f)( mTH \f)Rl/QSmSl/z

< (XYP) ZXYP~2/3[9R1/? (1 + \/R/P) 710 sup —
Q'<Q

—29
VIRH - VIRH H
X max <l—|— a ) <Z-|— f + —> 511/25;/2
(XY P)e P

{max(Zy,Zy)Q* P}2 PQO*
H< mif)(Xy,Y) Q

( \/ZR7H>_1_219
1+ o

< (xypyeZX¥r AL (

T max(X,Y) /ZP)

1pmax(X,Y)!/?

x max(Z,, Zy) W
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This will thus contribute S;;Q (X,Y) in (3.23) an amount, upon recalling (3.23) and
L > Q27e’

ZXY p5/6 X, V)12 XY
< (XY P)* 1pmax(X, V) ( M) (3.33)

7= max(Zey Zy) e ST 1P

3.2. Case 2: Ply

In this case, changing variable v to 7P, we are led to the equality S o fa (X, Y5r) =

S;l’fz(X’Y;T) thv fz(X,Y;T) with

b )
Sfl fa ()(7 Y, 7')

J%ZZZZ(%ngmm% )ZMé e (="2) Glgunm)

v mod q
and
Sjbcl,fz (X’Y;T)
1 * rly ny my
= s X () e () Sanme (<57 ) ctanm
Plg v mod q n m

Correspondingly we denote by S;-h £, (X,Y) and S;h 7,(X,Y) the contributions when
summing with respect to r outside for these two terms. It suffices to treat S;hh (X,Y;7r),
the argument of 3;17 £ (X 7¥; r) will follow similarly. To do so we follow the line of the
argument of dealing with Sy, ¢, (X,Y;r) in Case 1.

Hence after using the Voronoi summation formula one sees that the estimation of
S}lﬁ (X,Y;r) is boiled down to bounding

p%E 2 2 A (s (), Pl = )i )Gl g mm), (334

where

GJ]q,nm =

7 4m\/Tn 47t /ym
Gq,nyl< )J2( )dxdy.
0/ R\ qvP )P

We observe that GbJ, ;(g,n,m) is negligibly small unless

Z2 2P Z2 2P
n < %(XYP)E, m < 2vd

(XY P)* (3.35)
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for any £ > 0. Decomposing dyadically the r variable r ~ R, and the ¢ variable ¢ ~ Q*
of the sum GJJ(q,n m) such that GJJ(q, n,m) =3 gesy GBJ;Q* (¢,m,m), we see that

Sh L (X,Y) = PgLZZZAﬁ s, (m ZZ S(rl, P(m )C)Eb(m7n,r7c)7

(3.36)

where Z°(m,n,r,c) = G'L’LJ;Q* (¢,n,m)ngr(r)/c. Here the smooth function ng(r) is as
before, R < max(X,Y)/l, and Q/2 < Q* < 5Q/2.

Argue as in Case 1, one can split the inner quadruple sum in (3.36) as two parts (that
is, the “diagonal term” and the “off-diagonal” term) D0 and Dl, say. For Dg, one might
verify that it is dominated by the upper-bound of Dy in (3.25), thereby the contribution

to Sf 1, (X,Y) is less than the bound (3.26). For D%, one has (analogous to (3.27))
D} = [ Ditwa.
1
where

= Z Z Z bh.y 750% iLP; ) gZ(r, h,c)

c 7T h#0

with the function gy denoting the g,-function associated with = =% in (3.29). By dyadic
subdivision one sees that the integrand D} (y) is

< max ZZZ h,y S(rl, hP; C)gy,H/ cr(r,hyc),

¢ r h#0

where QZ;H’,C/ (r,h,c) is a smooth function supported on h ~ H', ¢ ~ C’, and satisfies
that

gyrhc Z ng,C,rhc)
H',C'>1

Now an application of Lemma 2.5 shows that gZ; m ¢ and all its partial derivatives are
very small unless

C'~Q*, y<S8;, r~R, H <S5 +85,

where
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for any € > 0. Moreover it can be easily seen that

A oititk
J

(XY P)
Dridhiock TvH! ¢

rhic (r,h,c) < (Zo + 2,)
with & = ZXY/C' for any non-negative integers i, j, k and any £ > 0. Hence, under

these circumstances above, Lemma 2.6 together with Lemma 2.2 may yield

> DUX,Y,Q")

Q*=>1

1—29
IRH'
< sup max PY3(XYP)FI’'VP ( i )
Q*<Q H'<S1+8S;

o'=Q (3.37)

X Z ( lRH/ ’/ ) ( IRH/ l R1/2511/2511/2

ZXYP11/6Q2 12 max(X, Y)1/2 max(X,Y)
(e 2y) e e (U 1P

T

< (XY P)

which is of the same order as that for Dy (X,Y, Q*). We thus conclude the contribution
from the “off-diagonal” term D to S;hh (X,Y) in (3.36) is bounded by the estimate
(3.33) in Case 1.

Combining with (3.17), (3.26) and (3.33) and choosing @ to be sufficiently large, say
Q = (XY PM)' Theorem 1.4 follows immediately.

4. Proof of Theorem 1.1

In this section we are concerned about the sum

5 |z by () (n)h(n X)

x mod M

2
, (4.38)

where X < Q2%¢ for any ¢ > 0, and x runs over the primitive characters modulo M.
Note that the trivial bound of (4.38) is O(X?/M) which would lead to the convexity
bound for any individual L(1/2, f®x). To get cancellation we expand the square deriving
that

(4.38) Zz/)f (—) Zg@ (>

l\M

<303 vk (£) R (%), (4.39)

r#0 m=n+rl

where we have used the relation
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Y xmx) =Y wla)u(b)

x mod M ab=M
al(m—n)

for any m,n with (mn, M) =1 (see for instance [11]). The first term on the right hand
side of (4.39) is trivially O (X Q%) for any & > 0; while by Theorem 1.4 the second term
is bounded by

1 (XP)°X Ps X (XP)°X Ps o(1)
<Fon 20T (1 ’ \/;> CTSOn 2t

1M

Pl

Mz=?’
and hence Theorem 1.1.

5. Proof of Corollary 1.2

Let us recall that the approximate functional equation (see for instance [17, Chapter
5]) implies that

L127f®X <<Q€ sup T~
pfen <@ sp B

where S(X) are sums of the type
n

S0 =Y A mxmh (%)

for some smooth function h compactly supported on [1/2,5/2] with bounded derivatives.
By Theorem 1.1 we pick up only one term when summing over the family of the primitive
characters getting

5(X) 1 1 Ps
sup —— <K Qite [ &+ — .
X§Q1132+5 \/Y <P4 Miig

Replacing all occurrences of P by M we obtain Corollary 1.2.
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