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1. Introduction

Long before the local Langlands correspondence was established by Harris-Taylor [6]
and Henniart [7], Macdonald had already established a correspondence between irre-
ducible representations of GL,(k), k a finite field, and inertia equivalence classes of
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admissible tamely ramified n-dimensional Weil-Deligne representations of Wiy, where
K is a non-archimedean local field with residue field k£ and Wx is the Weil group of
K. This correspondence matches epsilon factors. In view of [17, (A.1)], Macdonald’s
correspondence is the restriction of the local Langlands correspondence to level zero
representations.

Let o be the ring of integers of K, p C o be its prime ideal. Let ¢ be the size of k.
Let ¢ be an additive character of K of conductor p, i.e., ¥ is trivial on p but not on o.
Thus, it descends to a non-trivial additive character ¥ on k. Let dx be the Haar measure
on K normalized such that p has volume q_%. If ¢ is a tamely ramified n-dimensional
Weil-Deligne representation of Wy corresponding to the irreducible representation m of
GL, (k), then the match of epsilon factors asserts that

E(ﬂ-u d}) = 60(¢7 ¢7 dl‘)

Here €(m, ) is the Godement-Jacquet epsilon factor of m defined in [10], and eq(¢, ¢, dx)
is the arithmetic epsilon factor defined by Deligne in [3]. We note that operations such
as direct sums, tensor products, exterior powers and symmetric powers preserve tame
ramification of Weil-Deligne representations of Wy . Thus in the spirit of Macdonald’s
correspondence, we define various eg-factors of representations over the finite field with
respect to these operations in a way that they match the arithmetic eg-factors of Deligne,
see Definition 3.2. The immediate benefit of such definition is that eg-factors over finite
fields inherit good properties from the arithmetic eg-factors of Deligne. The most impor-
tant ones are multiplicativity and being expressible as products of Gauss sums.

€o-factors over finite fields agree with those gamma factors coming from integral rep-
resentations. In Section 4, we write down explicitly the formulas for the finite eg-factors
with respect to the tensor product operation in terms of Gauss sums. Then we show that
they are equal to the corresponding Rankin-Selberg gamma factors defined in [15,12,19],
up to some effective constants. Since eg-factors can be written as products of Gauss sums,
we then prove in Corollary 4.5 that the Rankin-Selberg gamma factors are also products
of Gauss sums, which answers [14, Conjecture 2.2].

Section 5 is similar to Section 4, only that we analyze the exterior square epsilon
factors in this section. The exterior square epsilon factors are also multiplicative and are
products of Gauss sums. We will not repeat the proofs of these statements, since the
techniques are demonstrated in Section 4. The exterior square epsilon factor is equal, up
to some constant cy, to the exterior square gamma factor defined in [21]. Unfortunately,
the constants cy are not effective. We conjecture that ¢y = 1, which is roughly equivalent
to the statement that the two exterior square epsilon factors coming from the Jacquet-
Shalika integral representation and the Langlands-Shahidi method coincide.

Acknowledgments. We would like to thank Colin Bushnell for pointing us to [10]. We
are especially grateful to James Cogdell for careful readings of the paper and his helpful
comments.
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2. Tamely ramified representations

Let K be a non-archimedean local field with residue field & of size ¢. Let o be the ring of
integers of K and p = (w) be the maximal ideal of o, where w is a fixed uniformizer. Then
k is isomorphic to o/p. Set K and k as the separable closures of K and k respectively.
We have a short exact sequence

11— Gal(K/K) — Gal(k/k) 2 Z — 1,

where [ is called the inertia subgroup, and 7= limZ /mZ is the inverse limit of the Galois

groups of the finite degree field extensions of k. The pro-p subgroup P of I (where p is
the characteristic of k) is the wild inertia subgroup of K. Taking the preimage of Z C Z,
we obtain another short exact sequence involving the Weil group W of K:

11 —-W(K/K)—Z—1.

For convenience, we set W = W(K/K). Let K" C K be the maximal unramified
extension of K. Let F € Gal(K""/K) be a geometric Frobenius element, i.e., it is the
inverse image of an automorphism of k/k, also denoted by F, defined by F(z29) = x for
x € k. Then W = I x (F). We define a norm ||-|| on W by setting

lill =1, 17 = ¢,

where ¢ € I.
A Weil-Deligne representation of W is a pair ¢ = (p, N) satisfying the following
conditions:

(1) p: W — GL(V) is a finite dimensional representation on V' over C, such that p(w)
is semisimple for w € W, and ker(p) contains an open subgroup of I;
(2) N :V — V is nilpotent, and p(w)Np(w)~! = ||w| - N for w € W.

The degree (or dimension) of ¢ is set to be dim p. If ker(p) contains I (resp. P), then p
and ¢ are said to be unramified (resp. tamely ramified). Two Weil-Deligne representations
¢ =(p,N) and ¢’ = (p', N’) are equivalent if there exists a linear isomorphism a : V —
V' such that the following two diagrams commute for all w € W, where V and V' are
the underlying vector spaces of p and p’ respectively.

| g, g vV <25V
p(w)J( lp’(w) NJ{ lN’
VsV VsV

Similarly, ¢ and ¢’ are said to be I-equivalent if the above diagrams commute with p and
o’ replaced by their restrictions to I with some linear isomorphism « : V' — V', Following
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the notations in [10, Section 3], we set ®'(GL,) to be the set of equivalence classes of
tamely ramified Weil-Deligne representations of W of degree n, and set ®%(GL,,) to be
the set of I-equivalence classes of tamely ramified Weil-Deligne representations of W of
degree n.

For a Weil representation p : W — GL(V), Deligne [3, Section 4 and 5] defined
the epsilon factors €(p, ), dz) and eg(p, 1, dz) associated to it, where ¢ is a non-trivial
additive character of K and dx is an arbitrary Haar measure on K. These two epsilon
factors are non-zero constants related by

e(p, ¥, dz) = eo(p, b, d) det (—=F, V') ", (1)

where V! is the maximal subspace of V on which p(I) acts trivially. For a Weil-Deligne
representation ¢ = (p, N), following [3, 8.12], we can also define the epsilon factors
associated to it by

60(¢,¢7d$) = €0(Pa¢,dl‘)7 (2)

and

e($, 1, dx) = eolp, v, dx) det (~F,VE) ",

—
w
=

where Vi is the null space of N : VI — VI (N preserves V! because p(i)Np(i)~1 =
li]| - N = N for i € I).

These epsilon factors are in general hard to made explicit. Deligne computed ¢y for
the case where p is tamely ramified.

Theorem 2.1 (/3, Section 5.16]). Let p: W = W(K/K) — GL(V) be a tamely ramified
representation, i.e., p(P) = 1. Then

(1) p is a direct sum of induced representations of tamely ramified characters x; : K —
C* of unramified extensions K;/K, i.e.,

w
p= Z Indw(f/Ki)Xi,

i=1

where i = 1,--- ,r for some integer v, and x; is treated as a character of W (K /K;)
via the natural map W(K/K;) — W(K/K;)®™ = K from local class field theory,
normalized so that F is sent to w.

(2) Let ¢ be an additive character of K of conductor p, that is, ¢ is trivial on p but not
on 0. Then v can be treated as a character Yy of k via the isomorphism o/p — k.
Let dx be the Haar measure on K, normalized such that fp dx = q_%. Then
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colp, ¥, dz) = (—1) Vg~ 5 ] r(%i, v,

i=1

where k; is the residue field of K;, v¥x, = ¥y o Try, /i is an additive character of k;,
Xi s the multiplicative character of k defined by xi, and 7(Xi,Vx,) is the Gauss
sum of X; with respect to the additive character vy, defined by

(X k) = — Y, Xi (@71) ().

xek?

These epsilon factors are equal for two representations in the same equivalence class.
They might not be equal for two representations that are only in the same I-equivalence
class. However, an immediate corollary of the above theorem is that eg(¢, v, dzx) is well-
defined on ®¢(GLy,,), since the Frobenius element F' is not involved in the explicit formula

of eo(p, 1, dx).

Corollary 2.2. Let ¢ = (p,N) and ¢’ = (p',N’) be two tamely ramified Weil-Deligne
representations of W such that pr = p;. Then for any Haar measure dx on K,

EO(¢7 ¢7 d{l?) = 60(¢I7 1/}7 dil')
In particular, the above equality holds if ¢ and ¢' are I-equivalent.

Tamely ramified Weil-Deligne representations are parameterized in [10, Section 3].
We now recall this parameterization. A partition of a non-negative integer n is a tuple
A= (A, A2,-++,A) such that Ay > Ay > -+ > X\, > 0 and [N := > ;|\ = n. We
define n(A) := r to be the number of parts of A. For convenience, we sometimes write
A = (A\;) and ignore the ordering of \;’s. For example, if A = ()\;) and p = (u;) are
partitions of n and m respectively, then A+ 1 := (\;; i15), the concatenation of these two
partitions, is a partition of n+m and A- p := (A;ut;) is a partition of nm. We denote the
empty partition of 0 by (). We set P, to be the set of partitions of n and P = J,,~ Pn-

Let k, be the (unique) field extension of k of degree n in k. Let I',, be the character
group of k. For m|n, the norm map N, ,, : k< — k) induces an embedding N, ,, :
Iy — Ty {T,} forms a directed system under these norm maps, and we define

I'=1limD,.
i y

The Frobenius element F' acts on I' by Fy = ¢ for v € I'. We identify I',, with the
subgroup {y € T': F"y =~} of I". If f is an F-orbit in ', we define the degree d(f) of f
to be the cardinality of f. Thus if v € f, then v € T'y(y).

Let P,(T") be the set of partition-valued functions A : I' — P such that

(i) Ao F =\, i.e, A is constant on the F-orbits;
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(i) > . er IA(Y)] =n (Since [A(7)] > 0, it is actually a finite sum).

If A\ € P,(I"), then since A o FF = ), it makes sense to define A(f) := A(y) for any
F-orbit f and any v € f. Let v € I, be a multiplicative character of k, and let v, be
the additive character of k, defined by %. In Theorem 2.1, we have defined the Gauss
sum of v with respect to ,,:

T(’%wn) = - Z Y (xil) ¢n(x)
zEky
We observe that 7(F (), ¥n) = 7(7,¥n): since ¢y, (27) = ¢poTry, jp(29) = oTry, /() =

¥ (z) for x € ky, and z — 27 is an automorphism of k), we have

T(F(7),¥n) = 7(v% %) = — Z Y (m_l)qwn@j)

z€ky
== v @) ala) == Y v (@) Pu(a?)
rE€kn wEkY
= Z Y (33)71 lﬁn(@ = T(f}/awn)'

xEky

Therefore, we can define the Gauss sum of an F-orbit. Let f be an F-orbit of v € ',
we define

T(fa wn) = 7_(77 1/%)
Theorem 2.3 (/10]). There is a natural bijection from P,(T') onto ®%(GL,,).

Given X € P,(TI"), we use ¢ = (px, Nx) to denote a representative in the correspond-
ing I-equivalence class of tamely ramified Weil-Deligne representations. The underlying
vector space of py is denoted by V). If there is no ambiguity, we will use ¢, to denote
its I-equivalence class. If X is supported on a (single) degree n F-orbit f, i.e., A(y) = (1)
for v € f and A(y) = () otherwise, then we will sometimes use ¢y = (ps, Nf) to mean
dx = (pa, N»). We will also use V; for V) in this case.

With Theorem 2.3 and the notations introduced above, we can restate Theorem 2.1
as follows. See [10, Section 3] for more details.

Theorem 2.4. Let A € P,(T") and ¢y = (px, N») be as above.

(1) Let (px)r be the restriction of px to I. Then

(o)=Y W= > AOID

~eD feEF\T YESf

where F\T is the set of F-orbits in T, and the sums above are direct sums.
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(2) Let 4, ¢ and dx be as in Theorem 2.1. For an F-orbit f in T, let ¢q ) = ¥ o
Triy s/ be the additive character of kacyy defined by ¢y. Then

60(¢>\7/¢)7d1’) - (_l)nq_% HT(f’ wd(f))‘k(f)l
f

Let v € T, and let f be the F-orbit of ~, i.e., f is the set {, Fvy,---,F" 14}
with duplicated elements removed. The size of f, or equivalently the degree of f, is
not necessary n. Let m = d(f), then m|n. In this case, 7 is actually an element in the
subgroup I';,, C I, where the embedding of I',, into I'), is given by the norm map
Npom t kn — kp,. We introduce the notion of the F'-set generated by v with respect to I';,
to be the (multi-)set {~y, F7y, -+, F" 14}, possibly with duplicated elements. Let h be
the F-set generated by ~ with respect to I',, then h consists of ;- copies of f. Since the
elements of h are in the same F-orbit, we can define the Gauss sum for h to be

T(hyn) == T(, V),

for any « € h.

Theorem 2.5 (Hasse-Davenport, [3, 5.12]). Let m|n and let v € Ty, be a character of
k), such that its F-orbit f is of degree m. Let h be the F-set generated by v with respect
to Ty, Then 7(h,n) = 7(f,m)™ -

Let
G=Ga(K/K)D>Gy=I>G =P>GyD>---DGy=1

be the filtration of the ramification subgroups [16]. For a Weil-Deligne representation
¢ = (p,N), where p : W — GL(V) for some complex vector space V', we define its Artin
conductor a(¢p) by

S p(G))
a(¢) =Y dim (V/VE) 210

]Z::o ( ) lp(Go)
where Vi is the subspace of p(G)-fixed vectors in V. We note that by definition, ker p
contains an open subgroup of Go = I, and since I is compact, the image p(Gp) of Gg is
finite. Hence so are the other p(G,) for j = 1,...,N, as G; C Gy. Isolating the j = 0

term in a(¢), we can write
a(¢) = dim (V/V') + b(¢),

where b(¢) is called the Swan conductor of ¢. Deligne defines €(s, ¢, 1, dz), which is an
indispensable ingredient in the local Langlands correspondence, by the formula

Please cite this article in press as: R. Ye, E. Zelingher, Epsilon factors of representations of finite general
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e(s, 0,1, dx) = e(¢, 1), da)qdmV—al@)s,

See [3, 5.5 and 8.18] for details, and note that n(y) = —1 for our choice of .

Let A € P,(I'") and ¢» = (pr,Na) be the tamely ramified Weil-Deligne repre-
sentation under the bijection in Theorem 2.3. Since p)(P) acts trivially on Vi, we
have dim (Vy/V{) = 0, so b(¢y) = 0. Thus in this case, a(¢) = dim (Vy/V{) =
dim V), — dim V)\I . Therefore,

(s, dn, 0, dz) = (6, 6, dw)g( ™ A = (g, 5, dr) gD, (4)

where A(1) is the partition of A evaluated at the trivial character 1 of k*.
Finally, we want to discuss when €(dx, 1, dx) = €o(px, ¥, dx). From Equation (2) and
Equation (3), we have

€(én 0, dz) = eo(n, 1, d) det (—F, VL )"

Thus, we want to know when det (—F , (V/\)f\h) equals 1. An obvious sufficient condition
is V>\I = 0.

Proposition 2.6. Let A € P,,(T") and let ¢ = (px, Nx) be the corresponding I-equivalence
class of a tamely ramified Weil-Deligne representation. Then ViI = 0 if and only if

A) = ()-

Proof. Since we only concentrate on the [-fixed subspace, it makes sense to work with
I-equivalence classes directly. By Theorem 2.4,

(oa)r = > A

ver
Therefore, V) has a non-trivial I-fixed vector if and only if A(1) # (). O
Corollary 2.7. Let A € P, (T') be such that A\(1) = (), i.e., A is not supported on 1. Then
€(s,ox, 1, dx) = €(dr, ¥, dx) = €o(Pa, ¥, dx).
Proof. The first equality comes from Equation (4) and A(1) = (). Since V{{ = 0 by

Proposition 2.6, (V,\)JI\,A = 0, so det (—F, (V,\)va) = 1. Then the second equality fol-
lows. O

3. Macdonald’s correspondence and epsilon factors
From now on, we fix an additive character 1 on K of conductor p, and let dz be the

Haar measure on K such that fp dx = q_%. dx is self dual with respect to ¥. We also
use ¥ to denote the additive character on k defined by 4 via the isomorphism k = o/p.

Please cite this article in press as: R. Ye, E. Zelingher, Epsilon factors of representations of finite general
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Let k,, be the (unique) field extension of k of degree n. Let 1, be the additive character
on ky, defined by v, = ¢ o Try, /.

Let II(GL,(k)) be the set of equivalence classes of irreducible representations of
GL,, (k). Green [5] established a natural bijection between II(GL,(k)) and P,(T"), see
also [10, Section 1]. If A € P,(T"), we denote by my € II(GL,(k)) the corresponding
(equivalence class of the) irreducible representation. If X is supported only on a (single)
orbit f of degree n, we will also write 7y for my.

In light of Green’s correspondence and Theorem 2.3, Macdonald obtained the following

Theorem 3.1 (Macdonald’s correspondence, [10]). There is a canonical bijection
M : TI(GL,, (k) — ®4(GL,)

such that M(my) = ¢ for A € P,(T") and

€<7TA7,(/)) = 60(¢/\vwad'r)> (5)
where e(m,1)) is the Godement-Jacquet epsilon factor defined in [10, Section 2].

Macdonald’s correspondence M and Equation (5) inspire the following definition of
epsilon factors:

Definition 3.2. Let 7 € II(GL,(k)), and let r be an operation on Weil-Deligne represen-
tations of W that preserves tame ramification, for example 7 can be direct sum, tensor
product, exterior power or symmetric power. We define a non-zero constant ey(m,r, 1))
associated to the pair (m,7) by

60(777’71/’) = EO(T (M(ﬂ-)) 71/)7 d$)7
Remark 3.3.

(1) There is exactly one Haar measure dz on K such that fp dr = q_%, but there are
q — 1 different additive characters of conductor p on K. Therefore, we keep ¢ and
omit dz in the notation eg(m, 7, 1), though we have fixed v and dx at the beginning
of the section. One should keep in mind that the definition of €y(m,r, 1) depends on
the choices of both ¥ and dz.

(2) If r = id is the identity operation, then Equation (5) is the same as

6(7‘-’ ¢) = 60(7Ta id, w),

where ¢(7, ) is the Godement-Jacquet epsilon factor of .

Please cite this article in press as: R. Ye, E. Zelingher, Epsilon factors of representations of finite general
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(3) If r is either the direct sum or the tensor product, then it is a binary operator, so
the corresponding epsilon factors should receive as input two representations. For
example, when r = @ is the direct sum, it should be understood that the epsilon
factors are defined for two representations m € II(GL,(k)) and w2 € II(GL,,(k))
and we write

eo(m1 B2, 9) := eo(m1, m2, B, ) = (M (m1) © M(m2), ).

And for r = ® the tensor product, we write

eo(m1 X w2, ) 1= €o(m1, M2, ®, ) = €9(M(m1) @ M(m2), ).

(4) If r is one of these four operations listed in Definition 3.2, then it preserves tame
ramification. That is to say, if ¢ is tamely ramified Weil-Deligne representation of
W (or a pair of tamely ramified Weil-Deligne representations when r is the direct
sum or the tensor product), then so is r(¢).

It follows immediately from the definition of €y(m,r, ) that epsilon factors of irre-
ducible representations of general linear groups over k enjoy the same good properties
as those of epsilon factors of tamely ramified Weil-Deligne representations over K. For
example, they satisfy multiplicativity [3, (5.2)], and they can be written as products of
Gauss sums by Theorem 2.1 or Theorem 2.4. To illustrate these properties, we will look
at the case where r is the identity operator for the rest of this section. For simplicity of
notations, we define

eo(m, ) := eo(m,id, ) = eog(M(7), ).

Let A € P,(T") and p € P,,,(T"). Then by multiplicativity of eg-factors of Weil-Deligne
representations,

eo(mx B, ¥) = €0(dr ® b, V) = eo(dr, V)eo(dp, ) = €o(ma, )eo (T, ).
This is the multiplicativity property for eg-factors of irreducible representations of general

linear groups over k. On the other hand, from Theorem 2.4 and Definition 3.2, we can
express €(my, ) as a product of Gauss sums:

coma. 1) = eo(én,18) = (=1)"q % [L7(Fvaip)
!

There are two ways to express eg(my B m,, 1) as a product of Gauss sums. The first
way is to use the multiplicativity of ep-factors:

Please cite this article in press as: R. Ye, E. Zelingher, Epsilon factors of representations of finite general
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eo(ma B 7y, ) = eo(ma, ¢)eo(mp, )

n+m _ntm
= (=1)"tmg 2 HT(ﬂT/)d(f))l)‘(f)Hl”(f)‘-
!

On the other hand, by the explicit correspondence between P,(I') and ®¢(GL,,) as in
[10, Section 3], we see that ¢y @ ¢, is a tamely ramified representation of degree n +m
corresponding to v = A+ p € P4, (T'). Here, we have for v € T,

v(y) = A(y) + p(v),

where addition above is the concatenation of two partitions. Thus,

n+

60(77)\ B ﬂ-lhw) = 60(@5,,, ¢) = (—1)”+mq7 7 HT(f, wd(f))\u(f)\
f

These two ways agree because |v(f)| = |A(f)| + |u(f)|. Moreover, since ¢, = ¢\ ® ¢,
we can define the addition 7 H =, to be 7,.

4. Tensor product epsilon factors

This section is devoted to the tensor product epsilon factors eg(my X m,,1). First of
all, we show that they are equal to products of Gauss sums. Secondly, we relate them to
the Rankin-Selberg gamma factors defined in [15,12,19]. Their relation to the Rankin-
Selberg gamma factors can be used to solve a conjecture made by Nien and Zhang [14,
Conjecture 2.2].

4.1. Gauss sums

In terms of Green’s classification, irreducible cuspidal representations of GL, (k) are
in a one-to-one correspondence with F-orbits in I' of degree n. In other words, if m
is an irreducible cuspidal representation of GL, (k), then it corresponds to A € P,(T")
supported on a (single) degree n F-orbit f, i.e., A(y) = (1) if v € f and A(vy) = ()
otherwise. In this case, we will use 7 instead of my, and we will define ¢ and ps by
M(m¢) = ¢ = (pf,0). Note that the nilpotent map corresponding to 7¢ is 0, since 7y
is cuspidal, and the corresponding ¢ is irreducible.

Theorem 4.1. Let my and m, be two irreducible representations parameterized by A €
P, (') and p € P, (") respectively. Then

€o(mr X Ty, 1p) = HEO(ﬂ'f x g, ) M@,
f.g

where f and g run over all the F-orbits in I.
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Proof. Let ¢» = (pr, N\) = M(my) and ¢, = (pu, N,) = M(m,). Then by Theorem 2.4,

()= Phy= Y NI

~€T fEF\T i

and

()= =3 lul@) Y.

yer geEF\T v€yg

Let ¢ = (p, N) = ¢ @ ¢.. Then p = py ® py,, and

pr=(px)1 ® Pul—zp\ N u(g)l Z Y172 = ZP\ (g Pf®Pg)I-

f.9 Y1Ef,V2€9

Here (py,0) are (pg,0) correspond to the cuspidal representations 7, and 7, respectively.
The last equality above comes from

(r@p)r= (o)1 @)1 =Y M- D 2= D, "%

mef Y2€9 Y1E€Ef,72€9

Therefore, we have by Corollary 2.2 and multiplicativity of €y [3, (5.2)] (see also the
example at the end of Section 3),

(o, ) = Heo(pf ® pg7¢)|/\(f)llu(g)\.
fia

Now by Definition 3.2,

eo(ma x mu,¥0) = eo(d, ) = [ [ eolpy @ pg, ) M)
19

— HGO(Wf % 7Tg7¢)\>\(f)llu(g)\_ O
fi9

With Theorem 4.1, we can reduce the study of ey(m\ x 7, 1) to that of ey(mf x 74, 1)
for F-orbits f and ¢ in I'. Let n > m be two positive integers. Let f be an F-orbit of
degree n. Fix an o € f, then o € I'), and f = {oﬂi :4=0,1,...,n — 1}. Similarly, let
g= {qu :7=0,1,...,m — 1} be an F-orbit of degree m for some § € I';,,. Let 7y and
mg be the corresponding cuspidal representations of GL, (k) and GL,,(k) respectively.
With these notations, we have the following

Theorem 4.2. Let d = ged(n,m) be the greatest common divisor of n and m, and let
[ = "7 be their least common multiple. Then

co(mp X wg, ) = (=1)""q % HT (@B, ),

Please cite this article in press as: R. Ye, E. Zelingher, Epsilon factors of representations of finite general
linear groups, J. Number Theory (2020), https://doi.org/10.1016/j.jnt.2020.06.007




YJNTH:6566

R. Ye, E. Zelingher / Journal of Number Theory ess (sees) see—see 13

where aﬁqi € I'y is defined by
(@8")(2) = & (Ni(@)) 8 ((Nen ()" )
for x € k.

Proof. Let ¢y = (pf, Ny) = M(my) and ¢y = (pg, Ng) = M(my). By Theorem 2.4, we
have

n—1 m—1
(o) = 3 o and ( 5",
=0 7=0

where (pf)1, (pg)1 are the restrictions to the inertia subgroup I of py, p, respectively. If
we set ¢ = (p, N) = ¢ ® ¢pg € P4(GLyy,), then

n—1 ) m—1 ) o
p1r = (pr @ pg)1 = (p)1 ® (pg)1 = (Z 04q1> ® Z B | = Zaq B
i=0 j=0 2]

We claim that these aqiﬂqj ’s are elements of I';, and that they are partitioned into the d
F-sets (might not be distinct) hg, hi,...,hq_1, where h; is the F-set generated by a,qu
with respect to I';. On one hand, each h is of size [, so there are Id = nm characters in
ho,h1,...,ha—1 in total. On the other hand, aq ﬁq € hg if and only if there exists an
integer t such that a4 g7 = ad' Bq . Since a?" = o and B7" = 3, a? BT € hy if and
only if the following system of congruence equations has a solution:

t=1 modn

t=j—06 modm .
This system has a solution if and only if ¢ = j —d mod d, or equivalently § = j — i
mod d. Therefore, for each a9 B39 | there exists exactly one § € {0,1,...,d—1} such that
a9 B € hg, i.e., the only one satisfying § = j —4 mod d. Since the size of {a? 37
0<i<n-—10<j < m-—1}is nm and each of these appears in hs for some
5 €{0,1,...,d— 1}, our claim follows from a counting argument.

For each i = 0,1,...,d — 1, h; consists of ¢; copies of some F-orbit f; of degree ti

Thus, by Theorem 2.4 and Theorem 2.5, we have

t;

d—1
co(¢ 1) = (—1)"" —*HTfu v ) = (1) T (b ).
=0

Thus, by the definition of 7(h;,v;), we have

co(ms X g, 1) = €o(h, ) = (—1)""q ™" HT (@B 1), O
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If ged(n,m) = 1, then eg(my x mg,v) is just a multiple of a Gauss sum 7(af, Ynm),
where aff € Ty, is defined by (af)(z) = @ (Npmn(2)) 8 (Num,m(x)) for z € kX,,. In
particular if m = 1, we have

co(ms x B,9) = (=1)"q” 2 7(af,vn).
4.2. Rankin-Selberg gamma factors

Let n > m be two positive integers. Let f and g be two F-orbits in I'" such that
d(f) = n and d(g) = m. Then 7y and 7w, are two irreducible cuspidal representations
of GL, (k) and GL,,(k) respectively. Let ¢y = (p,0) and ¢4 = (pg,0) be the tamely
ramified Weil-Deligne representations of W corresponding to m¢ and 7, respectively. Let
II; be the level zero supercuspidal representation of GL,,(K) constructed from the pair
(mf,1), see [19, Section 2.1]. That is to say,

Iy = indilff((;lil(o) (X -7f),

where 7y is a representation of GL,(0) via the natural map GL,(0) — GL,(k),
xf : K* — C* is the character defined on o* via the central character of m¢, and
on w by xy(w) =1, (xg-7s)(2-k) = x5 (2) 7y (ko) for z € K* and ky € GL, (0),
and ind is compact induction. Similarly, let II; be the level zero supercuspidal repre-
sentation of GL,,(K) constructed from the pair (74, 1). The choices of II; and II, here
are not essential, we can choose any level zero supercuspidal representations II; and 1I,
constructed from 7 and 7, respectively.

Let (s, x I, %) and e(s,II; x II,, ) be the Rankin-Selberg factors defined in [8],
and let y(my x my, 1) be the Rankin-Selberg gamma factor defined in [15,12] (see also
[19] for a different normalization). y(ms x 7y, ) is related to (s, I x Iy, 4) by

Theorem 4.3 ([1/, Theorem 3.11], [19, Theorem 3.1]). Let wy be the central character of
mgy. Then

m(n—m—1)

we(=1)" "y (s, Iy x Mg, p) =g~ 2 y(mp X g, ).

Next, we will show that v(my X mg,%) is also equal to ey(my x m4,%) up to some
constant.

Theorem 4.4.

_ m(n—m—1)

Y(mp X mg,9) = ¢ 2 wg(_l)n&GO(Wf X g, ).

Proof. Since n > m and II; and II, are supercuspidal, L (s,II; x II;) = 1. Similarly,

L (1 — 5,1} x ng = 1, where IT¥ and TI; are the contragredient representations of ITy,

I1, respectively. Thus, we have
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’Y(Su Hf X Hqu/]) = E(SVHf X Hng)' (6)
We have from [17, Proposition 1 in A.2] the following commutative diagram:

Io(GLn (K)) %% !(GL,)

| [

Io(GLy (k) —*— ®4(GL,)

where ITo(GL, (K)) is the set of equivalence classes of level zero supercuspidal representa-
tions of GL, (K), IIo(GL, (k)) is the set of equivalence classes of cuspidal representations
of GL,(k), LLCy is the restriction of the local Langlands correspondence to level zero
supercuspidal representations, M is Macdonald’s correspondence, p; is the map sending
a level zero supercuspidal representation to the cuspidal representation from which it
was constructed, and p, is the canonical projection.

Therefore, there exist ¢ = (ps,0) € ®'(GL,) and ¢y = (pg,0) € ®*(GL;,) in the
I-equivalence classes of tamely ramified Weil-Deligne representations parameterized by
f and g respectively that are images of II; and II, under the local Langlands corre-
spondence. Since the local Langlands correspondence matches epsilon factors of pairs [6,
Corollary VII.2.17], we get

e(s, 1y x Iy, b)) = €(s, b5 @ dg, v, dx). (7)

Note that it is important to normalize dx in Equation (7) to be self dual with respect to
1, which is exactly what we do.
Since py and p, are tamely ramified, py ® pg is also tamely ramified and

(pr @ pg)r = Z T1V2-
Y1Efv2€9

Since py and p, are of different degrees, 712 is not fixed by the action of F', so v172 in
the summand above will never be the trivial character of k. In other words, if \' € P,(I")
is the partition-valued function on I' corresponding to ¢f ® ¢4, under Theorem 2.3,
then A'(1) = (). Therefore, by Corollary 2.7, we have €(s,¢r ® ¢y, 1, dx) = eo(df @
¢g,%). Thus, we conclude the theorem from Theorem 4.2, Theorem 4.3, Equation (6)
and Equation (7). O

As a corollary of Theorem 4.2 and Theorem 4.4, we get

Corollary 4.5. Using the notations of Theorem 4.2 and Theorem ./, we have

m(m+1)
2

d—1 )
Y(mp X mg, ) = (=1)""g " B=0" ] (@B, ).
1=0
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Remark 4.6. After this paper was written, the preprint [18] of Yang appeared, in which
a different proof of Corollary 4.5 is given.

Proof. It is a direct consequence of Theorem 4.2 and Theorem 4.4, with an observation
that wy, the central character of 7y, is B|gx, i.e., the restriction of 8 to k*. O

The appearance of 3(—1)""! in Corollary 4.5 is due to the different choices of nor-
malization of the Rankin-Selberg gamma factors in [8] and [12]. The result when m =1
has already been proven in [13, Theorem 1.1]. The corollary also answers [14, Conjecture
2.2]. Nien and Zhang conjecture that

(71)nm7m+1q7nm+w

V(g X g, ¥) = a(=1)"B(=1)"" (B, nm),  (8)

which in general is not correct. If n and m are coprime, then their conjecture is correct,
possibly up to a sign. However, if they are not coprime, one can find examples in which
Nien-Zhang’s conjecture does not compute gamma factors correctly, as illustrated in the
following example.

2mix

Example. Let k = 3, the field of 3 elements. Let ¢ : kK — C* be defined by ¥(z) = e 5
Let n =4 and m = 2. | = lem(n,m) = 4 and d = ged(n,m) = 2. Let £ be a root of
2t 4+ 22% +2 = 0 and ¢ = €' be a root of 22 + 2z +2 = 0. Then ky = k(¢) and
ke = k(C), and &, ¢ are generators of the cyclic groups k; and k5 respectively. Let o be
the multiplicative character of ks defined by a(€) = ¢°%" and 8 be the multiplicative
character of ko defined by 8(¢) = e . Let f be the F-orbit of o, then f = {a, a®,a?, 27}
with evaluations at £ being

337i 197i 1771 117d
20 20 20 20
{20 je20 je720 e 20 }.

Similarly, if g = {3, 3%} is the F-orbit of 3 with evaluations at ¢ being {e%i , e%}. Then
7y is an irreducible cuspidal representation of GL4(k) and 7, is an irreducible cuspidal
representation of GLa(k).

Gauss sums can be computed easily with the help of SageMath. We computed the
right hand side of the equation in Corollary 4.5:

d—1 ‘
81 [ rlos” ) = —2 + Wi

=0

(_l)nmqfnm+7m(rg+1)

The right hand side of Equation (8) is

A1) B (0B, ) = o — i

(—1yrm e g

To compute y(mf x m4,1), we use the formula involving Bessel functions, see [13,
Proposition 2.8]:
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Yy X mg ) =Y mo (0™ ) Baasr (), (9)
h€U,, \GLy, (k)

where U,, C GL,,(k) is the standard maximal unipotent subgroup, By is the nor-
malized Bessel function of 7; with respect to ¢ and B, ;-1 is the normalized Bessel
function of 7, with respect to ¢~!. To be more explicit, the algorithm runs by the fol-
lowing steps. First, we compute the trace of 7y and m, using [4, (6.1)]. Secondly, we
compute the normalized Bessel functions using [4, Proposition 4.5]. Finally, we compute
the gamma factor using Equation (9). We implement the algorithm using SageMath and
get

2 V5.
’Y(’]Tf Xﬂ'g,’l/J) :—§+?Z

5. Exterior square epsilon factors

In this section, we perform a similar analysis for eg(m, A%, 1) as in Section 4. Since
some techniques have already been presented in the previous section, we will present
only the core of the proofs of some of the theorems.

Let A € P,(T"), and m be the corresponding irreducible representation of GL,, (k).
Suppose that the support of X is {f1, fo,..., ft}, where the f;’s are F-orbits in T, i.e.,
A(7) is a non-empty partition if and only if v € f; for some i. eg(mx, A%, 1)) satisfies the
following multiplicativity theorem.

Theorem 5.1. Denote by my, the (equivalence class of the) irreducible cuspidal represen-
tation corresponding to the F-orbit f; as before. Let n; = |A(f;)|. Then

t t
60(71’)\,/\2,1/}) = H eo(my, % LN Y Heo Mg, X Tf,, 0 Heo T, A2 )"

1<i<j<t i=1 i=1

Proof. Similar to the proof of Theorem 4.1. By definitions,

eo(ma, A%, 1) = €o(A2(62), %) = eo(A*(px), %)

Since py is tamely ramified, so is A%(p). Thus, by Corollary 2.2,

co(A?(pa), ¥) = eo(A*(pa)1,¥) = €0 (A? ((pa)1) ,¥) -

By Theorem 2.4, we have

(o)=Y MO

fEF\T vef

and for any F-orbit f,
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(pr)r=>_7.
vef
Therefore

()1 =Y IMDI oo

f

Now the theorem follows by repeatedly using

co(A*(p1 + p2), V) = eol(p1 ® p2,¥)eo(A*(p1),1)ea(A*(p2), ),

and Definition 3.2. O

By Theorem 4.2, we know how to compute the tensor product epsilon factors in
terms of Gauss sums. Thus in order to compute eg(mx, A%, %), we just need to compute
eo(ms, A2, %) in light of Theorem 5.1.

Theorem 5.2. Let f = {oﬂi 24 =0,1,...,n — 1} be an F-orbit of degree n for some
ael,. Let m= L%J be the biggest integer smaller or equal to 5. Then

m—1
co(mp A2, 0) = (— 1B g3 7@+ o) TT 7@+, ),
i=1

where d =n if n is odd and d = m if n is even.

Proof. Similar to the proof of Theorem 4.2. The key is that

(W), = Y o™t =333

1<i<j<n j=1 BEh;

where h; is the F-set generated by o+ with respect to 'y if 1 < j < 3, and if
n = 2m is even, then h,, is the F-set generated by a!'T¢" with respect to I',, (Note

that when n = 2m is even, a? " = a and (a!T9")?" = @d"+¢"" = 2" +1 1+q™
so altd" e I';,). It can be checked that these h;’s, for 1 < j < m, form a partition of

{aqi"’qj 1<i<j<n}. O

= «

Let f = {aqi :4=0,1,...,n — 1} be an F-orbit in T, for some o € T',,. Assume
that « is not trivial when restricted to kS if n = 2m, or equivalently, a4 is not
the trivial character. This assumption assures that the cuspidal representation 7y does
not have non-trivial Shalika vectors [21, Section 2.3.3]. The authors define the exterior
square gamma factor (7 s, A%, 1) in [21], and show that

Vg, A2 ) = vy (8, T, A2, 9), (10)
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where, as before, Il is a level zero supercuspidal representation constructed from 7y,
and vy5(s, I, A%,9) is the Jacquet-Shalika gamma factor from [9,11,1]. It is natural
to ask what is the relation between eo(ms, A%, 1) and (g, A%,9), which might enable
us to express vy(ms, A%, 1) as a product of Gauss sums. Unfortunately, we don’t have
the matching between €;s(s, ¢, A% ) and €(s,A?(¢f),?) under the local Langlands
correspondence. Thus, the arguments in Theorem 4.4 can not go through. We want to
mention that ez (s, Iy, A2,1)), the exterior square epsilon factor coming from Langlands-
Shahidi method, does match €(s, A*(¢¢),v). This is the work of Cogdell, Shahidi and
Tsai [2]. But we don’t know whether or not the two exterior square epsilon factors coming
from the Jacquet-Shalika integral representation and the Langlands-Shahidi method are
the same.

Nevertheless, since (¢, A%,1) and eo(m, A% 1)) are constants, there must exist a
constant ¢y depending on f such that

FY(’R—fv /\271/}) = Cf 60(7Tf7/\2;¢)

n

m—1
:Cf.(_l)(z)q—%(z) o ) HT 1+q
=1

We know from [21] that |y(m, A%,9)| = 1 and that the absolute value of a Gauss sum
7(,4,) is q% if a is not trivial. Therefore, by taking absolute values on both sides of
the equation above, we get |cf| = 1. We conjecture that ¢y = 1. For n = 2, y(ms, A%, 1))
degenerates into a Godement-Jacquet gamma factor of the central character wy of 7y,
thus ¢y = 1 is a consequence of Corollary 4.5. For n = 3, v(m¢, A?, 1)) has a nice expression
in terms of the Bessel function of m¢ [21], which can be manipulated into the 3 x 1
Rankin-Selberg gamma factor (my x w;l,dj). Thus ¢ = 1 is again a consequence of
Corollary 4.5. We don’t know how to prove ¢y = 1 for n > 4. Let Iy be any level zero
representation constructed from . We know that e;s(s, 7p, A%, 0) = y(ms, A2, ) [21].
On the other hand, by Corollary 2.7 and [2], er.s(s, Iz, A%,9) = eo(m, A%, 1). Therefore,
c; =1 is equivalent to e;s(s, I, A%, 9) = eps(s, Iy, A% 0).

The above discussion requires al;x # 1 if n = 2m, because (7, A2,7)) is not defined
in this special case. Interestingly, if we assume n = 2m and «| rx = 1, we can show by
computations that €;s(s, I, A%, ¢) = ers(s, I, A%, 1)) for any level zero supercuspidal
representation II; constructed from ;.

Let n = 2m and af,x = 1. We have computed in [21] that

-1 _m(s—1)s
Ejs(S,Hf,/\Q,l/}):wa(W) 1q (s=2) )

where wry, is the central character of IIy. Let ¢ be the image of II; under the local
Langlands correspondence. Let W = A%(¢¢). Then from Equation (4),

e(s, N} (¢5),¥) = e(W, w)q(dimwl)s = ¢o(W, ) det(—F, WI)—lq(dimWI)S.
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m
2

We computed that eg(W,v) = —q¢~ 2 using Theorem 5.2 and computations of the
Gauss sums, det(—F,W') = —wp,(w) using the local Langlands correspondence,
and dimW?! = m by counting the multiplicity of the trivial character in W; =
Di<icj<n a?' 9 where Wy is the restriction of W to I. See also [20, Section 4.4] for
details. Therefore,

(5, N2(7), 1) = o, (@) 1T = e, 11p, A2, 0).
We know er5(s, 117, A2, ) = €(s, A2(¢7),9) from [2], so
er(s,Hf,/\Q,z/)) = eLs(s,Hf,A2,¢).
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