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1. Introduction

In 1981 Bagchi [1] discovered an interesting connection between the Riemann Hypoth-
esis and Voronin’s universality theorem (see [18]) for the Riemann zeta function ((s).
Namely, he proved that ((s) # 0 for Re(s) > % if and only if for every compact set
K C {s€C: 1 <Re(s) <1} with connected complement and every £ > 0 we have

l%ioréf % meas {T €10,7]: max IC(s+i1) — ¢(9)] < 5} >0, (1)
where meas{-} denotes the real Lebesgue measure. In the language of topological dynam-
ics (see [6]) (1) is called the strong recurrence property for the Riemann zeta function.

Bagchi’s observation was extended to the case of Dirichlet L-functions by himself in
[2] and [3], and to the case of general universal L-functions, for which the Generalized
Riemann Hypothesis is expected, in [17, Theorem 8.4].

Nakamura [10] suggested the following related problem: find all d such that for every
compact set K C {s € C: 1 < Re(s) < 1} with connected complement and every & > 0
we have

T—o0

1
lim inf 7 neas {7‘ €10,7]: max [C(s +iT) — C(s +idr)| < 5} > 0. (2)

This property can be called generalized strong recurrence with parameter d. However, it
should be noted that sometimes in the literature it is called also the self-approximation
property with parameter d. Using this notion Bagchi’s result states that the Riemann
Hypothesis is equivalent to the generalized strong recurrence property for ((s) with
parameter d = 0.

Nakamura, in the same paper, gave the partial answer to this question by proving
that (2) holds if d is algebraic irrational. He also observed that the generalized strong
recurrence property holds for almost all real parameters d. His result was improved by
the author in [13] to all irrational parameter d. The positive answer for non-zero rational
d was claimed by Garunkstis [5] and Nakamura [11]. Unfortunately, their arguments have
a gap, which was pointed out by Nakamura and Parikowski [12] and partially filled, in
the same paper, for all non-zero rational d = § with ged(a,b) =1 and |a — b| # 1.

The crucial step in the proof of the generalized strong recurrence property with pa-
rameter d is to show that the following set

{logp : p is prime} U {dlogp : p is prime} (3)

is linearly independent over Q. This was proved for all algebraic irrational d and for
almost all d by Nakamura [10]. Moreover, by using the six exponential theorem from the
theory of transcendental numbers, the author noticed in [13] that for a given irrational
d only a finite number of primes p can possibly be involved in the linear dependence
of (3). This allowed to prove the following joint universality theorem, which easily implies
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the generalized strong recurrence property. It was showed by Nakamura for algebraic
irrational d and by the author for all irrational d.

Theorem A. Let d be irrational, K C {s € C: 1 < Re(s) < 1} be a compact set with
connected complement and f,g be continuous non-vanishing functions on K, which are
analytic in the interior of K. Then, for every e > 0, we have

(4)

lim inf 1 meas {7— €[0,77]: maxsei [C(s+i1) — f(s)| < e } >0,
T—oo T

|
maxgex [((s +1idT) — g(s)| < e

The above joint universality theorem is also related to the following open problem
introduced by Andreas Weiermann in 2008 during the conference “New Directions in the
Theory of Universal Zeta- and L-Functions” in Wuizburg:

Assume a, b are transcendental and algebraically independent and functions f, g satisfy
the assumptions of the universality theorem. Can we find one single real T such that f is
approxzimated by ((s+iat) and g is approximated by ((s+ibr) and both approximations
are uniformly as usual?

Thus, Theorem A implies that the above open problem is true even for linearly inde-
pendent real non-zero numbers a, b.

The case when d is rational is more delicate, since one can easily observe that the set
(3) is linearly dependent over Q, even if we exclude a finite number of primes. So, in
order to prove (2) for rational d = ¢ with |a — b] # 1 and ged(a,b) = 1, Nakamura and
the author [12] proved only that (4) holds for one common function f = g depending
on d. Moreover, by the lack of linear independence over Q of (3), it was expected that
Theorem A with arbitrary given functions f, g cannot hold for rational d. However, in
the present paper we introduce the approach which allows to overcome the fact that (3)
is not linearly independent over Q and we prove the following joint universality theorem.
This theorem solves completely Weiermann’s problem, since it is obvious that we cannot
expect a positive answer if @ = b or a = —b by the fact that ¢(3) = ((s).

Theorem 1.1. Let a,b € Z\ {0} with ¢ # £1. Assume that K C {s € C: 1 < Re(s) < 1}
s a compact set with connected complement and f,, f, are non-vanishing continuous on
K and analytic in the interior of K. Then, for every e > 0, we have

1
li%iiiéf 7 meas {7‘ €10,7): cgii,)i} max IC(s+icT) — fe(s)] < 5} > 0.

Remark 1.2. It should be mentioned that the above theorem can be easily generalized
to the wide class of L-functions, for which a universality theorem is proved by Voronin’s
approach (for example for a wide class introduced in [8, Chapter VII, Section 3.1] or [7,
Section 3]).

Moreover, the above theorem together with Theorem A can be treated as a new
method how to approximate more than one function by certain modifications of one zeta
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or L-function. Indeed, the above results say that if we desire to approximate two analytic
non-vanishing functions f, g by a given L-function L(s) it suffices to consider the shifts
L(s + i), L(s 4 idr), where d is non-zero real number # +1. A different well-known
method of this kind is to consider twists of L(s) with pairwise non-equivalent Dirichlet
characters (see [17, Theorem 12.8]).

As an immediate consequence of Theorem 1.1 we obtain the following corollary.

Corollary 1.3. Let d # 0,+1 be a rational number. Assume that K C {s € C : % <
Re(s) < 1} is a compact set with connected complement and f, g are non-vanishing
continuous on K and analytic in the interior of K. Then, for every € > 0, we have

lim inf & meas {7‘ € [0,7]: PaXser [C(s +iT) = fls)| <& } > 0.
Tooo T maxsek |((s +idr) — g(s)| < e

Obviously, taking f = ¢ in the above corollary proves (2) for all rational d # 0, £1.
However, for d = 1 the inequality (2) holds trivially, and the generalized strong recurrence
property for d = —1 is implied by (s + i7) = {(5 —i7) and the fact that, by Voronin’s
theorem, we have maxsexuk, [((s +i7) — 1] < ¢, where K, := {5 : s € K}. Therefore,
the following result holds.

Theorem 1.4. Let d # 0 be a real number and K C {s € C : 3 < Re(s) < 1} be a compact
set with connected complement. Then, for every € > 0, we have

1
liminffmeas {T €10,7]: ma}:;:K(s—i—iT) —((s+idr)| < 5} > 0.
se

T—o00

The above theorem reduces Nakamura’s problem to the case when d = 0, which, as
we mentioned before, is equivalent to the Riemann Hypothesis.

2. Denseness lemma

The so-called denseness lemma (see Lemma 2.4 below) plays a crucial role in the
proof of our main theorem, and, essentially, contains the main idea of this paper how
to overcome the lack of linear independence of (3). In order to prove it we need the

following lemmas concerning analytic functions of exponential type.

Lemma 2.1. (See [9, Lemma 6].) Let G(z) be an analytic function satisfying

0% G(z ngm, | < A™

for some positive constant A. Let ¢; > 0 and Ny be a positive integer. Then there exist
a positive co and a positive integer No > Ny such that for any sufficiently large x the
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interval [z,x + ciz~™] contains a subinterval I of length |I| > cox™N2 such that G(t)
has no zeros on I.

Lemma 2.2. Let U C C be a simply connected bounded smooth Jordan domain such that
its closure U is a subset of D. Assume that for all s € U we have 1/2 < 01 < Res <
oy < 1 and g1, go are non-zero elements of the Bergman space B>(U) = {f € L*(U) :
f is holomorphic on U}. For z € C we put

Gj(z) = // e **g;(s)dodt, j=12.
U

Then for every n with 0 < n < 7/2 there exist a sequence x,, tending to oo and intervals
L, C [xn,x, + 1] of length |I,,| > Bx,N (N >0, B := B(U,n) > 0), such that for all
t € I,, we have

|G1(E)] > e 72"
and, moreover, the argument of G1(t) and Ga(t) on I, varies less than 7.

Proof. Firstly, let us find a sequence z,,. Notice that G; # 0, since otherwise, taking
the n-th derivative of GG; at point z = 0 and using the fact that the linear space of
polynomials is dense in the Bergman space (see for example [15, Theorem 7.2.2]), we
get the contradiction with g # 0. On the other hand, G(z) < e*l for some positive
constant ¢ depending on U, and for sufficiently small w = w(U) > 0 and for all complex
z with |arg(—z)| < w we have

[e72*G1(2)| < 1.

Hence, by [7, Lemma 3], which proof based on the Phragmén—Lindeldf principle, there
exists a real sequence x,, tending to oo such that

|G ()] > e 72",

Let us fix n and put = x,. As in the proof of [7, Lemma 4] one can prove that for
t € [z,x + 1] and every C' > 0 we have

Gi(t) = P(t) + O(e™ "),

where P(t) is a polynomial of degree < x.
Let o € [z,2 + 1] be such that |P(zg)] = maxz<t<g+1 |P(t)|. Then by Markoff’s
inequality (see e.g. [16]) we have

P'(t 2|p
Jax [PI(E)] < 2| P(xo)]
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and hence for t € [z, x + 1] satisfying |t — x| < —fg with sufficiently small By > 0 we
0
have

IP(xo)] ~ IP()] < |P(&) ~ Plao)| < _max [P0t~ ol < BolP(xo)
< sin ( ) |P(x0)], (5)

P = (1-sin (7)) 1P@o)] = (1-sin (7)) IP@)

Therefore, for t € Iy := [x,z + 1] N [xg — Bo/x3, 20 + Bo/x3] it holds

(1-sin (3))161(@)] < (1=sin (3)) IP@)]+0 ()

S|P+ 0 (e7C7) <|G1(t)] + O (e97)
and hence
G4 (1)] > (1—bm( )) |Gy (z)] + O (e7C7) > =72,

Using again (5) we get that

‘ Gi(t) 1‘ < |P(t) = P(xo)| + O0(e™") o Sin (2) |P(x0)] + O(e™“")
G1(wo) - |G1(20)| B |G1(z0)|

< sin (2> +O0(e _(0_02)1).

1(1)]

Thus |arg G ( ‘ < n on I for sufficiently large x.

Now, we use Lemma 2.1 to find subinterval I of Iy such that argGo(t) varies at

most n on I. The fact that go is analytic implies (see the proof of [8, Lemma 7.1])
that

o0

Z _m mv |O‘m| <A™
m

m=0

for some A > 0. Moreover, since g» # 0, we have G5 # 0.
Let us define 3, = @mf%n ~,, = Sm—u and put

G;(Z):Z%Zm, 27m m

m=0

Then for any real t we have G3(t) = Re Ga(t) and G3(t) = Im G (1).
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Now, by Lemma 2.1 to G3(z) and G%(z), we can find subinterval I; C I of length
|I1] > Bix=Nt such that ReGz(t) and Im G2 (¢) have no zeros on Ij. Therefore, there
exists k1 € {0,1,2,3} such that for ¢t € I; we have

ki+1
2

k
?177 <argGa(t) < T,

so the argument of Ga(t) on I varies less than 7 /2.

Next, repeating the above argument for G3(z) = exp(f% — Z1)(G5(2) instead of G,
gives that there is a subinterval I, C I; of lenght |I5| > Byx~™2 such that for t € I we
have

k1 k1 ko +1

k
57r+f7r§argG2(t) < ?WJr 1

™

for suitable ko € {0,1}, and hence the argument of Ga(t) on I5 varies less than /4.

Thus, applying this reasoning sufficiently many times we can prove that there is an
interval I C I of length |I| > Bz~ such that the argument of G(t) varies less than 7,
and the proof is complete. O

In the sake of simplicity, for a finite set M of prime numbers and for real numbers 6,,,
p € M, define

s, (6= TT (1- (i))

S
peEM p

where, as usual, e(t) = exp(2wit). Moreover, let us call an open bounded subset U
of C admissible when for every sufficiently small positive € the set U, := {s € C :
Js,evls — so| < €} has connected complement.

Now we are ready to formulate and prove the denseness lemma, which proof based on
the following generalization of the classical Riemann rearrangement theorem.

Lemma 2.3. (See [1}].) Let H be a real Hilbert space and let w, € H be such that
S0 Nlunll? < co. Assume that for every e € H with |le]| = 1 the series Y. {uy,e)
are conditionally convergent after suitable permutation of terms. Then, for every v € H
there exists a permutation (ny) such that >~ | tun, = v.

Lemma 2.4. Let U be an admissible set satisfying U C {s € C: 1/2 < Re(s) < 1} and
a,b € Z\ {0} with a # £b. Then there exists a sequence 0, of real numbers indexed by
primes such that for any analytic non-vanishing functions f,, f, on U, € >0 and y > 0
there exists a finite set of primes M containing all primes p <y such that

max_max [Car(s, (cp)) — fe(s)] <e.
ce{a,b} seU
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Proof. Let U; be a simply connected smooth Jordan domain such that U; is admissible,
fa, fv are analytic non-vanishing on U; and U C U; C U; C {s € C: 01 < Re(s) < o2}
for suitable 01,09 with 1/2 < 01 < 09 < 1. For suitable analytic g,, g, we have f. =
exp g. for ¢ € {a,b}.

Without loss of generality we can assume that |a| < |b|. Define

up(s) = <—10g (1 - %) ,—log (1 - e(z_fp)»

and

where 0, = 7, p, denotes the n-th prime number and [ is a positive integer depending
on a, b, which we choose later.

We shall use Lemma 2.3 for the real Hilbert space B%(U;) x B?(U;) with the inner
product given by

(0,9) = iRe / / bi(s);(s)dodt
Jj=1 U,

for ¢ = (¢1, d2), ¥ = (¢1,¢2).
We are going to prove that for any ¢ = (¢1,¢2) € B?(Uy) x B?(Uy) with ||¢]] = 1
there exists a permutation of the series Zp up(s), which converges to ¢. Then, using the

fact that |f(z)| < % for any analytic function f and z lying in the interior
of Uy (see [4, Chapter 111, Lemma 1.1]), we get that approximation with respect to L>
norm on U; implies uniform approximation on U, provided U C Uj, which completes
the proof.

Obviously, since Re(s) > o1 > 1/2 for every s € Uy, we have > |Jup(s)||* < co. Hence
it suffices to prove that there are two permutations of the series > (u,(s), ¢) tending to
400 and —oo, respectively. In fact, we show only the existence of a permutation of the
series, which diverges to +00, since the case —oo is similar and can be left to the reader.
Moreover, let us observe that it is sufficient to prove it for uj(s) instead of u,(s), since
>_p(up(s) —uy(s)) converges absolutely for Re(s) > 1/2.

The case when ¢ = 0 or ¢ = 0 can be treated in the same way, so without loss
of generality assume that ¢ = 0. Then we have to show that some permutation of the
series

> (up,¢) => Ree(aby) / / ]%qﬁl—(s)dadt
p Uy

p

diverges to +o0.
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By Lemma 2.2 we can show that there are infinitely many intervals I = [z, 2+ Bz "]
with B, N > 0 such that G(logp) = fo p ¢y (s)dodt > exp(—oqx) and | arg G(log p)—
wi| < § for suitable wy € [—7, 7], provided logp € I. Hence for sufficiently large [ > 0
there is an integer k with 0 < k: < I such that arge(ak/l)G(logp) € [—7/3,m/3], which
implies that, if logp,, € I and n = k mod l, then Ree(ed,)G(logp) > c1 exp(—o2x) for
some ¢; > 0. This together with o5 < 1 and the fact that the number of primes p,
satisfying logp, € I and n = k mod [ is > €% /2N 2 shows that there is a permutation

(ng) such that Zk<u;nk,¢> = 400
Next let us consider the case when ¢; # 0 and ¢2 # 0. We have to show that there is
a permutation (ng) such that

Z Up, > ZRee o )G1(log pr,.) —I—Ree(bﬁpnk)Gg(logp”k) = 400,
k

where

z) = // e ¢;(s)dadt, ji=1,2.
UL

Again, by Lemma 2.2, we see that there exist infinitely many intervals I = [z, z+ Bz ~"]
with B, N > 0 such that

G1(t) > e 2%, tel
and for every n > 0 there are wy,wy € [—m, 7] such that
larg G;(t) —wj| < m, tel, j=1,2.

We shall show that for sufficiently large [ there is k with 0 < k < [ such that for t € T
we have

arge(ak/l)G1(t) € [—E +n, z

5 5 and arge(bk/1)Ga(t) € {—z f] . (6)

272
Then for p,, satisfying logp, € I and n = k mod [ we have

Ree(aby,)G1(logp,) > c1e” 72" (¢ > 0) and Ree(bdp,,)G2(logp,) > 0.

Hence
. , 6(1702)1
: : <upn’ ¢> Z Cl xN+2
log pn€l
n=k mod !

for some positive constant ¢}.
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In order to prove the existence of such k, notice that for every 6 with |27maf 4+ w;| <
w/2 — 21 we have

arge(ad)G(t) € [—g—l-n,g—n] , tel,
and
27wbl + le = M|27m€—i—cul| < Mz — MQn
a |al al 2 al

From the assumption |b| > |a| it is easy to observe that for sufficiently small n :=
n(a,b) > 0 the right hand side is at least 7 + Tl Hence the set

A= {270 + wy : [2mad + w1| < 7/2 — 2}

covers all values in the interval
SO

of length > 7w + 2‘ - Then, for sufficiently small 7, the set A contains an interval of size
for which arg e(b0)G(t) € [-%, %], t € I. Therefore, the set of 0 satisfying

2
c~

20+ w Wy — —w 1,|b|——ﬂ2 +wg — bwl
la| 2 a]

- 4\@\

arge(af)Gy(t) € {,g +n, g - 7}} and arge(b0)Ga(t) € [,g’ g}

has the measure > so for sufficiently small [, depending only on a and b, this set

1
8lbl[al’
contains a rational number of the form £-, and (6) holds by taking k = k* mod [ with

1
0<k<l 0O
3. Proof of Theorem 1.1

In order to prove Theorem 1.1 we shall use some results from the theory of diophantine
approximation.

Let us recall that a vector x € R™ belongs to v C R™ mod 1 if there exists a vector
y € Z™ such that x —y € .

Theorem B (Kronecker). Let aq, ..., a, be real numbers linearly independent over Q and
v be a subregion of the n-dimensional unit cube with Jordan measure m(v). Then

1
lim 7 meas {r € (0, T]: (an7,...,an7) € ymod 1} = m(y).

T—o0
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Proof. This is [8, Theorem A.8.1]. O

We say that the curve v(7) : [0,00] — R™ is uniformly distributed mod 1 in R™ if for
every aj, 35, j =1,2,...,n, with 0 < o5 < B; <1 we have

1 -
i meas {7 € (0.71:9(7) € e, x ¢ fos S mod 1) =T[5 — ).
]:
Lemma 3.1. Let v(7) be uniformly distributed mod 1 in R™ and X be a closed and Jordan
measurable subregion of the unit cube in R™. Suppose that 2 is a family of complez-valued
continuous functions defined on X . If Q is uniformly bounded and equivcontinuous, then,

uniformly on 2, we have

T (N (N BIE) § ()
Ar X =t

where Ar denotes the set of T € (0,T)] such that y(7) € X mod 1 and {v(7)} denotes
the fractional part of v(T).

Proof. This is [8, Theorem A.8.3]. O
Moreover, we shall need the following result due to Mergelyan.

Theorem C (Mergelyan). Let K be a compact set with connected complement and f(s)
be continuous on K and analytic in the interior of K. Then, for every e > 0, there exists
a polynomial P(s) such that

max|£(s) = P(s)] <

Proof. See [4, Chapter III]. O

Proof of Theorem 1.1. By Mergelyan’s theorem it suffices to assume that f,, f, are
polynomials without zeros on K. Then we can find an admissible set U such that f,, f
have no zeros on the closure of U and K CU C U C {s € C: 1 < Re(s) < 1}.

Let us fix € > 0. By Lemma 2.4, for any y > 0, there exists a finite set of primes M
containing all primes p < y and the sequence 0,, p € M, such that

max max |(ar(s;ely) — fe(s)| < g

ce{a,b} seU

Moreover, if

<4 for sufficiently small 4, (7)
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then
clogp
max_ max ||7 —clp|| < cd,
ce{a,b} pEM

and, by continuity,

max max |[(a (s +icT;0) — fo(s)| < & (8)

ce{a,b} seU
here 0 is the sequence of zeros and || - || denotes the distance to the nearest integer.

Put Q :={p:p <z} for z > y such that M C @ and define the set
D = {(wp)peq ;%35\3[( [wp — Op < 6}

Next let us consider

Z / / C(s + icT) — Car(s + ier; 0)|* dodt | dr,

ce{a, b} Arp

where T' > 1 and Ar is the set of 7 € [0, T satisfying (7).
By Cauchy—Schwarz inequality, we get S < 257 + 255, where

Z / / |Cq (s +icT,0) — Cr (s +icT; 0)|* dodt | dr

c€{a, b} Ap

and

Z / / |C(s 4 icT) — (o (s +icT; 0)| dodt | dr.

cefa, b} A

By the unique factorization of integers, the curve (1) = (Tk;ip )peq is uniformly

distributed modulo 1 on R™(*). Hence, by Lemma 3.1 and the fact that there is only
restriction on w, with p € M in the definition of the set D, we have

1 1 1
et ol (25) - (42)
A

T

/ /KM (cwp)) ’CQ\M (cwp) —1] Hdwp

PEQ

2
dr
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< (TEaU)(|fc(s)+6) / /’CQ\M (cwyp)) —1| Hdwp

pPeEQ

1 1

<m(D / /|CQ\M si(ewp) =1 ] dewye

0 0 pPEQ\M

Moreover, by easy calculation and the fact that @ \ M contains only primes greater
than y, one can show that

[

Therefore, since o > 5 L for all s € U, we have

[Conar (53 (cwp)) — 1] 11 dwp<z s=o+iteU.
pPEQ\M n>y

O\H

for sufficiently large y > 0.
Now, using the well-known estimate for the mean-square of the Riemann zeta function
and Carlson’s theorem (see [8, Theorem A.2.10]) gives that

1
S < Z (D)52
for sufficiently large z > 0, and we have
S < m(D)e2.

lo,

=P p e Q, is linearly independent

On the other hand, we know that the sequence
over QQ, so by the Kronecker approximation theorem, we get

lim %/dT:m(D).

T—o0
At
Thus, by (8), one can show that the set of 7 € Ar satisfying

max [ lo(s + ier) - fu(s) Pdod < &2
ce{a,b}

has measure > T. Therefore, since approximation with respect to L?(U)-norm implies
uniform approximation on K C U (see e.g. [4, Chapter I, Section 1, Lemma 1]), the
proof is complete. O
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