Journal of Number Theory 162 (2016) 137-179

Contents lists available at ScienceDirect
Journal of Number Theory

www.elsevier.com /locate/jnt

JOURNAL OF

An arithmetical approach to the convergence
problem of series of dilated functions and its

@ CrossMark

connection with the Riemann Zeta function

Michel J.G. Weber

IRMA, 10 rue du Général Zimmer, 67084 Strasbourg Cedex, France

ARTICLE INFO

ABSTRACT

Article history:

Received 2 September 2014
Received in revised form 15
September 2015

Accepted 12 October 2015
Available online 9 December 2015
Communicated by David Goss

Keywords:

Systems of dilated functions
Series

Decomposition of squared sums
FC sets

GCD

Arithmetical functions
Dirichlet convolution
Q-theorem

Riemann Zeta function

Mean convergence

Almost everywhere convergence

Given a periodic function f, we study the convergence al-
most everywhere and in norm of the series ), ci f(kx). Let
f(z) = 32 _, amsin2rma where Y °°_ a2 d(m) < oo and
d(m) = >4, 1, and let fn(z) = f(nz). We show by using
a new decomposition of squared sums that for any K C N
finite, | Dper crfeld < (05, a2,d(m) Spey (k). 1f
& (x) = Zj, “mfﬂ, s > 1/2, by only using elementary
Dirichlet convolution calculus, we show that for 0 < & < 2s—1,
C29) M S ker on iV 1B < HEE (S lerPorse—2s(k)), where
on(n) = X4 d". From this we deduce that if f € BV(T),
(f,1) =0 and

Z 5 (loglog k)4
(logloglog k)2

then the series Zk ¢k fr. converges almost everywhere. This
slightly improves a recent result, depending on a fine analysis
on the polydisc [1, th. 3] (nx = k), where it was assumed
that >, c2(loglogk)” converges for some v > 4. We further
show that the same conclusion holds under the arithmetical
condition

Zci (loglog k)”ba,H% (k) < oo,

& (log log k)2/3

for some b > 0, or if >, cid(k?)(loglogk)? < co. We also
derive from a recent result of Hilberdink an Q-result for the
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Riemann Zeta function involving factor closed sets. As an ap-
plication we find that simple conditions on T" and v ensuring
that for any o > 1/2, 0 < € < o, we have

A 1 o_ste(n)? 172
1r§nta§XT ‘C(O’ + Zt)‘ 2 C(J)(U_QE(V) nzly n2e ) :

We finally prove an important complementary result to Wint-
ner’s famous characterization of mean convergence of series

2k k-
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Given a periodic function f and an increasing sequence N = {ng,k > 1} of posi-
tive integers, one can formally define the series 21?;1 crf(ngx) and ask under which
conditions this series converges in norm or almost everywhere, for instance for any real
coefficient sequence ¢ = (cx ) € ¢2(N). This is one of the oldest and most central prob-
lems in the theory of systems of dilated sums. We only briefly outline the kind of results
obtained. First studies were made at the beginning of the last century (see Jerosch and
Weyl [24] where a.e. convergence is obtained under growth conditions on coefficients
and Fourier coefficients of f), parallel to similar ones for the trigonometrical system.
This partly explains why until Carleson’s famous proof of Lusin’s hypothesis, the results
obtained essentially concerned functions with slowly growing modulus or integral mod-
ulus of continuity and/or sequences N verifying the classical Hadamard gap condition:
ngt1/nk > q > 1 for all k. Carleson’s result triggered a new interest, permitting sub-
stantial progresses in this direction, under the main impulse of Russian analysts, among
them Gaposhkin and later by Berkes. We refer to [4] for more details and references.
Then the attention to these problems declined until very recently where there is a re-
newed activity, notably concerning their connection with some questions (Q-results) on
the Riemann Zeta function.

In analogy with parallel questions concerning partial sums »_;_, f(kz), n=1,2,...,
strong law of large numbers, studied by Gal, Koksma (see also [6]), and law of the iterated
logarithm, central limit theorem, invariance principle, much explored by Erdos, Berkes
and Philipp, and Gaposhkin notably, recent works show that the arithmetical nature
of the support of the coefficient sequence, as well as the analytic nature of f, interact
in a complex way in the study of the convergence almost everywhere and in norm of
these series. The part of the theory devoted to individual results, namely the search of
convergence conditions linking f, N and ¢ is, to say the least, barely investigated. Our
main concern in this work is precisely the search of individual conditions ensuring the
almost everywhere convergence of the series Y~ | ¢ f(ngz). We propose new approaches
for treating these questions. Notice before continuing, that the problem under consid-
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eration is a natural continuation of the study of the trigonometrical system, since by
Carleson’s result, the series Y, ¢ f(ngz) converges almost everywhere for any trigono-
metrical polynomial f. And this is in fact a convergence problem that can be put inside
the study of the two-index trigonometrical system with {e;x, j,k > 1} where we denote
e(r) = e*™ e, (x) =e(nx),n > 1. Let T =R/Z = [0,1]. Let f(z) ~ Z;‘;l ajej(x). Let
fn(x) = f(nx), n € N. We assume throughout that

feL*M), (f,1) = 0.

A key preliminary step naturally consists in the search of bounds of ||}, - s cx fx|l2 in-
tegrating in their formulation the arithmetical structure of K. That question has received
a satisfactory answer only for specific cases. In this work we propose an approach based on
elementary Dirichlet convolution calculus and on a new decomposition of squared sums.
Although quite natural in regard of the posed problem it seems, at least to our knowledge,
that this direction was not prospected before, except in the recent works [38,5].

We show that our approach is strong enough to recover and even slightly improve a
recent a.e. convergence result [1, Theorem 3| in the case N = N without using analysis
on the polydisc, see Theorem 3.2. We obtain norm estimates of arithmetical type of
>k i f(kx) and also a related Q-result for the Riemann Zeta function involving factor
closed sets. We begin with stating and commenting on them. Next we will state almost
everywhere convergence results derived from these estimates. The remaining part of the
paper is devoted to the proofs of the results.

Notation. We write u V v = max{u,v}. We also write loglogz = loglog(z V €°),
logloglog = = logloglog(x Ve®"), z > 0. The notations (a, b), [a, b] respectively stand for
the greatest common divisor and the lest common multiple of the numbers a and b.

2. Arithmetical results
2.1. A general arithmetical norm estimate

Let d(n) be the divisor function, namely the number of divisors of n.

Theorem 2.1. Assume that Y -_, a2, d(m) < co. Then, for any finite set K of positive
integers,

1Y enfilly < (32 adm) D chati?).
m=1

keK keK

The presence of the arithmetical factor d(k?) comes from formula (4.1). In [38], we
recently showed a similar estimate, however restricted to sets K such that K C Je”, e" 1]
for some integer r. Then,
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1Y enfills < (ZcfA )) Y- e (2.1)

keK keK

where A(v) is Hooley’s Delta function,

This one can be used to prove that under the conditions

A= ZaﬁA(u) < 00, B = ZCZd (logj)?

v>1

the series Y po ¢ fr(x) converges for almost all z. A slightly weaker result was estab-
lished in [38] (see Theorem 1.1). Condition A < oo is very weak. As by [33],

! 3" A(n) = O(erVPElRE T TosTogTog

n<zx

for a suitable constant ¢ > 0 (whereas 1 3 <2 d(v) ~ log ), it reduces when the Fourier
coefficients are monotonic to

VTog log v-log Tog log v
§ a?/ec log log v-log log log v < 00. (22)

v>1

Theorem 2.1 is proved in Section 4 and will be deduced from a more general but also
more technical result.

2.2. Related classes of arithmetical quadratic forms

The question of the reduction of a quadratic form whose coefficients are a function of
the greater common divisor of their indices

X = Z xiij
.3

was considered long ago by Cesaro [10,11] in 1885-1886, after the works of Smith [32]
and Mansion [28] in 1875-1876 who calculated their determinant (Cesaro also calculated
other classes of arithmetical determinants). These quadratic forms are in turn directly
related to an important class of functions (see (2.7)) whose associated systems of di-
lated functions was recently intensively studied. Other authors, among them Jacobstahl
[22], Carlitz [9], investigated before this problem (see the survey on GCD matrices by
Haukkanen, Wang and Sillanpéé [18] for more references). In the present case, the re-
duction takes the following form:
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n
§ CkCe

k0™ N~ (S ekt )
2, I ; Jas(1) (; crk 11\1@) . (2.3)
Here Jo4(i) = i%* IL,,(1 —p~2%) is the generalized Euler totient function (see Section 5).
This formula, which is used in [5] (see Lemma 1.1), was already known by Cesaro.
Obviously, (2.3) remains true when replacing {1,...,n} by a factor closed set. A dual
problem is Md&bius inversion of a family of vectors (with Gram matrix {F((4,))}i;)-
Recent related works are in Balazard and Saias [3], Brémont [8].

In matrix form, this can be condensed in the following proposition, which generalizes
Proposition 2.2 in [8] based on Carlitz Lemma, see also Li’s representation of GCD
matrices [26] and [20]. As the proof is elementary and short, we shall give it right after
some necessary complementary remarks.

v

Proposition 2.2. Let T = (tiaj)an and T = ( i,j)nxn be matrices defined by

. 1 j
ti’j = —11-|j,u(j), 1= 1a ) (24)

ti; = 0,01 =
»J J 9253 7

ilj

where d;, 0;, i =1,...,n are real numbers satisfying §; > 0,0; # 0 for all i. Then,

(a) T is invertible and T~* =T.

(b) Let Hypym =1,...,n be real numbers defined as follows:
Hm:Z(SIQC, m=1,...,n. (2.5)
k|lm

Then *TT = A where A = (GiGjH(m))an
(c) Let G = (gi)1<i<n be vectors in an inner product space such that Gram(G) = A.

. Further, A is positive definite.

Then F = 'TG = (fi)i<i<n has orthonormal components.
(d) For any reals ¢;, we have

n n n
chgk :Zbifi7 where b, zéi(chHklﬂk), i=1,...,n. (2.6)
k=1 i=1 k=1

In particular,

n n
DA DA
k=1 i=1

Remark 2.3. We recall that positive semi-definite matrices are always Gram matrices (of
vectors in an inner product space), hence the existence of G in (c¢). Further, a matrix B is
positive definite if and only if there exists a non-singular lower triangular matrix L such
that A = L'L, see [21, Corollary 7.2.9]. Furthermore, by the M&bius inversion formula,
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Hm:Z<5,%, m=1,....n = 5k—Zu Hz, k=1,...,n.
klm Lk

Remark 2.4. Take 6; = j=%, H(z) = 2®*. Then 6}, = \/J25(k) and

i, \2s
a; 5 = (—.SJ>S ’ JQS (ZCkk 12|k‘>

]

Hence (2.3). Next consider the class of functions introduced in [27],

fO(z) = i W (2.7)

P

where s > 1/2. Recall that

() 4(s) (k, 0)*
= 2
< k 7f[ > C( S) k}sfs
And so
I En af5 = ¢(2s) E Ckcé (k, O (2.8)
k 2 ksys . :
k=1 k=1

This class of functions was recently much studied. We begin with examining.
Further, the system

he) = ngﬂ i=1,... (2.9)
s jli

is orthonormal and

chfks):z:bihgs), where b; = Jgs chk 11‘;c i=1,...,n, n>1.
(2.10)

This is Brémont’s result, who deduced the following characterization:
The series Y, ckf,gs) converges in L*(T) if and only if the following uniformity con-
dition holds:

o

lim sup ZJgS ( Z ckk:_sli‘k)2:0. (2.11)

n—oo
N>n'—y k=N+1

Notice that by assumption and Cauchy—Schwarz’s inequality, the series > ;- [cx[k™% is
convergent. See [8, Proposition 2.2 and Corollary 2.3]. Although satisfactory, (2.11) is



M.J.G. Weber / Journal of Number Theory 162 (2016) 137-179 143

however implicit, and it would be desirable to find a more concrete characterization,
namely depending more directly on the coefficient sequence (cx)r. As a (non-trivial)
application, it was shown in [8], that L?(T)-convergence holds if |cx| < §(k) where ¢ is
multiplicative and Y 4§%(n) < oco.

Proof of Proposition 2.2. Let I denote the n x n identity matrix.

(a) We have
n . n n 9
Zti,ktk Z z\k,u 5k9 1, = 94 Z z|k/t 1k|] = #li\j Zﬂ(@ =
k=1 k=1 k=1 v i

if 4 # 7, since Zam,u(f) =0, if m > 2. Hence T'T = I, and similarly 77 = I.
(b) We compute the (i, j)-th entry of *T'T.

Ztkvtk,j *90 Z 5k*90 H(l])

k1(2.5)

by the Mébius inversion formula. We also have det A = (detT)? = []}_, §;6; # 0.
And if X #0, then tXAX =YY >0 with Y =TX # 0.

()

n n n o n n
(fir [5) sz ite,j (9, ge) Z vk,i(ztk,utu,é)gﬂ,j
k=1 ¢=1 k=1/4=1 u=1
n n
= tk,z tk,ulu:j = k,itkj = 17:3
k=1 u=1 k=1

(d) As G ="TF, we have t; j = 0;0;1;;
doergr =Y ek Y tinfi= cx(Ok Y 6ilinf:)
k=1 k=1 =1 k=1 =1
=3 F6i( D) ebrlip) =D fibi. O
i=1 k=1 i—1

Another approach was proposed by Hilberdink [19] who has estimated the sums

N
Z nlw ng
nEng

k=1

2s

when n; = k and obtained optimal bounds in this case. He showed that if b, =
n= > g, d*aq, then
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al (m,n)? * 1
b= > Ty =L > =T (2.12)

n=1 m,n<N kE<N/[m,n]

Here we introduce the symbol (*) to mean that the sum is 0 when the summation index
is empty. And this requires some restriction with respect to the original statement, see
Proposition 3.1 and after in [19]. More precisely, if a, > 0, the right-term is less than

2s
¢(2s) meSN G T, (:)"1”72 . And a similar lower bound occurs when a,, > 0.
When the ny’s are arbitrary but distinct positive integers, the initial result is due to

Gal [16], who showed for s = 1 that

o~ ()
Z kT < ON(loglog N)?, (2.13)

where C' is an absolute constant, and moreover that estimate is optimal. It follows for
this choice of values of ny and by taking ¢, = 1 that in this case

N

N
H Z ckffli)H; > CN(loglog N)? > Zci (2.14)
k=1 k=1

This is a famous result and a few explanatory words concerning the proof are necessary.
Gal’s proof is based on the observation that the sum in (2.13) will be not maximal unless
{n1,...,ny} is factor closed, namely d|n; = d = n; for some i. These sets are usually
termed FC sets (see [13, §3.3], [18]). Hence it follows that if the sum is maximal, then
the corresponding n; are products of powers of at most C'log N primes.

This result was recently extended in [1] to the case 0 < s < 1 (see also [7] for recent
improvements, in the case s = 1/2 notably) by representing these sums as Poisson
integrals on the polydisc and by suitably modifying Gal’s combinatorial argument. When
sieving the coefficients ¢, according to their order of magnitude, that estimate can be
implemented and then becomes a decisive tool when f has slowly decreasing Fourier
coefficients, typically when f = f!. That allowed the authors to establish quite sharp
results for the a.e. convergence of series ), ci f,lka7 and in fact by a plain monotonicity
argument on the Fourier coefficients, for any f € BV(T). The authors further extended
their result to any f € Lip, o (T). These results are of relevance in the present work.

Representation using Cauchy measures. Notice before continuing that

2s
(nkvnf) _ Hp—s|'up(nk)—'up(nz)|
5,8

T »

where v, (n) is the p-valuation of n (namely p¥»(™|n and v,(n) = 0 if p { n). From the
relation eIl = [¢ ™ W(t(ziil), it follows that

o5l (n) —vp (ne)  log p _ 1 ¢
pivp(nk)stp—ivp(ng)st 7T(t2 + 1)
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So that

_nk,nzs_ZN: _ H( 1 dt, )
CrC = CkCy . piup(nk)stppfivp(nz)stp W(t% + 1)

kt=1 k=1  pe

/ ‘Z H pwp(nk)sf

namely, the sum directly expresses as a squared norm with respect to the infinite Cauchy

2 dt,
, (2.15)
1;[ w(t2 + 1)

measure.
2.8. A new arithmetical quadratic estimate

It turns up that even for this specific class of functions, another much simpler device
can be used, based on Dirichlet convolution calculus, which also leads, at least when
ng = k, to slightly sharper convergence results. The basic tool, which we are going to
state now, provides a new estimate of || >, x ckflgs)H, K arbitrary. This estimate is of
individual type, in the sense that it is expressed by means of the values taken on K by
some elementary arithmetical functions. For u € R, let oy (k) = >_;, d". In particular
oo = d, o1 = o is the usual sum-divisor function and o_,(n) = n=%g4(n).

Theorem 2.5. Let s > 0 and 0 < 7 < 2s. Also let 1 (u) > 0 be non-decreasing. Then for
any finite set K of integers,

ZC’“C’“’ k:SES S( > Ui(w)o

kleK ueF (K

(u )) ( Z 037/11(1/)07._25(1/)).

T veK

In particular,

)
2s
S feelledd B0 < hi(1) (3 o nalh),

kteK keK

with

(ii) Further,

2

ke, 0)?
S telled G- < T T iginga) (X dra)tosiosy),

kleK ueF(K)

As an immediate consequence, we get recalling (2.8),
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Corollary 2.6. Let s > 1/2. Then for any finite set K,

_ s . 1+
¢(2s)7 1| Z ckf,g )Hz < 0<513£S_1 . ° Z Cro1te_as(k).
keK = keK

Proof. Let indeed 0 < ¢ < 2s — 1 and take 7 = 1 + €. From the obvious inequality
o-(k) > k7, it follows that

1 1 1+e¢
ME) S Y gt s
keF(K) k>1

So Corollary 2.6 just follows from assertion (i) of Theorem 2.5. O

Remark 2.7. Letting for instance s = 1 and using monotonicity of the Fourier coefficients,
Corollary 2.6 implies in particular:
For any f € BV(T) with [ fdA =0,

. 1+
I edills < Ctn)_inf =3 lerlPo-ree(h).
keK - keK

And C(f) depends on f only.

We derive from Corollary 2.6 a sharp arithmetical sufficient condition for the in-norm
convergence of the series »_, ckf,gs).

Corollary 2.8. Let s > 1/2. Assume that the following condition is fulfilled:

For some € > 0, Z k014 e—2s(k) < 0.
E>1

Then the series )y, ckflgs) converges in L?(T).

Proof. This is now straightforward, since by Corollary 2.6

sup H Z ckflis)H; < C(s,¢) Z ek 014 e_2s(k) = 0,

nm2N - k>N
as IV tends to infinity. Hence {}, -, -, ckf,gs), m > 1} is a Cauchy sequence in L2(T). O
See also the recent work [2] for a different proof.

Remark 2.9. By monotonicity of Fourier coefficients, Corollary 2.8 immediately extends
with no change to functions f ~ Z;‘;l a;sin2mjx such that a; = O(j°), s > 1/2.
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Remark 2.10. Estimates (i)—(iii) also provide sharp bounds to GCD sums indexed on FC
sets. Estimate (i) with s = 7 = 1 further implies

S acli < 25 E) (X tataan),

kleK keK keK

where ¢(n) is Euler totient function. Indeed

< (X o) (T lakoan)

k,0)?
S et k£)

kleK keK keK
2
SASECT )
ke K keK

since [12, p. 10] o(n)p(n) > 6n%/r2. Concerning the first factor, notice that

i pk) _ C(s—1)

= for s > 2.

ke ¢(s)

Recall for later use that by Gronwall’s estimates [17, pp. 119-122],

log (‘7“—(")) 1

lims n* 2 — 0 1 2.16
mSup i = T O<a<l) (2.16)
log log n
Further,
lim sup _oln) =eé’, (2.17)

n—oo nloglogn

where v is Euler’s constant.
2.4. Eigenvalues arithmetical estimates

The recent estimates of the eigenvalues of the arithmetical matrix

(k, )% }
ksts ek

M(K,s) = {

established in [19,1,7] are sharp but not of arithmetical type. An important and quite
challenging question is precisely to know whether it is possible to provide bounds of this
type, expressed in a simple way by arithmetical functions. In this direction, the following
GCD sum estimate established in [5, Proposition 1.16] is relevant.
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Proposition 2.11. Let 0 < s < 1. For any k € K (letting K_ = min K, K, = max(K)),

—
??4\'@
2l ~
S
V)
A

2(log K)o (k) ifs=1,
k([ W)y o (k) f0<s <L

us

It is easy to derive eigenvalues estimates of M (K, s) for K arbitrary.

Corollary 2.12. Let s > % Let Ak, s),k € K be the eigenvalues of M(K,s). Then for
any k € K,

2(log B+ )supa 1(k) if s =1,
keK

Ak, s) —
| ( 78) C(28)‘ S 25(%)1 Ssupgl_Qs(k) Zfs <1
keK

Gronwall’s estimates (2.16) provide further quantitative bounds.

Proof. We apply Gersgorin’s theorem stating that the eigenvalues of an n x n matrix
(a; ;) with complex entries lie in the union of the closed disks (Gersgorin disks)

z—a”|<2\a”| (i=1,2,...,n) (2.18)
J#z

in the complex plane, see for instance [36]. Hence

AR, 5) —

" keK ek

t+k

Applying Proposition 2.11 and noticing that when s < 1,

> B <o,

allows us to conclude. O

When combined with the classical weighted estimate for quadratic forms:
For any system of complex numbers {x;} and {c ;},

1 n n

’ > mmjan| <5 |l (Z |ow|+|ah)) (2.19)
=1 =1
0#7

1<i,j<n
i#]

Proposition 2.11 immediately implies that
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(K yi-s ” .
[ Z fk(PS)HQ < { () Yhex o1-2s(k)ei,  if1/2<s<1 (2.20)

keK log %) Drex dk)ci if s=1/2,

as observed in [5]. These estimates turn up to be of crucial use in the last part of the
proof of Theorem 3.2.

Remark 2.13. Let py,...,px be distinct prime numbers and let G = (p1,...,pn) be the
associated multiplicative semi-group. A simple consequence of (2.19) is also that

Mgy Mg N
<ol Z
S oz, i) ' (—= =) 2l
1,j=1 i=1 i=

for any a > 0, any ni,...,ny € G and any complex numbers x1,...,xn. And the
constant C' is absolute.

2.5. An arithmetical Q-theorem for the Zeta function

We derive from a recent result of Hilberdink [19] (see Theorem 3.3) an arithmetical
type Q-result for the Riemann Zeta function which is, to our knowledge, the first of this
kind in the theory.

Theorem 2.14. Let o > 1/2. There exist a positive constant ¢, depending on o only and
a positive absolute constant C, such that for any FC set K such that

kv/{
= < (k,0)
K+ max{k, ke K} = T’ kr%zeﬁ[(( (k,f) o

and any 0 < e < o,

140X ) mas o+ 0P 2 G S oy

n2e
nekK nek

- % (g}; el) (k;(kl” log(kT)}.

Theorem 2.15. Let o > 1/2. For any integer v > 2 such that maxp g,
0 <e <o, we have

(kw)) > ¢y, and

1 070+€<n)2 1/2
>
1I£{a<XT o+ it)] C(U_QE(V) Z n2e ) ’

nlv

whenever v and T are such that
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T(2U—1) )

U*S(V)Ulfo'fs(y) IOg(I/T) < C(2O—)1/2
Znh/ 0_0;225(”)2 - 4

¢(20)

_ : P, g
Here c = NS Exe and c,,C are as in Theorem 2.14.

By taking v a product of primes, it is easy to recover Hilberdink’s result from Theo-
rem 2.15.

Remark 2.16. The inequality linking v and T clearly depends on the divisors of v.
Otherwise, a typical case where this is satisfied is provided by the simple condition

v= O(T%/logT).

Indeed, by using estimates Gronwall’s estimates (2.16)

c(o,e

o (V)01 6-c(v) < pl=0—¢ o ios o ((log n)' = +(log n)7+¢) _ o(v*77).

And trivially Zn‘y J"’n*i;("ﬁ > 1. This suffices to conclude. We don’t know how large
the right-hand side can be made. This will be considered in a separate study with fur-
ther developments of the arithmetical approach used here, in the context of Dirichlet
approximating polynomials.

3. Almost everywhere convergence results

We first apply Theorem 2.1 to almost everywhere convergence. We obtain new con-
vergence conditions of mixed type, namely multipliers partly expressed by arithmetical
functions. We will prove
Theorem 3.1. Assume that a,, = O(m~%) for some oo > 1/2.

(i) Let 1/2 < oo < 1. Then the series Y, cxfi, converges almost everywhere whenever
the following condition is satisfied:

Zci(log k)= (log log k)21~ d(k?) < oo.
k>3

(ii) Let « = 1. Then the same conclusion holds true if the above condition is replaced by

> cid(k?)(loglog k)? < 0.
k>3

(iii) Assume that a, = O(m~1?(logm)~(+M/2) for some h > 1. Then the same con-
clusion holds true under the following condition:

Z c2d(k*)(log k)2 (loglog k) =" < o0.
k>3
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These arithmetical conditions are meaningful for coefficient sequences supported by
sets of integers k having few divisors. In [5, Theorem 2.8|, we showed that the condition

> ci(log k)01 g (k) < 00

k>1

also implies the convergence almost everywhere of the series ), -, ¢ fr. Although not
exactly comparable with the condition given in (i), this one yields a better condition
for coefficient sequences supported by integers with few divisors. A similar remark holds
concerning the general condition given in [5| (see Corollary 2.6 and Remark 2.7). The
condition given in (ii) has to be compared with the one in Theorems 3.2, 8.4.

As to (ii) and (iii), the non-arithmetical factors of the multipliers are significantly
better than those in Theorem 3.2, and Theorem 1.1 in [38], respectively. Recall concern-
ing (ii) that condition (see Theorems 3.7 in [1])

Z ci(loglog k)™ < oo,
k>3

for every v < 2 is necessary for the convergence almost everywhere of the series

Zkzl Ck fr-
We further prove the following almost everywhere convergence result concerning the

Banach space BV(T) of functions with bounded variation.

Theorem 3.2. Let f € BV(T), (f,1) = 0. Assume that

logl 4
ZczMQO. (3.1)
= (logloglog k)

Then the series Y, ci fr converges almost everywhere.

This slightly improves Theorem 3 in [1] (ng = k), where it was assumed that the series

c; (loglog k)Y (3.2)

NE

=
Il

1

converges for some v > 4.

Theorem 3.2 will be derived directly from Theorem 2.5, thus without using analysis
on the polydisc as in [1]. By modifying the proof, we also obtain in Section 8 a delicate
sufficient condition where multipliers have arithmetical factors (see Remark 8.3).

Remark 3.3. In spite of the regular decay of its Fourier coefficients, it is well known that
a function f € BV(T) may have very pathological behavior. Jordan [25] gave in 1881
a remarkably simple and elegant construction of a function with bounded variation,
having positive jumps on each rational, and being continuous almost everywhere.
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Remark 3.4. Theorem 3.2 applies to the case s = 1 in (2.7) which corresponds to the

Fourier expansion of the function (z) = §(1 —22), 0 <z <1

>, sin 27z
=y ———  (0<z<]) (3.3)
1

the series being discontinuous at = = 0. It is quite interesting to notice by expanding (x)
with respect to the system cos(n + )z, sin(n + )z, n = 0,1,... (which is orthogonal
and complete over any interval of length 27), that one also gets [40, p. 71]

4 S cos2m(n+ L)
= — 0<z<1 3.4
wg (2n+1)2 O<z<1), 3.4

where this time the series is absolutely and uniformly convergent. Let ¢(z) denote the
series in the right-hand side. Further, it is not a complicated task to prove that the
series Y cxs(ngx) converges for almost every  under the minimal condition " ¢? < ooc.
However ¢(z) is 2-periodic whereas (x) is 1-periodic. The study of the system {(nz),
n € N} goes back to Riemann’s work [31]. Davenport [14,15] much investigated its prop-
erties. It is known that this system possesses smoothness properties going at the opposite
of those of the trigonometrical system (the series ), ci (k) is never continuous unless
the coefficients ¢ all vanish). We refer to Jaffard [23]. However, the a.s. convergence
properties of series attached to this system seem to remain relatively close to those of
the trigonometrical system, namely to belong close to the domain of applicability of
Carleson’s theorem.

3.1. A complement to Wintner’s Theorem

We finally also prove an important complementary result to Wintner’s famous char-
acterization of mean convergence of series > r- ;¢ fi. Recall some necessary facts. Let
f € L*(T) with (f,1) = 0 and denote f = (f,), where we recall that f,(z) = f(nz). We
say that the system f is mean convergent if the series ZZ‘LO cx fr, converges in L2(T) for
any (cy)x € ¢2. This property is characterized by the following well-known theorem.

Theorem 3.5 (Wintner [39]). Let f € L*(T) with {f,1) = 0 and with Fourier series
flx) ~ Z;L(aj cos2mjx + b; sin 2mjx). The following statements are equivalent:

1. The series Y poy i fi(z) converges in L*(T) for any coefficient sequence (cg)i € £2.
2. There exists a constant ¢ > 0 such that for any n > 1 and any reals {cx,1 < k < n}
we have

I chka < CZ (3.5)

k=1
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3. The infinite matrix ((fk, fg>>k , defines a bounded operator on 2.
4. The Dirichlet series > >~ ann™% and >~ byn™% are regular and bounded in the
half-plane R(s) >0

Suppose f is mean convergent. It is natural to ask whether there always exists a class
of coefficients (¢, ) for which the series 220:1 ¢ fr will converge almost everywhere. The
theorem below answers this affirmatively by identifying a general class of coefficients.

Recall a useful notion. A sequence of coefficients (ci)x is called universal if for any
orthonormal system ® = () of functions defined on a bounded interval (and possibly
extended periodically over the real line), the series ZZ.;1 Ck Pk converges a.e.

Theorem 3.6. Assume that f is mean convergent. Then the series Y .- | ci fi, converges
a.e. for any universal coefficient sequence (cy ).

The paper is organized as follows: in Sections 4 to 9 we prove the results stated before.

4. Proof of Theorem 2.1

We will deduce Theorem 2.1 from the following more general but more technical result.
Introduce the necessary notation. Let

0o
E 2
Ak = Ay
v=1

Let (;, denote the arithmetic function defined by (j,(n) = n” for all positive n. In partic-
ular (p(n) = 1 for all n. Let 6(n) denote the number of square-free divisors of n. Then
6(n) = 20" where w(n) is the prime divisor function, and by the Mertens estimate,
Y ey 290 = Czlogz + O(x), © > 2, where C' is some positive constant [12, p. 70].

Given K C N, we note F(K) = {d > 1;3k € K : d|k}. If K is factor closed (d|k =
d € K for all k € K), then F(K) = K. Typical examples are {1,...,n} or sets of
mutually coprime integers. Recall that if ¢, ¢ are arithmetical functions, the Dirichlet
convolution 9 x ¢ is defined by v = ¢(n) = >, ¥(d)¢(n/d).

Proposition 4.1. Let ¥ be any arithmetical function taking only positive values.

i) For any finite set K of positive integers,

I anlis (3 dv@)( X 5i9d)
keK deF(K) k:elK d€|£( d

it) In particular,

I enfilly <B Y. v Golh),

keK keK
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where

Q‘IK‘

= sup (Z

deF(K)

o)) < o.

Let us first indicate how Theorem 2.1 follows from Proposition 4.1. Choose for instance
1 = 0 and note [29, formula (1.54)] that

R‘Ik‘

bx (k) =) 0(d) = d(k?). (4.1)

AE k [e%e] [e%e)
Tar@= X =l 2
eK d keK v=1 m=1 keK
dlk dlk dlk, & |m

Il
(]
IS
3w
/N
(]
AN
N
IS
3w®
=
)

Since it is true for any d € F(K), we deduce that B < Y >°_ a2 d(m), and so Theo-

m=1"m
rem 2.1 follows from Proposition 4.1.

Proof of Proposition 4.1. Let § be the arithmetical function defined by

1 ifn=1
o(n) = ’ .
() {0 ifn # 1. (42)

Let u denote the Mobius function and recall that
> uld) = 6(n). (4.3)
d|n

We have

2 oo
I3 el = 3 cerd o pags

keK kteK

We decompose the right-hand side according to the values taken by (k, ¢),

Z CkCgZa(ku%a(uz = Z Sd, (4.4)

kteK v=1 deF(K)
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where

Sq = Z CkCeZauT vt (4.5)

ke K
(k,0)=d
We claim that
A
sl < (2 lexPoo) (X 500)- (4.6)
keK keK

Indeed, by (4.2), (4.3),

Si= > ckCeZaykaueé((k 0)= > Ckcézaukaul >l
kteK v=1 kteK d|(k,e)

2

= Z Z Z CrCeQuiQye = Z Z (Z ckayk) .
v=1deF(K) kleK v=1deF(K) keEK
d|k,d|¢ dlk

This thus factorizes, and now we can apply Cauchy—Schwarz’s inequality to get

Y (ZIW—J—)

v=1deSF(K) ke‘K

< (X lePun )Z > Z

keK v=1deSF(K kde‘i( ¢

= (> el )(Z > )
keK keK deil‘?‘k(K)
= (> Il )(Z o)),
keK keK

Now let K4 = (dN N K). For the sum Sy defined in (4.5), we have

o0
Sy = E CLCyp E G/Tk v = E Ck'dCerd E Auk/ Ay’ -

kleK k'l eKy v=1
(k,6)=d (k' ,0)=1

Thus Sy has just the same form as the sum S; studied before, with Ky, k', cprq, agrq in
place of K, k, ¢k, ar. We deduce from (4.6) that
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Sd§(2|ckd|¢ )(ZwAZ, ')

k'eKq4

= (3 lePuls )(Z g ). (47)

keEK
dlk

Using (4.4), we get

IS anli= Y sis ¥ (X lalol )(;

keK deF(K) deF(K) lcelK

&I?s- @.Ix
\_/

k k
< ( ) Tkl 3 ()
deF(K) fcqe ¥ keEK deF(K)
dlk d|k
=B lalvsGk). D (4.8)
keK

5. Proof of Theorem 2.5

Let (cx)x be a sequence of coefficients supported by K (¢, =0 if k ¢ K). Let € > 0.
We recall that the generalized Euler totient function J. is the multiplicative arithmetical
function defined by

Jo(n) = Ce * p(n st

d|n

By Mobius inversion theorem,

n® =" J(d). (5.1)

Step (1) is as in [4], except that we introduce an arithmetic function . It is necessary
to display it here. Step (ii) uses basic properties of Dirichlet convolutions.

(1) Noticing that if d|k and k € K, then d € F(K), we have by (5.1)

= Y Je(d)Lgplap

deF(K)

Thus

n 2s
L:= Z ckcz%: Z Ckcl{ Z Jos(d 1d‘k1d|£}. (5.2)

k=1 kleK deF(K)

Writing k& = ud, ¢ = vd and noting that u,v € F(K), we have
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1 Jos(d
re Y (¥ Ee).

u,vEF(K) deF(K)

By the Cauchy—Schwarz inequality,

Jas(d Jos(d / . /
S e (Y B ) (2 2De )"

dEF(K) deF(K) dEF(K)

Hence,

LS{ Z is( Z stz(sd)cid>l/2r-

u
wEF(K) deF(K)

1 Y2
W 2g ()2 ws/?

Let 1 be a positive arithmetic function. Writing X = and applying

Cauchy—Schwarz’s inequality again gives

(Y w2ty )

weF(K) ueF(K) deF(K)

Let F2(K) = {ud : u,d € F(K)}. Then

P(u) Jas w
>y Mle sy o2y )
u€EF(K) deF(K) ueF2 (K) uef‘(K) w

62 14
= > g D R()wti(w) (5.3)

veK ueF(K)
ul|v

\/

since ¢, = 0 if v ¢ K. Hence we get

r<( Y Sw )(}: 3 bs W(u)). (5.4)

uEF(K) veK u€F(K)
ulv

(2) Choose ¥(u) = u~ 51 (u)o,(u) (recalling that ¥ (u) > 0 is non-decreasing). Then,

1< (Y e MZ#ZM (@ (1)

uweF(K) vekK ueFI K)
C¢1

Y ) (5w T mew)

uweF(K) veK uGF"(K)

AsveK,
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Z J25 'r ) JQS*UT(V)~

ueF(K)
ulv

By commutativity and associativity of the Dirichlet convolution,
J2s *O0r = (CZS * N) * (CT * CO) = (CQS * C‘r) * (CO * :U’) = (CQS * C‘r) * 57

since by (4.3), (o * p = 0. Further,

Cos % G- (n Z dzs =n" Z d** 7T = "o, (n).

d|n

Consequently,

By reporting

1 i(v) -
= ueg(:K) m> (1;( V;s Y 0257T(V))

as claimed. Taking 97 (u) = 1 gives

L= ( Z Url(u)) ( Z CEOT_QS(V))’

uEF(K) veK

which is (i). Finally let s = 1 = 7 and 91 (u) = loglogu. Then, by (5.5) again,

L< (UEFZ(K) m)(Zc o_1(v)loglogv )
’ (u)
<715, withed) (- re)

since [12, p. 10] o(n)@(n) > 6n2/x%. This is (ii) and the proof is now complete.

Remark 5.1. Quite similarly, one can also prove that

L<< Z Zd‘ dloglogd)(% ZIOgIOgd)

d|v
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6. Proof of Theorems 2.14, 2.15

We begin with a lemma and a corollary which are slightly improving Proposition 3.3
in Hilberdink [19]. We displayed with care the necessary calculations.

Lemma 6.1. Let o > 1/2. There exists a constant C, depending on o only such that for
any positive integers k,¢ and any real T,

i 20
‘ (k) kve
/‘C(U +it)\2(ﬁ) tdt — {TC(QU) (kE)" + H; if T > 0]

/ ¢ H, ifT < &%
where
kag 2o T 1=20 —0o —0o —0o
\Hy| < OU{T((M;; (k_w) + T2 {1 4 k17 log(KT) + 1 1og(€T)}}
(k¢

|Ha| < C,7?1 {1 + k'~ log(KT) + £~ log(¢T) }.

Proof. Recall the basic approximation result of the Riemann Zeta function [34, Theo-
rem 3.5]. Let o9 > 0,0 < § < 1. Then, uniformly for 0 > 0¢, z > 1,0 < |t| < (1-9)27z,

)= = — 19—1—0(:5_"). (6.1)

tlazt

By taking ¢ such that 27(1 —§) = 1, |¢| = x, and observing that |{——

deduce

< |¢]77, we

Il

It\Zsll,lapzao Clo +it) Z kUJrzt
And further,
S It]
o ot a0 [ ] < oo

We choose throughout o = g > 1/2. We thus have

7 1

/K(Uﬂt 7)ar= /|Zma+lt| (7 )tdt+H, (6.2)

1

where |H| < C,T2(1=9). And
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~

r it m it
/| 2 ﬁf(%)ldt: 2 / miy(%) dt.

1<n<t 1<n,m<T,,\/m

e First assume that (k,¢) = 1. The solutions of the equation km = fn are m = r¢,
n = rk, and the condition n V. m < T requires that 1 <r < T/(kV £). Hence,
— If k, ¢ are such that (kV £) > T, there is no solution and thus,

T T
1 2/k\% 1 km
/\ Y. ol (z) dt= ) / (m) (g_n> dt.
1 1<n<t 1<n,m<T ,,\m
km##£en
— If k, £ are such that (kV £) < T, then
r 1 k it 1 T (kve) T¢(20)
m\? —r(kV o
_— = = H
2 / (nm)a(m) 4= Ty 720 ke
1§n’mSTn\/rn 1ST§%
km=¢
where
1 T2(1—¢7)

H| < .
A < Co e v o=

e Now if d := (k,£) > 1, writing k = k'd, ¢ = ¢'d, where (k’',¢') = 1, our initial integral
reduces to

L i
(mil)” (]21:) .

—

nvm

And by what precedes,
(i) If k, £ are such that £Y& > T then

(k,0)
r k r k
1 9 it 1 ma it
/\ > —l (z) dt= ) / ()7 (%) dt.
1 1sn<t 1%Z{$£%Tn\/m
(ii) If k, ¢ are such that % < T, then
T T
S [ )= S [ ()
1<n,m<T O, (nm)e X £n 1<n,m<T Y (nm)7 \ £n
km={n k'm=¢'n
20
—C(20)T(k’£) + H,
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where
1 T2(1-0) (k 6)20 T \1-2¢
H| < C, =CoT—"—— -
| | - (klgl)a (k/ \/5/)1—20 (kg)a (%)

Now consider the contribution provided by the indices n, m such that km # n,

Z / 1 (km) ’ B ‘ Z 1 eiT log IE—T o ei(n\/m) log ’2’73

(nm)e \ In (nm)e ilog Em
1<n,m<T ,\m 1<n,m<T In

km##£en km##£en
1 1
< D Tode
1<n,m<T ( ) |]'Og n |
km#Ln

We operate as in the proof of Lemma 7.2 in [35]. We have

S (S Jabete

1<n,m<T )7 [ log 1<nm<T  1<n,m<T [log 2|
In<km £n<%km %km§5n<km
=51 + 5.
We have

1<n<T

Now if %km < In < km, we can write fn = km —r where 1 < r < %km and we note
that loglz—zI = —log (1 — 5=) > 7—. Then

1 l1-0o 20 1
S DD DI g AL AD D S D
( )Tm? (55)

m<T 1§T<%km m<T 1§7‘<%km

< Cok'™7 Y m' " log(km) = k'~ (logk) > m'™2 +k'=7 Y " m!' "> logm
m<T m<T m<T

< Cokr=oT? =) Jog(KT).

Putting both estimates together and operating similarly with the sum corresponding
to indices n, m such that ¢n > km gives

1 1 .
> o) Tiog B2] < C, T =1 + k' log(KT) + £~ log(¢T) }.  (6.3)
n,m n

ﬁm’#iT

Therefore if T > (klé)
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T it 20
I () a=reen G 4 n

1<n<t
with
k027 ¢ T \1-20 o - -
|H§CU{T((M§U (M) + T2 =] 4 k' log(kT) + ¢ 1og(£T)}}.
(k.0)
And by (6.2),
f oy it (k, )%
D12 (5) ar = 1¢(20) H
1/|<(a+zt)| (7) at=7c(20) Gt
with
(k, 0)%7 ¢ T \1-20 2(1—0) 1-o 1-o
<
— o k
H| < C,{T 0 () +T20 {1+ K7 log(KT) + €7 log(eT) } }.
(&,0)
Finally if T < w), by (6.3)
i 1 oy it o1 kot
2 g m\ @
1S el @l =] = [ () o
Loo=r= Tmetin V™
1 1
<2
1<n§n:L<T (nm)7 |log IZ_ZL‘
Tm+én

< C, T2V 4 k' log(kT) + 1~ log(¢T)}. O
Corollary 6.2. Let 0 > 1/2. There exists a constant C, depending on o only such that

for any complex numbers {cy, k € K} and any real T > 2, we have

T

7 [ 16+ i 3 e ar=ce) 3 AL

1 keK ktEK

with

1l SC"{ > ICkllce\(kl;f)Q" (&)1720

kleK (ke)e (k,0)

kVve
ey <T

+ Tl-%( 3 \cd) ( 3 Jenlk' 0 log(kT)}.

leK keK
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Proof. It follows from Lemma 6.1 that

T NI R (ke
T/K(a—i—zt)\ ’ E cpk'| dt = ((20) g CLCe TG +H
1 k=1 kK
kVe <T

with

IH| < Ca{ Z |CkHCz|(k’Z)2U( kj\:é )1*20

kLEK (kE)” =0
&b <T
+ 72 (3 Jeel ) (X lewlk' - og(kT) }.
leK keK

This allows us to conclude easily. 0O
The following corollary is now straightforward.

Corollary 6.3. Let o > 1/2. There exists a constant C, depending on o only such that for
any complex numbers {ci, k € K} and any real T such that T > K4 = max{k,k € K},
we have

N 20
(1+chs 7 (X lal) max [¢(o+it) = (¢(20) - — o 1) S e k f
keK k. f=1
-7 Z x|k~ Tog(kT) ) Z leel,
keK leK

where we have noted

kEve
K) = —
@K) = mex G
Proof. A standard consequence of Montgomery and Vaughan version of Hilbert’s in-
equality is

47
2 2
< r Z |ck|

keK

keK keK

T
2
‘/’chk” dt —
0
where
. l
6:m1n{10gE7€>k,€,k€K}.

Plainly § > 1/CK where C is an absolute constant. Thus
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T

/chw dt < > lenl( 1+c ).

0 keK keK

Nl =

This along with Lemma 6.2 implies that

(Z ekl ) mas [((o + i)

keK

> <<(20) 20 1) Z CkCﬁ k g -

k=1
_ Tl—%( Z |c@|) ( 3 |ck|k1—010g(kT)}. 0
leK keEK

Proof of Theorem 2.14. Let K be an FC set and ¢4 = d7%, d € K. We deduce from
(2.12), that

20
> %O—W(n)Q <¢(20) Y M(dd)‘s

nekK d,0eK

Consequently, if K <T and w(K) > ¢, := (%)1/(2‘7_1),

140X k) g o 0

nekK

20 1
2 S0 S ooreln)

nek

—%(de)(zkl “CloghT)}. O
le

keK

Proof of Theorem 2.15. Let v be some positive integer. Choose K to be the set of all
divisors of v, which is obviously an FC set. Then

1 0'70-4,5(71)2 1
D ot =) = Y o = o),

nekK nlv neKk

Thus for v and T such that v < T and max( g, ) > co

N2
(1+C) max [C(o+it)

> ¢(20) 1 Z 0 oire(n)? o (Vo1 6_c(v) log(yT).

2 o_9(v) n%® 0_2:(v)T(2o—1)

nlv
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If v and T are such that

0—c(V)o1—g—c(v)log(vT) < ((20) T(20-1)
O—o+e 2 -
Zn|u — 4

)

n2e

we deduce that

1 1 U*a+6(n)2 1/2

>

5o (o +it)] = C(U—Qe(y) Z n2e ) ’
n|\v

with ¢ = % as claimed. O

7. Proof of Theorem 3.1

Basically, the principle of the proof consists in showing that the studied case belongs
to the “domain of attraction” of Carleson’s theorem. First, recall for reader’s convenience
Lemma 8.3.4 from [37].

Lemma 7.1. Let v > 1, 0 < 8 < 1 and consider a finite collection of random variables
E = (Xl,...,XN) C LY(P), and reals 0 < tq <ty <--- <ty <1 such that

1X; - Xill, <t —t:)° (VI<i<j<N).

Then, there exists a constant Kg ., depending on 3, only, such that

Kﬂa'y Zfﬁ’y > 17
H sup |Xi_Xj|H,y§ KglogN if By =1,
1<i,j<N i

Kg N7 if py < 1.

This standard lemma will be used repeatedly. Let {N;,j > 1} be an increasing se-
quence of integers to be specified later on. Let S, = >_7_, ¢k fx, n > 1. Put

J o]
J J
R’ = E Am€m, r/ = E Ay, Cm -
m=1 m=J+1

We decompose S, as follows: if N; <n < Nji1, then for some J = J(j) depending on j,
the value of which being specified in the course of the proof, we write that

n n n

J J

S, = E Ckfk = E CkRk + E CET} -
k=1 k=1 k=1
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This way to proceed is not new; we refer for instance to Theorem 2.6 in [5| where it is
used already in the proof. By Carleson—Hunt’s inequality,

J
|y 13 ndl] < S]] 3 ]

NjSusvsNj u<k<v m=1 NjsusvsNj1 u<k<v
J S\ 1/2
(S T 2"

m=1 N;<k<Nj1

We will show in (7.2), (7.7) by using Abel summation that the series Zm>1 a2, d(m)
is convergent in each of the considered cases (i)—(iii), and we will estimate the tail

Sooosp ard(m). By Theorem 2.1,

oo

IS ardlis (X ddm) Y ddn),

u<k<v m=J+1 u<k<v

By Lemma 7.1 we deduce

H sup CkT | H
NjSuSUSNjJrl u<k:<'u

§C(logNj+1)2( 3 a,znd(m)) S &dk).

m=J+1 N;<k<Nji1

By combining both estimates we arrive to

[ |2 anlfze(Xm) (2 @)

NjsusvsNjtr o cpc, N;<k<Nj41
+C(logNj+1)2< 3 afnd(m)) S Gd). (1.1
m=J+1 N;<k<Nj1

Notice that if a,, = o(m~%), a > 1/2, we have by applying Abel summation and using
the well-known estimate , ,d(m) < Cllog,

3 aZ,d(m) < o~ dlm) <C - logm + sup m' **logm
m2e

2a
m
m=L+1 m=L+1 m=L+1 m>L

< C,L'™2*(log L). (7.2)

Now we give the proof of assertion (i). Let 1/2 < a < 1. We then deduce
from (7.1), (7.2)
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2
| s Y e
NjSUS'USNj-%—l 2

u<k<v
<o Y @) (3 lenl)’ 4 oMY aatm)}
N;<k<Nji1 m=1 m=J+1
gca< 3 cid(kQ)){Jm—a)+(1ogNj+1)2J1—2alogJ}. (7.3)

Nj<k<Njt1
We choose N; so that
(log Nj)4(1_0‘)(loglog Nj)Q(l_O‘) ~ gt

Next choose J so that

J
log J ~ (log Nj+1)2~

Then J2(=%) ~ (log N;;1)** =) (loglog N;;1)?1=®). And we obtain

2
| s Y ek
NjsusvsNjp1 o ey, 2

IN

Cal YD () (og Nyr) ) loglog N )20~
N;<k<Nji1

Ca ( 3 Glogk) =) (loglog k)Q(l“’“)d(kZ)) .
Nj<k<Njt1

IN

In view of the assumption made, we deduce

)N NS Ckfk\Hz<OO- (7.4)

NjSuSvsNji1 u<k<v

By Tchebychefl’s inequality and by using Theorem 2.1 and (7.2) with L = 2,

MIY ahl>i?<cgt Y dde?)

Nj<k§Nj+1 NJ‘SICSN]'+1

4

J 2 2 N4(l—a) N2(1—a)
< Cq — — cpd(k*)(log Ny) (loglog N;)
Tog N loglog P 2 : :

< C, Z cid(kQ)(log k)‘l(l*a) (log log k)?(lfa).
N;<k<Nji1

The assumption made implies that
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A e fr] > 577
LIkl > ) < 0.
j N;<k<Nj41

By the Borel-Cantelli lemma, the series ) | ZNj <u<Njir
where. As by (7.4), the oscillation of partial sums around this subsequence is almost

¢k fr| converges almost every-

surely asymptotically tending to 0, this allows us to conclude.
We continue with the proof of assertion (ii). If o = 1, (7.3) is slightly modified as
follows:

|, o | 5 sl

NjsusvsNj41 u<k<v
log J
<o X ) {(og ) + (tog Nyen)* 225 . (75)
N;<kE<Nji1

We choose N; so that
loglog N; ~ 32,
and J so that

~ (log Nj+1)2.

log J
We deduce
2
H sup | Z Ckfk’” SC’( Z cid(kz))(loglogNjﬂy
NisusvsNist k<o ’ N;SESNjp1
<C > cd(k*)(loglogk)®.
Nj<E<Njt1

According to the assumption made,

Sz, 13 ek <o 7
j

NjSuvsNjp u<k<v

By Tchebycheft’s inequality and by using Theorem 2.1,

A{| 3 ckfk|>j’2}§0j4 S Gdk?)

N;<k<Nji1 N;<k<Nji1
4
J 2 2 2
<Cc—2t S &d(k*)(loglogk)
< —3 k
(loglog Nj41) Ny <k=Nysn

<C Z cid(k*)(loglog k)?.
Nj<k<Njt1
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By the Borel-Cantelli lemma, the series >, | > Ny <u<
where. This along with (7.6) allows us to conclude.

N1 Ck fx| converges almost every-

Finally we prove assertion (iii). By using Abel summation again,

1 1 Ch
2 d(m) < — < : .
> ahdim) < € 3 S+ s G b S e ()
m>L m>L
And 27 Jam| < Cuo/JT/(log J)TFE. Then by (7.1),
f 2
su C
H NjSuS'L)F;N]‘+1 |’U.SZICS'U b k|H2
J (log Nj11)?
< 2 2 Jt ) .
<o Y dde )){(1ogJ)1+h + O } (7.8)
N;<k<Nji1
We choose N; so that
(log Nj11)? 4

~ j .
(loglog Nj11)h~!

2
This time we choose J so that - :I’)lJrh ~ ((lfogg]jj)ti)l , namely

J
~ (log Nj+1)*.
(log 72 ~ (108451
Thus log J ~ loglog N; 1 and
J (log Nj+1)*  (log Njt1)?

(log /)" ™ “(log )"~ ™ (loglog Nj41)"~ 1"

We deduce

2
ezm, 13 ],

NjSusvsNit1  cr<y

J / lo Nj 2
= ( Z Cid(k2>>{ch (log J)1+h +Ch ((loggJ)h)—l}

Nj<k<Njt1

(log Nj+1)2

< Ch cid(k?)
(Nj<k¥Nj+1 ' >(10g10gNj+1)h_1

2 701.2 (log k)?
SOn 2 ) gy
Nj<k<Nj+

Using the assumption made, it follows that
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Z H sup | Z ckfk|HZ<oo
i>1

NjsusvsNjp1 o ooy,

We conclude by proceeding exactly as before. Noticing first from estimate (7.7) that
> sy aZ,d(m) < Cy, by Tchebycheff’s inequality and Theorem 2.1, we get

)\{| > ckfk|>ji2}30j4 > Gdk?)

Nj<k<Nji1 Nj<k<Njt1

. h—1 2
S Chj4 (log log N]+1) Z C2 d(k2) (].Og k)

(log Nj41)? Ny <k Nosn F (loglog k)h—1
log k)?
< 252y ( .
< Cn Z crd(k )(log log k)h—1
Nj<k<Nj1

By the Borel-Cantelli lemma, the series 3, [y <y, ,, CkJk| converges almost every-

Jj+1
where. We conclude as before.

8. Proof of Theorem 3.2

Let {N;,j > 1} be an increasing unbounded sequence of positive reals. We write

J J
Z ek fe = Z cp Ry + E CET},
N;<k<Nji1 N;<k<Nji1 N;<k<Nji1
where

R (z) = Z sin 2mlx () = Z sin 2ﬂ€x7

1<e<J 0>J J

and J is a real number greater than 1 and defined later on with respect to j. Let
B

B > 1. Choose N; = e® with B = 28/8; § is a (small) positive real. As f € BV(T),

aj =0(;71), and so

J
1 .
sup ‘ g ckRg(x)| <C E 7 sup | g cr sin 2mklz|.
NjSUSUSNj+1 w<h<w =1 NjSuS’USN]H»l u<k<v
By using Carleson—Hunt’s maximal inequality
H sup | ckRk | H H sup | g cg, sin 27rk€x‘ H
NjSusvsNip1 <<y NjSusvsNjt1 o cp<y 2

< C’(logJ)( Z ci)l/Q. (8.1)

N;j<u<Nji1
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We now combine our Theorem 2.5 with the (¢,1 — ) argument introduced in [1]. Let
0 < e < 1/2. From the bound

2 e 2 1_¢
> G om (g ) <(avan) (50

ij>J
jh=it

Cr(k,0)\*==/2  C 1_cia 1-c)2
< _— = —
_J€< ke ) gethe e

we get by applying Theorem 2.5-(i),

e
J
| 3 el <] >

u<k<v u<k<v

S%( Z )( Z Cior_aye( ) (8.2)

weF ([u,v]) u<k<v

1 5/2H

By taking 7 = 1 4 ¢ and using Corollary 2.6, this becomes

| 3 e, <5 3 choseante

u<lk<v u<k<v

From estimate (2.16), it follows that

{ o (logk)™* k)% {logk)™,

0_112:(k) < exp 2¢ loglog k

where ¢ is some positive number. Thus,

J < J
Ck k:H <— € € p{ }( Ck).
H w<k<v 2 J 26 log log N]+ <h<w

By using Lemma 7.1, we obtain

2

| e cur|

N; <u<v<Nji1 w<h<v 2

¢ o (log N; +1) :

lor 0" e {5 o )
eJE(Og j+1)° exp 2¢ loglog N Z “
N;<k<Nji1
Choose ¢, J so that
o0 (log Nj.1)%* logloglog N.
J® = (log N; { (7} == =_-7-
c (log jH) P ¢ loglog Nji1q c 2loglog N1

We get
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2
H sup ‘ Z ckrk] H < Z ci.
2

Nj<u<v<Nji1

’LLSICS’U NjSkSNj-f—l
We have
1,1 2 o (log Nj11)*
logJ = —log — + (=) loglog N, ==
°8 € Og5+(5) 0808 Njt1 ¥ 5 loglog Nj 11
Further,
1 1 2loglog N; 2loglog N;
Liogt = 0g1og IVj+1 lo ( 0glog IVj+1 ) ~ 2loglog Nj41,
€ e logloglog N;i1 logloglog N1
and

(log Nj+1)26 _ 6(log log Nj+1)(logloglog Njt1)/(loglog Njt1) _ log lOg Nj+1-

Thus

4(loglog Nj11)*> o (log Njy1)*
(logloglog Njy1) €2 loglog Njt1
4(log log Nj11)* 4 (loglog Nj41)*

(logloglog Ny 1) * (logloglog Nj11)?

log J ~ 2(loglog Nj11) +

= 2(loglog Nj11) +

(loglog Nj ;1)
(logloglog Nj;1)’

Now by (8.1),

sup | ckR,ﬂ ’ < C(log J)? el
> ) >

N;<u<v<Njii u<k<v N;j<u<Njyi1

<C (loglog Nj;1)* ( 3 c@

Ry
(logloglog Njy1) N, <u<Nji1

IOg log k)4
<oy g lesleh)
N,<k<n,,, Jogloglogk)

By combining

2 loglog k)*
H sup | Z ckfk’H2§C Z ci%. (8.3)

NjsusvsNj41 o ey, N;<u<Nji1

By the assumption made, this immediately implies that the series

> s |3 adil’

j N]'SUSUSNJ+1 ’U,S}CS’U
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converges almost everywhere. And so the oscillation of the partial sum sequence
{Zszl ¢k fr, N > 1} around the subsequence {ZkN;I ¢k fr,j > 1} tends to zero almost
everywhere.

By Tchebycheff’s inequality,

J - .2 2
)\{ sup | Z ari| > ﬁ} < 05 Z Ck
N;j<u<v<Nji1 u<k<v N;<k<Nji1
7%

_ 2 loglog k
(loglog Nj 1) 2, diloglos

Nj<usNji1

<C Z i (loglog k).

N;j<u<Nji1

By the Borel-Cantelli lemma, the series

20> et

j  Nj<u<Njii

converges almost everywhere.
We shall prove that the series

21D kR

j  Nj<u<Njii

also converges almost everywhere. This part is more tricky. We begin with a remark
concerning the sum related to the component R”’. Recall that

S| J 1\ (k, 0)2
By, Ry) Z E:( Z E) ke

1<u< (& £))

The existence of a solution in h and ¢ (automatically of the form i = u+"~ (k 7 h = uﬁ,
u > 1) imposes constraints on the integers k,¢. These must satisfy the following condi-
tions:

C<ul = (k,Oh< J(k,0), k<uk=(k10)i<Jk0),

that is (k, ¢) > (kve) as obviously (k,¢) < (k A {), it is necessary to have

1
j(kvf) < (kKAL)
In this case 0 < (R{, R}) < ¢(2)E40 e) . Observe before continuing that in our situation
J < NJ+1 while Nj < k,€ S Nj+1.

Let h and H be such that J" < N; < JhHl < o< ghtE-1 < Nji1 < JhHH T¢
follows from the previously made remark and estimate (2.20) that
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k, ¢

I > arlli<c X |C’<”C|(u)
Nj<kSN]'+1 Nj<k,f§Nj+1
(kvO)< T (KAL)

H
(k,0)?
2) ) > lexlleel =
p=h  kelJr,grt1
0:(kVE)<J(kAL)

k,0)?
Z > lala
= J;L<k<Jll+1
Logr<e< g gett

(k, 0)®

H
2) ) > lexlleel =

p=h Jr=1<k < Jjn+2

H
2)log J) Z Z cio_1(k)

p=h Ju—1<k< 2

H
<cy MU L (k)

i
 Jhe Skt logloglog k

since NV; < k < N;41 and

: 2 2
(loglog Njt1) ~ 41+ o(1)) (loglog k)

log J ~ 4(1 1
o8 (14 of ))(logloglogNjH) log log log k

Therefore

loglog k
I Z ckRiH2<C Z C(Ogi) (k).

*logloglog k
N;j <k<Nji1 JTIN;<k<Nji1J?

By Tchebycheff’s inequality,

/\{| S R >j—ﬁ}

N;j<k<Njii

Z 2 (loglog k)?

< (%8 —— =g
=) klog loglog k

—
—~

=
N

J=IN;<k<NjiqJ2

28 log log k)2
< €%~ (loglog Nj11)° > cima_l(m
JﬁlN'<k§N_7‘+1J2 g g g

Z &2 5 (loglog k)2+5 L)

<C
- logloglog k

Jﬁle<k‘SNj+1J2

Recall that J = J(j) is associated with the interval |N;, N;11]. Now observe that

(8.4)
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1 Jj+2 -\ 2
——— > N1 J .

Indeed,

o) ;B | 8+o1) (i+2)8

J()2J(+2) ~e B Weit B I,

Thus J(5)%J(j +2) < 53"  whereas for j large

Nitz _ et e o 12 o 12+ 2)

Njt1

This means that the intervals |J(j)'N;, N;41J(5)?], j = 2,4,6..., are disjoint. The
same holds for the sequence of intervals with odd indices. Consequently,

a 1 log k 246
Z)\{’ Z ckR,{‘>] 5}<CZ lzglzglo) 4 o-1(k) < oo,
j N;<k<Nji1 g 108 108

by assumption. Hence by the Borel-Cantelli lemma, the series

Z | Z ckRi}

J Nj<k<Nji:
converges almost everywhere. This allows us to conclude.

Remark 8.1. It is interesting to notice that from estimates (8.1) and (8.4) and Gronwall’s
estimate (2.16),

(loglog k)*

2
|, 1Y arill,<c > dg it

NjsusvsNijtr o cpc, Nj<k<Njt1

while

log'1 3
I Y arlfcc Y gleeled

N;j<k<Nji1 J(3) "IN <k<N;j41J(5)? logloglog k
Remark 8.2. The following set B = {k,f;N <kl <M:Jkt) > (kV E)} appeared
in the last step of the proof. Concerning the size of such sets, one can show the general
bound
#(B) < CJM(log JM)?,

where C' is absolute.
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Remark 8.3. By suitably modifying the above proof, we can also obtain the following
result where multipliers have arithmetical factors, and which is developing the recent
works [5, Theorem 2.8], [38, Theorem 1.1].

Theorem 8.4. Let f € BV(T), (f,1) = 0. Assume that for some real b > 0,

> ci(logloghk)* ™o, 1 (k) < oo. (8.5)

log log k)0/3
k>3 (log log k)
Then the series Y, ¢ fr converges almost everywhere.

In contrast with Theorem 3.2, condition (8.5) directly depends on the arithmetical
structure of the support of the coefficient sequence (cg)x, call it K, thereby making both
results hardly comparable. Condition (8.5) can be much weaker than condition (3.1) on
examples, typically when X is formed with large integers having only very small prime
divisors. Suppose for instance that ¢, # 0 if k is such that log Pt (k) < p(loglog k)¥/3,
for some small positive p, and write e’/ = 1 4 §. From the standard bound o_14.(k) <
Hp\k(lfl/#) systematically applied in [17], letting ¢ = (loglogk)®/? and using the
fact that 3, 1/p =loglogz + O(1), we get

o_11e(k) < H

p<P+(k) p

2(1+9) 2b(1+8)

) < Cs(log PT(K)) =0 < Cs(loglogk) 505 .

)2+b3(1 % < oo, which is for b small

Hence condition (8.5) reduces to Y, 4 c7.(loglog k
clearly weaker than condition (3.1). For X arbitrary, it seems however quite difficult
to efficiently estimate o, e (k), notably from the above standard bound, thus
providing some restriction.

Sketch of proof. Let b > 0. We choose N; so that loglog N; = §P/% for some B > 2. We
start with (8.1). Similarly as before, by using Corollary 2.6 and Lemma 7.1, we obtain

logN 1
H sup ckrk|H ]Jr) ( Z cza_prgs(k)). (8.6)
NiS“S”SNﬁl u<k<v N;<k<Nj,

By combining, we get

2
ezm 13 ahd],

NjSusvsNit1 <y

C(log Nj+1)2)

<o Y Gorn®)((og)? + =

Nj<u<Njt1

Choose ¢, J as follows:
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2
log J = (loglog Nj;1)'** =
ogJ = (loglog Nj+1) 7, €= loglog N, 1)
Then J¢ = exp{clog J} = exp{2loglog Nj;1} = (log Nj11)?. So that

(log Nj+1)* _ (loglog Njy1)"

eJe 2
We deduce that
2
H sup | Z Ckfk|H2 < C(loglog Nj+1)2(1+b) Z cio_140:(k)
NjSusvsNit cpcy N;<k<Nji1
<Gy Z ci(loglogk)2(1+b)07 .
Nj<k<Njt1 o

Similarly, by using Tchebycheft’s inequality,

A{ sup | Z ek frl >j_ﬁ/2}

NjsusvsNjp1 o oy,

< Cyj” Z (loglogk)* e 4 (k)

(log log k)b
Nj<k<Njt1

<C Y. o, T (k)(loglog k)>+3b.
Nj<k<Njt1 o

By the Borel-Cantelli lemma and the assumption made, the series

Y aw | Y e

J N;j<u<v<N;ii u<k<uv
converges almost everywhere. This allows us to conclude. O
9. Proof of Theorem 3.6

Changing f for f/c if necessary, we may assume for our purpose that ¢ = 1in (3.5). Let
Gn = (Yi,0), where v, ¢ = fE frfedz denotes the Gram matrix of the system f1,..., fn.

As H, = I — G, is nonnegative definite, there exist in R™ vectors uq, ..., u, with Gram
matrix H,, for instance the rows of H%/ % Given any bounded interval Y, it follows that
there exist in L2(Y') (in fact in any separable Hilbert space) vectors vy, . . ., v, with Gram
matrix I — G,,. By induction (using isometry), it is plain that if vy,..., v, are already

chosen with Gram matrix H,, a vector v,41 can be added so that the new system
V1, ..., Upt1 will have Gram matrix H,, ;. Consequently there exist (gi) supported on YV
such that (fx + gx) is an orthonormal system on T x Y. Thus for any (cg)x universal,
the series ), cx(fr 4+ gr) converges a.e. on T x Y, and thereby converges a.e. on T. Since
gr = 0 on T, it follows that ), ¢ fir converges a.e.
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Remark 9.1. The construction of (gi) is exactly the same as in the proof of Schur’s
Lemma [30, p. 56].

Final note. In a very recent work, Lewko and Radziwill (arXiv:1408.2334v1) proposed
a new, simple (with no combinatorial argument) and very informative approach to Gal’s
theorem and the recent extensions obtained in [1]. They further applied their results to
the convergence almost everywhere of series of dilates of functions in BV(T), and were
able to reduce the condition v > 4 in (3.2) to v > 2. This naturally includes our Theo-
rem 3.2, but not our Theorem 3.1 with arithmetical multipliers, as well as Theorem 8.4.
Further, the new argument we introduced in the proof of Theorem 3.2 suggests a pos-
sibility to improve Lewko and Radziwill’s convergence condition by requiring only that
Sch (15?%0201?;0?16)2 < 0o. This will be investigated elsewhere.

We also mention Aistleitner’s recent result (arXiv:1409.6035v1) deriving from Hilber-
dink’s approach, a lower bound for the maximum of |{(c +it)|, 0 < ¢t < T, T large, of
the same kind as Montgomery well-known result, with slightly better constant.
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