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0. Introduction

In the first section, we recall the general set up, and some basic results. In the sec-
ond section, we generalize the criteria of [R-L, Thm. 1] and [Ka-RLSA, 5.1] for finite
(arithmetic and geometric) monodromy to more general local systems. In the third sec-
tion, we apply these criteria to show that certain local systems have finite (arithmetic
and geometric) monodromy groups. In the fourth section, we show that the finite mon-
odromy groups in question are the Conway group Cog in its 23-dimensional irreducible
orthogonal representation.

1. The basic set up, and general results

We fix a prime number p, a prime number £ # p, and a nontrivial @X-valued additive
character ¢ of F,,. For k/F, a finite extension, we denote by v, the nontrivial additive
character of k given by 9y := 1 oTraceyF,. In perhaps more down to earth terms, we fix
a nontrivial Q(u,)*-valued additive character ¢, of F,,, and a field embedding of Q(u,)
into Q, for some £ # p.

Given an integer D > 3 which is prime to p, a finite extension k/F,, and a polynomial
f(z) € k[z] of degree D, we form the local system F, p ¢ 1 on A!/k whose trace function
is given as follows: for L/k a finite extension, at L-valued points ¢t € A'(L) = L, is given
by

ter = > Pr(f(@) +to).

€L

This is a geometrically irreducible rigid local system on A!, being the Fourier Trans-
form of the rank one local system Ly (f(z))- It has rank D — 1, it is totally wild at oo,
and each of its D — 1 I(oo)-slopes is D/(D — 1). It is pure of weight one. [When f(z) is
oD it is the local system F(F,, 1,1, D) of [Ka-RLSA].]

Suppose in addition we are given a nontrivial character y of k*. For L/k a finite
extension, we obtain a nontrivial character xz of L* by defining xz, := xoNormy, /.. We
then form the local system F,, p f, on A'/k whose trace function is given as follows: for
L/k a finite extension, at L-valued points t € AY(L) = L, is given by

s = dr(f(z) +to)xw(@).

xEL

This too is a geometrically irreducible rigid local system, being the Fourier Transform of
the rank one local system Ly ((q)) ® Ly (). It has rank D. Its I(co) representation is the

direct sum of the tame character £ with a totally wild representation of rank D — 1,

X ()
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each of whose D — 1 I(00)-slopes is D/(D — 1) [Lau, Thm. 2.4.3]. It is pure of weight
one. [When f(x) is 2, it is the local system F(F,, 1, x, D) of [Ka-RLSA].]

Lemma 1.1. (Primitivity Lemma) We have the following results.

(i) If both D and D — 1 are prime to p, the local system Fy, p ¢1 is not geometrically
induced, i.e., there is no triple (U, 7, H) consisting of a connected smooth curve U/E,
a finite etale map f : U — A'/k of degree d > 2, and a local system H on U such
that there exists an isomorphism of m,H with (the pullback to A'/k of) Fpp.f1-

(ii) When D is prime to p, then for any nontrivial x, the local system Fp p f 1S not
geometrically induced.

Proof. In case (i), our local system is an Airy sheaf (the Fourier transform of a noncon-
stant lisse sheaf on A! of rank one). By a result [Such, 11.1] if an Airy sheaf is induced,
it is Artin-Schreier induced, so has rank divisible by p.

For (ii), we argue as follows. If such a triple exists, then we have an equality of Euler
characteristics

EP(U,H) = EP(A'/k,m,H) = EP(A'/k, Fp0.1x)-

Denote by X the complete nonsingular model of U, and by gx its genus. Then 7 extends
to a finite flat map of X to P!, and the Euler-Poincaré formula gives

EP(U,H) = rank(H)(2 — 2gx — #(7 () = > Swan,(H),

wer—1—(00)

EP(A'/k,Fp b t) =r1ank(Fp, p sy ) — Swan (Fp.p.fy) = D — D = 0.

So we have the equality

0 = rank(H)(2 — 29x — #(r'(0))) = > Swan,(H).

wer—1(c0)

We first bound the genus gx. We must have gx < 0, otherwise the factor 2 — 2gx —
#(m1(o0)) is < —1, and the right hand side is strictly negative.
Thus gx = 0, and we have

0 = rank(H)(2 — #(7(0))) — Z Swan,, (H).

wen—1(c0)

If #(7~1(00)) = 1, then U is P!\ (one point) = A!, and so 7 is a finite etale map
of Al to itself of degree > 1. But any such map has degree divisible by p. Indeed, when
the map is given by the polynomial F(x), the hypothesis is that for every ¢ € k, the two
equations F'(x) = t, F'(x) = 0 have no common solution. If F’ had a zero, say a, then
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a would be a solution of F(x) = F(a),F'(x) = 0. Thus F’ has no zeroes, so is some
nonzero constant A, and hence F(z) is of the form G(z)? + Ax.

We cannot have #(m~1(00)) > 3, otherwise the factor 2 — #(771(c0)) is strictly
negative, and the right side is then strictly negative. It remains to treat the case when
#(m71(c0)) = 2 (and gx = 0). Throwing the two points to 0 and oo, we have a finite
etale map

7: Gy — Al
The equality of EP’s now gives
0 = Swang(H) + Swan,. (H).

Thus H is lisse on G,,, and everywhere tame, so a successive extension of lisse, everywhere
tame sheaves of rank one. But m,H is irreducible, so ‘H must itself be irreducible, hence of
rank one, and either Qy or an £,. [It cannot be Qg, because m,Qy is not irreducible when
7 has degree > 1; by adjunction 7,Q, contains Q;.] Now consider the maps induced by
7 on punctured formal neighborhoods

7(0) : G (0)— Al(00), 7(00) : Gpn(o0) — Al(00).
The I(oo)-representation of F, p ¢,y is then the direct sum
m(0). L, & m(00)Lp.
Denote by dg and dy, their degrees. For any tame L£j, we have
7(0) LA = Lpag, 7(00) LA Lpdeo-

Since the tame character group is divisible, there exist Ay with Ago = p (in fact, as many
as the prime to p part ng of dy = ng x (a power of p)), and there exist A, with Ad> = p
(in fact, as many as the prime to p part n. of dee = noo X (a power of p)).

Thus if F, p,f, were induced, its I(co) representation would contain at least two
tame characters. 0O

Let k be a finite extension of F,, ¢ # p, U/k a smooth, geometrically connected
k-scheme of relative dimension > 0, and G a @ local system on U of rank d > 1.
Viewing G as a representation of 71 (U), say

pg - T (U) — GL4(Qy),

we get its arithmetic monodromy group G.i+h, defined to be the Zariski closure of the
image of 7 (U). Inside 7;(U) we have its normal subgroup 7{°*"(U) := 7 (U ®y k).
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The Zariski closure of the image of 7¢°°™(U) is the geometric monodromy group G geom.

Thus we have
Ggeom < Garith - GLd(@)
When we apply this general machine to the local system JF, p ¢1 on Al/k, we get its

Ggeom < Garith C GLD—I(@)~

Similarly, for any nontrivial x, when we apply the general machine to the local system
Fp.D,fx o0 Al /K, we get its

Ggeom < Garith C GrLD (@)

Lemma 1.2. (p-subgroups of Ggeom) Suppose both D > 3 and D — 1 are prime to p.
Denote by f the multiplicative order of p in (Z/(D —1)Z)*, so that F,; is the extension
F,(1tp-1) of Fp, obtained by adjoining the D — 1 roots of unity. Then for the particular
local systems Fp, p zp 1 or Fp p Lo, with any nontrivial x, the image in Ggeom of the
wild inertia group P(oco) is isomorphic to (the additive group of) F,;.

Proof. In all cases, the local system, restricted to G,,, descends through the D’th power
map. For F, p ;b 1, the descent is given explicitly in terms of trace functions as

tr =Y (@ /t+ ).

zek

For F, p 40y, we must first choose a character A with AP = ¥. Then the descent is
given explicitly interms of trace function as

T — Z Ap(t)r(z? /t + 2)xL(2).

reLX

In fancier terms, the first descent is to a Kloosterman sheaf of rank D — 1, the second is
to a hypergeometric sheaf of type (D, 1), cf. [Ka-RLSA, 2.1].

In all cases, the wild part W of the I(c0) representation has rank D — 1 and all slopes
1/(D —1). Because D — 1 > 2, one knows [Ka-ESDE, 8.6.3] that W is unique up to
tensoring with a tame character and performing a multiplicative translation. Thus the
underlying P(oco)-representation is unique up to a multiplicative translation, which does
not change its image in Ggeom- Because D — 1 is prime to p, we obtain one such W by
forming the direct image by D — 1 power

W = [D - 1]*£1[)(9:)

Because D — 1 is prime to p, the image of P(co0) does not change if we pass to the
pullback
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[D—1PW =[D—1[D-1.Ly) 2 P Lya)

(€pup-1

In other words, the image of P(oc0) is the abelian group whose character group consists
of all monomials

RXn.
®C€“D*1£¢(<¢I) - Ew(ZCeﬂD—l nede)s

as each n¢ runs over Z/pZ. This character group is thus the subring Fylup_1] C Fps
consisting of all Fp-linear combinations of elements of 1p_;. But this subring, being a
finite integral domain, is itself a field. It lies in IF s,
knows that (by the trace), F,s is its own Pontrayagin dual. O

and contains pup_1, so it is F,s. One

2. Criteria for finite monodromy

We first recall the basic underlying result, cf. [Ka-ESDE, 8.14]. [It is stated there
for a local system on an open curve, but the “on a curve” hypothesis never enters the
proof. Also, the exact rule of the hypothesis of geometric irreducibility is less clear than
it might be, cf. Remark 2.2 below.]

Let k be a finite extension of F,, ¢ # p, U/k a smooth, geometrically connected
k-scheme of relative dimension > 0, and G a Q; local system on U of rank d > 1. We
have its geometric and arithmetic monodromy groups

Ggeom < Gam’th C GLd(@)

Proposition 2.1. Suppose we have (k,£,U,G) as above. Suppose further that G is pure of
weight zero for all embeddings of Qg into C. Consider the following four conditions.

(a) Garitn 1s finite.

(b) All traces of G are algebraic integers. More precisely, for every finite extension L/k,
and for every point v € U(L), Trace(Froby, |G) is an algebraic integer.

(c) Ggeom is finite.

(d) det(G) is arithmetically of finite order.

Then we have the implications

(a) = (b) = (¢), (b) = (d),
and if G is geometrically irreducible, we have (a) <= (b) < (c).
Proof. The implications (a) = (b) and (a) = (c) are both obvious.

We next show that (b) = (c) and (b) = (d). If (b) holds, then all the eigenvalues
of each Frobenius are algebraic integers which, by purity, have absolute value 1 at all



N.M. Katz et al. / Journal of Number Theory 206 (2020) 1-23 7

archimedean places, hence are roots of unity. Because G is realizable over some finite
extension E) of Qg, each of these roots of unity lies in a extension of E) of degree
at most the rank of G. As there are only finitely many such extensions inside Q,, all
eigenvalues are roots of unity in a fixed finite extension of Qy, so are all N’th roots of
unity for some N. Applying this same argument to the rank one local system det(G), we
see that det(G)®V is trivial, i.e. we see that (b) == (d). By Chebotarev and Zariski

density, every v € Gapin has 4V unipotent. In particular, every element in Ggeom,

0
geom

and hence every element in the identity component G has N’th power unipotent.

By Deligne [De-Weil 11, 1.3.8 and 3.4.1 (iii)], GY

geom 18 @ semisimple algebraic group.

Looking at elements of a maximal torus, we see that GY.,,, has rank 0, hence G}, is
trivial and thus Ggeom is finite.
When G is geometrically irreducible, the implication (¢) = (a), using (d), is proven

in [Ka-ESDE, 8.14.3.1]. O

Remark 2.2. Here is an example to show that geometric irreducibility is needed to prove
that (b) = (a). Take any U/k, and take on it the pullback from Spec(k) of the

geometrically constant local system %9 for /3 the upper unipotent matrix ((1) })

Then all Frobenius eigenvalues are 1, Ggeom is trivial, but Gy, is the upper unipotent
subgroup ([1) ;) of SL(2).

On the other hand, suppose (b) holds. If we pass from G viewed as a representation
of m¢Tith to its semisimplification G**, (which has the same trace function as G), then
Garith,gss is reductive. Then the fact that every element in this group has N’power
unipotent shows that the identity component Ggmh,gss is trivial (look at a maximal
torus), and hence Ggrith, g« is finite.

We now define the sort of multi-parameter local systems it will be convenient to work
with. We fix an integer D > 3 prime to p, and a sequence of integers of length r > 1,

l=di<dy<...<d. <D,

each of which is itself prime to p. [Because of Artin-Schreier reduction, requiring the d;
to be prime to p is no loss of generality.] We form the local system F(p, D,ds,...,d,, 1)
on A"~! whose trace function is as follows: for K/F, a finite extension, and (¢1,...,t.) €
A"(K), the trace function is

(th A ,tr) = — Z QZ)K({,UD + thxdl)

zeK i

When p is odd, we also form the local system F(p, D, dy, ..., d,, x2) on A"~! whose trace
function is as follows: for K/F, a finite extension, and (¢1,...,t,) € A"(K), the trace

function is
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(t,-ote) = — D Y@+ tia®)xo k().

reEKX i

Because d; = 1, these local systems are geometrically irreducible (indeed, for r = 1
these are F(p, D, 2P 1) and F(p, D, 2", x2)). If r > 2, their pullbacks to A! by freezing
to =...=t, =0 are F(p, D,zP,1) and F(p, D,2P, x2). They are pure of weight one,
for all embeddings of Q, into C. Moreover, their traces lie in Z[(,].

For each of them, we now fix a version of a half Tate twist as follows: we choose an
algebraic integer o which is (some root of unity) ,/p, typically some fourth root of 2.

Using our chosen «, we then define

G(p,D,dy,...,dy, 1) == F(p,D,dy,...,d, 1) ® (1/a)®9,
and, when p is odd,
G(p,D,dy,...,dr,x2) :=F(p,D,d1,...,dp,x2)® (1/04)‘159.
The local systems G, p, r,1 and, when p is odd, G, p, f,y., are pure of weight zero. Their
determinants are arithmetically of finite order, cf. the proof of [Ka-RL, Lemma 1.1].

For later use, we record the following facts about autoduality.

Lemma 2.3. Suppose that D and all the d; are odd. Then there is a preferred choice of
a, as follows.

(1) For « either choice of \/p, G(p, D, dx,...,d.,1) has

Ggeom < Garith C SpD—l(@)'

(2) If p is odd, write D = 26 4+ 1. Then for a := —x2((—=1)°D)g(v, x2) (9(x,x2) the
quadratic Gauss sum over F,), G(p, D,dy,...,d,, x2) has

Ggeom < Gam’th C SOD(@)

(3) Denote by Q((p) T the real subfield of Q(Cp)". In case (1), the traces attained lie in
Q)T (V/P)- In case (2), they lie in Q(¢p)*.

Proof. Assertion (1) is Poincaré duality. Assertion (2) is proved in [Ka-NG2, 1.7]. Asser-
tion (3) is obvious from applying complex conjugation to the formulas for the traces. O

The local system G(p, D,ds,...,d,,1) on A" /F, has its

Ggeom < Garith C GLD—I(@)~
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Similarly, when p is odd, the local system G(p, D, d;,...,d,, x2) on A" /FF, has its

Ggeom < Gam’th C GrLD (@)
We now apply 2.1 to these local systems.

Proposition 2.4. The following conditions are equivalent.

(a) G(p,D,dy,...,d,, 1) has finite Ggeom.-
(a-bis) F(p,D,dn,...,dr,1) has finite Ggeom-
(b) G(p,D,ds,...,d., 1) has finite Garith.

) (p

(c) All traces of G(p, D,ds,...,d., 1) are algebraic integers.

When p is odd, we have these same equivalences for G(p, D,dy, ..., dy, X2).

We now perform two successive reduction steps. The first is to pull back these local
systems from A" to G , i.e., requiring the coefficients ¢; to all be invertible.

Lemma 2.5. The following conditions are equivalent.

(a) G(p,D,dy,...,dr, 1) has finite Garith,
(b) The pullback of G(p, D,dy,...,d,,1) to G has finite Garith.

If p is invertible, the same equivalence holds for G(p, D, dy, ..., dy, X2).

Proof. That (a) implies (b) is obvious. Because G/, is a dense open set of A", m1(G/))
maps onto 71 (A"), hence (b) implies (a). O

We now form local systems Gyig(p, D, dy, . ..,d,, 1) and, if p is odd, Guig(p, D, dy, . ..

)

dy,x2) on Gl by letting the coefficient of x also vary over invertible scalars. Thus
the trace function of Guig(p, D, d1,...,d,, 1) is

(t1, - tri1) € G (K T+1'_>Z¢K T +th )/ ades /).
zeK

When p is odd, the trace function of Gyig(p, D, d1, ..., d,, x2) is

(t17~~~ r+1)€G ( ’I‘Jrl'_} Z 7/JK 1T +th X2K( )/adeg(K/]Fp).
rze KX

Lemma 2.6. The following conditions are equivalent.

(a) Gpig(p, D,dy,...,dr, 1) on GI.F! has finite Gapitn.-
(b) The pullback of G(p, D,dy,...,d,,1) to Gl has finite Garith.
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If p is invertible, the same equivalence holds with 1 replaced by x2.

Proof. In both cases, it is obvious that (a) implies (b), since the second local system is
the pullback of the first to the locus t,11 = 1. To show that (b) implies (a), we argue
as follows. Over a finite extension K of [, if we make the substitution z — Az with
A € K*, the sum

ZT/JKI +th /adegK/]F

zeEK

is equal to the sum

Z Y ( )\dacD + Z Atz /adeg(K/]Fp)

zeK

After the change of variable t;  t; /A% this sum is

Z Y ( )\de +Zt T /ozdeg(K/]F r)

zeK

still an algebraic integer. In other words, the pullback of Gy (p, D, di, ..., d,, 1) on G
to G711 by the finite etale Galois map

(tlw-'vtr,t?‘-i-l) = (t17~"7t7‘7t7[‘)+1)

has all its traces algebraic integers, hence has finite Gg.s+n. But under this finite etale
map, the map of m1’s makes the source a subgroup of index D in the target. Thus the
Garith for Guig(p, D, dy, . ..,d,, 1) contains a finite group as a subgroup of finite index,
so is itself finite.

When p is odd, and x = x2, apply the identical argument. In this case, the z — Az
substitution moves the sum by a factor x2(A) = %1, so does not change the fact that
the sum is an algebraic integer. O

The sums

ZT/JK 1T —|—th

zeK

and, when p is odd, the sums

Z Vi (tri1z +Zt$ X2,k (T

reEKX

lie in Z[(p]. The quantity « in all cases has a* = p?. The field Q((,) has a unique place
over p. So these sums will remain algebraic integers when divided by ad°8(5/F») if and
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only if the divided sums be p-integral. Equivalently, whenever K is F,, and ord, is the
p-adic ord, normalized to have ord,(¢q) = 1, we must have

ord, Z 1/)K(t,.+1a:D +Ztixd"’) >1/2,

reK=F, i

and, when p is odd, we must have

ord, Z Y (trpaz” + Ztixdi)XQ,K(x) >1/2,

rEKX=Fy

for every finite extension K/F, and every r 4+ 1 tuple (t1,...,t,41) € (K*) 1.

We now give a generalization of [R-L, Theorem 1] to these local systems. In the
formulation, we make reference to the ord, of various Gauss sums over variable I,.
We view these sums as taking values in Q,((,)"", the maximal unramified extension of
Qp(¢p) (i-e., we adjoin to Q,((p) all roots of unity of order prime to p). This field has a
unique p-adic ord.

Theorem 2.7. We have the following results, in which we write d,41 := D.

(1) Grig(p, D,dn,...,dr,1) has finite Gorien, if and only if the following condition holds.
For every finite extension K =F, of F,,, and for every r+1 tuple of (possibly trivial)
multiplicative characters (p1,...,pr+1) of K, not all of which are trivial, such that
1, p% =1, we have

Ol"dq(H 9k, pi)) 2 1/2.

(if) If p is odd, then Gpig(p, D,d1, ..., dy, X2) has finite Gorin if and only if the following
condition holds.
For every finite extension K =F, of F,,, and for every r+1 tuple of (possibly trivial)
multiplicative characters (p1,...,pr41) of K* such that [, p?i = X2,K, we have

Ordq(H 9K, pi)) > 1/2.

Proof. We first explain the underlying idea. For a fixed K = F,, we have a function on
(EX)"+, say

F(ti,...,tr+1),

whose values lie in Z[(,]. We wish to show that each divided value F(t1,...,¢41)/
adee(K/F») remains an algebraic integer, or equivalently that
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ordq(F(tl, . ,tr+1)) Z 1/2

For this, we consider the Mellin transform. Recall that for a finite abelian group A, with
Pontrayagin dual group

AY := Homgroups (A4, C*),
the Mellin transform (also called the Fourier transform) Mellin is an isomorphism
Mellin : Maps(A, C) = Maps(AY,C), F ~ Melling

defined as follows. For a function F': A — C, and a linear character x : A — C*,

Melling(x) := Z F(a)x(a)

acA

We apply this to the group (K*)"*!. For each 7 + 1 tuple of multiplicative characters
(p1,--ypr+1) of K*, we look at the sum

I\/IeIIinF(ph...,pTH) = Z tl,... r+1 sz

(b yeestrg 1) E(KX)TH1

We can recover F' from Melling by usual Mellin inversion, which involves division by (¢ —
1)"*1 a quantity prime to p. So it suffices to show that each value Melling(p1, ..., pri1)
has ord, > 1/2.

We first treat assertion (i). The function F'(¢1,...,t.+1) at hand is

F(ti,...,trq1) Z¢K r1T +Zf9€

zeK
r+1
=Y (O ta®™) =1+ F*(t1,... tr),
rzeK =1
with
r+1
Fx(tl,... r+1 Z d)K Ztm )

re KX

When all the p; are trivial, we have
Melling(1,...,1) = (¢ — )" + Mellinp« (1,...,1),

and
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Melling« (1,...,1) = > FX(ty, .. teg1) =
(t1,estrpr) E(KX)TTE

r+1

=2 X ek Cwet) =

TEK X (t1,eenstppr)E(KX)THL

- Z H( Z Vi (tizd)).

zeK* 1 t;eKX

d

Each of the r + 1 summands inside the product is equal to —1, because x“ is nonzero,

so t; — @bK(timdi) is a nontrivial additive character of K, and we sum over the nonzero
elements. So we find that

Mellingx (1,...,1) = (g — 1)(=1)""!,
and hence
Melling(1,...,1) = (¢ — 1)" ' + (g — 1)(=1)" ",

which is divisible by q.
When not all the p; are trivial, the constant term of F' dies, and we have

Melling(p1 ..., pr+1) = Mellingx (p1 ..., pry1) =
=2 II| X vxta™pts)
ze KX 1 t; €KX

Here each of the 4+ 1 summands inside the product is easily expressed in terms of Gauss
sums:

S wkltia®)pit) = pila®)g(Vxc. pi).
t;, e KX
So we get

Melling(py ..., pre1) = (Hg(lﬁmpi)) Z (HP_?)@)

zeK* @

The sum over € K* vanishes unless [[, pf* = 1. If [, p% = 1, then we get

(¢ — DIL 9(x, pi))-

The proof of case (ii) is analogous. Here F is already F'*, and the final formula is

Melling (p - pri1) = ([ Jo(ic ) 3 (Ir¥)@xex(@). o

zeK* 1@
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We now reformulate the previous Theorem 2.7 in terms of Kubert’s V' function

Vi (Q/Z)prime to p — [0,1).

For F,s a finite extension of F,, and = € (Q/Z)prime to p With (pf — 1)z € Z, we have

V() := ord,s (g(w]ppf , Teichfz(pffl))),
for

Teich,,; f = pipr1(Qp")

the Teichmuller character, characterized by the requirement that for any = € ]prf7

Teich,,s () lifts . For such an 2, we have the Stickelberger formula

=(1/f) Z <plx>.

i(mod f)

It will also be convenient to introduce a slight variant of Kubert’s V' function, Vgy,
defined by

Ver(z) = V(x) for z # 0, Vg (0) = 1.
The advantage of this is that the property of the V' function
V()+V(-x)=1if z#0
becomes the formula
V(z)+ Vgr(—x) =1, for all .

Thus we may reformulate Theorem 2.7 as follows, where we “solve” for z; in terms of

(‘rQa v amT-i-l)'
Theorem 2.8. We have the following results.

(1) Grig(p, D,dn,...,dr, 1) has finite Gorie, if and only if the following condition holds.
For every list (xa,...,zy41) of elements of (Q/Z)prime to p which are not all 0, we
have the inequality

i>2 i>2
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(i) If p is odd, then Guig(p, D,dx,...,dy,x2) has finite Garin if and only if the fol-
lowing condition holds. For every list of elements (xa,...,x.41) of elements of
(Q/Z)prime to p, we have the inequality

S V(@) +1/2> Var(1/2+ Y diy).

i>2 i>2

We now recall the explicit “sum of digits” recipe for V and for Vg, cf. [Ka-RL,
Appendix|. For an integer y, and a power pf of p, we define

[y}p,fﬁ

to be the sum of the p-adic digits of the representative of y mod pf — 1 in [0,pf — 2],
and we define

[Ylp, 1

to be the sum of the p-adic digits of the representative of y mod pf — 1 in [1,pf — 1].
Then we have

Y (pfy— 1) - f(pl_ 7y Wle.—

Vi <pfy— 1) N f(pl— 1)[y]p’f'

With this notation, Theorem 2.8 can be restated as

Theorem 2.9. We have the following results.

(i) Grig(p, D,d1,...,dr, 1) has finite Garitn, if and only if the following condition holds.
For every positive integer f and every r-tuple of integers 0 < xg, ..., Try1 < pf -1
which are not all 0, we have the inequality

S F 5\ flp—1)
dodiwi| <Y iyt T (2.9.1)
1=2 . f 1=2

(ii) If p is odd, then Guiy(p,D,d1,...,dr, x2) has finite Garin if and only if the fol-
lowing condition holds. For every positive integer f and every r-tuple of integers
0<axo,...,0041 <pl —1, we have the inequality

r+1 f r+1
pl =1 p—1
=2 ».f

=2
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We also have one further criterion that involves the simpler function [z], := sum of
the p-adic digits of x. We first prove the following

Lemma 2.10 (Hasse-Davenport relation). Let f,k be positive integers and x € Z. Then
we have

and

fk_1q }
p
x =k [z]pr,-
[pf R P 3

Proof. If z = y (mod p/ — 1) then pfk_llz = ’;ffk:lly (mod pf* —1), so it suffices to prove

x < p/¥ —1). But then the result is clear since the p-adic

I
it for0<az<p/—1(so?2 o7
expansion of ’; . __llx is the concatenation of k copies of the p-adic expansion of z (filled

with leading 0’s so that it has exactly f digits). O

For use below, we recall the following result from [Ka-RL, Prop. 2.2], whose inequal-
ities are used in the proof of Theorem 2.12.

Proposition 2.11. For strictly positive integers x and y, and any f > 1, we have:

Theorem 2.12. We have the following results.
(1) Grig(p, D,dn,...,dr, 1) has finite Garien if and only if there exists some real A > 0

such that for every positive integer f and every r-tuple of integers 0 < xg, ..., Tr11 <
pf — 1 which are not all 0, we have the inequality

r4+1 r+1 1)
[Z dixi] < Z zilp + A. (2.12.1)
=2 P

(i) If p is odd, then Gyig(p, D, dx1, ..., dr, x2) has finite Garin if and only if there exists
some real A > 0 such that for every positive integer f and every r-tuple of integers
0<mg,...,041 <pf — 1, we have the inequality

Zd s+ 22| < Z ilp 1) + A. (2.12.2)

r—+1 ‘| r+1
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Proof. We will prove that the hypotheses of this theorem are equivalent to those of
Theorem 2.9.

Suppose that there exists A > 0 such that (2.12.1) holds for every f > 1 and every
0<axo,...,7.41 < p/ — 1 which are not all zero. Then ZTH d;x; > 0, and

r+1 r+1 7‘+1 1)
=2 o, f 1=2 P

r+1

—lelhf, ;1)+A

In particular, for every positive integer k,

r+1 fk 1 r+1 fk 1 E(p— 1
lz dipf—lxi] < Z {pf 1 x1:| + % + A
P’ = ootk p’ = Pk, —

=2 =2

By Lemma 2.10, dividing by k we get

r+1 r+1 f(p B 1)
[Z dimi] < Z[zi]p,f,— + — + A/k,
p.f

=2

and taking k — oo gives us (2.9.1). The proof for case (ii) is similar.

Conversely, suppose that (2.9.1) holds for every f > 1 and every 0 < xa,...,Zr41 <
p/ — 1. Let [ be an integer such that Y, d; < p'. Then, if 0 < z2,..., 2,41 < p/ — 1,
Yidivi < pftt—1, 50

r+1 r+1 r+1

+D(p—1
lE dm] = [E dﬂi] < wilpsai +%
=2 p 1=2 p,f+l

=2
r+1

_sz 1)+l(p2—1)’

and (2.12.1) holds with A =1I(p —1)/2.
Finally, suppose that (2.9.2) holds for every f > 1 and every 0 < xa,..., 2,41 < p/ —1.
Let [ be an integer such that 23 d; < p'. Then Y, d;x; + (p/*1 —1)/2 < p/* -1, 50

r+1

dez P _1] =
p

r+1 _1
P ]
p

r+1 41
+ -1
M} + 3! ]
p
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<[ L

r+1 _1
Z d;x; + 1
p

r+1 1
=1+ |2 diit
p.f+l
r+1
+D(p-1
<1+ + Z Tilp,f+1,— 700 )2(p )
T+1 1)

and (2.12.2) holds with A=1I(p—1). O
3. Theorems of finite monodromy

From known results of Kubert, explained in [Ka-RLSA, 4.1,4.2,4.3], and the result
[G-K-T, Thm. 3.1], we know that Gyeom and Gapitn for Fp p zp \, @ @™ deg are finite
when ¢ is a power of an odd prime p and D is any of

g+l ¢"+1

, with odd n, 2q — 1.
2 qg+1

We will refer to these as the known cases.

We stumbled upon the empirical fact that F3 93 323 4, ® @~ deg seemed to have finite
(arithmetic and geometric) monodromy, although it was not one of the known cases.
As we will prove below, the monodromy is in fact finite. A computer search for each of
p=3,5,7,11 and each 2 < D < 10° found no other cases than this one and the known
cases with finite monodromy. It is not clear whether there should be infinitely many
(p, D) other that the known ones with finite monodromy, or finitely many, or just this
one.

In this section, we prove that F3 93 423, ® @™ deg has finite arithmetic and geometric
monodromy groups. More generally, we prove that the two-parameter family

g(?” 237 ]-a 57 X?)a

whose traces at points (s,t) € A?(K), for K/F3 a finite extension, are the sums

(s.8) = — > Yr(a® + 52° + ta)xa k() Ja~ 9e8F/Fs),
zeK X

has finite arithmetic and geometric monodromy groups. We will do so by applying the
criterion from Theorem 2.12.
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Theorem 3.1. The two-parameter family
g(37 237 1’ 57 X2)
has finite arithmetic monodromy.

Proof. We will prove that for every positive integer f and every pair of integers 0 <
x,y < 37 we have the inequality

3/ —1
2Br+5y+———| <[s+lls+f+2
3

The result follows then from Theorem 2.12.

We proceed by induction on f: for f < 4 one checks it by hand. Let f > 5 and
0<az,y<3l.

Case 1: x =0 (mod 3).

Write z = 3a,y = 3¢ + d with

a,e<37t d=0,1,2.

Then [5d 4 1]3 < [d]3 + 1 (check by hand), so

3 -1 311
23x+5y+—} :[3(23a+5c+—)+5d+1]

2 3 2 3
f-1_

3 1
7] + [5d + 1]
2 3

< [23@ + 5¢ +
<las+[ds+(f+1)+[ds+1
= [z]ls + [yls + f +2

by induction.

Case 2: x =1 (mod 3).
Write © = 9a + b, y = 9¢ + d with

a,c <372 be{1,4,7}, d <.

Then [23b + 5d + 4]3 < [b]s + [d]3 + 2 (check by hand), so

f-2_

f— 1
3T> +23b+5d+4}

3 1] = {9(23a+5c+
2 3

3/-2-1
< [23a+ 5¢+ 2} + [23b+ 5d + 4]3
3

23z + 5y +
3

<lals + [cs + f + [b]s + [d]3 + 2
= [z]3 + [yls + f+2
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by induction.

Case 3: x =2 (mod 3) but = # 8,17 or 20 (mod 27).
Write © = 27a + b, y = 27c + d with

a,c <3773, be{2,5,11,14, 23,26}, d < 27.

Then [23b + 5d + 13]3 < [b]3 + [d]3 + 3 (check by hand), so

f=3 _

3/ -1 3 1
23x+5y+T = |27 23a+5c+T +23b+5d+13
3

3

3/=3 -1
< {23a +5c + T} + [23b + 5d + 13]3
3

<lals +[cJs + (f = 1) + [bls + [d]3 + 3
=[z]s+[yls + f+2

by induction.

Case 4: x = 8,17 or 20 (mod 27).
Write x = 8la + b, y = 8lc + d with

a,c <34 be{8,17,20,35,44,47,62,71,74}, d < 81.

Then [23b + 5d + 40]3 < [b]3 + [d]3s + 4 (check by hand), so

F—4 _

f— 3 1
—5 +23b+ 5d + 40

3
23z + 5y +

1
] = {81 <23a + 5¢ +
3 3

34 -1
< {23a + 5c+ T} + [23b + 5d + 40]3
3

< lals +[cs + (f = 2) + [b]s + [d]s + 4
= [2s +[yls + f+2

by induction. O
4. Determination of the monodromy groups
In this section, we will show that with the correct choice [Ka-NG2, 1.7] of a, namely

a:=—g(1, x2),

with g(¢, x2) the quadratic Gauss sum over F3, we can determine the monodromy
of F3.93 523 1, ® 0~ deg and of some other related local systems, exactly. Recall from
Lemma 2.3 that we have
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Ggeom < Garith < 8023 (@)

Thus Ggeom is an irreducible, primitive (by Lemma 1.1) finite subgroup of SO23(Qg).
The larger group G is a fortiori also an irreducible, primitive finite subgroup of
SO23(Qy).

The traces attained by F3 23 425 y, ® @™ deg je., the traces of elements of Gyyitn, are
all integers (being algebraic integers in Q(¢3)* = Q). Over the field Fg;, the traces
obtained are, by direct calculation, {—2,—1,0,1,2,3}. Over Fou3, the traces attained
are, by direct calculation, {-5,-2,-1,0,1,2}.

Finally, we recall that from Lemma 1.2 that the image of the wild inertia group is the
additive group of Fss, the least extension of F3 containing the 22'nd roots of unity.

First we prove the following theorem on finite subgroups of SLos(C):

Theorem 4.1. Let V = C% and let G < SL(V) be a finite irreducible subgroup. Let x
denote the character of G afforded by V', and suppose that all the following conditions
hold:

(i) x is real-valued;

(ii) x is primitive;
) x(g) < —1 for some g € G;
)

The 3-rank of G is at least 5.

(iii
(iv

Then G = Cog in its unique (orthogonal) irreducible representation of degree 23.

Proof. By the assumption, the G-module V is irreducible and primitive; furthermore, it
is tensor indecomposable and not tensor induced since dim V' = 23 is prime. Next, we
observe by Schur’s Lemma that condition (i) implies Z(G) = 1. Now we can apply [G-T,
Proposition 2.8] (noting that the subgroup H in its proof is just G since G < SL(V))
and arrive at one of the following two cases.

(a) Estraspecial case: P <1 G for some extraspecial 23-group of order 23* that acts
irreducibly on V. But in this case, x|p cannot be real-valued (in fact, Q(x|p) would be
Q(exp(27i/23)), violating (i).

(b) Almost simple case: S <t G < Aut(S) for some finite non-abelian simple group S.
In this case, we can apply the main result of [H-M] and arrive at one of the following
possibilities for S.

e S = Aoy, Msy, or PSLy(23). Correspondingly, we have that G = Agy or Sag, Moy, and
PSLy(23) or PGL2(23). In all of these possibilities, x(z) > —1 for x € G by [ATLAS],
violating (iii).

e S = PSLy(47). This is ruled out since Q(x|s) would be Q(y/—47), violating (i).

e S = Coy. In this case, G = S, and a Sylow 3-subgroup P of G has a normal
extraspecial 3-subgroup @ = 3?4 of index 3, see [ATLAS]. Since G has 3-rank > 5
by (iv), P contains an elementary abelian 3-subgroup of order 3%, whence @ contains a
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subgroup R = C3. Identifying Z(Q) with F3, we see that the commutator map induces
a non-degenerate symplectic form on Q/Z(Q) = F4. As R is abelian, this form is totally
isotropic on Z(Q)R/Z(Q) which has order at least 3%. But this is a contradiction, since
any isotropic subspace in F§ has dimension at most 2.

e S = Cos. In this case G = Cos, as stated. O

Theorem 4.2. We have the following results.

(i) For Fs3 93423 v, @ @™ e we have Ggeom = Garitn = Cos, the Conway group Cos,
in its irreducible orthogonal representation of dimension 23.
(ii) For the two-parameter family G(3,23,1,5, x2), we have Ggeom = Garith = Cog.
(iii) The local system on G,, x A%/Fs whose trace is given as follows: for any finite
extension K/Fs, and any (r #0,s,t) € G,,(K) x A2(K),

(r,s,t) = —x2,K () Z Vi (re® + sz® + tr)xo.x (z) /o deeE/Fp),
reKX

has Ggeom = Garith = Cos.
(iv) For any finite extension K/F3, and any sq € K, the local system on A'/K whose
trace function, at points t € L, L a finite extension of K, is given by

t— — L2 + sox® 4 tx)xo, 1 (z) /o deeE/F),
X2,
reLX

has Ggeom = Gyrith = Cos.
(v) The local system on A'/Fs whose trace function, at pointst € K, K a finite exten-
sion of F3, is given by

t— — Z V(2% 4 ta®) o, i () Ja™ 98U FR)
TeKX*

has Ggeom = Garith = C03.

(vi) For any finite extension K of F3, and any (so,to) € A%(K) other than (0,0), the
local system on G,/ K whose trace function at points r € L*, L a finite extension
of K, is given by

P —xan(r) Y Yu(ra® + soa® + tox)xa (@) /o WS EF)
rzeL>

has Ggeom = Garith = CO3~

Proof. We first note that among finite irreducible subgroups of SO35(C), the Conway
group Cos is both maximal and minimal. Indeed, the minimality is clear from the
[ATLAS] list of maximal subgroups of Cos and their character tables. The maximal-
ity is clear from Theorem 4.1.
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The local system in (iv) has finite monodromy because its restriction to the dense open
set (G,)3/F3 has finite monodromy, being the Gy;, partner, in the sense of Lemma 2.6 of
two-parameter local system of (ii). The x2(t) term in front keeps its Ggritn in SO23(C),
by [Ka-NG2, 1.7]. It is geometrically irreducible because this is so already after pullback
to the (1,0,t) t-line, where it is F3 23 523y, ® @~ deg

We remark that the local system in (v) is geometrically irreducible, because it is the
Fourier Transform of [5],(Ly(423) ® Ly, (a)), a middle extension sheaf (cf. [Ka-TLFM,
proof of 3.3.1]) which is geometrically irreducible. Indeed it is I(co)-irreducible, because
its five I(oc0)-slopes are each 23/5, with exact denominator 5.

We also remark that the local system in (vi) is geometrically irreducible, because it
is Ly, () tensored with the Fourier Transform of [23],(Ly (5025 4+rox) @ Lys(x)), a middle
extension sheaf (cf. [Ka-TLFM, proof of 3.3.1]) which is geometrically irreducible. In-
deed it is I(oco)-irreducible, because its 23 I(co)-slopes are each either 5/23, with exact
denominator 23, if sg # 0, or each 1/23 if 5o = 0 but ¢ # 0.

Thus it suffices to prove (i). For then (ii) and (iii) follows from (i) and the maximality
of Coj as a finite irreducible subgroup of SO93(C), and then (iv), (v) and (vi) each follow
from (ii) and (iii) and the minimality of Cog as a finite irreducible subgroup of SO23(C).

For case (i), we apply Theorem 4.1 to Gapith, to conclude that Ggrizpn, = Cos. Then
we use minimality of Cos to conclude that Gyeom = Cos. O

References

[ATLAS] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of Finite Groups.
Maximal Subgroups and Ordinary Characters for Simple Groups, Oxford University Press,
Eynsham, 1985, with computational assistance from J.G. Thackray.

[De-Weil II] P. Deligne, La conjecture de Weil II, Publ. Math. IHES 52 (1981) 313-428.

[G-K-T] R.M. Guralnick, N. Katz, P.H. Tiep, Rigid local systems and alternating groups, Tunis. J.
Math. 1 (2019) 295-320.

[G-T] R.M. Guralnick, P.H. Tiep, Symmetric powers and a conjecture of Kollar and Larsen, Invent.
Math. 174 (2008) 505—554.
[H-M] G. Hiss, G. Malle, Low-dimensional representations of quasi-simple groups, LMS J. Comput.

Math. 4 (2001) 22-63.

[Ka-ESDE] N. Katz, Exponential Sums and Differential Equations, Annals of Mathematics Studies,
vol. 124, Princeton Univ. Press, Princeton, NJ, 1990, xii+430 pp.

[Ka-NG2] N. Katz, Notes on G2, determinants, and equidistribution, Finite Fields Appl. 10 (2004)
221-269.

[Ka-RLSA] N. Katz, Rigid local systems on A! with finite monodromy, Mathematika 64 (2018) 785-846.

[Ka-RL] N. Katz, A. Rojas-Leén, Rigid local systems with monodromy group 2.J2, Finite Fields
Appl. 57 (2019) 276-286.

[Lau] G. Laumon, Transformation de Fourier, constantes d’équations fonctionnelles et conjecture
de Weil, Publ. Math. THES 65 (1987) 131-210.

[R-L] A. Rojas-Leén, Finite monodromy of some families of exponential sums, J. Number Theory
197 (2019) 37-48.

[Such] Ondrej Such, Monodromy of Airy and Kloosterman sheaves, Duke Math. J. 103 (2000)
397-444.

[Ka-TLFM] Twisted L-Functions and Monodromy, Annals of Mathematics Studies, vol. 150, Princeton
University Press, Princeton, NJ, 2002, viii+249 pp.


http://refhub.elsevier.com/S0022-314X(19)30238-0/bib41544C4153s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib41544C4153s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib41544C4153s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib44652D5765696C4949s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib472D4B2D54s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib472D4B2D54s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib472D54s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib472D54s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib482D4Ds1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib482D4Ds1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D45534445s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D45534445s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D4E4732s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D4E4732s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D524C5341s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D524Cs1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D524Cs1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4C6175s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4C6175s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib522D4Cs1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib522D4Cs1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib53756368s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib53756368s1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D544C464Ds1
http://refhub.elsevier.com/S0022-314X(19)30238-0/bib4B612D544C464Ds1

	Rigid local systems with monodromy group the Conway group Co3
	0 Introduction
	1 The basic set up, and general results
	2 Criteria for ﬁnite monodromy
	3 Theorems of ﬁnite monodromy
	4 Determination of the monodromy groups
	References


