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As an application we confirm Conjecture 5.5 in [S14al, in
particular we prove that

n—1
1
=Y TuMp(=3)""'"F €z foralln=123,...,
n k=0

where T} is the k-th central trinomial coefficient and My is
the k-th Motzkin number.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

For m,n € N={0,1,2,...}, the Delannoy number
m\ (n
Dppon = k 1.1
B0 o
keN

in combinatorics counts lattice paths from (0,0) to (m,n) in which only east (1, 0), north
(0,1), and northeast (1,1) steps are allowed (cf. R.P. Stanley [St99, p. 185]). The n-th
central Delannoy number D,, = D,, ,, has another well-known expression:

p-2 () -2 (N () =

For n € ZT = {1,2,3,...}, the n-th little Schréder number is given by

n

$ni= Y N(n, k)2t (1.3)

k=1

with the Narayana number N(n, k) defined by

N(n, k) := %(Z) (k " 1) e Z.

(See [Gr, pp. 268-281] for certain combinatorial interpretations of the Narayana number
N(n,k) = N(n,n+1—k).) For n € N, the n-th large Schréder number is given by

(Z> (n Z k) %H - i <n;;k)0k, (1.4)

k=0

Sn ::Z

k=0

n

where C), denotes the Catalan number (Qkk)/(k +1) = (Qkk) - (kikl). It is well known that

Sn = 2s, foreveryn = 1,2,3,.... Both little Schréder numbers and large Schréder num-
bers have many combinatorial interpretations (cf. [St97] and [St99, pp. 178, 239-240]);
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for example, s, is the number of ways to insert parentheses into an expression of n 4+ 1
terms with two or more items within a parenthesis, and .5, is the number of lattice paths
from the point (0,0) to (n,n) with steps (1,0),(0,1) and (1,1) which never rise above
the line y = z.

Surprisingly, the central Delannoy numbers and Schréoder numbers arising naturally
in enumerative combinatorics, have nice arithmetic properties. In 2011 the author [S11b]
showed that

=(-1)P"V/22F, 3 (mod p) and Z — =0 (mod p)

~ Dy
k 6k_

WM\

for any prime p > 3, where Ey, F, Es, ... are the Euler numbers. In 2014 the author
[S14a] proved that

sz+ )D? €Z foralln=1,23,.

and that

M \

2
2= (—) (mod p) for any odd prime p,
k=0

where () denotes the Legendre symbol.

Definition 1.1. We define

:i() (z+1)"* forneN, (1.5)

=0

and

sp(x) = ZN(n, k)a* "tz +1)""* forneZt. (1.6)
k=1

Obviously D,,(1) = D,, for n € N, and s,(1) = s,, for n € Z™.

In this paper we obtain somewhat curious results involving the polynomials D, (x)
and s, (z). Our first theorem is as follows.

Theorem 1.1.

(i) For anyn € Z*, we have

— Z Dk Sk+1 ) Wn(I(CC + 1)), (17)
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where

n

Zw (n,k)Cp_12""1 € Z[x] (1.8)
k=1

with

win, k) = %(Z‘ 1) (Z i ’1“) €z (1.9)

(ii) Let p be an odd prime. For any p-adic integer x, we have

Z Dy (x)sp41()

p(l —a(z+1)) (mod p?®)
_) #e=0-1 (modp) (1.10)
27 + FEE (120p(7) — (@ + 1°gp(x +1)) - (mod p?)

otherwise,

where q,(z) denotes the Fermat quotient (2P~! — 1)/p for any p-adic integer
z Z 0 (mod p).

Remark 1.1. It is interesting to compare the new numbers w(n, k) with the Narayana
numbers N (n, k).

Clearly, Theorem 1.1 in the case x = 1 yields the following consequence.

Corollary 1.1. For any positive integer n, we have

- ZDkskH Z (n,k)Cr_12""1 =1 (mod 2). (1.11)
k=1

Also, for any odd prime p we have

p—1

Z Dysiy1 = 2p°(1 = 3¢,(2))  (mod p?). (1.12)
k=0

Remark 1.2. For the prime p = 588811, we have ¢,(2) = 1/3 (mod p) and hence
S Disgr = 0 (mod p?). In 2016 J.-C. Liu [L] confirmed the author’s conjecture
(cf. [S11b, Conjecture 1.1]) that

-1k +3 1 )
ZDkSk = f2pz — (mod p*) for any prime p > 3.
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From Theorem 1.1 we can deduce a novel combinatorial identity.

Corollary 1.2. For any n € Z*, we have

> () () St = A () (1.13)

k=1

Remark 1.3. If we let a,, denote the left-hand side of (1.13), then the Zeilberger algorithm
(cf. [PWZ, pp. 101-119]) cannot find a closed form for a,,, and it only yields the following
second-order recurrence relation:

(n+1)%a, + (2n+3)ans1 — (n+1)(n+3)an2 =0 forn=1,2,3,....
Now we give our second theorem which can be viewed as a supplement to Theorem 1.1.

Theorem 1.2. Let p be any odd prime. Then

Zka z)spi1(z) = 2(x(z +1)P~D/2 (mod p). (1.14)

In particular,

kakskﬂ =2 <2> (mod p). (1.15)

k=0

In the next section we are going to show Theorems 1.1-1.2 and Corollary 1.2. In
Section 3 we will give applications of Theorems 1.1-1.2 to central trinomial coefficients,
Motzkin numbers, and their generalizations. Section 4 contains two related conjectures.

Throughout this paper, for any polynomial P(z) and n € N, we use [z"] P(z) to denote
the coefficient of 2™ in P(x).

2. Proofs of Theorems 1.1-1.2 and Corollary 1.2

Recall the following definition given in [S12a] motivated by the large Schréder num-
bers.

Definition 2.1. For n € N we set

Sy (z) = i (Z) <" Z k) k“ikl - kio <”2+kk) Cra®. (2.1)

k=0
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Lemma 2.1. We have

Also, for any n € Z we have
Dyi1(z) — Dypo1(z) = 22(2n 4+ 1) S, (z)
and
(x4 1)sp(x) = Sp(z).

Proof. For k,n € N, we obviously have

(020600

Jj=0

with the help of the Chu—Vandermonde identity (cf. [G, (3.1)]). This proves (2.2).

Now fix n € Z*. For k € N, by (2.2) we clearly have

[#* ) (Dpya (2) = Dp—y(2))
) ) - (g ) ()
(1) (22 <2 022

=" 2220 + 1)S,. ().

So (2.3) follows.
For each k € N, it is apparent that

[2*](z + 1)sn(2) = [2*)(z + 1) Z N(n,j)z? " @ +1)"7

-y N(n,j)(z_ﬁ+§N(”’j)(kn;‘il)

0<j<k

006
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_1(n % n k
n\k prACVAGE S S

L)1) - (1=
This proves (2.4).

The proof of Lemma 2.1 is now complete. O

Remark 2.1. Note that the Legendre polynomial of degree n is given by

" /n\ [n+k z—1 k
P, = .
@=3 ()" ()
k=0
Lemma 2.2. Let n € Zt. Then

n(n +1)Sn(2)? = i (”;kk) (%f) (;ﬁ) 2 (@ 4 1)FH! (2.5)

and

n

Dp_1(z) 4 Dpi(x) B n+k\ (2k\? 2k +1
+ Sn(x)kz_o< o )(k) mxk(erl)k“. (2.6)

Remark 2.2. The identities (2.5) and (2.6) are (2.1) and (3.6) of the author’s paper [S12a]
respectively.

Lemma 2.3. For any m,n € Z* with m < n, we have the identity

2 () (ot omengi)
:(nfm)(nquJrl) <n+m)
n+1 2m

(2.7)

Proof. When n = m, both sides of (2.7) vanish.
Let m,n € Z" with n > m. If (2.7) holds, then

ni (k;mm> (2m +1-mm+ 1)%>

O (o)
P | O e ve)
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_ n+m+1 (nfm)(nferl)+2m+17m(m+1)(2n+3)
2m n+1 (n+1)(n+2)
[+ 4+m\(n+1-m)((n+1)+m+1)
N 2m (n+1)+1 '

In view of the above, we have proved Lemma 2.3 by induction. O

Let A and B be integers. The Lucas sequence u,, (A, B) (n =0,1,2,...) is defined by
ug(A,B) =0, u1(A,B) =1, and

Un+1(A, B) = Au, (A, B) — Bu,—1(A,B) forn=1,2,3,....
It is well known that if A = A2 — 4B # 0 then

an_ﬁn

un (A, B) = P

for all n € N,

where « and 3 are the two roots of the quadratic equation 22 — Ax + B = 0 (so that
a+ = Aand aff = B). It is also known (see, e.g., [S10, Lemma 2.3]) that for any odd
prime p we have

up(A,B) = <%) (mod p), and up_(%)(A,B) =0 (modp)ifptB.

In particular, F), = (%) (mod p) and p | F,_(s) for any odd prime p, where F, = uy, (1, —1)
p

with n € N is the n-th Fibonacci number.

Lemma 2.4. Let p be an odd prime, and let x be any integer not divisible by p. Then

W, () = 49”2: ! <(4xp+ 1) - 1) (mod p). (2.8)

Moreover, if v = —1/4 (mod p) then
W,(z) =2p (mod p?), (2.9)

otherwise we have

W, (x) = 2p + 4”;1 (1 — 2P g (p+ 1) (<4x;1) - 1))

4r +1 4r +1
- (2 (F5) oy (24 10%) (o 1)
(2.10)
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Proof. Clearly,

(p—1)/2

(2p—1> pl:[<1+ )_1—|—p Z <]1 ! )—1 (mod p?).

(J. Wolstenholme [W] even showed that (2;’:11) =1 (mod p?) if p > 3.) Thus

wpp) = (7)) = (T ) =200 mods)

p\p p+1

and

1/2p—2 1 [2p—1 ,
== = =—(2 1 .
Cpr p(p—1> 2p—1(p—1> @p+1) (modp)

For each k =1,...,p— 1, clearly

1 p+k—1
i) - z<k )( )
:( ( —J p+y>
p+1 0< ]<k
= k'—l — _ k‘—l _ ]_) 2
—< ) -7 =(-1) (1 p—l—k) (mod p?).
Therefore
p—1
Wp($> = w(p»p)cpflajp_l + Zw(p, ]C)Ck,lajk_l
k=1

2(1 = p)Cpra?” +Z(1*p+ )Ck (=)t

k=1
= 2= 2)Cp12" + (p+ D Cumr(-0)* 1 4 1= Gpra(-a )
p—1 1 B
#r3 (§-2) ot

=p+1-(1-3p)(1+2p)a" '+ (p+1)>  Ci(—2)"

w\’U
bS]
L

A
l\D

\_/

~
Il

1
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p—1 p—1 2k
Ce p )
— —1 k 2
=2p+1—2ar +<p+1)2ﬁ_§m s (mod p?),
k=1 k=1
where m is an integer with m = —1/z (mod p?). By [S10, Theorem 1.1], we have

P

p—1
C _ m—4 A
Z_k =mP~t—1— 5 ((—) - 1—|—up_(é)(m—2,1)) (mod p?)

where

So (2.8) follows.
If m # 4 (mod p), then by [S12b, Lemma 3.5] we have

p—1 (Qkk) _ (—m)P~t —1 Lm= 4 <é> up,(%)(Q - m,1)
k=1 km? p 2 P P

(mod p)

mPl—1 m—4 (A> Uy (8y(m —=2,1)

D 2 D D

and hence from the above we deduce that

Wy(z)=2p+1— P!
+(p+1) <mpl —1- mT_‘l ((%) -1 +up—<g>(m271>>)

_r. mP~t —1 - m—4 (é) U’p—(%)(m_Q’l)
2 D 2 D D

E2p+1—$p_1+(1—%> (P — 1) — (1) d <<4x+1> —1)

2

m—4 m 4z +1
(-3 () e
2¢ + 1 dr +1 4dr + 1
1— Pt 1 -1
eyt (( p) )

dz +1 1 (4z+1 )
o <1+%< ))up_(wpﬂ)(mll) (mod p*)

=2p+1—a2P

+

which is equivalent to (2.10) since

Please cite this article in press as: Z.-W. Sun, Arithmetic properties of Delannoy numbers and Schréder
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(—x)k_luk(m —2,1) = up(—z(m — 2), (—2)?) = up (22 + 1,2%) (mod p?)

for all k € N.
When m =4 (mod p) (i.e.,, x = —1/4 (mod p)), we have

p

S|

|
—_
—~
l\J
\_/

1(22

T =2¢,(2) (mod p)

-
ES)

m

B
I

1

=~
I

1

by [ST, (1.12)], and hence

p
— =m2qp(2)

4
Wy(z)=2p+1—a""" + (p+1) <m”11+m—) :

2
—4
52p+1—xp_1+mp_1—1—|—mT—4(2p_1—1)

4r+1
2x

2(p+ Mz +1)+(1—aP ")+ (1—477)
2(p+ Uz +1)+1—(dz+1-1)P1)
2(p+ Az + 1)+ (p—1)4z +1)) =2p (mod p?).

=2p+1—aP 41 —aP !~ —2(220=D _q)

Therefore (2.9) is valid. O

Proof of Theorem 1.1. (i) Fix n € ZT. For each k € Z*, by (2.3) and Lemma 2.2 we
have

Sk(x) _ Dp-1(x) + Dyya1(z)  Sk(z)
z+1 2 z+1

) Z (k: +y> ( _ ) @+ )y
2k +1 Zk: k +3> (2;) (jijl) (z(x+1))

N
mZ O<k+J>(QJ]) (5 mry 7o) ey

- zkjo (k;;9> <2j 10+ 1)%) (e(z + 1)),

Jj=

Dy_1 () —(2k+1)- i -Si(@)?

Combining this with (2.4) we obtain

Please cite this article in press as: Z.-W. Sun, Arithmetic properties of Delannoy numbers and Schréder
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k+j . " 2k +1 ;
D1 (x)sk(z) = JZ:;J ( 9 )C’2 (2] +1-450G+ l)m> (x(z+1)) (2.11)

for any k € Z*. Therefore,

—n—l—;CQ w(a+1)) Ji}( j;]) <2g+1 (j+1)%)
zgc?(x(ﬁl))j (n_j)rfiﬁjﬂ) (n;;]>

with the help of Lemma 2.3. It follows that

ZDk 2)spp1(x gcj(x(xﬂ))jjzl (”_. 1) (””} 1) — W (z(z + 1)).

J J

For any k € Z*, we have

win, k) = l(n) <n+k> _ L(n—l) (n—i—k)
’ n\k/\k—-1 n+1\k—1 k
and hence w(n, k) = (n + N)w(n, k) — nw(n, k) € Z. So W, () € Z[z]. This proves part
(i) of Theorem 1.1.
(ii) Let  be any p-adic integer, and let y be an integer with y = x(x + 1) (mod p?).
By (1.7) we have

Z Dy(x)spr1(x) = pWy(a(z +1)) = pW,(y)  (mod p?). (2.12)

If y =0 (mod p), then
W,(y) = w(p, 1) +w(p,2)y=1—z(z+1) (mod p?).
If z = —1/2 (mod p) (i.e., y = —1/4 (mod p)), then W,(y) = 2p (mod p?) by Lemma 2.4.

Thus (1.10) holds for z = 0,—1,-1/2 (mod p).
Now assume that « £ 0, —1,—1/2 (mod p), i.e., y Z 0,—1/4 (mod p). Then

(22)- (252) -

and

Please cite this article in press as: Z.-W. Sun, Arithmetic properties of Delannoy numbers and Schréder
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up-1(2y + 1,4%) = up—1 (2® + (z +1)%,2% (2 + 1)%)
((@+ )Pt = (a2

(x +1)2 — 22
1 p—1 p—1
e e (RS IR
2
= o1 (z+ 1P~ —2P71)  (mod p?).

Combining this with Lemma 2.4, we obtain

Wy(y) =2p+ % ( _ p_l(az + 1)p—1)
(2z + 1)2 2 pe1  _pol
—m(Zx(x+1)+1)2x+l((x+1) —aP 1)
" 2
20+ 1 p—1_ -
fm(2x2+2x+l) ((z+1)P! D)
=2+ 2o+ 1 (®(@ ' = 1) = (z+1)? ((z+ 1" —1)) (mod p*).

z(r+1)

Therefore (1.10) holds in light of (2.12).
So far we have completed the proof of Theorem 1.1. O

Proof of Corollary 1.2. Tt is known (cf. [G, (3.133)]) that

_1\k/2( F ko
Dk<_%):Pk(0):{( 1 (16/2)/2 £2]k,

0 otherwise.

By (2.4) and [S1la, Lemma 4.3],

= 1 —1)k2Cy 0 /28 if 2| K,
Sk+1 <_§> = 25%+1 <—§> — {( ) k/2/ |

0 otherwise.

Therefore

S0 () (3

- B (oL

0<k<n j=0
2|k

Please cite this article in press as: Z.-W. Sun, Arithmetic properties of Delannoy numbers and Schréder
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By induction,

m 2j)? 2 2
E (J) - = (2m+1) 2m for all m € N.
= G+ D167 (m+1)16m\ m

So we have

:X:éDk (—%) Sk+1 (—%)
U=+ 2l-120N (D2 n
[(n+1)/2]16Ln=1)/2] ( L(n=1)/2] ) 4n-t <Ln/2J) '

On the other hand, by applying (1.7) with x = —1/2 we obtain

S0 () (-3) = (+3) = () () o

Combining these we get the desired identity (1.13). This concludes the proof. O

Lemma 2.5. Let p be any odd prime. For each j =0,...,p, we have

2 dp) ifji=(p—1)/2
0 (mod p) otherwise,
where
k+j . o 2k+1
= — 1-— 1)—— . 2.14
wie Y e-0("07) (- 05 (2.14)
J<k<p

Proof. Clearly, u, = 0 and

p+(p—1)>( 2p+1>
U,—1=(p—1 2p—1)+1—-(p—1 =0 (mod p).
1= -0 (" 5 ") (2 1= -0 L) =0 (mod
If (p —1)/2 < j <p—1, then C; = (25)!/(j!(j +1)!) = 0 (mod p) and hence C7u; =
0 (mod p) since pu; is a p-adic integer.

Note that

2 p—1 _
Clp_1)/2 = —— =2(—1)P~1/2 d p).
= o () DR (mod o)

As

_ 1
(k:—i—(p 11)/2> =0 (modp) for allkzz%,~~,p7
p—

Please cite this article in press as: Z.-W. Sun, Arithmetic properties of Delannoy numbers and Schréder
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we have
P
_ k+(p—1)/2 p—1 p—1 p+1 2k+1
“<p1)/2=k§_1(k—1)( b1 2 1= > R
1 & E+(p—1)/2\ 2k+1
== Z (k—l)( —_—
4 W5 p—1 E(k+1)
p—2<p—1+(p—1)/2)2(p1)+1+p—1<p+(p—1)/2) 2p+1
4 (p—1)/2 (p—1)p 4 p+1)/2 Jplp+1)
p=2 -1 lhocpupl-1+7)
B ((p— 1)/2)]
p—1 2p+1 T2+
4 p+1  ((p+1)/2)!
1 1 1
STy pona 1 prnpe -2 wedp
Obviously,
- p(p — 1)
u():%(k—l): 5 =0 (mod p).

Applying the Zeilberger algorithm via Mathematica 9, we find that

F, ) (%)

U +2)u; + 202 + Dusir = 505 577 3)

forall j =0,...,p— 1, where
Fp.3) ==+ +1) (2 +3)%" = (2° + 8+ Tp— (G + 1 +2)).
This implies that for 0 < j < (p — 3)/2 we have
u; =0 (mod p) = u;41 =0 (mod p).

Thus u; =0 (mod p) for all j =0,...,(p—3)/2.
Combining the above, we immediately obtain the desired (2.13). O

Proof of Theorem 1.2. In view of (2.11),

P

Z — 1) Dy ()5 ()
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M%Mﬁ

P P
2 (p —-1) 2 j
)+ ;:1 x+1) JC uj = 5 + Eﬁ Ciuj(z(z + 1)),

ES
Il
—

where u; is given by (2.14). Thus, by applying Lemma 2.5 we find that

(Z EDy(2)sgp41(z) — 2(x(x + 1))(7’_1)/2) € Zplz(z + 1)), (2.15)

where Z,, denotes the ring of p-adic integers. Therefore (1.14) holds. (1.14) with z =1
gives (1.15). This concludes the proof. O

3. Applications to central trinomial coefficients and Motzkin numbers

Let n € N and b, ¢ € Z. The n-th generalized central trinomial coefficient T,(b, ¢) is
defined to be [2"](x? + bz + ¢)", the coefficient of 2™ in the expansion of (22 + bx + ¢)™.
It is easy to see that

ro - 3 (5) () 1)

k=0

Note that T},(1,1) is the central trinomial coefficient T, and 7T,(2,1) is the central
binomial coefficient (2") Also, T,,(3,2) coincides with the central Delannoy number D,,.
Sun [S14a] also defined the generalized Motzkin number M, (b, ¢) by

[n/2]
M (b,e)= Y <27;€>C’kb”2kck. (3.2)

k=0

Note that M, (1,1) is the usual Motzkin number M,, (whose combinatorial interpreta-
tions can be found in [St99, Ex. 6.38]) and M, (2,1) is the Catalan number C,,41. Also,
M, (3,2) coincides with the little Schroder number s,41. The author [S14a,514b] de-
duced some congruences involving T, (b, ¢) and M, (b, c), and proposed in [S14b] some
conjectural series for 1/7 involving T, (b, ¢) such as

Z66k+17 (10,112)% = 540/2

(21133)k r ’
126k + 31 f
6k + 3 Ty(22,21%)° = 880\/57
(—80)3F 21
k=0 T
= 3990k + 1147 gy 432
T Tr(62,95%)% = —=(195V14 + 94V/2).
; (—288)3F £(62,95%)" = g5 +94V2)
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Now we point out that T}, (b, ¢) and M, (b, c) are actually related to the polynomials
D, (z) and s,41(x).

Lemma 3.1. Let b,c € Z with d = b?> — 4c # 0. For any n € N we have

T, (b,¢) = (Vd)" D, (%)

(3.3)
and
M, (b,c) = (V)" sp41 (%) . (3.4)
Proof. In view of (3.1) and (3.2),
Tob,e) Wi\ 2k £ b\ enk
(Vd) kZ:O <2k><k> (m) (8)
and
w(b,c) 2l p "2k k
T e 6@
Note that
()
So, it suffices to show the polynomial identities
L:Zj (50) () 2o 0 (ot 1)) = Do) 35
and
[n/2]
5 (5) O+ 0" e + D) = suia(o) 3.6
k=0

It is easy to verify (3.5) and (3.6) for n = 0,1,2. Let u,(x) denote the left-hand side

)
or the right-hand side of (3.5). By the Zeilberger algorithm (cf. [PWZ, pp. 101-119]), we
have the recurrence

(n+2)upt2(z) = 2+ 1)(2n + 3)upt1(x) — (n+ Duy(x) forn=0,1,2,....

Please cite this article in press as: Z.-W. Sun, Arithmetic properties of Delannoy numbers and Schréder
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Thus (3.5) is valid by induction. Let v, (z) denote the left-hand side or the right-hand
side of (3.6). By the Zeilberger algorithm, we have the recurrence

(n+4)vpt2(z) = 2z +1)2n+ 5)vpt1(z) — (n+ D)oy (z) forn=0,1,2,....

So (3.6) also holds by induction.
The proof of Lemma 3.1 is now complete. O

With the help of Theorem 1.1, we are able to confirm Conjecture 5.5 of the author
[S14a] by proving the following result.

Theorem 3.1. Let b,c € Z and d = b* —

(i) For anyn € Z*, we have

n—1 n

1

=~ Te(b.)My(b,)d" 1 = w(n, k)Gt € Z, (3.7)
k=0 k=1

Moreover, for any odd prime p not dividing cd, we have

p—1 2
T (b, c Mk (b, c) = ]i ((C—l> — 1> (mod pz), (3.8)
i 2c p

and furthermore

k=0 dt
E(§)) 2 (wo-vo (9)-9
- (e (2)) - 208) moash (39)

(ii) For any odd prime p not dividing d, we have

p—1
KT (b, ©) Mk (,¢) 2 (%) (mod p). (3.10)

]
If

Proof. (i) Let’s first prove (3.7) for any n € Z*.
We first consider the case d = 0, i.e., ¢ = b?/4. In this case, for any k € N we have

-3 - (0) 2
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and
b\* b\ "
My (b,c) = (5) My (2,1) = (§> Crt1-
Thus
1 n—1
= Ti(b, )My (b, c)d" '+
n k=0
CTua(b,)Maoi(be) 1 (B*\"7 (2(n—1) .
B n T n\ 4 n—1 "

=c""1C,_1Cp, = w(n,n)Cp_1c" "

and hence (3.7) is valid.
Now assume that d # 0. By Lemma 3.1 and (1.7), we have

-1

ln Tk(ba C)Mk(ba C)
n dk
k=0
1= b/Vd— 1 b/Vd—1
=— Dp| ——— | Sks1 | —=—
n e 2 2

o (252 ) o (241) g

and hence (3.7) holds in view of (1.8).
Below we suppose that p is an odd prime not dividing cd. From the above, we have

i W =W, (E) =pW,(2) (mod p°), (3.11)
k=0

where z is an integer with x = ¢/d (mod p?). As p{ d and d(4x+1) = 4c+d = b? (mod p?),

(5)-(£529)-(39)

p

we have

In view of Lemma 2.4,
de/d+1 ((4x+1 v ((d
W = —1)=— -] -1 .
p (%) = Tocyd << p > ) 2¢ <<p) ) (mod p)

Combining this with (3.11) we immediately obtain (3.8).
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Now we show (3.9). If x = —1/4 (mod p) (i.e., p | b), then by (2.9) we have
W, (z)=2p= %(4c —b*)  (mod p?)

and hence (3.9) holds by (3.11). Below we assume p { b. Then

(B ) (1) (20) - 2)

D | up_(%)(Qx +1,22) and

—1—(4
dp (P)Upf(%) (21:“!‘171:2)
Eupf(%)(Zc +d,c?) = upf(%)(bz —2¢,¢%)  (mod p?).

So, applying (2.10) we get

e =2+ L (L (5 e (4) 1)

- led (22 i (@)) A, (0~ 2¢,¢?)
Ac/d)*~) \ d p ’

This, together with (3.11), yields the desired (3.9).
(ii) Fix an odd prime p not dividing d. Let = b/+/d — 1. Then

b/Vd—1 b/Vd+1 bV /d—1 ¢
2 2 4 d

z(x+1)=

is a p-adic integer. Thus, with the help of (2.15), we have

c\ (P—1)/2 cd
Zka x)sp+1(x) = 2(&) 2(;0) (mod p).

Combining this with Lemma 3.1, we immediately obtain (3.10).
In view of the above, we have proved Theorem 3.1. O

Let w denote the primitive cubic root (—1 4 1/—3)/2 of unity. Then w + w = —1 and
ww = 1. So,
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W — " (=3w)™ — (—3w)™
D=L =2 Y 0 and w,(3,9) = Y~
un ) w—w and un(3,9) (—3w) — (—3w)

for any n € N with 3 | n. In view of this, Theorem 3.1 in the cases b = ¢ € {1, 3} yields
the following consequence.

Corollary 3.1. For any positive integer n, we have

1 n
- S TeMi(=3)""F =3 " w(n, k)Cr_y (=3)" " € Z (3.12)
= k=1
and
Tr (3, 3) My ( -
z Z M Z w(n, k)Cr_y € Z. (3.13)
k=1

Moreover, for any prime p > 3 we have

prt (Tiz?f: - g ((I_?j) N 1) +p§2 (qP(g) + (g) + 3) (mod p?), (3.14)
g% = % ((g) - 1) +§ (3 (2) + 1) (mod p*), (3.15)
:_:)k(j_—‘k?f\){ck 52(257) (mod p) and Z :ka (3,3 Mk 3,3) 2<_pl> (modp).( |

3.16

Remark 3.1. Let p > 3 be a prime. In the case p = 2 (mod 3), the author (cf. [S14a,
Conjecture 5.6]) even conjectured that

p—1
Tk (3,3)M(3,3
—k)—P -p°—3p (modp4)
k=0

which is stronger than (3.15). The author’s conjectural supercongruences (cf. [S14a,
Conjecture 1.1(ii)])

i = (2-6p) (g) (mod p?) Z Z=(9p—1) (g) (mod p?),

>
I

and

S =] (5)-50-0(3) omr)
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remain open. We also observe that
p—1
-1
ZkaMk =|—) - > (]—)) (mod p).
P P 3\3

The Lucas numbers Lg, L1, Lo, ... are given by

Lo=2,IL1=1,and L1 =L, +L,,_1 forn=1,23,....
It is easy to see that L, = 2F,,1 — F},, = 2F,_1 + F,, for all n € Z*. Thus, for any odd

prime p # 5 we have

p _ p
LP—(%) :2Fp— (g) Fp_(g) :2(3) (mod p)
and hence
(028 — (g2~ ®) L (p
up-(2)(3,1) = o 2 = Fp-(z)Lp-(3) =2 (g) Fpz) (mod p?),

where a = (1 ++/5)/2 and 3 = (1 — /5)/2. Note also that

un (3 x 5,5%) = 5", (3,1) = 5" 'F,L, for any n € N.

Thus Theorem 3.1 with (b,¢) = (1,—1),(5,5) leads to the following corollary.

Corollary 3.2. For any n € Z*, we have

n—1 n
1
= TR, =) Mi(1, 15" R =Y (1) w(n, k) Cpa 5" € Z0 (3.17)
n k=0 k=1
and
n—1 n
1 =T M,
5 W =N w(n, k)Chy € 7. (3.18)
k=0 k=1

Also, for any prime p # 2,5 we have the congruences

”i Ti(1, —1)511\6@(17 -1 _ P-(5)+ %2 (5- (%) - a)

k=0
(3.19)

p p 3
+§ 5—2 3 F, (zy (modp’),
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DSBS L2 () -0+ (6(2) 1)

I

75?}9 (1+2(2)) By (mod p?), (3.20)

and

p—1 p—1
k’Tkl—lel—l kT (5,5) My (5,5
( ) ( = 5)k (5.5) =2 (modp). (3.21)
k=0 k=0

4. Two related conjectures

In view of (1.8) and (1.9), we can easily see that

Wi(z) =1, Wy(z) =22 + 1, Wa(z) = 102 + 52 + 1,
Wiy(z) = 7023 + 4222 4+ 92 + 1.

Applying the Zeilberger algorithm (cf. [PWZ, pp. 101-119]) via Mathematica 9, we
obtain the following third-order recurrence with n € ZT:

(n+3)*(n+4)(2n + 3)W,,43(x)

=(n+3)(2n + 5)(4x(2n + 3)* + 3n? + 11n + 10)W,,1o(z)
—(n+1)(2n + 3)(4z(2n + 5)% + 3n* + 13n + 14)W,, 41 (2)
+n(n+1)%(2n + 5)W,(z). (4.1)

(This is a verified result, not a conjecture.)
For any n € Z*, we clearly have w(n,n) = C,. For the polynomial

r) =Y wn k)b, (4.2)
k=1
we have the relation
wy (=1 —z) = (=1)""tw,(z) (4.3)

since

Z )i k( 11> (n,k) =w(n,m) forallm=1,...,n, (4.4)
k=m

which can be deduced with the help of the Chu—Vandermonde identity in the following
way:
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) () e

Via the Zeilberger algorithm we obtain the recurrence
(n 4+ 3wpto(z) = 2z + 1)(2n + 3)wpy1(z) — nwy(z) forn=1,2,3,... (4.5)

As wag(x) = 22+ 1, this recurrence implies that wa,(—1/2) = 0 and hence wa, (x) /(22 +
1) € Z[z] for all n € ZT. We also note that

o0

; wy (2)y" = St 2z2yx($ f%y i oy, (4.6)
while
isnyn: 1—y—\/2y2—6y+1.
n=0 Yy
Now we pose two conjectures for further research.
Conjecture 4.1. For any integer n > 1, all the polynomials
Wan—1(x), ;U;n—f_ﬂ? and W, (x)
are irreducible over the field of rational numbers.
Conjecture 4.2.
(i) For anyn € Z*, we have
=
fa(@) =~ > Dy(x)Ri(x) € Zlz], (4.7)
k=0

where

Please cite this article in press as: Z.-W. Sun, Arithmetic properties of Delannoy numbers and Schréder
numbers, J. Number Theory (2017), http://dx.doi.org/10.1016/j.jnt.2017.07.011




YJNTH:5819

Z.-W. Sun / Journal of Number Theory ses (ves) sss—ses 25
"R\ (kT 2 RN
e =3 () e =R () G)a e
=0 =0
Also, fa(x), f3(x),... are all irreducible over the field of rational numbers, and
1 .
fa(1) =~ kZ:ODkRk =(=1)" (mod 32)

for each n € Z*, where Ry = Ri(1).
(ii) Let p be any odd prime. Then

p—1 2 3 4 . _

—p+8p2q,(2) — 2p°E, d =1 d 4),
> DRy = P+ 8p7ap(2) = 2 Eps (mod p%) ifp (mod 4) (4.9)
k=0

—5p  (mod p?) if p=3 (mod 4).

Also,

Bl (4= ()t o) (410)

k=1

L 1 3 -1 )

> kDyRy=-+Sp(1-2(— (mod p?), (4.11)

2 2 P
k=1
and
p—1 2Pl
Z kEDy(z)Ry(z) = 5 (mod p).
k=1
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