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1. Introduction

As usual, let s = 0 + it be a complex valuable and Z, Q, R, and C be the set of
integers, rational numbers, real numbers, and complex numbers respectively.
The investigation of the value distribution of the Riemann zeta function

g(s)zgéz I <1_i>_1 (0> 1)
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was started in 1910s. Bohr and Courant [2] showed that for any fixed 1/2 < o¢ < 1 the
set

{¢(og+1it) e C |t € R}

is dense in C. In 1972, Voronin [13] extended this denseness result to the multi-
dimensional space. He showed that for any fixed 1/2 < 0y < 1 and any positive integer
r the set

{(C(oo +it), (o0 +it), ...,V (og + z't)) eC|te R}

is dense in C”. Further, Voronin [14] extended it to the functional space and obtained
the remarkable universality theorem. To state it in a modern form which was established
by Bagchi [1], we define a probability measure on R. Let p be the Lebesgue measure on
R. For T > 0 define

1
v = gudre0T] oo},
where in place of dots we write some conditions satisfied by a real number 7.

Theorem 1 (Voronin [1/]). Let K be a compact subset of the strip 5 < o < 1 with
connected complement and f(s) be a non-vanishing and continuous function on K which
is analytic in the interior of K. Then for any small positive number ¢ we have

h%ilo%f VT(;Srleza%( IC(s+i1) — f(s)] <€) > 0.

Roughly speaking this theorem asserts that any analytic function can be uniformly
approximated by suitable vertical translation of {(s). We call such analytic property of
a function universality.

In general, a Dirichlet series is called arithmetic zeta function if it has the Euler
product expression over prime numbers and some analytic properties. In the proof of
Theorem 1, the fact that the set {logp | p:prime} of Dirichlet exponents of log((s) is
linearly independent over Q plays an essential role. After Theorem 1, several mathe-
maticians proved universality property for many types of arithmetic zeta functions (see
Steuding [12, Section 1.6]).

Let T' be a discrete subgroup of PSLy(R) such that vol(H/T') < co. The Selberg zeta
function for I' is defined by

Ze(s)= [ [T 0 = NP)=75), (1.1)
{P} k=0

where { P} runs through all primitive hyperbolic conjugacy classes of I and N (P) denotes
the norm of P (we give the definitions in §2.). This product converges absolutely in
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o > 1 and has a meromorphic continuation to the whole s-plane. Selberg [10] showed
that the Selberg zeta function bears a strong resemblance to the Riemann zeta function.
Especially Zr(s) satisfies the Riemann hypothesis for some groups T'.

In 2013, Drungilas, Garunkstis, and Kacénas [3] proved that when I' = PSLy(Z), the
Selberg zeta function behaves similarly to the Riemann zeta function regarding non-zero
value-distribution. Namely, Zr(s) has the universality property.

Theorem 2 (Drungilas, Garunkstis, and Kacénas [3]). Let T be the full modular group
PSLo(Z). Let v be a positive constant for which the prime geodesic theorem

7r(x) == Z 1 =Li(z) + O(z®)
{P}
N(P)<z
holds for T'. Let K be a compact subset of the strip O‘T'H < o < 1 with connected com-
plement and f(s) be a non-vanishing and continuous function on K which is analytic in
the interior of K. Then for any small positive number €, we have

1%1£fVT(IS%% |Zr (s +i1) — f(s)| <€) > 0.

At present, the best estimate of the error term of the prime geodesic theorem is
O(z3%7¢) due to Soundararajan and Young [11]. Therefore the universality for Zp(s)
holds in the strip % <o <1

The proof of Theorem 2 is similar to the proof of Theorem 1 in several points. Let D
be the set of positive discriminants. For d € D, let e(d) and h(d) be the fundamental unit
and the class number of the quadratic field Q(\/E) respectively (we state the definitions
of them in §2.1.). Then Zr(s) for T' = PSL4(Z) has the expression

Zr(s) = H H (1 _ 5(d)—Qs—Qk)h(d) .

deD k=0

Let D* be a subset of D consisting of positive fundamental discriminants. The authors
proved Theorem 2 by using the fact that the set {loge(d) : d € D*} is linearly indepen-
dent over Q.

In [3], the authors predicted that the universal property of the Selberg zeta function
also holds for other types of discrete subgroups of PSLs(R). One of them is the principal
congruence subgroup. For a positive integer IV, the principal congruence subgroup of level

N is defined by
E(l 0) (modN)}.
0 1

F(N):{(‘C‘ 2>€SL2(Z): <‘Z 2)

A subgroup A of SLy(Z) is called a congruence subgroup if T(N) C A for some N > 1.
Let T'(N) be the image of I'(N) in PSLy(R). Namely I'(1) = PSLy(Z).
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Now we state our main result.

Theorem 3. Let o > 0. Suppose that the prime geodesic theorem

mr(z) = Y 1=Li(z)+ O(z*) (1.2)

{P}
N(P)<z
holds for all congruence subgroups I'. Let r be a positive integer. Let Ng = 1 and
Ni,..., N, be positive integers which are relatively prime each other and N; > 3. In

the following, we put

Zj(s) = Zf(Nj)(S)-

For each j = 0...r, let K; be a compact subset of the strip O‘T'H < o < 1 with con-
nected complement and f;(s) be a non-vanishing and continuous function on K; which
is analytic in the interior of K;. Then for any small positive number €, we have

I%ioréf vy (Oréljagr Eré%()j |Z;(s+1iT) — fi(s)] < 6) > 0.

This theorem asserts that for a set of Selberg zeta functions associated with principal
congruence subgroups with distinct levels, the universal property for each zeta function
hold simultaneously. We call this type of property for a collection of functions joint
universality.

Luo, Rudnick, and Sarnak [7] proved that the remainder term of (1.2) is O(z1) for
all congruence subgroups, which is the best estimate at present. Therefore the joint
universality for Z;(s)’s holds in the strip 3* < o < 1. Similarly to the prime number
theorem, it is expected that the error term of (1.2) is O(22¢). Therefore we expect that
the joint universality for Z;(s)’s will hold in 3 < o < 1.

The following corollaries are typical and simple consequences of the joint universality
theorem. They easily follow from Theorem 3 in the similar way as the proofs of the

corollaries in Mishou [8].

Corollary 1. Let r be a mon-negative integer. Suppose that integers Ny, ..., N, satisfy
the assumption in Theorem 3. Let og be a real number with O‘TH <og<1andM be a
positive integer. Then the set

{(ZO(UO Fit), - Zo(og +it), -, ZSM V(oo +it), ...,
ZM=Y (g + z’t)) e clr+iM ‘ te R}
is dense in Cr+1OM

Proof. See the proof of [8, Corollary 4]. O
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Corollary 2. Let r be a non-negative integer. Suppose that integers Ny, ..., N, satisfy
the assumption in Theorem 3. Let M be a positive integer. If continuous functions f; :
CU+DM _ € (0 <1< L) satisfy
L
M— _
Z slfl(Z()(S)v T 7ZT(S)7 t Z(g 1)<S)7 T 7ZaEM 1)(8)) =0

=0

forall s € C, then =0 (0<I1<1L).
Proof. See the proof of [8, Corollary 5]. O

Corollary 3. Let r be a positive integer. Suppose that integers Ny, ..., N, satisfy the
assumption in Theorem 3. Let ag, ... ,a, be non-zero complexr numbers. Put

Z(s) = Z a; Z;(s).
=0

Then Z(s) is strongly universal in the strip O‘TH < o < 1. Namely, let K be a compact

subset of the strip with connected complement and h(s) be a continuous function on K
which is analytic in the interior of K. Remark that the function h(s) is allowed to have
zeros on K. For any e > 0

lim inf vy (max |Z(s+it) — h(s)| < 5> > 0.
T—o00 seK

Proof. See the proof of [8, Corollary 3]. O

Corollary 4. Let r be a positive integer. Suppose that integers Ny, ..., N, satisfy the
assumption in Theorem 3. Let aq, ..., a, be non-zero complex numbers. For real numbers

o1, 09 with %‘1 <oy <09 <1andT > 2, denote by N(o1,09,T) the number of zeros
of the function

Z(s) =y a;Z(s)
j=0

in the rectangle {s = o + it | 01 <0 < o9, 0<t<T}. Then we have for sufficiently
large T

N(O’l,O'Q,T) >T.

Proof. See the proof of [8, Corollary 6]. O



240 H. Mishou / Journal of Number Theory 227 (2021) 235-26/

The construction of the paper is as follows. In Section 2, we explain the connection
between primitive hyperbolic elements of I'(/NV) and primitive indefinite quadratic forms,
which are given in Sarnak [9]. In Section 3, we quote some results in [3], which are basic
tools to prove universality for general Dirichlet series. In Section 4, we represent the
logarithm of the Selberg zeta function by a sum of two Dirichlet series over the set of
fundamental discriminants. In the last section, we prove Theorem 3.

2. Connection between indefinite quadratic forms and hyperbolic elements of principal
congruence subgroups

In this section, we explain the connection between primitive hyperbolic elements of
principal congruence subgroups and primitive indefinite quadratic forms. By applying
this connection, we will obtain the infinite product expression of Zp y)(s) over the set
of positive discriminants and the prime geodesic theorem for congruence subgroups. We
quote many notions and results from Sarnak [9] without proofs.

2.1. Primitive indefinite quadratic forms

Let a,b,c be integers such that (a,b,c¢) = 1 and the discriminant d = b? — 4ac is
positive. Then the quadratic form

Q(z,y) = az’® + bay + ¢y,

is primitive and indefinite. We will use [a, b, ¢] to denote such a form. Let D be the set
of positive discriminants, then

D={d€Zso|d=0or1 (mod4), disnotsquare}.

Two forms Q = [a,b,c] and Q' = [a,V, ] are called equivalent in the narrow sense, if

there exists v = (p q) € SL5(Z) such that
s

Q' (z,y) = Q(px + qy,rx + sy),

a ¥
7 | _ ot .
(Z’Q C’) 7( )7

We denote the equivalent relation by @ ~ @’ or [a,b,c] ~ [a/,V/,c']. The following
properties are well known. For more details, see Landau [6].

in other words,

[l

vl o
ﬁ\

(1) If [a, b, c] and [a', V', /] are equivalent, then they have the same discriminant.
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(2) For any d € D, the number of equivalent classes of primitive indefinite quadratic
forms with discriminant d is finite. We call the number of classes the class number.

We denote it h(d).

(3) The group of automorphism of Q = [a, b, ¢] is defined by
Then G is an infinite cyclic group {:I:Mg :n € Z} with a generator

vls
A N

Go = {’y € SLy(Z) ‘ ot (

b

Y a

2 _
T=1»

b o
Mg = ’ Hd) + bu(d) | 21)
au(d) —

where (t(d), u(d)) € Z2, is the fundamental solution of the Pell equation t?—du? = 4.
We call Mg the fundamental automorphism of the form Q.

2.2. Primitive hyperbolic elements

The group PSLy(R) = SLy(R) /{£I} acts on the upper half-plane H by a linear
fractional transformation

= PEtd (zeH,'y:<p q)ePSLg(IR)).
rz+ 8 r s

Let T be a discrete subgroup of PSLs(R). An element P € T is called hyperbolic if its
fixed points are two different real numbers. If P is hyperbolic, the eigenvalues of P are
a>1and 0 < a~! < 1. We define the norm of P by

N(P) = o?.

If P and P’ are I'-equivalent, that is, there is an element v € I' such that P’ =y~ Py,
then N(P) = N(P’). A power of a hyperbolic element is also hyperbolic. We say that a
hyperbolic element P € I is primitive if it is not a non-trivial power of another hyperbolic
element of I'.

Let Mg € SL2(Z) be the fundamental automorphism of the form @ and Mg be the
image of Mg in PSLs(Z). By (2.1) it is easily showed that MQ is a primitive hyperbolic
element of PSL2(Z) and its eigenvalues are

t(d) + u(d)Vd

e(d) = 5

> 1 (2.2)
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and 0 < e(d)~! < 1. Thus we have N(Mg) = (d)?. As usual, we call e(d) the funda-
mental unit of discriminant d. Now we state the connection between fundamental infinite
quadratic forms and primitive hyperbolic elements of PSLy(Z).

Proposition 1. Define the map ¢ by ¢(Q) = Mg. Then
(1) ¢ is a one-to-one map from the set of all primitive indefinite quadratic forms onto

the set of all primitive hyperbolic elements of PSLo(Z).
(2) ¢ commutes with the action of PSLs(Z), so that

QNQI <:>MQNMQ/.

(3) The norms of the conjugacy classes of primitive hyperbolic elements of PSLo(Z) are
the numbers e(d)? where d € D, with multiplicity h(d).

Proof. See [9, Proposition 1.4 and Corollary 1.5]. O

By the proposition, the prime geodesic theorem (1.2) for I' = PSLs(Z) can be rewrit-
ten as

mo(z) = Y h(d) =Li(z)+ O(x®). (2.3)
e(((ii)EQDgw

The Selberg zeta function (1.1) is also rewritten as

Ze(s) = [ ﬁ (1 — e(d)~2=2k) "D (2.4)

deD k=0

when I' = PSLy(Z).
2.3. Principal congruence subgroups

For a positive integer NV, the principal congruence subgroup of level NV is defined by

F(N):{(‘c‘ db>eSL2(Z): (‘i 2)5((1) ?) (modN)}.

Let T(N) be the image of I'(N) in PSLy(Z). The following basic property of the principal
congruence subgroup is well-known.
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Lemma 1.

(1) For any integer N > 1, the group T'(N) is a normal subgroup of SLy(Z) and

V'(N) =[SLy(Z) : T(N)] = N* [ | (1 - %) .

pIN
(2) If N >3, then —I ¢ T(N). Namely, T(N) is a normal subgroup of PSLy(Z) and

V(N) = [PSLs(Z) : T(N)] = %u*(zv).

Proof. See, for instance, [5, Section 11.5]. O
Remark that when (M, N) =1,
NM)NT(N)=T(MN) (2.5)
and
v (M)v*(N) =v*(MN) (2.6)
hold. In contrast, concerning I'(N) we have the following lemma.

Lemma 2.

(1) Let M and N be positive integers with M, N > 3. If (M,N) =1, then T(MN) is a
subgroup of T(M) NT(N) satisfying

[O(M)NT(N):T(MN)] = 2.
(2) Let Nq,..., N, be positive integers which are relatively prime each other and N; > 3.
Put N =[[;_, Nj and
'(N) = () T(V)
j=1

Then T(N) is a subgroup of T'(N) satisfying
[['(N):T(N)] =21

Namely, T'(N) is a normal subgroup of PSLs(Z) satisfying

[PSLy(Z) : T (N)] = H ”*(;Vj) = %y*(zv).
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Proof. First we prove that
T'(M)T(N) = SLy(Z) (2.7)
when (M, N) = 1. By the second isomorphism theorem and (2.5),
L(M)T(N)/T(N) =T (M)/(T(M)NT(N)) = L(M)/T(MN).

Therefore, by (2.6),

[C(M)T(N) : T(N)] = [[(M) : T(MN)]

_VMN) ey = .
= =V () = [S1a(2): (),

which means (2.7).
Next, we consider the similar problem in PSLo(R). By the second isomorphism the-

orem,

By (2.7), we have T(M)T'(N) D T(M)T(N) = PSLy(Z). Therefore

[O(M):T(M)NT(N)] = [PSLy(Z) : T(N)] = %y*(N).

Now we have

%y*(MN) = [PSLy(Z) : T(MN)]

= [PSLy(Z) : T(M)][T(M) : T(M)NT(N)][[(M)NT(N) : T(MN)]

Therefore, by (2.6),

[[(M)NT(N):T(MN)] = 2.

This completes the proof of the first assertion of the lemma. The second assertion easily
follows from the first assertion. 0O

For a positive integer N, define the sets of discriminants
Dy :={d€ D | Nlu(d)} (2.8)

and
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Dy :={d€ Dy | t(d)==+2 (mod N)}, (2.9)
of D. It is obvious that when (M, N) =1,
Dy N Dy = Diyy (2.10)
and Dy N Dy 2 Dy n hold. Now we prove the following lemma.

Lemma 3. For a primitive hyperbolic element P € PSLy(Z), denote by dp the discrimi-
nant of the primitive quadratic form which is corresponding to P by Proposition 1.

(1) If N is a positive integer with N > 3,

PcT(N) <= dp € Dy. (2.11)
(2) If N is a prime number with N > 3, then Dy = Dy. Therefore

PecT(N) <= dp € Dj. (2.12)

3) Let Ny,...N, be positive integers which are relatively prime each other and N; > 3.
J
Put N = N;--- N, and I'(N) is the subgroup of PSLy(R) given in Lemma 2. Then

PeT'(N) <= dpe () Dy, (2.13)
j=1
In particular, if Ny,... N, are distinct prime numbers with N; > 3, then
PeT/(N) <= dp € Dy. (2.14)

Proof. The second assertion has already been obtained in [9, Proposition 3.3], however,
we give the proof of all the assertions. By Proposition 1, the primitive hyperbolic element
P may be identified with the fundamental automorphism

td) —bu(d)
Mg = 2 t(d) + éi)(d)
au(d) —

of the form @ = [a, b, ¢] with discriminant d. Mg € T'(N) if and only if

H(d) = bu(d) _ (d) + bu(d)

= +1,
2 2

—cu(d) = au(d) =0 (mod N).
Since (a,b,c¢) = 1, we have

u(d) =0, t(d)==+2 (mod N).
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This means d € Dy.
Next we assume that N is a prime number with N > 3. If d € D’y then u(d) =0
(mod N). Since (t(d),u(d)) satisfies the Pell equation t? — u?d = 4, we have

t(d)> =4 (mod N).

When N is a prime, this means ¢(d) = £2 (mod N), that is, d € Dy. We obtain the
second assertion.

The relation (2.13) easily follows from the definition of T/(N) in Lemma 2 and the
first assertion. Further if Ny,..., N, are distinct primes with N; > 3, by the second
assertion and (2.10) we have,

(195, = (), = P, = .
Therefore (2.14) is obtained as the special case of (2.13). O

The Selberg zeta function for T'(N) is defined by

Zeoy(s) = 1 H (1= N(Py)—7F),

{Pn}nN k=0

where Py denotes the primitive hyperbolic element of T'(N) and {Py}y denotes its
['(N)-conjugacy class. By Lemma 1, the PSLo(Z)-conjugacy class {Pn} of Py is di-
vided into I'(IN)-conjugacy classes {’yflPN’yj}N, where 71 ...7,(n) are representatives
of PSLo(Z /F ) and v(N) is the constant in Lemma 1. By Proposition 1, Lemma 3
and the above argument, we have the following expression

Zeow(®) = ] H (1 — e(d)2=2)MO" 5 o), (2.15)
deDn k=0

Next we will obtain the prime geodesic theorem of the type (2.3) for the congruence
subgroups. Let I be a discrete subgroup of PSLy(R) and M = H/T be its Riemann
surface. Let C'P(T") denote the set of oriented closed geodesics on M. For v € CP(T") let
7(7y) denote the length of . As we know, each closed geodesic v € CP(T") is associated
with a I'-conjugacy class { P, }r of the primitive hyperbolic element P, € I" and we have
7(y) =log N(Py). Thus the function 7r(z) is represented as follows

mr(x) =4{y € CP(T): 7(vy) <logx}. (2.16)

Now we assume that Ny, ..., N, are positive integers which are relatively prime each
other and N; > 3. Put N = H;Zl N;. By Lemma 1 and Lemma 2, the subgroup
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is a normal subgroup of T'g = PSLy(Z). Geometrically speaking, this means that the
surface My = H /Ty is a finite regular cover of the surface My = H /Ty and the group of
cover transformations G is isomorphic to I'g /Ty . As usual, we call an oriented primitive
closed geodesic on the surface M a prime in M. Let m : My — M, be the natural
projection. We say that a prime 4 in M; lies over a prime v in My if 7(5) = 7. Now we
quote the following result.

Lemma 4. For a prime~y € CP(Ty), let m be the order of Py, € T'y in the group G =Ty /Ty
and k = |m£| Then ~ is decomposed into the primes 71,...,9x € CP(T1) such that

T(%5) = m7(7y) for all 1 < j < k. Especially, P, € T'1 if and only if v splits completely
in My, namely, 7(3;) = 7(7y) for all 1 < j <|G|.

Proof. This is [9, Proposition 2.3]. O

By (2.16) and the above lemma,

o () = {a ccpr): (=" }

+ {a e CP(Ty) : :W)

=[Gl {7 ecpry): 1Y

Thus we have

1
> 1= @)+ Ol (V).
{P}Fo
Pel'y, N(P)<z

For the group T'; = T'(N) or IV(N), let Dr, be the associated set of discriminants by
Lemma 3. Then by (1.2), Proposition 1 and Lemma 3, we have

1
2 M) = psr,z) T

deDr,
e(d)’<z

Li(z) + O(z%).

Namely, by Lemma 1 and Lemma 2, we obtain the following prime geodesic theorem.
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Proposition 2.

(1) Let N be a positive integer with N > 3. Then

> h(d) = p(N)Li(z) + O(z®) (2.17)
deDn
e(d)?<z
holds, where
2 1
N = T )

and v*(N) and v(N) are the constants in Lemma 1.
(2) Let Nu,..., N, be positive integers which are relatively prime each other and N; > 3.
Then

> @) = [ [] n(@V;) | Li(z) + O@®). (2.18)
def)_, Dn; j=1
e(d)’<z

In particular, if N1, ..., N, are distinct primes with N; > 3,

> h(d) = p/(N)Li(z) + O(z*) (2.19)
deDy
e(d)’<z

holds, where

e TT 22
0 =113 = vy

The formulas (2.17) and (2.18) play essential roles in the proof of Theorem 3. Remark
that when N is a prime number with N > 3, (2.17) and (2.19) mean the same formula

2 _ N
> wd) = N 1)) + 0@,
Nlu(d)
e(d)? <z

which was [9, Theorem 3.4].
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3. Basic tools for to prove universality

Let us consider a general Dirichlet series of the form

> (3.1)

A€A

where A = {\} is a monotone increasing sequence of positive real numbers tending to
infinity and a) € C. In this section, we quote three propositions in Drungilas, Garunkstis,
and Kacénas [3], which are basic tools to prove the universality for the general Dirichlet
series.

Proposition 3. Suppose that the general Dirichlet series (3.1) satisfies the following con-
ditions:

(1) (3.1) converges on some half-plane,

(2) (3.1) has an analytic continuation to a function L(s) which is meromorphic for
o>o01>1/2,

(3) L(s) is polynomial growth in o > o1,

(4) L(s) satisfies a mean value estimate

T

1

lim — [ |L it)|? :

Tl—{réoT/l (o +it)|*dt < oo (0 > 01)
0

Let K be a compact subset of 01 < o < 1 with connected complement. Then for any
small positive real numbers € and €1 there exists a large positive real number Qo such

that if Q > Qo,

. y p— aA p—
p| 7 €0.7]: max | L(s + ir) ; Serm| <ep | > A -eT

er<Q

Proof. This is [3, Proposition 2.2]. O

This proposition means that the Dirichlet series satisfying the mean value estimate
can be uniformly approximated by the Dirichlet polynomial with sufficient length for
almost all vertical translation.

Definition 1. For = > 0 put

N(x) := Z |ax].

A<z
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We say that the series (3.1) satisfies the packing condition if for any ¢ > 0 and € > 0,
c _
‘N (m + ﬁ) - N@)‘ > e1=9)z, (3.2)

The following proposition is called the general denseness lemma, which follows from
some results in functional analysis such as the theorem of Hahn-Banach.

Proposition 4. Suppose that the general Dirichlet series (5.1) satisfies the packing condi-
tion (3.2). Let K be a compact subset of% < 01 <0 <oy <1 with connected complement
and f(s) be a continuous function on K which is analytic in the interior of K. Then
for any p > 0 there exists a positive constant pg = po(o1,02, K, f, ) such that for any
p > po there is a sequence 0y € [0,1) for which

a,\e(e,\) |CL,\‘2
Isneai? f(S) o Z e)\s S CK Z 62)\01 ?
AEA AEA
p<e*<p p<e*<p

where e(x) = e2™ and C is the constant depends only on 01,09, K and A.

Proof. This is [3, Proposition 2.3]. O

As we stated in §1, in the proof of the universality theorem for a function given by a
Dirichlet series, the linearly independence of the set of Dirichlet exponents over Q plays
an essential role. We need this condition to apply the following proposition.

Proposition 5. Suppose that the general Dirichlet series (3.1) satisfies the following con-
ditions:

(1) the set A is linearly independent over Q,
(2) the series

|ax|?
Z 62)\0'

AEA
converges for o > a.
For numbers 6y € [0,1) (A€ A), 0 <p<pand0<d<1/2, we consider

A
St = Sr(d, 1, p) = {7’ €10,7]: H_;—W — 0

<4 (u<eA§p)},

where ||z|| = min{|z — n|: n € Z}.
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(1) We have

M(ST) _ (25)M,

lim
T— 00

where M =4{A € A : u < e* < p}
(2) Let K be a compact subset of « < o < 1 and Q be a positive real number with Q > p.
Denote by S’ the set of T € St satisfying

2
ax / |a>\‘
Isnea}}(( Z eA(s+iT) = CK Z e2A01 ’
p<e*<Q e*>p
A€A AEA

where o1 is a real number satisfying o« < o1 < min{Rs: s € K} and Cf = Cik(01)
be a positive constant depending only on K and o1. Then we have

!
lim M>

1 M

Proof. This is a combination of [3, Lemma 2.9] (Generalized Kronecker’s theorem) and
[3, Proposition 2.8]. O

4. Approximation by sum of Dirichlet series over fundamental discriminants

In this section, we express the logarithm of the Selberg zeta function by a sum of two
Dirichlet series over the set of fundamental discriminants.

4.1. Approximation by a Dirichlet series over fundamental discriminants

Define the set of positive fundamental discriminants by

D*={d€Zsop:d=1 mod 4, dis square-free}

U{d=4m:m € Zso, m=2,3 mod 4, m is square-free} .
Drungilas, Garunkstis, and Kacénas [3] proved the following proposition.
Proposition 6. For d € D, let (d) be the fundamental unit given by (2.2). Then the set
{loge(d) : d € D*}
1s linearly independent over Q.

Proof. This is [3, Proposition 3.1]. O
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The authors also proved that the logarithm of the Selberg zeta function for PSLo(Z)
is approximated by the Dirichlet series over the fundamental discriminants. According to
their method, we will represent the logarithms of Z;(s) by Dirichlet series over a subset
of D*. Let N be a positive integer which is square-free. For a subset Dy given in (2.9),
define

D% = Dy N D*.
Let v(N) be the constant in Lemma 1 when N > 3. When N = 1, put v(1) = 1. For

d € D*, put b(d) = ${n € N : n|u(d)}. Define a non-decreasing sequence {yy,} of positive
real numbers by

{yn} = {e(d)™ : d € D*, m € N}.

Proposition 7. For each j = 0...r there exist a sequence {aEf)} of complex numbers such
that for o > 1,

hd)b(d) = al)
log 2,(s) = () 32 MOUD | gh et (4.1)
deDy,, d n=1 In

where the second series converges absolutely for o > 1/2.

Proof. By (2.15),

—25\ M) (N;)
Zi(s)= J[ (1-e@>) Zij(s+1)
dEDNj

— Ry(s)Z,(s + 1),

where the function R;(s) is called the Ruelle zeta function. By taking logarithm of both
sides, we have

log Z;(s) =log R;(s) +log Z;(s + 1), (4.2)

where the second term is absolutely convergent for ¢ > 1/2. By the Tailor expansion of
lOg(l - x)a

log Rj(s) = > v(N;)h(d)log (1 — &(d)™>*) (4.3)

dGDNj

>~ h(d
— ) Y Zﬁ

dEDNj =
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h(d . h(d
= —v(Nj;) Z E(c(l)ger Z kZZkE(c(i)gks )

dGDN]. dEDN], =

where the second double series converges absolutely for o > 1/2.
Now we rewrite the first sum

dGDNj
to the sum over the set D7vj~ By definitions of Dy, and D}‘Vj,
Dy, \ Dy, = {d' = dn®:d € Dy, n>1}.

Put E* = {e(d) : e € D*}. Assume that the discriminant d’ = dn? € Dy, \ Dy, satisfies
e(d’) € E*. Then there is some d; € D* satisfying £(d’) = £(dy). This means that

t(dn?) + u(dn®)Vdn® _ t(dy) + u(dy)v/dy
2 2

and that
d=dy and nju(d).

Therefore, if we put b(d) = #{n € N : nju(d)}, we have

dEDNj

By the property of fundamental units (see, for instance, Davenport [4, Chapter 6]), we
have

{e(dn®):d € Dy, n>2, e(dn®) ¢ E*} C {e(d)™ : d € D, m > 2}.

If e(dn?) = (d)™ holds, then

t(dn?) + u(dn®)Vdn? _ (t(d) + u(d)ﬁ)m _ tw(d) + upn(d)Vd
2 2 2

for some integers t, (d), unm(d). This means that for fixed d and m
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f{neN:e(dn®) =e(d)™} < > 1< e(d)™.
nltm (d)

By this and the trivial estimate h(d) < d, the second series in (4.4) is estimated by

<<6ZZ (20’6 <<Z 40’16

deD* m>2 ED*

Therefore the second series in (4.4) is absolutely convergent for ¢ > 1/2. Combining
(4.2) with (4.3) and (4.4), we obtain (4.1). O

In the following, we put

L=y MY (15

for each j =0,...,r
4.2. Outline of the proof of the universality for individual zeta functions

In [3], the authors proved that the series

for PSLs(Z) has the following analytic property.

Proposition 8. Let the function r(s) be an analytic continuation to o > 1/2, t > 0, of
the Dirichlet series

h(d)b(d
3 ()g)

& =@

Then r(s) is of polynomial growth for o > «, where « is the same constant in the prime
geodesic theorem (2.3), and

lim */|7"0+zt )|?dt = ZM

T=oo T e(d)to
deD*

a+1
for o> 5=,

Proof. This is [3, Proposition 3.4]. O
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This proposition follows from the prime geodesic theorem (2.3) for PSLy(Z) and the
next lemma.

Lemma 5. Define a non-decreasing sequence {xn} of positive real numbers by
{e(d)?:de€ D*}UN ={z; <xy <x3---}.

Then the inequality

x — Ty >
n+1 n_xn+1

holds for each n > 3.
Proof. This is [3, Lemma 3.7]. O

By the prime geodesic theorem (2.3) for I' = PSLy(Z), we have

x

€
> —

(e 5)) -

for any positive constant ¢. This means that the packing condition (3.2) holds for the

series Lo(s). Therefore, by Proposition 7 and Proposition 8, the series Lo(s) satisfies all

the assumptions of Propositions 3-5 in the strip O‘T“ < 0 < 1. Theorem 2 follows from
these propositions and Proposition 6.

Now we have the prime geodesic theorem (2.17) for principal congruence subgroups, so
the packing condition (3.2) and Proposition 8 also hold even if we replace D* by a subset
D%,. From this and Proposition 7, as Drungilas, Garunkstis, and Kac¢énas [3] predicted,

the ordinary universality theorem for each Z;(s) holds in the strip ”‘T“ <o<l
4.3. Definition of L;l)(s) and L;Q)(s)

To prove Theorem 3, we divide the series

into two sub series.

Definition 2. For each j = 0...r, we define subsets D;l) and Dj(?) of Dy as follows.

(1) For j =0,

2 * 1 * 2
D =|J Dy, DS’ =D*\DP.

i=1
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(2) Forj=1...r,
2 * * 1 * 2
p® = (DijDNi), D" = Dy \ DY\

=1
1#]

For instance, when » = 1 we have
DY =p*\ Dy, D =DV =Dy, DP =0
When r = 2 we have
1 * * * 2 * *
DY = D*\ (Dy, UDY,), DS =D3 UDj,
D = D3 \ (D, N Dy,), D(z):D}*\, N Dy,
1 * * * 2 * *
D§)=DN2\(DN10DN2) DS = Dy, N Dy,

It is clear that D;l) UD§-2) = D}‘Vj for each j = 0,...,r and that all D;l) (j=0,...,7)
and ngo D§2) are disjoint. Now we prove that each Dj(-l) has a positive density.

Proposition 9. For x > 0,

> h(d = OyLi(z) + O(z), (4.6)
deD{"
e(d)?<z
where
[Tici (1 = p(V2) (j=0),

O D Tt (1= p) G =1.0),

and u(N) is the constant in Proposition 2.

Proof. First recall the prime geodesic theorem (2.3) for PSLo(Z)

3" h(d) = Li(z) + O(*),

deD
e(d)’<z

By the argument in §4.1, the left-hand side is rewritten as follows.

ST oh@pd)+ Y >

deD* deD* n>2
e(d)’<=z e(dn®)<z

e(dn)¢E
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The second term is estimated by

Therefore we have for j = 0,

> h(d)b(d) = Li(z) + O(z*).
i<

By the first assertion of Proposition 2, we also have for j =1...r,

> h(d)b(d) = p(N;)Li(z) + O(z*).
deD;,j
e(d)’<z

Further, by the second assertion of Proposition 2,

> h(d)b( (H (N, ) )+ O(z%),
deD7 iel
e(d)?<z
where D} = (;c; Dy, for asubset I C {1,2,...,7}. Now we prove the proposition.

we consider the case j = 0. By the definition of D61)7 (4.7) and (4.9),

STor@bd =4 >+ > (= > S h(d)b(d)
deD(gl) deD* Ic{1,...,r} deDj
e(d)*<a e(d)’<u c(d)®<a

= CoLi(x) + O(z*),

where

Next we consider the case j = 1,...,r. By the definition of D§1), (4.8) and (4.9

),

257

(4.7)

(4.8)

(4.9)

First
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S on@dpd) =< >+ > pih > h(d)b(d)
dep(V deDy,  IC{L,..r} deDy D}
e(d)?<z e(d)’<z gel c(d)’<z

= C,Li(z) + O(z),

where

By (4.7)—(4.8) we also have the prime geodesic theorems for D§2)

> mdp(d) = CPLi(z) + O(=), (4.10)

(2)
deD;
e(d)? <z

where C’J(.Z) >0 for each j =0,...,r. We divide L;(s) into two sub series

I
>
—
S
=N
N[~
59
~—
+

=
S
—
o
[~
U
—

Lj(s)

Now we have the prime geodesic theorems (4.6) and (4.10), which are corresponding to
each series Lél)(s) and ng)(s). By the same argument in the previous section, for each
7 =0,...,7, the following statements hold:

L;(s) satisfies the assumption of Proposition 3.
(2) L(-l)(s) satisfies the assumption of Proposition 4,
(3) le)(s) and L;Q)(s) satisfy the assumption of Proposition 5.

5. Proof of Theorem 3

To simplify the proof of Theorem 3, let us define some symbols. For a Dirichlet series
L(s) = > e 2= and positive numbers X <Y, we put
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ay ax
Lx(s)= Z pvE Lx<y(s) = Z s
AEA AEA
er<X X<er<y

Assume that compact subsets K; and functions f;(s) satisfy the assumption in The-
orem 3. Let o1 be a real number with QT'H < op <min{Rs : s € U;ZOKj} and oo be
a real number with max{Rs : s € U/_oK;} < 0o < 1. We will show that for any small
positive number ¢ and any sufficiently large number T' there exists a subset Cp of the
interval [0, 7] with positive density such that for any 7 € Cp

I = max llog Z;(s +i1) —log f;(s)| < e (5.1)
s€K;

holds for each 57 =0,...,r. By Proposition 7,

o (5)

log Z;(s) = —v(N;)L;(s) + Z ayns
n=1 n

(5.2)

holds for o > 1, where L;(s) is given by (4.5), y, is a non-decreasing sequence given by
{yn} ={e(d)™ :d € D*, m € N}

and the second series converges absolutely for o > 1/2. Fix a sufficiently large positive
number p3 such that

ar €
| 2 | <2 (53
Yn>pP3
holds for each 7 =0,...,r. Put
(4)
1 a
e V(N]) Yn<p3 y:l
and
gi(s) = log f;(s)
! (V) =
Then, by (5.1)—(5.3),
I < u(N))I} + % (5.4)
holds for all 7 € R, where we put
I} = max | L;(s 4 i7) + LS’;S (s +it) —g;(s)]. (5.5)

seK;
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Let us divide I ]' into seven parts. Recall that all L;(s) satisfy the assumption in Propo-
sition 3. We may say that L;(s) can be replaced by the Dirichlet polynomial L; x(s) if
X > 0 is a sufficiently large number. Fix a sufficiently large positive number py satisfying

p2 > ps and
4
/ [h(d)b(d)|? £
5.6
G | 2 e(d)dor < 14v(N;) (5.6)
deD{?
e(d)*>p2
foreach j =0,...,r, where C = C’(01) is a positive constant in Proposition 5. Assume

that X > ps. By (5.5) and the Cauchy-Schwarz inequality, we have

7
(k)
n<n+y 0, (5.7)
k=4
where
I —max|L Y(s+ir) + L) (s) + L) (s) — g;(s)] (5.8)
i T eR 3:p2 9i\8)1s :
4 _ . (2)
I gréz}{xw 2(S+%T) L ()l
(5) _ ;
Ij irel%(X|Lj p2<X(S+ZT)|’
6 .
IJ(. ) — géz}(xw (s +147) — Lj x (s +1i7)],
and

(s +ir) — LI (s)].

J:P3

Ijm = max |L

J,p3

Next we apply Proposition 4 for each series Lg-l) (s). Fix a sufficiently large number p; > 0
satisfying puq, > p3 and

3 [h(d)b(d)|* 2

Ck, <
K c(d)ir T 14u(N;)
deD{V
E(d)2>ﬂ1
for each j = 0,...,r, where Ck is the positive constant in Proposition 4. By this and

Proposition 4, there exists a positive constant pg > p1 such that if p; > pg there exist
numbers

67 €10,1) (de DV, u <e(d)? < p)
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such that
b d)e@F) | o ©) ® :
?61?(}5 Z c d)gs +L]p.1( )+L (S)+Lg,p3(s) g]( ) QSI/(N)
deD§"
p1<e(d)®<p1
(5.9)
holds for each 7 =0,...,r. Here we may assume that p; also satisfies
1
, |[1(d)b(d)? €
—_— _— 1
i | 2 e(d)do S 1N, (5.10)
deD{V
e(d)?>p1

foreach j =0,...,7. Let X > max{p1, p2}. By (5.8) and the Cauchy-Schwarz inequality,

3
I;/ < ZIJ('k)7 (5.11)
k=1
where
a €y (1) (2) (3)
I; ?é?{x‘[’ym<p1(5+”)+l’ym( )+L ,(s) — Ljps( sl (5.12)
2
[](. ) — Irelz}(x \Lg ;1(8-1-17') Lj i (s)],
and

3 .
I( ) —Eég}()dL]p <X(S+Z7’)|.

Combining (5.7) with (5.11), we have

\ /\

7
Z . (5.13)

Now we define a subset of the interval [0, T]. Put

2

" k
Dpyopy = J{de D :e(@)? < 1
k=1 j=0

Since all sets D§1) (j=0,...,7)and ngo Dj@) are disjoint and the relation p3 < pa, p3 <
p1 < p1, we can define the numbers 04 (d € D, ,,) as follows
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67 (m <e(d)?<piandde DV for j=0,...,r),
;=<0 (e(d)® <y and d e Jj_, Dj(-l)),
0 (e(d)* < pg and d € U], DJ(-Q)).

For a real number ¢ with 0 < § < 1/2, define

— 04

Sr(0) = {T €0,7): H_M

< ¢ forallde Dm,pz} .

By the continuity of the Dirichlet polynomials, if we fix a sufficiently small § > 0, we
have for 7 € S ()

h(d)b(d)(e(d)~*" — e(6a)) £
. 5.14
max| D () < 380, (5.14)
deD"
p1<e(d)®<p1

By the definition of 8,4, (5.9) and (5.12), we have

M € 5.15
7S T(N) (5.15)
for 7 € Sp(). Similarly we have
1@ @ m ° 5.16
7 L < (5.16)

for any 7 € St(9). By Proposition 5-(1), the set St(d) have the positive density,

St(6
lim w = (20)0mree = M, .. (5.17)
where the number D, ,, is computable according to the argument in [9, Chapter 4].
By Proposition 5-(2), (5.6) and (5.10), there exists a subset Ar of St(d) such that

. p(Ar) 1
T 7 g

(5.18)

and that we have for any 7 € A,

h(d)b(d) £
. =1,2
e, 2. ()26 | < () (k=1,2),
deD{™
prp<e(d)?<X

that is
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9,19 < (5.19)

141/(NJ) ’

Now we apply Proposition 3 for the series L;(s), € = m, and e; = iMm,pz' Then
there is a positive constant Xy such that if X > X the set By of real numbers 7 € [0, T
for which

) h(d)b(d) €
max L;(s +it) — — | < ,
sek; |7 deZ.;j (d)2G+im) | T 14w (N;)
pe(d)’<X
that is
(6) €
I — 5.20
IS Tw(N) (520)
has a positive density
. w(Br) 1
Jim S S 1 = M, (5.21)

Now we fix a positive real number X satisfying X > max{p1, p2, Xo}. Put
Cr = Ar N By.
By (5.18) and (5.21), we have

. M(CT) 1
A g > Mo, >0

=

For any 7 € Cr, the inequalities (5.15), (5.16), (5.19) and (5.20) hold. By (5.4) and
(5.13) we have

I; = max llog Z;(s +i1) —log f;(s)| < ¢,
sek;
for any 7 € Cp. This completes the proof of Theorem 3. O
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