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0. Introduction

Let k& be a global function field with char(k) # 2, and let D be a quadratic field
extension of k. Let G = U(n,n) be the quasi-split unitary group in 2n variables over D,
and let H = U(V) be the unitary group associated to a non-degenerate hermitian space
V over D of dimension m and of Witt index r. In this paper, we study the Siegel-Weil
formula for the pair (G, H). Let A be the ring of adeles of k, and let X = V"™ = M,,, (D).
With some extra data, there is Weil representation w of G(A) on the space S(X(A)) of
Schwartz-Bruhat functions on X (A).

For ® € S(X(A)), define the theta integral

1(®) = / Y @(ha) dh,

H(A)/H (k) T€XK)

where dh is the Haar measure on H(A) such that vol(H(A)/H(k)) = 1; and define the
Siegel Eisenstein series

E@)= )  w®0),

YEP(R)\G(K)

where P is the Siegel parabolic subgroup of G.

In this paper, we will establish a convergence criterion for the theta integral and
prove a Siegel-Weil formula. More precisely, we will prove that the theta integral I(®) is
absolutely convergent for any ® € S(X(A)) whenever » = 0 or m — r > n, and that the
Siegel Eisenstein series E(®) is absolutely convergent for any ® € S(X(A)) whenever
m > 2n; moreover, we will prove the following Siegel- Weil formula:

If m > 2n, then I(®) = E(®) for any ® € S(X(A)).

These results are analogues of those in [40]. We will also consider the cases where D
is a division algebra over k whose center is k& or a quadratic field extension of k, and
we will obtain similar results. We follow the approach in [40] to prove these results; in
particular, we will make use of the reduction theory over function fields established in
[8] and the theory of Eisenstein series over function fields in [27]. For the convergence
criterion for the theta integral, we here take Weil’s approach in [40]. Note that for the
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Siegel-Weil formula in this case, besides Weil’s approach in [40], other approaches are
applicable, see for example [21] and [37].

The modern study of the Siegel-Weil formulas over number fields begins with the
fundamental works of Weil in 1960s, and after the seminal works of Kudla and Rallis in
1980s and 1990s, it has been well developed in recent years, with a major breakthrough
made by Gan, Qiu, and Takeda in early 2010s. For this development, see for example
[39], [32], [20], [21], [22], [16], [25], [36], [13], [14], [15], [17], [37], [4], [43], [42], [44], [45],
and especially [5] and the references cited therein.

On the other hand, the Siegel-Weil formulas over function fields are only studied in
some special cases to date. The first result on Siegel-Weil formulas over function fields
is Haris’ pioneering work in 1974 ([10]). Thereafter only little relevant research has been
done. Recently, F.-T. Wei ([38]) proved a Siegel-Weil formula for anisotropic quadratic
forms over function fields.

In this paper, we consider the situation similar to that in [40], and we follow closely
the strategy in [40] to prove the Siegel-Weil formula. In particular, many auxiliary results
are proved following the methods in [40] with some necessary changes from number-field
situation to function-field situation.

It is worth mentioning that Weil already had the function-field case in mind, and he
had proved many preliminary results in [39] and [40]. But due to the lack of the reduction
theory over function fields right then, he only considered the Siegel-Weil formula over
number fields. Fortunately for our current purpose, the reduction theory for reductive
algebraic groups over function fields has been established by Harder in late 1960s (see
[8] or [35]). We emphasize that the reduction theory for reductive algebraic groups over
function fields has played an essential role in establishing the convergence criteria for the
theta integral and in the proof of the Siegel-Weil formula.

We give an overview of this paper in the following, specializing in the case where D
is a quadratic field extension of k, G = U(n,n) is the isometry group associated to a
split skew-hermitian space of dimension 2n over D, and H = U (V') is the isometry group
associated to a non-degenerate hermitian space V over D of dimension m and of Witt
index r. The hermitian form on V is denoted by (, ) : V x V — D. We allow n = 0,
which then means that G = {1} is the trivial one-element group.

In Section 1, we will give various notations and conventions used in this paper. We
regard the function field k as a finite extension of the rational function field F,(z) over the
finite field IF, with ¢ elements. We will introduce various algebraic groups over k. There is
the Siegel parabolic subgroup P = NM of GG, where N = Her,, is the unipotent radical
and M = Resp;,GLy, is the Levi subgroup, here Her, (k) is the space of hermitian
matrices of order n over D. Let A be the ring of adeles of k. We have an Iwasawa
decomposition G(A) = P(A)G(Oa) = N(A)M(A)G(O4), where Op =[], O, is the set
of integral adeles with O,, being the ring of integers of the local field k,, for any place v of k.
Thus we can write any element g € G(A) in the form g = n(b)m(a)g: with n(b) € N(A),
m(a) € M(A) with a € GL,(Da) and g1 € G(Op), and we let |a(g)| = |det(a)|p, -
Welet X = V" = {(x1,...,2,) : x; € V}, and define a mapping ix : X — Her, by
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ix(z) = ((zs,25)v) for & = (z1,...,2,) € X. For an integer r with 0 < r < n, define
a subspace X, of X by X, = {(z1,...,2,,0,...,0) : ; € V}. Then X, = V" and
X, = X. Let ¢ be a non-trivial character of A/k and let x be a Hecke character of D
satisfying x[ax = €} Ik where €p/y, is the quadratic Hecke character of k associated to
the quadratic extension D/k; then there is an associated Weil representation w = wy,
of the adelic group G(A) on the space S(X(A)) of Schwartz-Bruhat functions on X (A).

In Section 2, we will formulate some results in reduction theory over function fields and
prove some auxiliary lemmas (i.e. Lemmas 2.5, 2.6, 2.7). These lemmas are analogues of
the results in [40, n. 11-13], and we will follow Weil’s method to prove them. In particular,
we will make use of two big theorems in reduction theory, i.e. the compactness theorem
and the fundamental set theorem. The results in this section are essential for what follows
and will allow us to follow Weil’s strategy to prove the Siegel-Weil formula over function
fields. We choose a place vg of the function field k& which lies above the place (x~1) of the
rational function field Fy(x) and such that the residue field of k at vy is F,. The place vg
is an analogue of the real place in the number field case and will play the similar role.
We choose and fix a uniformizer w of k,,. Let T' = (G,,,)" be a maximal split torus in H,
where G,, = GL; and r is the Witt index of V. We define a subgroup O(T) = Z" of T(A)
by ©(T) = {(ar,,...,as.) : 7 € Z} via the isomorphism (G,,)" = T, where a, is the
idele whose component at vg is w” and the other components are all equal to 1. Let Py be
a minimal k-parabolic subgroup of H which contains 7', and let Py(A)! be the subgroup
of Py(A) formed of elements p such that |A(p)|a = 1 for any k-rational character A of
Py. Then Py(A)'/Py(k) is compact by the compactness theorem in reduction theory, and
we have Py(A)/Py(A)! = O(T). Using the fundamental set theorem in reduction theory
over function fields, we will show in Lemma 2.3 that there exists a compact subset C of
H(A) such that

H(A)=C- 0T Py(A)" - H(k),
where
Ot ={0cO(T):|a(d)|s <1,Ya € A},

and A is the set of simple roots of H relative to T. These results are analogues of
some results in reduction theory over number fields as described in [40]. Next, we will
follow Weil’s approach to use these results to study the convergence of theta integrals.
In particular, we will show in Lemma 2.6 that the theta integral I(®) is absolutely
convergent for any ® € S(X(A)) whenever the integral

/ [T sup(t, A@IZ)™ - [Ap, (0[5 d0
o+ A

is convergent, where A runs through the characters of T" appearing as the weights of the
linear representation of H into Aut(X) given by = (x1,...,z,) — hax = (hzy, ..., ha,),
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my is the multiplicity of A, and Ap, is the algebraic module of Py (note that [Ap, (-)[,*
is the modular character of Py(A)). The proof of this result depends on Lemma 2.3 and
the choice of the place vg.

In Section 3, we will study the Siegel Eisenstein series. For ® € S(X(A)) and s € C,
we define the Siegel Eisenstein series on G(A) by

E(g.5®)= Y. f5(9),

YEP(R\G(K)

where fés)(g) = la(g)]**°w(g)®(0) and s¢ = (m — n)/2. We will show in Theorem 3.5,
using Godement’s convergence criterion in the function field case as established in [27],
that E(g, s, ®) is absolutely convergent for all ® whenever Re(s) > n/2; in particular,
it follows that F(g,s,®) is holomorphic at sy for all & whenever m > 2n. Assume
m > 2n and write E(®) = E(1, sp, ®) for ® € S(X(A)). Using the Bruhat decomposition
G(k) = U'_yP(k)w,N(k), we can show that E = >_"_, Ex,, where Ex,(®) = ®(0), and
for r > 1, Ex, is given by

Ex. @)= Y wwa®)e0) = Y / (@) (tr(z, 2)b)dz.

beHer, (k) beHer"(k)XT(A)

In fact, if we identify V" with X, via (z1,...,2,) = (21,...,2.,0,...,0), we have

Ex. @)= 3 / () (tr(z, 2)b)dx.

beHer, (k)y/» (A)

We will regard Fx,_ as coming from the pair (G, H), where G, = U(r,r). Integrals of
the form Fj(b) := fX(A) O (x)p(tr(x, 2)b)dx are studied in [40, n. 2]; and by using the
results proved there, we can show that Ex(®) = > pcper, 1) Fa(0) = Xpemer, (1) Fo(b),
where Fg is the Fourier transform of Fj. So we have Ex = ZbeHern(k) Ly, where
is given by up(®) = Fgp(b) for ® € S(X(A)). Moreover, we can show as in [40] that
each pp is given by the positive measure |6,|p determined by a gauge form 6, on the
variety U(b), where U(b) consists of points © = (x1,...,2,) in X of maximal rank and
satisfying ix(x) := ((z;,2;)) = b. These results will be summarized as two theorems:
Theorem 3.7 says that Ex = ZbeHern(k) 1y, where each py, is given by the positive
measure |6,|a determined by a gauge form 6 on the variety U(b); and Theorem 3.8 says
that £ = Ex + 20<r<n—1 Ex,, where each Fx, has the same form as Ex.

In Section 4, we will prove some uniqueness theorems analogous to those in [40]. We
say a positive measure is tempered if it is defined by a positive tempered distribution,
and we identify a positive tempered measure with the positive tempered distribution
used to define it. Let E be a tempered measure on X (A), invariant under G(k), and let
® € S(X(A)); then g — E(w(g)®) is a continuous function on G(A), left invariant under
G(k). We will give conditions for this function to be bounded on G(A), uniformly in ®
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on every compact subset of S(X(A)); for this, we will use the results of the reduction
theory formulated in Section 2 and Lemma 2.7. After giving these conditions, we will
prove Theorem 4.5, which says that if m > 2n, then any positive measure E’ on X (A),
which is invariant under G(k) and the local group H, for a place v of k such that U(0),
is non-empty, and such that £’ — F is a sum of measures supported by U(b), for any
b € Her,(k), must be equal to FE itself, where F is the positive tempered measure on
X(A) given by the Siegel Eisenstein series E(®). Here we say, following Weil, that a
measure on X (A) is supported by U(b), if it is the image of a measure on U(b)s under
JA, where ja is the canonical injection of U(b)4 into X (A); for example, each py, as above
is such a measure. The proof of this theorem is similar to that as in the number field
case in [40].

Finally, in Section 5, we will give a convergence criterion for the theta integral, and
prove the Siegel-Weil formula. For ® € S(X(A)), define the theta integral I(®) by

1(®) = > ®(ha) dh,

H(A)/H(k) *€X(R)

where dh is the Haar measure on H(A) such that vol(H (A)/H(k)) = 1. We will show in
Proposition 5.1 that the theta integral I(®) is absolutely convergent for any ® € S(X(A))
whenever r = 0 or m — r > n. By Lemma 2.6, it is sufficient to show that the integral

/ [T st A@IZ)™ - [Ap, (0[5 d0
o+ A

is convergent whenever r = 0 or m —r > n; and this can be achieved by direct computa-
tions. Note that if m > 2n, then both the theta integral I(®) and the Siegel Eisenstein
series E(®) are absolutely convergent for any ® € S(X(A)), and hence give two positive
tempered measures I and E on X (A). We will show in Theorem 5.3 that if m > 2n, then
I = FE and I, = u, for every b € Hery, (k), where I, is the measure on X (A) given by

I,(®) = > o(hg) dh.

H(A)/H(k) S€U O

Here U(b)y, is the set of elements x in X (k) of maximal rank and satisfying ix (z) = b.
This theorem will be proved by induction on the restriction of ® to X,., following
Weil’s approach. If n = 0, then X = {0} and G = {1}, and hence E(®) = &(0)
and I(®) = vol(H(A)/H(k)) - ®(0); the desired results follow from the hypothesis
vol(H(A)/H(k)) = 1. Now we assume that n > 1 and that the results are valid for
any r <n. We let Ix = EbeHcrn(k) Ip; then

@)= [ ek dn,
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where £ runs over the elements in X (k) which are of maximal rank. We define Ix,
similarly for 0 <r <n—1. Then I = Ix + ZO<r<n—1 Ix. . Remember that Theorem 3.7
says Ex = ZbeHern(k) 1y and Theorem 3.8 Says_E_: Ex +ZOST§n_1 Ex, . The induction
hypothesis implies that Ix, = Ex, for 0 <r <mn —1;thus I = Ix + £ — Ex, and
I—-—F =1x—Ex = ZbeHern(k) I, — ZbeHern(k) 1p. Note that the measures pu; are
supported by U(b)a, and it can be shown as in [40] that the measures I, are also so.
Therefore the positive tempered measure I has the property stated in Theorem 4.5 and is
hence equal to the measure E, and thus Ix = Fx. Since I and p; are the restrictions of
Ix and of Ex to the set i 5" ({b}) respectively, it follows that I;, = ju, for any b € Her,, (k).
The desired results are thus proved.

More generally, we will consider the cases where D is a finite dimensional division
algebra over k equipped with an involution &€ — &, whose center is either k or a quadratic
field extension of k. We consider similar spaces and groups over k as above.

Let n = £1. We consider the space W = M2, (D) of row vectors of length 2n over
D, equipped with a non-degenerate (—n)-hermitian form (, ) : W x W — D given by

0 1\ &
@ =a( 0, )9

where 1,, is the identity matrix of size n; and we consider the space V. = M,,«1(D) of
column vectors of length m over D, equipped with a non-degenerate n-hermitian form
(,):VxV—=D.

Consider the isometry groups G of W and H of V respectively. For example, if D = k
and n = 1, then W is a non-degenerate symplectic space over k and V is a non-degenerate
quadratic space over k, and G = Sp(W) is the associated symplectic group, H = O(V)
is the associated orthogonal group. We will consider the Siegel-Weil formula for the pair
(G, H), and we will obtain similar results as above. But we want to give a remark. If
D=k, n=1and m /ig_gdd, then the Weil representation applies only to the two-fold
metaplectic cover Sp(W)(A) of Sp(W)(A) and not to the group Sp(W)(A), and in this

case we have to consider the Siegel-Weil formula for (Sp(W), O(V)). Note that in any
other case the Weil representation applies to the isometry group G.

1. Notation and preliminaries

In this section, we introduce the notation and preliminaries used in this paper.

Let ¢ be a power of an odd prime number and let F, be the finite field of order g. Let
k be a function field in one variable over I, such that F, is algebraically closed in k.
Note that char(k) # 2 since ¢ is odd.

Let Fy[z] be the polynomial ring in one indeterminate over F,, with fraction field
F,(x), and we regard k as a finite separable extension of Fy(z).

Let Oy be the ring of integers of k, which is the integral closure of F,[z] in k; it is a
Dedekind domain.
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A place of k is an equivalence class of nontrivial absolute values on k. The “infinite
place” (z71) of F,(z) is defined by the absolute value given by |f/g| = gi°&(f/)=de8(9) for
f.g € Fylz]. See §4.4 of [33] for more details.

For a place v of k, let k, be the completion of k at v (called a local field), O, be the
ring of integers in k,, p, be the maximal ideal of O,, F,, be the residue field at v, and
let g, be the order of the residue field [F,.

Let A be the ring of adeles of k, and let A* be the group of ideles of k. Let Op =
[1, Ov, where v runs over the places of k.

We fix a place vy of k which lies above the “infinite place” (z71) of F,(z) and such
that the residue field of k at vy is IF,.

We fix an algebraically closed field extension €2 of k, called the universal domain.

Let D be a finite dimensional division algebra over k equipped with an involution
€ — £. Let K be the center of D. We assume that the subfield of K formed of elements
invariant under the involution is k. Then K is either k or is a quadratic field extension
of k.

Let o be the dimension of D over K.

Let n = +1. Let § be the dimension of D over k, and let ¢’ be the dimension over k
of the space of elements ¢ of D such that £ = n¢, and let € = &' /6.

Then

if D=Fkand n=-—1;
if D is a division quaternion algebra over k and n = 1;
if the center K of D is a quadratic extension of k;

if D is a division quaternion algebra over k and n = —1;
if D=Fkandn=1.

el Ul N SN el

Note that [K : k] = 2 if and only if e = 1/2, and K = k otherwise. See [40, n. 27].

For a positive integer d, let M4(D) be the additive group of square matrices over D
of order d. Then My(D) is a central simple algebra over K.

Let vk : My(D) — K be the reduced norm, and let v = N ovg. Let 7 : Mg(D) —
K be the reduced trace, and let 7 = trg, o7x. Note that for x € K, vg(x) = 2, where
a? =[D: K]. See p. 169 of [41].

For a matrix z = (x;;) over D, let & = (Z;;) be the conjugate of z, and let 'z = (z;)
be the transpose of z. We often write z* for the conjugate transpose of z, i.e. * = z.

Let n > 0 be an integer. Let W = M 2,(D), and equip it with an (—n)-hermitian
form (, ): W x W — D given by

(r,y) =2 0 Lo Y

for z,y € W. In this case, we say W is a split (—n)-hermitian space.
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Let
G={9eGLW): (zg,y9) = (z,y),Va,y € W}

be the isometry group of W.
Then

G(k) = {g € GLan(D) : g (—nq . 1(?) 4 = (_nq 5 1§>}'

We have the Siegel parabolic subgroup P = NM of G = U(W), where the Levi
subgroup M is given by

where
Her, (k) = {b€ M,(D) : b* =n-b}

is the space of n-hermitian matrices of order n over D.
We have the Bruhat decomposition:

G(k) = |J Pk)yw.P(k) = | P(k)w,N (k).
r=0 r=0
where
1,—r 0
0 1,
Ur=1 0 Loy
-n-1, 0

Let m be a positive integer. Let V = M,,x1(D), and equip it with an n-hermitian
form (, ):V xV — D given by

(x7y):x*'Q'y?

where @ is an invertible element of M,,(D) such that Q* =7 - Q (i.e. n-hermitian).

Denote the Witt index of V by r, i.e. r is the dimension over D of a maximal totally
isotropic subspace of the n-hermitian space V. We also say the n-hermitian matrix @ is
of Witt index 7.
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Let
H={heGL(V): (hx,hy) = (z,y),Vz,y € V}

be the isometry group of V.
Then

H(k) = {h € GL(D): h*-Q-h = Q}.

If e = 0, then G = O(W) = O(n,n) is the orthogonal group associated to the split
quadratic space W, and H = Sp(V) = Sp(m) is the symplectic group associated to
the symplectic space V. If e = 1/4, then G is the quaternionic unitary group associated
to the split quaternionic skew-hermitian space W, and H is the quaternionic unitary
group associated to the quaternionic hermitian space V. If ¢ = 1/2, then we may assume
n = 1 by replacing an n-hermitian matrix @ by £Q, where ¢ is some element in K such
that £¢€ = 1 which exists by Hilbert’s Theorem 90, and then G is the unitary group
associated to the split skew-hermitian space W, and H is the unitary group associated
to the hermitian space V. If € = 3/4, then G is the quaternionic unitary group associated
to the split quaternionic hermitian space W, and H is the quaternionic unitary group
associated to the quaternionic skew-hermitian space V. If e = 1, then G = Sp(2n) is the
symplectic group associated to the symplectic space W, and H = O(V) is the orthogonal
group associated to the quadratic space V.

Let X = M, xn(D) be the additive group of m x n matrices over D (except in
Section 2, where we allow X to be an arbitrary vector space over k). We write an
element © of X = M« (D) in the form x = (x1,...,2,), where each x; € M,,x1(D).
Then X = V™ with V. = M,,,x1(D). We can regard X as a left module over M, (D) of
rank n.

For 0 < r < n, let X, be the subspace of X consisting of elements of the form
(x1,...,2,0,...,0). In particular, Xo =0 and X,, = X.

The group H acts on X via h- (z1,...,2,) = (h-x1,...,h - 2,), where x; € V =
M x1(D).

Let W =V ®@p W, and equip it with a symplectic form over k given by

<<7 >>:"€'trD/k((7 )®<7 >)7

where

)2 if D=k,
1 otherwise.

Note that we have followed the notation on p. 279 of [23], so the x here is twice of that
on p. 364 of [18] or that on p. 950 of [11].
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Let
Sp(W) = {u € GL(W) : ((zu,yu)) = ((z,9)),Yz,y € W}

be the symplectic group associated to the symplectic space W. Note that Sp(W) acts
on W on the right.
Then (G, H) is a reductive dual pair of type I in Sp(W) in Howe’s sense ([12, n. 5]).
There is a natural homomorphism

t:G— Sp(W)

given by (v @ w)i(g) =v@wg forve V, w e W and g € G.

Let ix : X — Her, be the mapping given by ix(z) = (z,z) := ((2;,z;)) for =
(z1,...,2,) € X with each x; € V.

When b belongs to Her,, (k), the set i%"({b}), on the universal domain €, is a k-closed
subset of X (€2). We denote by U(b) the set of points of maximal rank of this set; it is
a k-open subset of iy'({b}). Thus U(b)y is the set of points = in X (k) of maximal rank
and satisfying ix (z) = b.

For an algebraic group & over k and for a k-algebra A, we write (A) (or &4) for
the group of A-points. In particular, for a place v of k, we often write &, = &(k,), and
write 9 = &(0,,) whenever & is defined over O,,. For example, we write Dy = D ®j; A,
Ky =K ® A, and X(A) =X ® A.

For a place v of k, let | - |, be the absolute value on k,, and let | -|a =[], |- [o be the
adelic absolute value on A.

Define the adelic absolute value on Ky by ||k, = |[Ng/k(z)|a for z € Ku.

—

Let G(A) be the two-fold metaplectic cover of G(A) if € = 1 and m is odd, and let
G(A) = G(A) otherwise. Note that if e = 1 and m is odd, then W is a symplectic space

—

and G = Sp(W) is the associated symplectic group, and G(A) = G(A) x {£1} with
group multiplication given by

(91,21) - (92, 22) = (9192, 2122¢(g1, 92))

where &(g1,92) is Rao’s normalized {£1}-valued cocycle defined locally as in Thm. 5.3

—

on p. 361 of [34]; and we can embed G(k) and N(A) into G(A) via g — (g, 1).

—_—

Let m : G(A) — G(A) be the canonical projection. Let P(A) = 7=1(P(A)), and let

e

M(A) = 7= }(M(A)). Note that P(A) = N(A)M(A), where N(A) can be embedded
into P(A) via n(b) — (n(b), 1).

For the group G, there is an Iwasawa decomposition G(A) = N(A)M(A)G(O4,). Let
G(On) = 71 (G(Ow)): then G(A) = N(4)M(A)G(On).

For g € G(A), write g = n(b)m(a)g1 with n(b) € N(A), T/n\(ﬁ) € M(A) and g1 €
G(Oa), and let [a(g)| = |vk(a)lx, = [v(a)la. For § = (g,¢) € G(A), let |a(g)[ = |a(g)]

Fix a non-trivial additive character ¢ : A/k — C*.
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We identify Her,, (A) with its Pontryagin dual via 1:
(b1, by] — w(g -7(biby)),  for by, by € Her,(A).

For the local groups Sp(W), and the adelic group Sp(W),, there are associated
metaplectic groups Mp(W), and Mp(W),:

1—C' = Mp(W), = Sp(W), — 1,
1= C— Mp(W)y — Sp(W)y — 1,

here C! = {z € C : 2z = 1}. See [39, n. 34, 37] and [34].
The local metaplectic group Mp(W), can be identified with the set Sp(W), x C!
equipped with a group multiplication

(91,21) - (92, 22) = (9192, 2122 - o (91, G2)),

where ¢,(¢g1, g2) is Rao’s cocycle as in Thm. 4.1 on p. 358 of [34].
Similarly, the adelic metaplectic group Mp(W)s can be identified with the set
Sp(W)a x C! equipped with a group multiplication

(91,21) - (92, 22) = (9192, 2122 - (g1, 92)),

where C(gla 92) = HU Cv(glva 921;)~
For the non-trivial additive character ¢ : A/k — C*, there is an associated Weil
representation wy, of Mp(W), on S(X(A)) given by

wy(9,2) = 2 Ty(9);

where

ry(g) = ®ry,(90)

and 7y, (¢») is defined as in Thm. 3.5 on p. 355 of [34].

Now we fix a Hecke character x of K as follows. Recall K is the center of D, and K
is a quadratic field extension of k if € = 1/2, and K = k otherwise.

If e =0 or 1, let x be the trivial character of A,

Ife = %, let x be a unitary character of Kg JK* with x|ax = 6?(%, where €y is the
quadratic Hecke character of k associated to the quadratic field extension K/k by class
field theory, and o2 is the dimension of D over its center K.

Ife= %, let x be the quadratic character of A*/k* given by

x(z) = H(xv, (—=1)™ det V),,

v
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where det V € k* /k*? is the reduced norm of the matrix ((e;,€;))1<i,j<m for any basis
{e1,...,em} of V over D.
If e =1, let x be the quadratic character of A*/k* given by

x(@) = [[ @, (=1)""= D72 det V),

v

where (, ), is the Hilbert symbol for k,, and det V € k* /k*? is the determinant of the
matrix ((e;, e;))1<i,j<m for any basis {ei1,...,en} of V over k.

We regard y as a character of P(A) as follows. If e = 1 and m is odd, then P(A) is
a double cover of P(A), and we let x((n(b)m(a),z)) = z - x(deta) - [T, o(det ay, ),

_ Yul(an)
T o)
an is the character z — n(ax), and v,(n) is the Weil index of the character of second

degree = +— n(x?) on k, ([34, Appendix]). If € # 1 or m is even, then ];(\A/) = P(A), and
we let x(n(b)m(a)) = x(vk(a)). -

With the help of x, there is a splitting 7, : G(A) - Mp(W), given as follows.

If e =1 and m is odd, then C/izzg) is a double cover of G(A), and the splitting is given

by

where

where for a character n on the local field k, and for a € k), v,(a,n)

—

I : G(A) = Mp(W)a,
(9,2) = (t(9), 2Bx(9));

where 3,(g9) = [1, Bx.(9») € C* with 8y, (g,) defined as in Thm. 3.1 on p. 378 of

[18]. Note that for g1,g2 € G(A), c(t(g1),t(92))Bx(9192) ' By (91)Bx(92) = &(g1,92)™ =
é(g1,g2), since m is odd and é(g1, g2) € {£1}. See [18, p. 379).

=

If € £ 1 or m is even, then G(A) = G(A), and the splitting is given by

I : G(A) = Mp(W)a,
g~ ((9), Bx(9)),

where 8y (g) = [1, By, (9v) € C! with 3, (g») defined as in Thm. 3.1 on p. 378 of [18].
Then the Weil representation w of G(A), associated to the data (v, x), is defined to
be

e

If € £ 1 or m is even, then G(A) = G(A), and the Weil representation is given explicitly
as follows:
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w(wn)®(z) = / (y)(s - () dy,

w(w,)B(z) = / (' + (s 7((@", 2))) dz,
X (A)

for ® € S(X(A)), m(a) € M(A), n(b) € N(A), z = 2’ + 2" € X(A) with
' € X'(A) and 2’ € X"(A), where X' = {(z1,...,2p—r,0,...,0)} and X" =
{(0,...,0,Zp—r41,...,%,)}. Here

« x(m(a)) = x(vk(a));

o o2 is the dimension of D over its center K;

o vg: M,(D)— K is the reduced norm;

e 7= Ng/ 0Tk, where 7 : M, (D) — K is the reduced trace;

o q(x) =% -7((w,2)b), where k = 2 if D = k and x = 1 otherwise;

o (y,z) = ((ys5,2;)) € Herp(A) for y = (y1,...,yn) and = (z1,...,2,) in X(A);
o dy is the self-dual Haar measure on X (A).

—

If e = 1 and m is odd, then G(A) is a double cover of G(A), and the action of (m(a),() €

—_~—

M(A) is given by

w((m(a), 2))®(x) = x((m(a), 2))| det a| # (a),

where x((m(a),z)) = z - x(deta) - [T, vo(det a,, ¥,) . The actions of u(b) € N(A) and
w, are the same as above, once we embed N(A) and G(k) into éZAT) via g — (g, 1).

The Weil representation of the group H(A) on S(X(A)) is given linearly: w(h)®(z) =
®(h~1z), where for x = (x1,...,2,) with each z; € V(A), h™lz = (A" ay,...,h 1 a,).

For the above formulas, see for example [18, p. 400], [19, p. 38] and [23, p. 280] in the
local case. Note that in the references [34], [19] and [23] the base field is assumed to be
of odd characteristic, so the usual actions of the Weil representation in the characteristic
zero case are also valid in the odd characteristic case.

Let G,,, = GL; be the multiplicative group in one variable over k.

For a locally compact group G, its modular character dg : G — R™ is defined by

du(gr) = dg(2) " dulg)
for a left Haar measure y on G.

For a connected algebraic group U over k, its algebraic module Ay is a k-rational
character such that

w(a™ za) = Ay (a)w(z),
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where w is any gauge form on U (see [40, p. 11]). It is easy to check, using the measures
determined by the gauge forms, that the modular character of the adelic group U(A)
can be expressed by the algebraic module Ay of U as follows:

Suay(g) =1Au(g)ly"

Finally, we say a few words about measures and distributions. We follow the conven-
tion on p. 3 of [40] and say a positive measure is tempered if it is defined by a positive
tempered distribution via the Riesz representation theorem. We identity a positive tem-
pered measure with the positive tempered distribution which is used to define it, and
vice versa.

2. Analytic preliminaries

In this section, we will formulate some results in Harder’s reduction theory over func-
tion fields ([8,9]), and prove some auxiliary lemmas analogous to those in [40].

Throughout this section, we let G be either G or H, and let G° be the identity com-
ponent of G. By changing the sign of 7 if necessary, we can always assume that G = H,
where H is the isometry group of a non-degenerate n-hermitian space V over D, and we
assume that V is of dimension m and of Witt index r.

Let T = (G,,)" be a maximal split torus in GY given as follows. We may assume by
choosing a suitable basis of V' that the n-hermitian form on V is given by the matrix

0 0 1,
Q_ 0 QO 0 )
n-1, 0 0

where Qg is the matrix (of order m — 2r) of an anisotropic n-hermitian form. For ¢t =
(t1,...,tr) € (Gy,)", denote by d(t) the diagonal matrix of order m whose diagonal
elements are

(t1y ooyt Lo 1t ),

™ onto a maximal split torus T of GY.

Then d is an isomorphism of (G,,)
Recall we have fixed a place vy of k such that the residue field of k,, is F,, and we let
w be a uniformizer at vg.
Motivated by the constructions on p. 19 of [26, § 1.2.1.], we proceed as follows. For
7 € Z, define an element a, € A* whose component at vy is @w” and the component at
any other place is 1. In particular, |a,|o = ¢ 7.

Let
@(T) = {(aTla .. 'aaTT) HAS Z}a

and regard ©(T') as a subset of T'(A) via (G,,)" = T.
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For example, ©(G,,) ={a, : T € Z} = Z.

Let Py be a minimal k-parabolic subgroup of G° which contains 7. Then G°/P, is
isomorphic to a projective variety over k, and hence GO(A)/Py(A) = (G°/Py)(A) is
compact. Note that G(A)/G°(A) is compact (see [3, p. 571, Prop. 3.2.1]), and it follows
that G(A)/Py(A) is also compact.

Let

Po(A)' = {p € Py(A) : [Mp)|a = 1,VA € Xp(Po)},

where X (Fy) is the group of k-rational characters of Py.

We can define T(A)! and G°(A)! similarly. Note that X;(G°) = {1}, so G°(A)! =
GY(A), whence G°(A)/GO(k) is of finite volume for any Haar measure (see [8] or [29,
p. 25]). Since G(A)/G°(A) is compact, it follows that G(A)/G(k) is also of finite volume
for any Haar measure.

By the compactness theorem in reduction theory (see [8, p. 46, Korollar 2.2.7] or [35,
p. 212]), we know that Py(A)!/Py(k) is compact.

Moreover, we have the following result, which is a generalization of the classical result
A*/A*1 = O(G,,), and there is an analogue on [40, p. 17] in the number field case.

Lemma 2.1. Py(A)/Py(A)* = O(T).
For c € R, let
O(c) ={0 € O(T) : |a(0)|a < ¢, Va € A},
where A is the set of simple roots of G° relative to T, which is given by
A={r;—ziy1:1<i<r—-1}U{2z.},

where z;(t) = t; for t = (t1,...,t.) € T. See for example [40, p. 76].
It is easy to verify the following result.

Lemma 2.2. For c € R, we have

O(c) ={(arar,,...a7,) €O(T) : —¢/2 <7 <Tpg +c < ...
<74 (r—2)c<m+(r—1)c}.

In particular,
@(0) = {(aTlvaTza"'aaTr) S @(T) : 0 S Tr S Tr—1 S S T2 S Tl}'
Moreover, for any c, we have

O(c) = (a—(2r—1)c/2, A—(2r—3)c/2s - - - , A—3c/2, G—c/2) - ©(0).
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For c € R, let
T(c)={t € T(A): |a(t)|a < ¢°,Va € A}.
Then it is easy to see that T'(c) = O(c) - T(A)!.

The fundamental set theorem in reduction theory (see for example [35, pp. 211-212])
claims that there is a compact subset Cy of G°(A) and a constant ¢ € R such that

GU(A) = Co - T(c) - Po(A)" - G°(k).

Now since G(A)/G°(A) is compact ([3, Prop. 3.2.1]), there exists a compact subset C;
of G(A) such that G(A) = Cy - GY(A), whence

G(A)=C,-Co-T(c)- Po(A)-GO(E).

Taking C = C - Cp, which is a compact subset of G(A), we obtain the fundamental set
theorem for G:

G(A) =C - T(c) - Po(A)' - G(k).
Furthermore, we have the following results analogous to those in [40, n. 10].
Lemma 2.3. (i) There exists a compact subset C' of G(A) such that
G(A)=C-0(0)- Py(A) - G(k).

(i) Suppose G is the isometry group of a split n-hermitian space V. Then there exists a
compact subset Cy of G(A) such that

G(A)=C1-T(0) - G(k).
Proof. (i) It is easy to check that
T(c) - Po(A)' = ©(c) - Po(A)".

Thus it follows from the fundamental set theorem for G that there is a compact subset
C of G(A) and a constant ¢ such that

G(A)=C-0(c)- Py(A) - G(k).

Replacing C' with C- (a_(2r—1)c/2; G—(2r—3)c/2; - - - » A—3c/2; G—c/2), WE Tay always assume
that ¢ = 0.

(ii) In this case, GV is quasi-split, and we can take Py to be a Borel subgroup such
that T is its Levi subgroup. The desired result then follows from (i). O
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Now we need the following result, which is an analogue of Lem. 1 on p. 217 of [6] in
the number field case.

Lemma 2.4. If C is a compact subset of Py(A), then the union of 0CO~* for 6 € ©(0) is
relatively compact in Po(A), i.e. its closure is compact in Po(A).

Proof. We follow Godement’s method.

Note that Py = Z(T)-U, where Z(T) (the centralizer of T in G°) is the Levi subgroup
of Py and U is the unipotent radical of Py. Moreover, the Lie algebra Lie(U) of U is
given by

Lie(U) = P gas

aedt

where ®% is the set of positive roots of G° relative to T, g is the Lie algebra of G%, and
0o ={X €g:Ad(t)X = a(t)X,Vt € T} is the root space. See [1, p. 234].

Take p € C and § € ©(0). Then p and Opf~! are equal at any place other than vg.
Thus it suffices to assume everything is at the place vg. Write p = zu, where z belongs
to a compact subset of Z(T),, and u belongs to a compact subset of U,,. As Opf~1 =
z-Ouf !, it suffices to consider fud—'. Note that similar to the exponential map in the
characteristic-zero case, there is a T-equivariant isomorphism e of Lie(U) onto U (see
[1, p. 184]). Write u = e(X), where X € Lie(U) = @nca+da- It suffices to show that
if X stays in a fixed compact subset of Lie(U),,, then so is Ad(6)X. It comes down to
assuming X € ga,.,, and then Ad(0)X = «(0)X. But «(d) is a monomial with positive
integer exponents in «;(6), where {a;} C ®7T is the set of simple roots, thus remains
bounded on ©(0) NT,,. The desired result follows. O

Let dg be a Haar measure on G(A). To study the convergence of integrals on
G(A)/G(k), we will rely on the following lemma, which is an analogue of Lem. 4 on
p. 18 of [40, n. 11]. Let Ap, be the algebraic module of Py. We write ©F = ©(0) and
Po(A)t =0T - Ry(A)".

Lemma 2.5. There exists a compact subset Cy of G(A) and a constant v > 0 such that
Fo)ldg <7 [ Fo(0)-1ar0)[5" do (21)
G(A)/G(k) ot

whenever F, Fy are locally integrable functions on G(A)/G(k) and on ©7F respectively,
such that |F(cf)| < Fy(0) for all c € Cy and 0 € OF.

Proof. By Lemma 2.3, there exists a compact subset C' of G(A) such that G(A) =
C - Py(A)T - G(k). Denote by I the first member of (2.1), and by ¢x the characteristic
function of the set N = C - Py(A)*. We have
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1< [ ireld= [ IF@lev(o)ds (2:2)
N/Po(k) G(A)/Py(k)

We will transform the last integral by means of the theory of quasi-invariant measures
on homogeneous spaces (see [2], Chap. VII, §2, n. 5-8). According to this theory, we
can construct a continuous function h on G(A), everywhere > 0, such that h(gp) =
h(g)|Ap,(p)|a for all g € G(A), p € Py(A), and then a positive measure A on G(A)/Py(A)
such that for every locally integrable function f > 0 on G(A)/Py(k), we have:

[ o= [ (e [ fedn| o),

G(A)/ Po(k) G(A)/Po(A) Po(A)/ Po(k)

where ¢ is the image of g € G(A) in G(A)/Py(A) and d'p = |Ap,(0)[,'d0 dp; is the
right invariant measure on Py(A) = O(T) - Py(A)!, where df, dp; are Haar measures on
O(T) and on Py(A)! respectively. Applying this formula to the last member of (2.2), we
obtain

1< [ wga,
G(A)/Py(A)
where ¥ is the function defined by
Wo)=hte) [ IP@len(on) d.
Po(A)/Po(k)

Since G(A)/Py(A) is compact, there is a compact subset C; of G(A) such that G(A) =
Cy - Py(A). We can therefore assume that g € C; in the second member of the above
formula. But then we have ¢y (gp) = 0 when p ¢ C;'N. Put

Q=C'NNPy(A) = (C7'CNPy(A))- Py(A)T = (CT'C N Py(A))-©1 - P(A)!

let 1 be the supremum of i on Cq, and let F;(p), for each p € Py(A), be the supremum
of |F(gp)| for g € Cy. Therefore

U(g) <m /IHWWMSM / Fi(p)d'p,
Q/Py(k) Q/Po(k)

and consequently, since G(A)/Py(A) is compact, we have
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provided that the constant 5 is suitably chosen.

By Lemma 2.1, we can identify Py(A)/Py(A)* with ©(T). Then it is immediate that
every compact subset of ©(T') is contained in a set of the form 6,0", with 6, € O(T).
Applying this remark to the image of C;7'C' N Py(A) in Py(A)/Po(A)' = O(T), we
conclude that there exists 6y € O(T) such that @ is contained in o0 - Py(A)L. On the
other hand, since Py(A)!/Py(k) is compact by the compactness theorem, there exists
a compact subset Cy of Py(A)! such that Py(A)! = Cy - Py(k), so we obtain Q C
0o0T - Cy - Py(k), and consequently

Since d'p = |Ap,(0)|"df dpo, this can also be written as

I§'72/ (@/ F1(600po) - ‘Apo(eoe)‘glda dpo.
Ca +

Let C3 be the closure of the union of Co0~! for # € ©F, which is a compact subset
of Py(A)! by Lemma 2.4. Note that §C20~ C Cs, and therefore 0,0Cy C 0,C36 for
any 6 € ©F. Thus if we denote by Fy(0), for any § € ©T, the supremum of Fy(pf) for
p € 0pC3, then we obtain

I<~ / Fy(0) - |Ap, (0)]5 6
o+

provided that the constant ~ is suitably chosen. It follows that the assertion of the lemma
is verified if we take Cy = C16p,C3. O

Now let X be an affine space on which G acts via a representation p of G in Aut(X).
For every character A\ of T', we denote by m ) the dimension over k of the space of vectors
a € X, such that p(t)a = A(t)a for any ¢ € T. The characters A of T for which my > 0
are the weights of the representation p; m) is the multiplicity of the weight A.

We have the following analogue of Lem. 5 on p. 20 of [40, n. 12].

Lemma 2.6. Let p be a representation of G in the group Aut(X) of automorphisms of an
affine space X. Then the integral

1(®) = / > @(p(9)€) - dg (2.3)

G(A)/G(k) SEX(K)

is absolutely convergent for any function ® € S(X(A)) whenever the integral
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[ Tsunt @™ - [an 05" ds
o+ A

is convergent, where A runs over the weights of p; and when this is so, I(®) defines a
positive tempered measure I. Here we follow the convention on [[0, p. 3] and identify a
positive tempered distribution on X (A) with a positive measure on X (A).

Proof. If I(®) is absolutely convergent for any function ® € S(X(A)), then Lem. 5 on
p. 194 of [39, n. 41] shows that I(®) converges uniformly on every compact subset of
S(X(A)), whence it follows, according to Lem. 2 on p. 5 of [40, n. 2], that I is a tempered
distribution, therefore a positive tempered measure. Now let Cy be a compact subset of
G(A) with the property stated in Lemma 2.5 above. For ® € S(X(A)), there exists,
according to Lem. 5 of [39, n. 41], a function ®; € S(X(A)) such that

[@(p(c)z)| < @1(2)

for all ¢ € Cp and x € X(A). Applying Lemma 2.5 to (2.3) then shows that I(®) is
absolutely convergent provided that this is so for the integral

L= [ > @(p(0)¢) - |Ap,(6)[," db.
o+ §€X(k)

We write X(A) = X,,, x X'. By the definition of S(X(A)) (see [39, n. 29]), we can
assume that ®; is of the form

01(2) = Py (20, P (2),

where z,,, 2" are the projections of x € X(A) on X,, and on X', with ®,, € S(X,,), ®’
being the characteristic function of a compact open subgroup of X’. Let L be the set of
¢ € X (k) whose projection on X’ belongs to the support of ®'. Then I; can be written
as:

L - / S 0, (p(0)8) - | A, (0) 5 d6.
o+ ¢cL

For every weight A of p, let X be the subspace of X}, of dimension m) over k, formed
of eigenvectors of the weight A, i.e. vectors a such that p(t)a = A(t)a for t € T'. Then Xy,
is the direct sum of X.

Let

(axi)1<i<m,
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be a basis of X over k; replacing a; by N ~'ay; if needed, where N is a suitable element
in O, we may assume that L is contained in the Og-submodule of X} generated by all
the ay;. The ay; also form a basis of X,,, over k,,; for z,, € X,,, we can thus write

Toy = 3 Taila;
A
with x; € ky,; then, if o > 1, there is a constant C' such that

Oy, (20,) < CTJA + fanil )"
A

On the other hand, under these conditions, we have
xvo Z )\ x)xz A )iy

where A\(0) € k) ;

oo and, if @, is the projection on X, of an element & of L, then all the

x); are elements in Oy by the choice of the basis (ay;). By the choice of vy, we have
|Zxilve > 1. Thus we have

mx

S @, (0(0)) < O]
A

el

1
2 L+ [AO)I5,a™

n>0

<C'HSUP1 IAO) 5™,

where C’ is a suitable constant. If we observe that |A(0)|a = |A(0)],, for any character
X of T and for any § € ©F, we see that this gives the announced conclusion. O

Finally, we have the following analogue of Lem. 6 on p. 22 of [40, n. 13]. Recall that
we have fixed a place vy of k such that the residue field of k,, is ¥4, and we denote by a-,
for 7 € Z, the idele (a,) given by a, = w” for v = vy, and a,, = 1 for any other place v,
where w is a uniformizer at vg.

Lemma 2.7. Let (X(o‘))lgagn and Y be vector spaces over k; let X =], X @ and let
p be a morphism of X into Y, rational over k and such that p(O,:L“(Q)7 ey x(")) =0 for
any £, ... 2™ Let Cy be a compact subset of S(X(A)), and let N > 0. Then there
exists a function ®y € S(X(A)) such that

lar, [N ]1®(ar 2D, .. ar 2™)] = ¢V D (ar 2D, .. an, )] < Bo(x)

whenever ® € Cy, 71 < 0,...,7, < 0, z = (M, ... 2(") € X(A), p(z) € Y(k) and
p(z) # 0.
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Proof. Note that a morphism of an affine space into another is just a polynomial map-
ping. Thus if we choose bases of X and of Y over k, then the coordinates of p(z) can
be expressed as polynomials with coefficients in k by means of those of z. We denote by
d the largest degree of these polynomials. On the other hand, write X(A) = X,,, x X',
and likewise write X (A)(®) = X % X'(@ and Y(A) =Y,, xY’; p determines in an
obvious way mappings of X, into Y,, and of X’ into Y’. Choose bases of Xq(,oa) and of
(0‘) X,(,ff) (resp. Yo, € Yu, ), denote by r(,(xg,ﬁ‘)) (resp. $(Yu,)) the
sum of the squares of the absolute value of the coordinates of x,‘fj) (resp. of yy,) with

respect to these bases. For x,, = (a:q%), . xg,z)) € Xy, put

Y,, over k,,, and, for x,

(@) = Y Tal@®), 1(2y,) = ri(@) + 1 (24,).

a>2

Since p(x) vanishes whenever z(!) = 0, there is a constant C' > 0 such that for any
Loy € Xyt

s(p(w0,)) < C-ri(al)) - r(w,) 7,
and consequently, for t; > 1:

s(p(w0,)) < Cty2 (i (aly)) + 1/ (24,))7.

For 7= (11,...,70), Ti € Z, and x,, € X,,, let
@ Ly = (w”x(l) . 7w7"a:£,g));
the inequality which we have obtained shows that, whenever 1 <0, ..., 7, < 0:

s(p(xv,)) < Cq (w2, )".

Now, if we apply Lem. 5 on p. 194 of [39, n. 41], then this shows that we can choose
®; € S(X(A)) such that |®(z)| < Py(z) for all & € Cy and all z = (x,,,2") € X(A),
and likewise we can assume that ®; is of the form

D1 (2) = Puy (24,) ' (2),

where ®,, € S§(X,,) and ¥’ is the characteristic function of a compact open subgroup of
X'. Let € be the set of points © = (x4,,2’) of X(A) such that p(z) € Y (k), p(z) # 0 and
d'(2') # 0; we will show that, on &, s(p(zy,)) has an infimum € > 0. In fact, if it is not
so, there will be a sequence of points z, = (2,.,, z,,) of £ such that the sequence p(z,.,)
tends to 0 in Yv0 As the support of ®' is compact, we can assume at the same time that
the sequence !, tends to a limit z’, therefore that p(z]) tends to p(z’). But then the
sequence of points y, = p(z,) tends to a limit g in Y'(A), for which we have g,, = 0. As
the points y, belong to Y (k) — {0}, which is discrete in Y(A), we have y € Y (k), y # 0,
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therefore 4, # 0 for any v, whence the contradiction. Taking into account the inequality
proved above, we thus have, for x € £, 71 <0, ..., 7, <O0:

qf'rl < C«/T(w'rxvo)d/Q

with C" = (C/e)'/2.
Now, for any ¢ > 0, put

a; = sup (T(xvo)iq)vo(xvo))'
Ty €EXug

Let M > Nd/2 be an integer. According to Lem. 4 on p. 193 of [39, n. 41], there exists
v € S(R) such that we have, for any r € R:

p(w) = inf (arrafr ™).
For z and 7 as above, we thus have, for any i > 0:

q7271M/dq)vo (waEvo) < C/2M/d?,,(w‘rxvo)M®vo (waL’vo)

<OM/gy (T, )" < O M gy (),
and therefore
¢ TNy (@) < CPM(r(2y,)).
Thus the conditions of the lemma will be satisfied by setting
Dy () = C"*M/p(r(zy,)) @' (2'). O
3. Siegel Eisenstein series

Recall G is the isometry group of a split space W and P is the Siegel parabolic
subgroup of G. For ® € S(X(A)) and s € C, define the Siegel Eisenstein series on G(A)
by

E(g,s®) = Y f$(9), VYgeGA),
YEP(K)\G(k)

where fés) (9) = |a(g)]*~*°w(g)®(0) and so = a(m —n+1 — 2¢)/2. Here |a(g)| is defined
in Section 1, and o? is the dimension of the division algebra D over its center K.
Similar to the number field case, we are interested in the behavior of E(g, s, ®) at sg.
Let P = NM be the Levi decomposition, where N is the unipotent radical and
M = Resp/pGLy is the Levi subgroup.
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Let G,, = GL;. Let T = (G,,)™ be the maximal split torus in G given by
T= {t: (th...,tn) it € Gm},

where t = (t1,...,t,) means that ¢t = diag(t1,...,t,) € Resp,,GL, = M.

Let Zys be the center of M. Then Zp = Resp,pGpn. We write an element z of Zy,
as the form z = (z1,...,21) with 21 € Resp,,Gn.

Let A be the set of simple roots of G relative to T'. Then it is well-known that

A={r;—ziy1:1<i<n-1}U{2z,},

where z;(t) = t;, (2; — x41)(t) = tit; )y and (2z,)(t) = t2 for t = (t1,...,t,) € T. See
for example [40, p. 76].

For a subset I of A, there is a parabolic subgroup P; defined by I as follows. Let ®*
be the set of positive roots of G relative to T, let [I] be the set of roots which are linear
combinations of elements in I and set U(I) = ®* —[I]. Let T be the identity component
of Nyer ker(a), and let My = Z(Tr) be the centralizer of Ty in G. Then [I] = ®(T, M)
is the set of roots of My relative to T'. Let Uy (y) be the unipotent subgroup defined by
Prop. 21.9 on p. 232 of [1], whose Lie algebra is Zaeq,([) ga- Then Pr = Uy M;. See
[27, p. 97] or [1, p. 234].

Note that Py C P; C Pan = G, where Py = P, is a minimal parabolic, and the proper
maximal parabolic subgroups are defined by subsets of the form A — {a}.

For the Siegel parabolic subgroup P, it is easy to check the following.

Lemma 3.1. P is defined by A — {2z, }.

Let Xp/(R) be the group of quasi-characters of M(A) = GL, (D) into RT, where
R™ is the set of positive real numbers. Then X/ (R) = R, where we identify o € X/ (R)
with r € R if a(g) = |v(g)|} for g € M(A) = GL,(Dy).

Recall that for a character a of T" and a cocharacter 5* of T, there is a pairing
(o, B*) € Z defined by

B*(a(z)) = 2*F) Voe QL.
See [1, p. 115]. This pairing can be extended to a pairing
(,): X(T)r x X (T)r = R,

where X (T') is the group of characters of T', X,(T) is the group of cocharacters of T,
X(T)r :=X(T) ®z R, etc.

In particular, for a root «, the corresponding coroot o* is defined to be the cocharacter
of T such that (o, a*) = 2.

Recall the (open) Weyl chamber Cp, associated to a parabolic subgroup P; defined
by a subset I C A is given by
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Cp, ={B € Xu(R): (8,a%) > 0,Ya € A —TI},

where a* is the coroot corresponding to «, and we identify an element 5 = r of X;(R) =
R with an element of X (T')g which sends t = (t1,...,t,) € T to (t1---t,)" if r € Z. See
for example line 10 on p. 118 of [27].

Lemma 3.2. Identifying Xpr(R) with R. The Weyl chamber Cp associated to the Siegel
parabolic subgroup P is given by

Cp={reR:r>0}

Proof. Recall P is defined by A—{2z,}. For a = 2z,,, a* is given by o*(z) = (1,...,1,2)
for z € GLq, since a* satisfies (o, a*) = 2, i.e. a(a*(z)) = 2%. For 3 =1 € X (R) =R,
(B,a*) =r, since f(a*(z)) = B(1,...,L,x)=2". O

Recall that the modular character dp(4) of P(A) can be expressed as

pay(p) = [Ap(D)|3"
where Ap is the algebraic module of P (see the end of Section 1).

Lemma 3.3. The modular character 0p(ay of P(A) is given by

dpay(p) = la(p)|*(" T2 D),

where o is the dimension of D over its center. In particular,

Spay(z) = [p(z)[g0 2V

for z € Zp(A) = GL,(Dy).

Proof. For p = n(b)m(a) € P, it follows from Lem. 12 on p. 43 of [40] that Ap(p) =
A(a)~t. But A(a) = v(a)*"+t2¢=1 by the formula on p. 48 of [40]. The desired result
follows. O

—_~— e

Lemma 3.4. For z in the center of M(A) and g € G(A), we have

£ (z9) = A2) 1(9),

where

a(n42e—1)
2 .

A(z) = x(2)]a(2)|"*
In particular, the real part Re(X\) of X is given by

o(s) 2(nt2e=1)
Re(A)(2) = |a(z)[ReF 7
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Proof. This is just an application of the formulas for the Weil representation in §gc/tion 1.
Note that £$7(pg) = x(p)|a(p)|+ =5 £{"(g) for p € P(A) and g € G(A), i.e.

—_—

fés) € Indg%()d - 1*) (normalized induction). O

Now we can prove the following analogue of Thm. 1 on p. 57 of [40, n. 40].

—_—

Theorem 3.5. If Re(s) > a(n + 2¢ — 1)/2, then for any g € G(A), the series E(g, s, ®)
is absolutely convergent for all ® € S(X(A)), and uniformly in ® on every compact
subset of S(X(A)). In particular, if m > 2n + 4e — 2, then E(g, s, ®) is holomorphic at
so=a(m—n+1-—2¢)/2.

—

Proof. This follows from Godement’s convergence criterion (when G(A) = G(A), see
Lem. 2.2 on p. 118 of [27]), which asserts that the series }°_ c p(py\ g (r) fés)(yg) converges
uniformly for g in a compact set provided Re(A) — dp(a) € Cp. See Thm. 3 on p. 125
of [7] fg{_t/he number field case, and see [28, p. 980] or Prop II.1.5 on pp. 85-86 of [206]

when G(A) is a double cover of G(A).
Note that Re(A) —dpa) € Cp if and only if Re(s) +a(n+2¢—1)/2—a(n+2¢—1) > 0,
ie. Re(s) > a(n+2—1)/2. O
From now on, we write
E(®) = E(1, 59, P)

for ® € S(X(A)). Then

E@)= Y = w()e),

YEP(F)\G(F)
the series on the right side being absolutely convergent whenever m > 2n + 4e — 2.
By the Bruhat decomposition G(k) = UI'_,P(k)w,P(k) = U'_,P(k)w,N (k), we have
B@) =20)+> Y wwn(b)d(0).

r=1beHer, (k)

The term w(w,n(b))®(0) is given by

X, (A) X, (A)

where X, = {(x1,...,2,,0,...,0)} C X.
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In particular, the term w(w,n(b))®(0) is given by

w(wnn(b))B(0) = / w(n(®)®(x) dx = / () (an(x)) da.
X(A) X(A)
For 1 <r <n,let

Bx@= 3 [ e@u@)d (3.1)

bEHer"(k)X,,,(A)

Also let Ex,(®) = ©(0).
Note that for any 0 < r < n, if we embed Her,. into Her, via b; — <bol 8), then

Fx @)= Y / B () (gs(2) do.

bEHer,.(k)XT(A)
Then
E(@)=3(0)+ Y Ex,(®)=Ex(®+ Y EBx, () (3.2)
1<r<n 0<r<n—1

We assume m > 2n + 4e — 2 in the rest of this section. Note that this is just condition
(B) on p. 55 of [40]. Then by Theorem 3.5 the above series (3.1) and (3.2) are absolutely
convergent, uniformly in ® on every compact subset of S(X(A)).

For b € Hery,(k), let

Fy(b) = / B () (g () da.
X(A)

Then

Ex(®)= Y  Fi),

beHer, (k)

and it follows that this series is absolutely convergent, uniformly in ® on every compact
subset of S(X(A)). It follows from the Poisson summation formula that

Ex@)= Y F). (3:3)

beHer, (k)

where Fg is the Fourier transform of Fj. Moreover, by Prop. 2 on p. 7 of [40, n. 2], the
Fourier transform is given, for each b € Her, (A), by
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Fa(b) = / () dpy (2),

where 13, is a positive tempered measure on X (A), of support contained in iy ({b}); and
Fg and F§ are continuous and integrable functions on Her,,(A). Finally, Prop. 2 of [40,
n. 2] shows that the second member of (3.3) is absolutely convergent; as yu; are positive
measures, we conclude, by Lem. 5 on p. 194 of [39, n. 41], that the second member
converges uniformly on every compact subset of S(X(A)). According to Lem. 2 on p. 5
of [40, n. 2], this shows that Ex is a positive tempered measure, given by

Ex = Z by

beHer, (k)

where i, (®) = [ @ dpy, = Fo(b). Similarly, for r < n, Ex, is a positive tempered measure
given by

Ex, (@)= > m(®),

beHer, (k)

where ®, = ®|x, (o) and Her, is embedded into Her,, via by — <bol 8>

Finally, we conclude similarly from formula (3.2) that F is a positive tempered mea-
sure, given by the sum of the measures Fx, .

It is easy to see that if det(b) # 0, then the b-th Fourier coefficient of E(®) can be
expressed as

Ey(®) = Fa, (b).
r=1
Taking for ® a function of the form

o(z) = [[@u(z,)  (x=(2,) € X(4)),

where the product is over all the places v of k, ®, belongs to S(X,,) for any v, and ®,, is
the characteristic function of X2 := X(O,) for almost all v. And we denote by F, and
F, for each v, the functions defined on Her, (k,) by the formulas

Fy(b) = / B, () 0p(x) ], FI(b) = / B, () (s () da

U, (b) Xy

here we write U, (b) for the variety formed by points of i %" ({b}) of maximal rank in X,
and 6, for the gauge form defined on this variety by the formula (29) on p. 54 of [40, n. 37].
According to Prop. 6 on p. 54 of [40, n. 37], F,, and F;* are continuous and integrable, and
are Fourier transforms of each other. By the hypotheses made on @, we see immediately
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that F* takes constant value 1 on Her, (k,)° for almost all v, here Her,,(k,)° denotes the
lattice in Her, (k,) generated by an arbitrarily chosen basis Her, (k)° of Her, (k) over k.
It is then immediate that, for any b = (b,) € Her, (A), we have

Fa®) =[] Fi(bo),
where almost all the factors of the second member are of value 1. We deduce that

[ 1E3) db=g/|F:<bv>| db,.

In the above equality, the first member is < +o0; it is # 0 unless Fj = 0; besides, we
can always modify a finite number of the functions @, so as to have Fj # 0, for example
by taking ®, > 0 and ®, # 0 for any v, which implies that Fg # 0 and consequently
Fi # 0. As almost all the factors of the second member of the above equality are > 1, it
follows that the second member is absolutely convergent (in the sense defined in note (1)
on p. 11 of [40], which means that there exists a finite set S of places of k such that all the
factors outside of S are defined and nonzero, and the product of all the factors outside
of S is absolutely convergent). We conclude easily that the Fourier transform Fg of F}
is the product of the Fourier transforms F), of F¥, that is, for any b = (b,) € Her,(A),
we have

F(b(b) = HFU(b’U)a

where the product of the second member is absolutely convergent.

If we denote by u, the tempered measure on Her,(k,) determined by the measure
|0p, |» on U, (by), then F,(b,) is just p,(X9) whenever @, is the characteristic function of
X9. The above formula thus shows that the product of 1, (X2) is absolutely convergent,
and that the measure p;, which appears in the above expression of Fg is just ] ..

When b belongs to Her,, (k), the set i%"({b}), on the universal domain €, is a k-closed
subset of X (€2). We denote by U(b) the set of points of maximal rank of this set; it is
a k-open subset of iy!({b}); according to Prop. 3 on p. 34 of [40, n. 22], when U(b) is
not empty, it is an orbit of the group U(V'), taking also on the universal domain. We
conclude easily from Lem. 8 on p. 28 of [40, n. 17] that, if L D k is a field containing k,
then the set U(b), of points of U(b) which are rational over L is just the set of points of
ix' ({b}) in X (L) which are of maximal rank in X (L). In particular, for L = k,, we see
that U(b), is just the set U, (b).

For b € Her,(k), let 0, denote the gauge form on the variety U(b) defined by the

formula
dx
0 S
() <dix($) > b

in the sense on p. 14 of [40, n. 6].
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Recall that a system of convergence factors for an algebraic group & over k is a
sequence of positive real numbers A = (\,) indexed by the places of k such that the
product [T, f(,j (©0.) |w], is absolutely convergent in the sense that there exists a finite
set S of places of k such that f@(ov) |wly is defined and nonzero for v ¢ S and the product
va 5 Ao f &(00) |w]|, is absolutely convergent in the usual sense, where w is a gauge form
on & and |w/|, is the corresponding positive measure on &(k,) for every place v of k. See
[40, p. 11].

We have the following analogue of Lem. 19 on p. 61 of [40, n. 43]. The proof is similar
and we omit it.

Lemma 3.6. For every b € Her,(k), 1 is a system of convergence factors for U(b), and
we have pp = |0p|a-

In summary, we have shown the following results, which are analogues of Thm. 2 and
Thm. 3 on pp. 62-63 of [40, n. 44].

Theorem 3.7. Assume that m > 2n + 4e — 2. For ® € S(X(A)), put

Bx@)= Y [ ewm)ds

bEHern(k)X(A)

Then the series of the second member is absolutely convergent, and Ex is a positive
tempered measure. Moreover, for each b € Her, (k), 1 is a system of convergence factors
for the variety U(b) of points in iy ({b}) with mazimal rank; and, if 0, denotes the gauge
form on this variety defined by the formula

then the measure |0y|a on U(b)a is equal to the positive tempered measure pp on X (A)
given by up(®) = Fp(b), and we have

Ex = Z Hb-

beHer,, (k)
In particular, if n =0, then Ex(®) = ©(0).

Theorem 3.8. Assume that m > 2n + 4e — 2. For ® € S(X(A)), put

E@) = Y w()0)

YEP(I\G(F)

Then the series of the second member is absolutely convergent; E is a positive tempered
measure; and we have



W. Xiong / Journal of Number Theory 215 (2020) 52-97 83

E= Zn: Ex,,
r=0

where X, = {(z1,...,2.,0,...,0)} C X, Ex,(®) = ®(0), and for 1 <r <mn,

Bx@= Y [ e@i@@)d

beHery, (k)XT (A)

Note that if we embed Her, into Her,, via by — ( 0 0

by 0) and let @, = ®|x (a), then

Ex(®) = Y / dyp(@m@)dr= S (@),

bEHerT.(k)XT(A) beHer, (k)
4. Uniqueness theorems

In this section, we will prove some results analogous to those in [40, Chap. V], which
will be used in the proof of the Siegel-Weil formula. Recall X = M,,x,(D) = V™. We
assume that m > 2n + 4e — 2 in this section. We say a tempered measure on X (A) is
invariant under G(k) when it is invariant under w(g) for any g € G(k); we also say that
a measure (tempered or not) on X(A) is invariant under an element h of H(A) if it
is so under the mapping x — hx of X(A) onto itself. Recall that, by the corollary to
Prop. 9 of [39, n. 51], the automorphisms ® — w(g)® and ®(z) — ®(hx) of S(X(A)),
for g € C?(X) and h € H(A), are permutable; it is also the same for the corresponding
automorphisms of the space of tempered distributions on X (A).

Let E be a tempered measure on X (A), invariant under G(k), and let ® € S(X(A));
then g — E(w(g)®) is a continuous function on (?(\A/), left invariant under G(k). We
will give conditions for this function to be bounded on é(\A/), uniformly in ® on every
compact subset of S(X(A)); for this, we will apply the results of the reduction theory
in Section 2 to the group G.

We write x € X (k) in the form z = (z1,...,2,), where each x; € V(k) = M, x1(D).
Let t = (t1,...,t,) be an element of (G,,)", with each t; € G,,; we denote by \;
the automorphism of X defined by the diagonal matrix whose diagonal elements are
t1,...,tpn; it can also be written as

x=(21,...,Tn) = xAt = (T1t1,. .., Tply).

For t € (G,,)", denote by \; the automorphism of Her,, determined by the automor-
phism A; of X, which is given by

b= (bag) = b = (baptalp).
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Then the determinants of A; and of \;, with respect to the bases of X (k) and of Her,, (k)
over k, are respectively

D) = (tr.. . t0)™, D) = (ty...t,) T2,

where we recall that § is the dimension of D over k. We conclude that the gauge form
Op(x) on U(b), defined as in Theorem 3.7, is transformed by A; to the gauge form

Op(zA 1) = (t1 ... t,) T2 OG5 (4.1)

on U(V), with b’ = b);. See [40, p. 66].

In particular, for t € (AX)™, X\, and \; are automorphisms of X (A) and of Her,,(A),
respectively. For t = (t1,...,t,) € (G,,)™, if we put |[t|a = [t1---tn]a, and regard A
as the element diag(ty,...,t,) in GL,(A), then we have, whenever C/JZK) = G(A), for
P eS(X(A), z=(x1,...,2,):

w(m(A))®(z) = X(m()\t))|t|zé/2<l>(:n1t1, ey Tptn). (4.2)
When C?(\KQ is a double cover of G(A), we have a similar formula for the action of
w((m(Ay), 1)), which we also write simply as w(m(A)).
)\t 0
0 !
regard \; = diag(t1,...,t,) € GL,; then T is a maximal split torus of G. The strictly

We denote by T the image of (G,,)™ in G under t — m(\;) = , where we

positive roots of G relative to T are o, — g and z, + g for 1 < a < 8 < n, together
with 2z, for 1 < a < n in the case where € > 0 (see p. 66 of [40, n. 47]). Recall we have
defined O(T) and ©F = ©(0) in Section 2. Let T(A)* = ©T - T(A)!. By Lemma 2.3
there is a compact subset C7 of G(A) such that G(A) = C; - T(A)* - G(k). Let T(A)" be
the subset of T'(A) formed of elements m(\;) of T(A) for which

[tila > ... > [tala = 1.
For € > 0, we verify easily that T(A)T = T(A) ', so that by putting C = C;* we have

G(A) = G(k) - T(A) - C. If € = 0, we verify easily that T(A)™ is the union of T'(A) ~!
and s7'T(A) ~'s;, where

l,.;, 0 0 0
[ 0o 0o 0 1
1= 0 0 1,1 0"

0 1 0 0

so that by putting C' = C; ' Us;C; " we have G(A) = G(k) - T(A) - C.
In what follows we will identify (A*)™ with T'(A) by means of the isomorphism ¢

—_—

m(A¢), and also with its image in G(A) by means of the isomorphism ¢ — (m(A;),1). We
can then write G(A) = G(k) - T(A) - 7= 1(C), where 7 : G(A) — G(A) is the canonical
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projection. This shows the following result, which is an analogue of Lem. 20 on p. 67 of
[40, n. 47].

Lemma 4.1. Let E be a tempered measure on X (A), invariant under G(k); let T(A)" be
a subset of T(A)" such that T(A) C T(k)-T(A)"-C’, where C' is a compact subset of
T(A). Then, for the function g — E(w(g)®) to be bounded on Cj(\A/), uniformly in ® on
every compact subset of S(X(A)), it is necessary and sufficient that it be so on T(A)".

For each b € Her, (k), denote by by,...,b, the columns of the matrix b, and write
b= (b1,...,b,). We thus have b, € M,x1(D) for 1 < a < n. If b = ix(z) for some
x € X, then b, = 2*-Q - x4. For 0 < a < n, we denote by Her,(f)(k) the set of elements
b= (b1,...,b,) of Her, (k) such that by = ... = b, = 0 and b,4+1 # 0; Her, (k) is thus
the disjoint union of Her™ (k) for 0 < o < n.

We have the following analogue of Lem. 21 on p. 68 of [40, n. 48].

Lemma 4.2. Let E be a positive tempered measure on X (A), invariant under T (k), whose
support is contained in the union of iy ({b}) for b € Her") (k). Then the function g —
E(w(g)®) is bounded on T(A), uniformly in ® on every compact subset of S(X(A)).

Proof. As before, we denote by ©(T) the set of elements of T(A) of the form
(Gryy-.oyar,), with 7 € Z for 1 < a < n; put © = O(T) N T(A); © is the set of
elements of the above form for which 71 < ... < 7, < 0. There is a compact subset
C’ of T(A) such that T(A) = T(k)-©'-C". Let Cy be a compact subset of S(X(A));
let C} be the set of w(f)® for § € C’, @ € Cy. Applying Lemma 2.7 to the spaces
X = My xn(D), X (@) = Mx1(D) for 1 <a <n,Y = M,x1(D), and to the morphism
= plr) =a* - Q- x of X into Y, we conclude that there exists &g € S(X(A)) such
that |w(0)®| < &, on the support of £ for all § € ©, & € C4. The conclusion of the
lemma follows. 0O

Let b € Her,,(k); let j be the canonical injection of U(b) into X; j then determines an
injective mapping ja of U(b)s into X(A), and more precisely into iy ({b}). Following
the definition on p. 69 of [40, n. 49], we say a measure on X (A) is supported by (portée
par) U(b)4 if it is the image under ja of a measure on U(b)4. For example, this is so for
the measure pp, which by definition is the image of |05|4 under ja, and which appears in
Theorem 3.7. When b is a non-degenerate element of Her,,(k), it results from the remarks
on p. 38 of [40, n. 25] that ja is an isomorphism of U(b)s onto iy’ ({b}); in this case,
every measure of support contained in iy ({b}) is supported by U (b)4.

On the other hand, in the following, a place v of k£ will be given once and for all,
and we write X(A) = X, x X'. For x € X(A), we write x = (z,,2’), where z, and z’
are the projections of z onto X, and onto X’ respectively. We write similarly U(b) =
U(b), x U(D).

We have the following analogue of Lem. 22 on p. 70 of [40, n. 49].
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Lemma 4.3. Let b € Her, (k), and let H, be a subgroup of H, which acts transitively on
U(b)y. Let p be a positive tempered measure supported by U(b)a and invariant under
H]. Then, to every function ® € S(X'), there corresponds a constant c¢(®') such that
for any @, € S(X,) we have:

/ B, ()P (') dp((g, 2')) = (') / D, - Bo]o. (4.3)

U(b)v

Proof. By hypothesis, u is the image of a measure v on U(b),, i.e. the first member of
(4.3) is the integral of ®,(x,)®’'(z") on U(b), x U(b)" with respect to v. Assume first
@’ > 0. By hypothesis, the integral in question is finite whenever ®, is > 0 and belongs
to S(X,), thus also whenever ®, is continuous and of compact support on X,, and
especially whenever @, is continuous and of compact support on U (b),. It can thus be
written as [ @, dv,, where v, is a positive measure on U(b),. By the hypothesis made
on fi, v, is invariant under H). We can then assume that H) is closed in H, (if not,
we replace it with its closure), and thus identify U(b), with the homogeneous space
determined by H) and the stabilizer of one of its points in H,. But the definition of
the gauge form 6, in Theorem 3.7 shows that it is invariant under H, up to a factor
+1; consequently, the measure |6y, is invariant under H,, and especially under H/. The
theorems on the uniqueness of the invariant measure on homogeneous spaces (see [2],
Chap. VII, §2, n. 6) then show that v, only differs from |6, by a scalar factor ¢(®’). The
general case can be reduced to the special case ® > 0 and thus follows immediately. O

Now we can prove the following analogue of Lem. 23 on p. 70 of [40, n. 49].

Lemma 4.4. Let E be a positive tempered measure, invariant under T(k), which is the
sum of measures fi, respectively supported by U(b)a for b € Her, (k). Assume that there
exists a place v of k and a subgroup H, of H, acting transitively on U(b), for any
b € Her,(k), such that E is invariant under H!. Then the function g — E(w(g)®) is
bounded on T(A)', uniformly in ® on every compact subset of S(X(A)).

Proof. Let Ea, for 0 < a < n, be the sum of fi; for b € Her%a)(k); we will have £ =
Eo+.. +E,. Ift € T(k), then \; determines a permutation on each of the sets Hergf‘) (k),
so that each of the measures E,, is invariant under T'(k). On the other hand, H(A) leaves
invariant each of the sets iy'({b}); with the hypotheses of the statement, it follows that
H] leaves invariant each of the measures [ip, thus also each of the Ea; this satisfies thus
the same hypotheses as E’, and we are reduced to dealing with E,.

Thus let « be such that 0 < a < n. There is a constant ¢;, equal to 1 if v = vy and
to g, if v # v, such that there exists, for every 7 € Z, an element y of k, satisfying
¢ " <|ylo < q1¢"7; and there exists a compact subset C' of A* such that every element
t of AX satisfying 1 > |t|[4 > ¢ can be written as the form pc with p € k, ¢ € C;
we denote by C™ the compact subset of T'(A) formed of the elements (cy,...,¢,) with
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cg € Cfor 1 < < n.Let Cy be a compact subset of S(X(A)), and we apply Lemma 2.7
to the space X = M,,«, (D) considered as a product of the spaces

XU = My(arny(D), X® = =X = M,,,(D)
in such a way that the projections of x = (z1,...,,) on these spaces are respectively
(1, Tag1), Tat2s - - Tny We take Y = M, (o41)(D), and p the morphism of X into

Y given by
plx)=2" - Q (x1,...,Tat1).
It is concluded that there exists ®g € S(X(A)), ¢ > 0, such that
[w(m(Ag))w(m(Ae))@(z)] < Po(x)

for all z € X(A), ix(z) € Her!® (k), ¢ € C™, ® € Cp, and 0 belonging to the set ©/, of

elements (a,,,...,ar,) of ©(T) which satisfy the condition

T=..=Tqgp1 < ... <7, <0.
Furthermore, we can assume that ® is of the form @, (z,)®’(z'), with
P, € S(X,), ¥ eSX).

Now let ¢ = (t1,...,t,) be an element of T(A). For 1 < 8 < a, let yg € k, be such
that |ys|, is between [tgt, 1, |a and qi|tstat1]a; let ys = 1 for B > a + 1; we will have
lygle > 1 for 1 < B8 < n. On the other hand, for § > a + 1, let 73 € Z be such that
lars|a = |tgla, and let 75 = 7441 for 1 < 3 < a. For every 3, we will have

1> |tpyzlaz a2 a1,

so that we can write tg = pgyga,,cg, with pg € k, cg € C, for 1 < 3 < n. By putting

y:(y17"'7yn)7 Hz(aTlv"'aaTn)y

we will thus have t = pyfc with p € T(k), y € T, 0 € O/, and c € C™. As E,, is invariant
under T'(k), it follows that we have

| Ba(w(m(A))®)] < Eaw(m(Ay))®o)

for all & € Cy, ¢ being chosen as above.

To evaluate the second member of this integral, we apply Lemma 4.3 to each of the
measures fi, for b € Her'™ (k); denoting by ¢;(®') the constant which appears in that
lemma when we substitute fi;, with u, we obtain
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Eo(wm())®o) = D (@) / w(m(Ay)) @y - |05o-

beHer(® (k) U(b).

As we have yg = 1 for § > a + 1, it results from the definition of Herff) (k) that the
automorphism j\y of Hery(k,) determined by A, leaves invariant all the elements of
Her!® (k). Note that we have

| Ba(w(m(Ay)@o)| = [y1 ... yali 222, (D).

As we have assumed that m > 2n + 4e — 2, the exponent of the second member is < 0.
As we have |yg|, > 1 for all 8, we obtain

| Ea(w(m(A\)@o)| < Ea(Po),
this inequality being valid for all t € T(A)" and ® € Cy. This completes the proof. O

Now we can prove the main result of this section, which is an analogue of Thm. 4
on p. 72 of [40, n. 50]. Note that by Theorem 3.8, if m > 2n + 4e — 2, then the Siegel
Eisenstein series E(®) is absolutely convergent for any ® € S(X(A)) and this gives a
positive tempered measure E on X (A).

Theorem 4.5. Assume that m > 2n+4e — 2. Let v be a place of k such that U(0), is not
empty, and H! a subgroup of H, acting transitively on U(b), for any b € Her, (k). Let
E’ be a positive tempered measure on X (A), invariant under G(k) and under H), and
such that E' — E is a sum of measures supported by U(b)s for b € Her, (k). Then we
have E' = E.

Proof. With the notations of Theorems 3.7 and 3.8, we have £ = " _ _ FEx ; Ex
is the sum of the measures |6,|o respectively supported by U(b)a, while _E'XT has its
support contained in X,.(A) for any r < n. On the universal domain, let U be the set
of points of X of maximal rank; it is k-open; it is an orbit for the group Aut(V); for
any b € Her, (k), U(b) is a subvariety of U and is thus k-closed in U. Let F' = X — U,
it is a k-closed subset of X, invariant under the group Aut(V) and especially under
H C U(V), which contains X, whenever r < n. Consequently, F'(A) is a closed subset of
X (A), invariant under H(A) and obviously also under Aut(X}), which contains X, (A)
for r < n and has no common point with U(b) for any b € Her, (k). It follows that
Ex is the restriction of F to the open set X(A) — F(A), and that the sum ) Fx _ over
0 < r < n is the restriction of F to F(A). The hypothesis made on E’ then implies
that the restriction £ of E/ to X(A) — F(A) is the sum of the measures fi, respectively
supported by the U(b)s for b € Her, (k), and that the restriction of E’' to F(A) is the
same as that of E, so that we have B/ — E = E — Ex; furthermore, as £’ and F(A)
are invariant under H, and under Aut(Xy), it is the same for F, which thus satisfies the
hypotheses of Lemma 4.4.
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According to that lemma, the function g — E(w(g)®) is bounded on T'(A)’, uniformly
in ® on every compact subset of S(X(A)). This conclusion can be applied in particular
to E'x, which is deduced from F as F is from E’ ; it can be applied also to the tempered
measure E” given by

E'=FE —E=FE— Ex.

But this measure is invariant under G(k), since E and E’ are so; we can thus apply
Lemma 4.1, which shows that the function g — E”(w(g)®) is bounded on C?(\A/Q, for
any & € S(X(A)). For every & € S(X(A)), we denote by M(®P) the supremum of
|E"(w(g)®)| for g € G(A); we have M(w(g)®) = M(®) for all g € G(A).

The measure E” is the sum of the measures p; = i, — f4, where p;, denotes once
again the measure |0y|o supported by U(b)a. We thus have, for ® € S(X(A)):

pr@) = Y [ e
beHer, (k)

in this formula, the series of the second member is absolutely convergent, uniformly in
® on every compact subset of S(X(A)), since it is obviously also the series similarly
formed by means of the positive measures fi, and pup. Let b* € Her, (A), we then have,
for ® € S(X(A)):

w(n(b)®(z) = ()i (g (2)));

and consequently

E'(wn(®)®) = > ¢ 7(bb*)) /@dug’.

beHer, (k)

We can consider this formula as giving the expansion of the first member into Fourier
series on the compact group Her, (A)/Her, (k). As the first member, in absolute value,
is < M(®), we have, by the Fourier formulas, that

| [odu) < prco)

and consequently, replacing ® by w(g)®,

| [ wto)e- aug) < p(@), (1.4)

this integral being valid for all g € G( ), b € Herp, (k) and ® € S(X(A)).
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Taking for ® the form @, (x,)®’(z'), with @, € S(X,), ' € S(X’). By the hypotheses
made on E’, the measures fi, are invariant under H), and the same is true for pp; we
can thus apply Lemma 4.3 to them. Consequently, we can write

/@dug — (@) / By - 1050

U(b)w

We now replace ® by w(m(A¢))® with ¢t € T, in this formula; this is equivalent to not
changing ® but replacing ®, by w(m(\;))®,, the later function being given by the
formula analogous to (4.2). If we put b’ = b);, then this gives, by (4.1):

/ (MA@ -y = x(m(A))ey (@[t ... 1, (T HAeD9/2 / By - [0y, (4.5)
U(b)w

Denote by F(b') the integral which appears in the second member; then Prop. 6 on p.
54 of [40, n. 37] shows that it is a continuous function of b € Her,(k,), so that F ()
tends to F'(0) when all the |¢,], tend to 0. As the exponent of |¢; ...t,]|, in the second
member of (4.5) is < 0 by the assumption m > 2n+4¢—2, and the second member must
remain bounded for all ¢t € T;,, we conclude that ¢,(®')F(0) = 0. But F(0) is given by

F(0) = / D, - |00]v,

U(0)o

and, by hypothesis, U(0), is not empty; we can thus choose ®,, in such a way that F(0)
is not zero. We thus have ¢,(®’) = 0, and consequently [ ® du” = 0 whenever  is of the
form ®,(z,)®’(«’). This implies obviously y; = 0. As this is so for any b € Her,,(k,), we
thus have E” =0, ie. E' = E. O

Observe that Theorem 4.5 provides a characterization of the measure Ex, by induction
on the rank n of X over M,,(D), from Ey = dy.

5. The theta integral and the Siegel-Weil formula

In this section, we will first study the theta integrals and give a convergence criterion,
and then prove the Siegel-Weil formula, which is an equality relating the Siegel Eisenstein
series with the theta integral.

For ® € S(X(A)), define the associated theta integral by

1= [ X et9-an

H(A)/H (k) $€X(F)
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where dh is the Haar measure on H(A) such that vol(H(A)/H(k)) = 1. Note that since
we are integrating on the quotient group H(A)/H (k) of left cosets, we take the action
®(hé) = w(h=H)®(£) here.

We have the following convergence criterion for the theta integral I(®), which is an
analogue of Prop. 8 on p. 75 of [40, n. 51]. Recall r is the Witt index of the 7-hermitian
space V.

Proposition 5.1. The theta integral I1(®) is absolutely convergent for any ® € S(X(A))
whenever r =0 orm —r >n+ 2e — 1.

Proof. If r = 0, then H is k-anisotropic and thus H(A)/H (k) is compact (see for example
Thm. 5.1.1 on pp. 582-583 of [3]), whence the theta integral is absolutely convergent.

Now assume r > 0. Then we can choose a basis of V for which the n-hermitian form
on V is given by a matrix of the form

0o 0 1,
Q = 0 QO 0 )
n-l, 0 0

where Q) is the matrix (of order m — 2r) of an anisotropic n-hermitian form. Let T' =
(G,,)" be the maximal split torus in H consisting of diagonal matrices of order m whose
diagonal elements are

(t1y ..t 1 1t ot

with each t; € G,,. Let Py be a minimal parabolic subgroup of H° which contains 7.
Let p : H — Aut(X) be the representation given by p(h)x = ha. For each character
A of T, let my be the multiplicity of A\. The weights of p are x; and —z; for 1 < i <7,
each with multiplicity dn.
By Lemma 2.6, it suffices to show that

/ [T sup(t, @) )™ - 1Ak, (0)15" a0
o+ A

is convergent whenever m —r > n + 2¢ — 1.
Note that

0T :=0(0) ={(ar,,---ya.,): 0< 7. < ... <71}
For 0 = (ar,,...,a,.) € ©F, we have, by Lemma 5.2, that

APO(Q)flz H a?_i(m72i+272e)’

1<i<r

and hence
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|AP0(9)|&1: H q—éTi(m—Qi-‘rQ—QE).

1<i<r

Thus we have

J TLsun NORY™ - Ar @)1 a0
o+ A

— Z H q—én(m—n—2i+2—25)

0<7.<...<mp 1<i<r

=c1...Cr1 § q—T'éTr(m—n—T'+1—2e)’
7r-2>0

where ¢; = (1 — g~ 0T (m=n=j+1=2¢))=1,
Note that the above multiple series converges if and only if m —n —r 4+ 1 — 2¢ > 0,
i.e. m —1r >n+ 2¢ — 1. The desired result follows. O

Lemma 5.2. For 0 = (a,,,...,a,. ) € OF, we have

Apo(a)—lz H aifm—%—&-2—2€).

1<i<r

Proof. The restriction of A;Ol to T is the product of all the positive roots (see [40, p. 17]).
Now the positive roots are the following: x; — z; and x; + x; for 1 < i < j < r, each
with multiplicity ¢; z; and 2z; for 1 <4 < r, with multiplicities §(m — 2r) and §(1 — €)
respectively (see [40, p. 76]). So the sum of all the positive roots are

20z (r — 1) + 20xo(r —2) + ...+ 20x,—1 + Zd(m —2r+2—2e)x;
i=1

=Y 6(m—2i+2-2)z;. O

i=1

Now we can show the Siegel-Weil formula. We follow the proof of Thm. 5 on p. 76 of
[40, n. 52].

Theorem 5.3. Assume that m > 2n + 4e — 2. Let v be a place of k such that U(0),
is not empty, and H. a subgroup of H, which acts transitively on U(b), for any b €
Her, (k). Let v be a positive measure on H(A)/H(k), invariant under H), such that
v(H(A)/H(k)) =1 and that the integral

L@ = [ % e dn

H(A)/H(k) SEX(F)
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is absolutely convergent for any ® € S(X4). Then we have

and for every b € Her, (k) we have

> () dvl) = [ @, (5.1)

H(A)/H(k) SEU O

where py, is the measure |0p|a determined on U(b)a by the gauge form 0, defined in
Theorem 5.7.

Proof. We proceed by induction on the rank n of X over A, where A = M,,(D) is
equipped with an involution given by z +— Q! - 2* - Q, here Q is the invertible 7)-
hermitian matrix over D of order m which is used to define the n-hermitian form on V.
We first show that the hypotheses made on v and v with regard to X imply that v
and v have similar properties with regard to each A-module X’ of rank n’ < n. Since
all the A-modules of the same rank are isomorphic, it suffices to prove this assertion
when X'’ is a submodule of X. Concerning the condition imposed on v, the assertion is
obvious. Concerning the place v, let X, = X ®j, ky, X! = X' ®p, ky, and A, = A Ry, ky.
Then X, and X are A,-modules of rank denoted respectively by n, and n.. For every
b € Her,/ (k), we denote by U’(b'), the set of elements ' of X/, of maximal rank in X7,
which satisfy ix/(z") = V/. Consider first the hypothesis U(0), # @, which we want to
show that it implies U’(0), # 0. Assume first that A, is of type (I), i.e. A, is of the form
M., (R), where m,, is a positive integer and £ is a division algebra over k,; the involution
on A, is then defined by an involution on £, and by a matrix Q, € M,,, (&) which is
Np-hermitian with respect to this involution. Saying that U(0), # () then amounts to
saying that Q, is of Witt index > n,,, and U’(0), # () amounts similarly to saying that
this index is > nl; for n’ < n, the first assertion implies obviously the second. If A, is
of type (II), i.e. it is of the form A, = M, (R) & M, (&), where £ and & are two
division algebras over k, which are anti-isomorphic, then U(0), # @ and U’(0), # 0
are respectively equivalent to m, > 2n, and m, > 2n! by [40, n. 23], and we draw the
same conclusion; besides we note that, in this case, € = % by [40, n. 26], thus m > 2n
by the assumption m > 2n + 4e — 2, so that certainly U(0), # 0 and U’(0), # 0. Next
we consider the transitivity of H on the sets U(b),, U'(V),. Recall X = My, xn(D),
and identify X’ with the submodule of X of elements of the form (z1,...,z,/,0,...,0);
denote by X" the submodule of X of elements of the form (0,...,0, 2 41,...,2,), SO
that X = X’ & X", Let b’ € Her,,/(k), and let b be the element of Her, (k) given by the

/
matrix <% 8) with 7 lines and n columns. Assume first that A, is of type (I); with

the same notations as above, we can identify Her, (k,) with the space of 7,-hermitian
matrices of n, lines and n, columns over K, and do the same for Her,, (k). The canonical
isomorphism of Her, (k) ® k, onto Her,,(k,) induces a k-linear mapping of Her,, (k) into
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Her, (k,). Let b, € Her,(k,) be the image of b under this mapping; if b is the element
/

of Her,/ (k,) deduced similarly from &', then b, = (bdj 8) By [40, n. 19], U(b),, can be
identified with the set of matrices x of m, lines and n, columns over K, of maximal rank
(i.e. equal to n,), which satisfy Q,[z] := z* - Q, - © = b,; we have a similar assertion for
U'(V),. By hypothesis, U(0), is not empty, which means that @, is of Witt index > n,;
we deduce easily that U(b), is not empty; and we choose a € U(b),. Then, if a’, o’ are
the projections of a on X/, X! for the decomposition X, = X & X/, we have

ld=al@.a=n= (% 7).

thus @Q,[a’] = b)); moreover, as a is of maximal rank (equal to n,) in X,, ¢’ must be of
maximal rank (equal to n)) in X/ ; thus o’ € U'(V'),. Let then 2’ € U’(¥’),.. By Prop. 3 of
[40, n. 22], there exists h € H, such that 2’ = ha'. Then a and ha both belong to U (b),,
so that, by hypothesis, there exists A’ € H] such that ha = h’a, whence 2’ = h'a’. This
shows that H) acts transitively on U’(b’),. The proof is similar when A, is of type (II).

Let then v and v satisfy the hypotheses of Theorem 5.3 with regard to the module
X. For n = 0, the assertion of the theorem is reduced to I,, = g, which is an obvious
consequence of the hypothesis v(H(A)/H(k)) = 1, here § is the measure on X (A) given
by §o(®) = ®(0). We proceed by induction on n, and suppose n > 1. Since by hypothesis
I,(®) is convergent for any ® € S(X(A)), Lem. 2 on p. 5 of [40, n. 2] joint with Lem. 5
on p. 194 of [39, n. 41] show immediately that I, is a positive tempered measure. Now
Thm. 6 on p. 193 of [39, n. 41] and Prop. 9 on p. 210 of [39, n. 51] show that I, is
invariant under G(k); it is also obviously invariant under H, for a place v of k such that
U(0), is non-empty. Similarly, if we denote by I, ,(®) the first member of (5.1), then
I, is a positive tempered measure. Let I, x be the sum of I, ; for b € Her,(k); we
can consider I, x as defined by the integral similar to that which defines I,,, but where
the summation is restricted to the elements £ of X (k) which are of maximal rank in
X (k). Similarly, for the submodule X, of X, where 0 < r <n — 1, denote by I, x, the
positive tempered measure defined by the integral similar to that which defines I,, x, but
where the summation is restricted to the elements £ of X, (k) which are of maximal rank
in X, (k). Taking into account of Theorem 3.7, we see that Theorem 5.3 for X implies
that I, x = Ex; as a result, the induction hypothesis implies that I, x, = Ex, for the
submodule X, of X whenever r < n. Thus we have, by this hypothesis:

L= Y ILu,+ », BEx. (5.2)

beHer,, (k) 0<r<n-—1

According to Theorem 3.8, the second sum of the second member is just £ — Ex. On
the other hand, according to Prop. 3 on p. 34 of [40, n. 22], those of U(b); which are
non-empty are orbits of H (k) in X (k); then formula (11) on p. 15 of [40, n. 7] shows that
the measures I, are respectively supported by U(b)s. Consequently, I, satisfies all the



W. Xiong / Journal of Number Theory 215 (2020) 52-97 95

hypotheses of Theorem 4.5, thus I, = E, and I, x = Ex by (5.2). As I, and p; are the
restrictions of I, x and of Ex to the set z}l({b}) respectively, it follows that I, , =
for any b € Her,, (k).

This completes the proof of this theorem. O

Now we take for v the Haar measure on H(A)/H (k) normalized by vol(H(A)/H (k)) =
1; then I,(®) is just the theta integral I(®) defined before. We choose a place v of k
such that U(0), is not empty (this holds for almost every v), and take H, = H,. Then
this Haar measure and this place v satisfy the hypotheses of Theorem 5.3 (as can be
seen from the proof of this theorem). Note that if m > 2n 4 4e — 2, then this implies
automatically that r = 0 or m—7 > n+2e¢—1 (since r < %), and thus /(®) is absolutely
convergent, and I(®) = E(P) by the above theorem, for any ® € S(X(A)).

e

More generally, for & € S(X(A)) and g € G(A), let

I(g,®) = I(w(9)®).

Then the theta integral I(g, ®) is absolutely convergent whenever r = 0 or m — r >
n+2e—1.
Corollary 5.4. Assume m > 2n + 4e — 2. Then for all ® € S(X(A)) and g € C?(\K),

(i) I(g,®) is absolutely convergent, E(g,s, ®) is holomorphic at s = sg, where sg =
a(m—n+1-—2¢)/2;

(i) moreover, we have

I(g,®) = E(g, 50, P).

Remark 1. Let H; = {h € H : v (h) = 1}, where vi : M,,,(D) — K is the reduced norm,
and we recall that K is the center of the division algebra D. For example, if D = k and
V is a non-degenerate quadratic space over k, then H = O(V) and Hy = H® = SO(V).
When € = % and m > 2, or ¢ = 1 and m > 3, we denote by H the simply connected
covering of H; (the spin group). Now we can define the integrals I;(®) and I(®) by
substituting H; and H (when defined) for H in the definition of the theta integral I(®)
respectively, with similarly normalized Haar measures. As in [40, n. 51-52], we can show
that I, (®) and I(®) are absolutely convergent for any ® € S(X(A)) whenever r = 0 or
m —r >n+ 2 — 1, and we can show analogues of Theorem 5.3 for I;(®) and I(®). We
omit the details here.

Remark 2. As in [40, n. 53-56], Theorem 5.3 can be applied to study the Tamagawa
numbers and the approximation theorems for groups of the form H, H; or H defined
above. We refer to [40] for more information.

Remark 3. As in [31] and [24], we can derive a Rallis inner product formula over function
fields from the Siegel-Weil formula established here and the basic identity of Piatetski-
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Shapiro and Rallis ([30, p. 3]). Since the Siegel-Weil formula established here only applies
for m > 2n + 4e — 2, the corresponding Rallis inner product formula is quite restrictive,
and to establish a more general Rallis inner product formula will require more general
Siegel-Weil formulas, as in the number field case (cf. [22], [4], [46], [5]). The derivation
of the Rallis inner product formula over function fields is similar to that over number
fields, and we omit the details.
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