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1. Introduction

It is common knowledge that the Bernoulli numbers and polynomials By, and By (u)
for k > 0 satisfy By(0) = By and can be generated respectively by

> Zk z > ZQk
N B —1— 2 S By 2 <2
;) K 212;1 g P2

and

Z 2— 2] < 2m.

Because the function %5 — 1+ 5 is odd in x € R, all of the Bernoulli numbers Baj 11

for k € N equal 0. It is clear that By =1 and By = —%. The first few Bernoulli numbers
By, are

1 1 1 1
By = - By=—— Be=— By = —o
2 67 4 30; 6 42a 8 303
5 691 7 3617
Big = — = —— = — Big= ——
10 = 66 12 2730a 14 67 16 510

The first five Bernoulli polynomials are

1 1

Bo(u)zl, Bl(u):u—ﬁ, BQ(U):U2—U+6,
B(u):u3—§u2—|—lu B4(u):u4—2u3—6—u2—i
’ 2° 27 30°

In combinatorics, the Stirling numbers of the second kind S(n, k) for n > k > 1 can
be computed and generated by

1< e® — 1)k > "
—EZ ()” and & k!) =>_ Sk

respectively. See [7, p. 206].
It is easy to see that the generating function of By (u) can be reformulated as

P - |:€(1u)z _ euz] -1 B 1 B 1 (1 1)
er —1 z fi;u ertdt fOl ex(t—u) ¢ ' ’

This expression will play important role in this paper. For related information on the
integral expression (1.1), please refer to [12-14,31,32] and plenty of references cited in
the survey and expository article [30].
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In mathematics, a closed form is a mathematical expression that can be evaluated
in a finite number of operations. It may contain constants, variables, four arithmetic
operations, and elementary functions, but usually no limit.

The main aim of this paper is to find two closed forms for the Bernoulli polynomials
and numbers By (u) and By, for k € N.

The main results can be summarized as the following theorems.

Theorem 1.1. The Bernoulli polynomials By, (u) for n € N can be expressed as

Y Y Y e ()t ey ()

k=1 r+s=kl+m=n 1=0 7=0
x (ijS)S(f—i—z )S(m+4,5) | um™ (1 — u)trr. (1.2)

Consequently, the Bernoulli numbers By, for k € N can be represented as

n ‘(n-&-l)
Z 1) 2280 + 4, 4). (1.3)

n+z)

Theorem 1.2. Under the conventions that (8) =1 and (5) =0 forq > p > 0, the
Bernoulli polynomials B (u) for k € N can be expressed as

Buw) = 0 o (1) 10 = et - ) o

m 1<0<k,0<m<k—1

where | - |1<e<k,0<m<k—1 denotes a k X k determinant. Consequently, the Bernoulli num-
bers By for k € N can be represented as
1 {+1
By = (-1)k|— 1.5
o= 0 (8 (15)

1<0<k,0<m<k—1

2. Lemmas

For proving the main results, we need the following notation and lemmas.
In combinatorial mathematics, the Bell polynomials of the second kind B, ;; are de-
fined by

n—k+1

| N s
n! i\ b
Bn,k('rlaan”-axn—k—i-l) E m H (F)
£;€{0}UN H i=1 ’
Sy ibi=n
Yty b=k

for n > k > 0. See [7, p. 134, Theorem A].
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Lemma 2.1. (See [1, Ezample 2.6] and [7, p. 136, Eq. [3n]]) The Bell polynomials of the
second kind B,, , meets

Brur(z1+y1, 22+ Y2, o, Tn—kt1 + Yn—kt1)

n
= Z Z <£>Bé,7‘(xlax27~-~7xé—r+1)Bm,s(ylay27~-~7ym—s+1)- (21)

r+s=k t+m=n
Lemma 2.2. (See [7, p. 135]) For n >k >0, we have
Bk (abxl, ab’za, ..., ab"*kﬂxn,kﬂ) = akb”Bn,k(xl, Ty e ooy Tn—kt1), (2.2)
where a and b are any complexr numbers.

Lemma 2.3. (See [17,59]) For n >k > 1, we have

11 1 nl < o (n+k o
B”’k<§’§""’nk+2)_(n+k)!§(_1) (ki)S(n—f—z,z). (2.3)

Lemma 2.4. Let f(t) =1+ > po; art® and g(t) = 1+ > 7, bpt* be formal power series
such that f(t)g(t) = 1. Then

a1 1 0 0 0

as a1 1 0 0

b ( 1)77, as a9 al 1 0
n — \—

ap—-1 Gp—-2 0Gp-3 0pn—4 *** 1

Gnp, Gp—1 Gp—2 0Qap-3 **° ai

Proof. The identity f(¢)g(t) = 1 entails the matrix identity

-1

1 0 0 <o 0 1 0 0 0
b1 1 0 <o 0 ai 1 0 0
by b 1 o 0|_|a o 1 0
bn bn, 1 bn,Q LR ]. a'n G,n., 1 G,n.,g 1

where (-)”" stands for the inverse of an invertible matrix (-). Applying Cramer’s rule
for a system of linear equations proves Lemma 2.4. 0O

3. Proofs of Theorems 1.1 and 1.2

We are now in a position to prove our main results.

Proof of Theorem 1.1. In terms of the Bell polynomials of the second kind B,, j, the
Faa di Bruno formula for computing higher order derivatives of composite functions is
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described in [7, p. 139, Theorem C] by

(@) =Y fP(9(@)Bu(g'(2),9" (@), ... 9"V (@)). (3.1)

k=0

By the integral expression (1.1), applying the formula (3.1) to the functions

1
fl) = and y=glo)= [ at
Yy
0

results in
d* [ xe*r\ d" 1
dan\er—1/)  dan fl ex(t—u) q ¢
:Z T D </t—u i d,
k=1 (f() ex( u) dt 0
1 1
/ (t —u)?e” =W dt, ..., /(t — )Rzt dt)
0 0
N 1 1 1
— k'Bnk</tu dt,/tfu / ”’““dt)
kil 0 0 0
n 2 2 3 3
Syt (W 0 (e
2 3
k=1
(1 )n k+2 ( u)nfk+2
n—Fk+2 )

as ¢ — 0. Further employing (2.1), (2.2), and (2.3) acquires

=G e s > ()

=0 k= r4s=kl+m=n
1— 2 1— 3 1— L—r+42
I e )
’ 2 3 L—r+2
_2)2 _ )3 o, \m—s+2
X Bons —( u) ,—( u ,...7—( w)
’ 2 3 m—s+2

- . 11 1
=Y S S (G)a- e (g )

k=1 r+s=kl+m=n
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11 1
T L Y (- S —
“\2°3 m-—s—+2

= L (n\ O m!
i X X (et

k=1 r+4+s=kl+m=n

x LT So(l)iﬂ‘ (E * T) (m * .S> S(l+1i,4)S(m+j.j)

r—1 s —
= J

<.

) u™ (1 —u)ttr

As a result, the formula (1.2) follows immediately.
Letting w = 0 in (1.2), simplifying, and interchanging the order of sums lead to the
formula (1.3). The proof of Theorem 1.1 is complete. O

The first proof of Theorem 1.2. Let u = wu(z) and v = v(z) # 0 be differentiable
functions. In [3, p. 40|, the formula

U v 0 0
u’ v’ v 0
dk U (_l)k 1 1 2,01 O
@ (5) = DRFL [r e (32)
wk=1 k=1 (k1) (k=2) v
u®) v(k) (1)v(k_1) . (kfl)v'
u(z)

for the kth derivative of the ratio
availability, we now reformulate the formula (3.2) as

o) Was listed. For easy understanding and convenient

d* fu (—1)*
@(5) = e | Awra Bkl - (3.3)
where the matrices

Ageriyx1 = (ag1)o<e<k  and  Bg1yxk = (be,m)o<e<k,0<m<k—1

satisfy
14
agr =uP(z) and by, = ( )v(lm)(z)
m

under the conventions that v(?)(z) = v(2) and that (g) =0 and vP~9(2) = 0 for p < q.
See also [25, Section 2.2] and [38, Lemma 2.1]. By the integral expression (1.1), applying
the formula (3.3) to u(z) = 1 and v(2) = fol e*=) dt yields a; 1 = 1, agy = 0 for £ > 1,
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1

bg’m _ <£> /(t _ U)E—mez(t—u) dt
m

0

1
— <€)/(t—u)€_mdt, z—0
m
0

_ (5> (1 —u)f=m+t — (—u)f-mt

T \m {—m-+1

for0</l{<kand 0<m<k—1with £ > m, and

d* ze" \ (71)k|b |
1) = 0,m|1<<k,0<m<k—1
0,0
, z2—0

dzk ez —
. 1
( )/@—m“mw
m ) 1<6<k,0<m<k—1

m {—m-+1

= (-1)f

= (-1)*

1<0<k,0<m<k—1

The formula (1.4) is proved.
The formula (1.5) follows readily from taking u = 0 in (1.4). The first proof of Theo-
rem 1.2 is complete. O

The second proof of Theorem 1.2. Applying Lemma 2.4 to

teut e(l—u)t _ e—ut
o) = 5 and f(t) =
reveals that
_ n+l _ (_,\n+1
by, = Bnlw) and a, = Gl (v
n! n!

Hence, by virtue of Lemma 2.4,

ComAl_(_y)mml
(l—m~+1)!

By(u) = (—1)"n! ‘ (1-w)

1<0<n,0<m<n—1

Multiplying the row £ of this determinant by ¢! and dividing the row m by m/! gives

Bp(u) = (=1)"

1 <£+1

H_l ) [(1 o u)ffm+1 _ (_u)éferl]

m 1<6<n,0<m<n—1

The formula (1.4) is thus proved. The second proof of Theorem 1.2 is complete. O
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4. Remarks and comparisons

In this final section, we will remark on our main results and compare them with some
known conclusions.

Remark 4.1. The formula (1.3) recovers the one appeared in [9, p. 48, (11)], [17, (6)], [19,
p. 59], and [35, p. 140]. For detailed information, please refer to [17, Remark 4]. There
are also some other formulas and inequalities for the Bernoulli numbers and polynomials
in [10,11,15,16,24,26,27,29,33] and references cited therein. Hence, Theorems 1.1 and 1.2
generalize those corresponding results obtained in these references.

Remark 4.2. Motivated by the idea in [31,32], Guo and Qi generalized in [12] the Bernoulli
polynomials and numbers. Hereafter, some papers such as [21,22] were published.

Remark 4.3. The special values of the Bell polynomials of the second kind B,, ;. are
important in combinatorics and number theory. Recently, some special values for B,,
were discovered and applied in [18,25,34,39].

Remark 4.4. In [4,20], several different approaches to the theory of Bernoulli polynomials
By(u) were surveyed. However, there is no any conclusion directly related to Theo-
rems 1.1 and 1.2.

Let {an}o<n<oo be a sequence of complex numbers and let {D,(ax)}o<n<oo be a
sequence of determinants such that Dg(ax) = 1 and

ay ap 0 ce 0
a9 al ap R 0
Dy(ar) =| : © .. ], meN
ap—1 Qap—2 (Ap—3 ago
Gnp Gp—1 ap—-2 ai

and

Ban = (=1)"" 2(22n—1 — 1)D”<(2k + 1)!) (42)

for n € N were established.
In [8], six approaches to the theory of Bernoulli polynomials were mentioned. Mainly,
a determinantal approach was introduced in [8] by defining By(z) = 1 and
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1 = 22 22 ... gn! z"
Lz 5 3 W
(—1)n 0 1 1 1 1 1
Bn(z) = — 002 3 - n-1 n 1= ,eN (4.3)
m-Dlo o o (3 - :) ()
00 0 0 - (i5) (1)
As a result, the Bernoulli numbers
11 1 1 1
2 3 4 n n+1
1 1 1 1 1
(=1)" 0o 2 3 n—1 n
— -1
Bi= om0 0 () o (%) () | mEN (44)
00 0 o () ()

In [6, Theorem 1.1], it was obtained that, if

Az) = i apz” and B(z)= i b 2"
n=0 n=0

are the ordinary generating functions of {a,}o<n<oo and {b,}o<n<oo such that
A(z)B(z) =1, then ag # 0 and

Dn(ak)

n+1
)

by = (—1)"

Therefore, Lemma 2.4 is a special case of [6, Theorem 1.1]. In the paper [6], as ap-
plications of [6, Theorem 1.1], some properties of D, (ax) were discovered and applied
to give an elegant proof of (4.1) and (4.2), and to express the Genocchi numbers, the
tangent numbers, higher order Bernoulli numbers, the Stirling numbers of the first and
second kinds, the harmonic numbers, higher order Euler numbers, higher order Bernoulli
numbers of the second kind, and so on, in terms of D, (ax). Especially, the formulas

= Copnpn (1),

which recovers [5, Eq. (4)], and

L

were derived.
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In [2], it was mentioned that the formula

1 2 0 0 0

1 3 3 0 0

(—)m '] 1 4 6 4 0
S| 1 5 10 10 0
(") () (5D (5D e GR)

was traced back to the book [36]. The Bernoulli polynomials B, (x) were represented

in [2] as

1 1 0 0 0 0 0
= 11 0 0 0 0
e | 0 0 0
Baw) = (-1l 22
T w3 3 1 0 0
z" 1 1 1 1 1 1
n! (n+1)! n! (n—=1)!  (n—-2)! (n=3)!
1 1 0 0 0 0 0
T g 1 0 0 0 0
| 2 2! !
— (—1) nn T 35 1 2; 0 0 0
p K2t % 1§ 3! 0 0
e 1 = B = |
O Y -1 -2 (n-3yp = ™
n—1
(k-1
= —]_ n
(1) S
1 1 0 0 0 0 0
x & 10 0 0 0
E 2 1 2 0 0 0
o 5 1§ g8 0 0
5 D)l -1 =202 m-3)B " 3(n—2)

Similar to the above representations for the Bernoulli polynomials B,,(x), some determi-
nantal expressions for the hypergeometric Bernoulli polynomials were further presented
in [2].

Remark 4.5. The idea of Lemma 2.4 was used in [23, pp. 22-23] to express determinants
of complete symmetric functions in terms of determinants of elementary symmetric func-

tions.

Remark 4.6. This manuscript is a revision and extension of the first two versions of the

preprint [28].
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