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1. Introduction

Let F, be a finite field with ¢ elements and of characteristic p. Let A = F,[T] be the
polynomial ring over F, in an indeterminate 7', and F' = F,(T) be the field of fractions
of A. In this paper we study the endomorphism rings of the reductions of a fixed Drinfeld
module defined over F'. We are interested in theoretical, as well as computational, aspects
of the theory of these rings. To state the main results of the paper, we first need to
introduce some notation and terminology.

1.1. Notation and terminology

The degree deg(a) of 0 # a € A is its degree as a polynomial in T. The degree
function extends to a valuation of F'; the corresponding place of F'is denoted by oco. Let
Fs =F,(1/T)) be the completion of F' at oo. For a non-zero ideal n <1 A, by abuse of
notation, we denote by the same symbol the unique monic polynomial in A generating n.
We will call a non-zero prime ideal of A simply a prime of A. Given a prime p of A,
we denote by A, (resp. F}) the completion of A at p (resp. the fraction field of A,); we
also denote F, = A/p. Given a field L, we denote by L*8 (resp. L*°P) an algebraic (resp.
separable) closure of L, and G = Gal(L**P/L).

Let K be a field extension of F' of degree r > 2. Let Ok be the integral closure of A
in K. An A-order O in K is a subring of K such that

(i) AcC O;
(ii) O is a finitely generated A-module (equiv. O is an A-subalgebra of Ok);
(iif) O contains an F-basis of K (equiv. the quotient module O /O has finite cardinal-

ity).
Since A is a PID, O is a free A-module of rank
rank4O = dimp(O ®4 F) = dimp K = 1.

Let O € @' be two A-orders in K. Since both modules O and O’ have the same rank
over A, and both contain 1, we have

OI/OgA/bl XA/bQX‘-‘XA/b»,‘,l, (11)
for uniquely determined non-zero ideals by, ..., b,._1 <1 A such that
by |ba | -] br_1.

We call
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X(0'/0) = Hb

the index of O in O, and (by,...,b,_1) the refined index. (Note that x(O'/O) is the
Fitting ideal of the A-module O’/O.) The conductor of O in O’ is

c={ceK|cO cOl.

This is the largest ideal in O’ which is also an ideal in @. The conductor is related to
the refined index by cN A =b,_;.

1.2. Drinfeld modules

Let L be a field provided with a structure v : A — L of an A-algebra. Note that either
« is injective or v factors through the quotient map A — F, — L for some prime p.
Let 7 be the Frobenius endomorphism of L relative to Iy, that is, the map o — a9, and
let L{7} be the noncommutative ring of polynomials in 7 with coefficients in L and the
commutation rule 7¢ = ¢?7 for any ¢ € L.

A Drinfeld A-module over L of rank r > 1 is a ring homomorphism

¢: A— L{r}
r-deg(a) .
ar ga=7(a)+ Y gila)r
i=1

uniquely determined through

+Zgz ', g.(T) #0.

A morphism from the Drinfeld module ¢ to the Drinfeld module % over L is some
u € L{7} such that u¢, = 9,u for all a € A (it suffices to require this for a = T'); u is
an isomorphism if w € L{r}* = L*. With this definition, the endomorphism ring

EndL((,b) = {u S L{T} ‘ upr = QZST'U,}

is the centralizer of ¢(A) in L{r}. It is clear that Endy(¢) contains in its center the
subring ¢(A) = A, hence is an A-algebra. It can be shown that Endp(¢) is a free
A-module of rank < 72, and End(¢) ®4 Fs is a division algebra over Fi; see [7].

The Drinfeld module ¢ endows L*# with an A-module structure, where a € A acts
by ¢a. The a-torsion ¢la] C L& of ¢ is the kernel of ¢, that is, the set of zeros of the
polynomial
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r-deg(a) _
da(x) =v(a)x + Z gi(a)x? € L[z]. (1.2)
=1

It is clear that ¢[a] has a natural structure of an A-module. If a is not divisible by
ker(), then ¢la] = (A/aA)®" and ¢[a] C L5P (since ¢/, (z) = v(a) # 0). For a prime
[ < A different from ker(y), the [-adic Tate module of ¢,

Ti(¢) = lim ¢[I"] = A7,
carries a continuous Galois representation
po1: G — Auta, (T1(¢)) = GL,.(A)).
1.8. Main results
Let ¢ : A — F{7} be a Drinfeld module of rank r over F defined by
pr=T+qgr+---+g71".

(We will always implicitly assume that v : A — F is the canonical embedding of A into
its field of fractions.) We say that a prime p < A is a prime of good reduction for ¢ if
ordy(g;) > 0for 1 <i<r—1, and ord,(g,) = 0. In that case, we can consider ¢g1,...,gr
as elements of A,; denote by g the image of g € A, under the canonical homomorphism
A, — Ay /p. The reduction of ¢ at p is the Drinfeld module ¢ ® F,, over F, given by

(p@F)r =T +GT+ - +g7".

Note that ¢ @ F, has rank r since g, # 0. All but finitely many primes of A are primes
of good reduction for a given Drinfeld module ¢; we denote the set of these primes by
P(9).

Let p € P(¢) and d = deg(p). Let &, := Endy, (¢ ®F,). It is easy to see that m, := 79
is in the center of Fy{7}, hence m, € &,. Using the theory of Drinfeld modules over finite
fields it is easy to show that A[m,] C &, are A-orders in an émaginary field extension
K := F(m,) of F of degree r (“imaginary” means that there is a unique place of K over
00); see Proposition 2.1. Denote by Oy, the integral closure of A in K. Thus, we have the
inclusion of A-orders

A[ﬂ'p] C 5]3 C Op.

The endomorphism rings (and algebras) of Drinfeld modules over finite fields have
been extensively studied; cf. [8], [2], [11], [12], [22]. They play an important role in the
theory of Drinfeld modules, as well as their applications to other areas, such as the theory
of central simple algebras (cf. [10]) or the Langlands conjecture over function fields (cf.

Please cite this article in press as: S. Garai, M. Papikian, Endomorphism rings of reductions of Drinfeld
modules, J. Number Theory (2019), https://doi.org/10.1016/j.jnt.2019.02.008




YJINTH:6229

S. Garai, M. Papikian / Journal of Number Theory s (ssse) ess—see 5

[8], [15]). In this paper, we are primarily interested in the indices of £, /A[m,] and O, /&,
as p varies. We prove the following:

Theorem 1.1. Let ¢ be a Drinfeld A-module of rank r > 2 over F. Let n and m be
arbitrary non-zero elements of A.

(1) The subset of primes p € P(¢) such that n divides x(E,/A[mp]) has positive density.
(2) If Endpas(¢) = A, then the subset of primes p € P(¢) such that n divides
X(Ep/Almyp]) and, simultaneously, m divides x(O,/E,) has positive density.

We prove (1) as Corollary 3.2, and the proof of (2) is given at the end of Section 4.2. In
fact, we prove stronger results about the refined indices from which this theorem follows.
Our proof is modeled on the proof of an analogous result for abelian varieties by Zarhin
[23].

Next, let p € P(¢) and (b 1,...,bp 1) be the refined index of &, /A[m,]. Let

Py(X)=X"+ap 1 X" 4 4 ap,—1X + ap, € A[X]

the minimal polynomial of 7, over . We show that by ; and ap; produce an interesting
reciprocity law (see Section 3).

Theorem 1.2. Let ¢ be a Drinfeld A-module of rank r > 2 over F'. Let 0 £ n<1A. Assume
the characteristic p of F does not divide r and the prime p € P(¢p) does not divide n.
Then p splits completely in the Galois extension F(¢[n]) of F if and only if

ap1+7r=0 (modn) and by =0 (mod n).

Theorem 1.2 for r = 2 was proved in [4]. Here we give a somewhat different and
simpler proof which works for any r. The restriction on r being coprime to p can be
removed if n is prime; see Remark 3.1. The primes which split completely in F(¢[n])
have been studied before, in particular in papers by Cojocaru and Shulman [5], [6], and
Kuo and Liu [14]. We also note that the argument of the proof of Theorem 1.2 can be
adapted to the setting of elliptic curves over Q to give a different (simpler) proof of [9,
Cor. 2.2] which does not rely on Deuring’s Lifting Theorem.

In Section 5, we discuss how to compute in practice the endomorphism ring &, and
the indices x(&,/A[my]) and x(O,/&,). The calculation of the characteristic polynomial
of the Frobenius P, (X) is fairly straightforward, and easier than Schoof’s algorithm [18]
for elliptic curves over [F,. We describe an algorithm for calculating P,(X) in polyno-
mial time in d and r. Then, assuming the rank of ¢ is 2, we describe an algorithm for
computing &,. The algorithm actually computes all three rings A[r,] C & C O,, and
the corresponding indices. In comparison to the known algorithms for computing the
endomorphism rings of elliptic curves over finite fields, cf. [9], [3], our algorithm is quite
different and more elementary. The difference stems from the fact that we crucially use
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the fact that Endp, (¢) is a subring of the larger ambient space F,{7}. We have imple-
mented our algorithms in Magma, and the examples presented in Section 5 are based on
computer calculations.

2. Drinfeld modules over F,

In this section we collect some facts about Drinfeld modules over finite fields that are
used throughout the paper.

Let p < A be a prime of degree d. Let ¢ : A — F,{7} be a Drinfeld A-module over F,
of rank r determined by

dr=v(T)+ a1+ -+ g1t + g7, g £0,

where v : A — [, = A/p is the quotient map. It is easy to see that 7 := 7% is in the

center of Fp{7}, hence 7 € Endp, (¢). Denote by P(X) € A[X] the minimal polynomial
of 7 over ¢(A).

Proposition 2.1. Let K = F(7) & F[X]/(P(X)).

(1) The field extension K/F is imaginary of degree r.
(2) Endg, (¢) is an A-order in K.

Proof. Let 1 be the degree of P(X). By Theorem 2.9 in [11], 1 divides r. Let 1 = /7.
Let P(X) = P(X)™. By Lemma 3.3 and Theorem 5.1 (ii) in [11], we have (P;(0)) = p.
Thus, if ¢ = P(0) is the constant term of P(X), then ¢"2, up to F, multiple, is equal to
the irreducible monic polynomial p. This implies o = 1, or equivalently r = r;. By [11,
(2.3)], K/F is imaginary. This proves (1).

By Theorem 2.9 in [11], End, (¢) ®4 F is a central division algebra over K of dimen-
sion 73 = 1. Thus, Endg, (¢) ®4 F = K. This proves (2). O

The previous proposition implies that P(X) has degree r. Write
PX)=X"4+u X"+ +a,.

Proposition 2.2. For 1 < i <r, we have

U

Z’.
deg(a;) < ——.
eg(a)_r

Proof. This follows from [22, Thm. 1 (f)]. O

Proposition 2.3. Let

e(¢) = (=1)"(—1)* " INrg, /g, (g,) " € FX.
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Then
ar = £(P)p.
Proof. This follows from [13, p. 268]. O
We can consider F, as an A-module via ¢; this module will be denoted *F p- Then
OF, 2 AJoy x -+ x A0, (2.1)

for uniquely determined non-zero ideals 0q,...,0, < A such that 91 | 02 | --- | O,
There are at most r terms because ¢IFp is a finite A-module so for some 0 <t A we have
’F, C ¢[0] = (A/0)". Denote x(¢) := 01---0,. It is clear that degx(¢) = degp. It is
also easy to see the following:

Lemma 2.4. 0, € A is the monic polynomial of largest degree such that p does not divide
01 and all the roots of ¢o, (z) are in Fy.

Proposition 2.5. We have
X(@¢)=PLA=(1+ar+ax+-- +a)A
Proof. See [11, Thm. 5.1 (i)]. O

Proposition 2.6. Let Frob, € Gy, be the Frobenius automorphism o a?". Let [<1 A be
a prime different from p.

(1) The characteristic polynomial of pg.1(Froby) is P(X); in particular, the characteris-
tic polynomial of py ((Frob,) has coefficients in A and does not depend on [.
(2) The natural map

Endp, (¢) ®4 Ar = End g, (6, 1(T1(9))

is an isomorphism.
Proof. See [11, §3] or [22, Thm. 2]. O
3. Reciprocity law: proof of Theorem 1.2

Let ¢ be a Drinfeld A-module over F' of rank r > 2. For n < A, let F(¢[n]) be
the splitting field of the polynomial ¢,(x) in (1.2). This is a Galois extension whose
Galois group is naturally a subgroup of GL,.(A/n). A prime p <9 A is unramified in
F(¢n))/F if p € P(¢) and p does not divide n; cf. [21]. Theorem 1.2 describes those
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primes which split completely in F'(¢[n]) in terms of congruences modulo n; such theorems
are usually called “reciprocity laws”. Recall that the set of all but finitely many primes
which split completely in a given Galois extension uniquely determines that extension.
In the following proof we keep the notion introduced right before Theorem 1.2.

Proof of Theorem 1.2. To simplify the notation, denote ¢ = ¢ ® F,. The prime p is
unramified in F(¢[n]). Reducing ¢,(x) modulo p we get a canonical isomorphism ¢[n] =
¢[n] of A-modules. The prime p splits completely in F(¢[n]) if and only if Frob, € GF,
acts as the identity on ¢[n]. On the other hand, the action of Frob, on ¢[n] agrees with
the action of m, as an endomorphism of ¢. Thus, we need to show that mp acts as the
identity on ¢[n] if and only if the congruences of the theorem hold.

First, we prove that w € &, acts as 0 on ¢[n] if and only if w € n&,. If w € né&,
then w = v¢, for some v € &, so it obviously acts as 0 on ¢[n]. Conversely, suppose
w acts as 0 on ¢[n]. By the division algorithm in Fp{7}, we can write w = v, + u
for some v,u € Fy{r} with u = 0 or deg,(u) < deg,(¢,). Since w and ¢, act as 0
on ¢[n], so does u. On the other hand, the polynomial ¢,(x) is separable. This implies
deg, (u) > deg, (¢,) or u = 0. Thus, u = 0 and w = v¢p,. We need to show that v € &,
i.e., v commutes with ¢(A). Now we, = v, = vé, ¢, and wo, = ¢yw = ¢,vp,. Thus,
(voy, — dpv) P, = 0. Since Fy {7} has no zero-divisors and ¢, # 0, we must have ve, = ¢,v
forallbe A, sov € &,.

Suppose 7, acts as a scalar on ¢[n]. This means that there is ¢ € A such that Ty —C
annihilates ¢[n]. By the previous paragraph, this is equivalent to mp — ¢ being in n&,;
this is equivalent to A[m,] C A + n&,. We can choose an A-basis 1,e1,...,e,_1 of &,
such that Alm,] = A+by1e1+ -+ by ,—1€._1. Since by ; divides by 2,...,b, 1, the
inclusion A[m,] C A + n&, is equivalent to n | by ;. Thus, 7, acts as a scalar on ¢[n] if
and only if n divides by ;.

Now note that m, acts as the identity on ¢[n] if and only if Ty, acts as a scalar ¢ on
¢[n] and ¢ = 1 (mod n). If m, acts as a scalar then the characteristic polynomial of 7,
satisfies Pp(X) = (X —¢)” (mod n). (This congruence is not sufficient for 7, to act as a
scalar on ¢[n], if the action is not semi-simple.) We have

(X =)' =X"—prcX" 4o

Since p does not divide r by assumption, we see that ¢ = 1 (mod n) if and only if
rc =r (mod n). Hence ¢ =1 (mod n) if and only if ay 1 = —rc = —r (mod n). O

Remark 3.1. If n itself is prime, then in Theorem 1.2 one can dispose with the assumption
that p 1 r as follows: Decompose r = p°r’, s > 0 with p t’. Then p { n splits completely
in F(¢[n]) if and only if

apps + 7' =0 (mod n) and by; =0 (mod n).
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The proof is essentially the same except at the end we have
(X —¢) = (XP" =P )" = X" — /P XPT =D

If n is prime, then the pth power map is an automorphism of (A/n)*. Thus, ¢ = 1 (mod n)
if and only if ¢?" = 1 (mod n); thus, ¢ = 1 (mod n) if and only if ay s = —r'c?” =
—r" (mod n).

Corollary 3.2. Let ¢ be a Drinfeld A-module over F of rank r > 2. For a given n € A,
the set of primes p € P(¢) such that n divides by, 1 has positive density. In particular, for
any n € A there are infinitely many p € P($) such that n divides the index x(E,/A[my]).

Proof. From the proof of Theorem 1.2 we see that for any prime p for which 7, acts as
a scalar on (¢ ® Fy)[n] we have n | by 1 (this part does not use the assumption that r is
coprime to p). The set of primes that split completely in F(¢[n]) have this property and
positive density 1/[F(¢[n]) : F] by Chebotarev. 0O

Let p € P(¢). As in Section 2, we can consider F, as an A-module via ¢ ® F,,. Let
SRR, = Af0, 1 X - X AJOy

be the isomorphism of (2.1). (Keep in mind that ¢ in Section 2 is over F,, whereas in
this section ¢ is over F'.)

Corollary 3.3. With notation and assumptions of Theorem 1.2, we have
0p1 = ng(pr, ap1+ 7’).

Proof. From the proof of Theorem 1.2 we see that (¢ @ F,)[n] C F, if and only if p splits
completely in F(¢[n]). The claim then follows from Lemma 2.4 and Theorem 1.2. 0O

The previous corollary for » = 2 already appears in [4]. In the r = 2 case, from
Corollary 3.3, Proposition 2.3 and Proposition 2.5 we also get that

1+ap1+e(@@Fy)p

€A,
ged(by1,ap1 + 1)

and this polynomial generates 0y, >.
4. Large indices: proof of Theorem 1.1
4.1. Preliminaries

Fix a prime [ < A and denote K = F}. Let V be a vector space of dimension r over
K. For u € Endg(V), denote by A(u) the discriminant of the characteristic polynomial
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of u. Note that the characteristic polynomial of u has no multiple roots over K?# if and
only if A(u) # 0.

Denote by Z(u) the centralizer of v in Endg (V). Assume A(u) # 0. Obviously,
K[u] C Z(u), but since K[u] is a maximal torus in Endg (V) and Z(u) = Z(K][u]), we
in fact have K[u] = Z(u). Denote

Z(u)° = {w € Z(u) | Alw) £ 0}.

o

Since the complement of Z(u)° in Z(u) is the locus of vanishing of A, Z(u)° is open
and everywhere dense in Z(u) with respect to the l-adic topology. It is clear that for any

w € Z(u)® we have Z(w) = Z(u).
Lemma 4.1. The map
T, : Autg (V) x Z(u)® — Autg(V), (g9,w) = gwg™!

is an open map with respect to the l-adic topology, i.e., the image under ¥, of any open
subset of Autk (V) x Z(u)° is open in Autg (V).

Proof. It is enough to prove that the induced map on tangent spaces of the corresponding
l-adic manifolds is surjective; cf. [17, Cor. 4.5]. Since the map on tangent spaces is a
homomorphism of vector spaces over K, the property of this map being surjective is
invariant under base change. Thus, after possibly extending the base field K, we can
assume that v has all its eigenvalues in K, so Z(u) is a split torus. Then, after fixing
an appropriate basis of V', we identify Autg (V) with GL,(K) and Z(u) with diagonal
matrices in M, (K). We show that for any (g,t) € Autg (V) x Z(u)®, the derivative

dv,| (g - Me(EK) x Z(u) — M, (K)

is surjective.

A small calculation shows that d\I'u‘(g,t)(M, N) = gNg=! + Mtg=! — gtg~ ' Mg~!.
Substituting M’ = g~'M, we can write d\I!u|(g,t)(M, N) = g(N + [M',t])g~!. Since we
assumed u to be diagonal, ¢ is also a diagonal matrix with distinct entries. It would be
enough to show that for any X € M,.(K), we can find M’ and N, such that (N+[M',t]) =
g 'Xg = X'. Any X' € M,(K) can be written as X’ = X; + X, where X is a
diagonal matrix and X, has zeros on the diagonal. We can solve for M’ = (m;;) such
that [M',t] = (my;(t; —t;)) = X5 since t; # t; for i # j. Finally, if we take M = gM’
and N = X; then we get d\Ilu‘(g’t)(M, N)=gX'g7'=X. O

Let A be an Aj-lattice in V' of maximal rank r. Consider the intersection

Z(u) := Z(u)[ )Enda, (A) C Enda, (A) C Endg (V).
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It is clear that Z(u) coincides with the centralizer of u in End 4, (A) and is an A-order
in Z(u).

Proposition 4.2. Let G be an open compact subgroup of Auta, (A). The set
U={yeG|2(y) =2}
is open in G.

Proof. Since G is an open compact subgroup of Autg (V'), the intersection

Z(w)g = G( ) Z(u)°

is an open subset in Z(u)°. (This subset is non-empty since its closure contains the
identity.) Therefore, by Lemma 4.1, G’ :== ¥,,(G x Z(u)%) is an open subset of Autx (V).
On the other hand, obviously, G’ C G.

Note that for any g € G and w € Z(u)°, we have

Z(gwg™") = gZ(w)g~" = gZ(u)g~".

Since G is a subgroup of Aut 4, (A), this implies

Z(gwg™') = gZ(w)g~ " = gZ(u)g".

In particular, Z(y) & Z(u) for v = gwg~!. Since every element in G’ is of this form, we
conclude that Z(vy) = Z(u) for all v € G'. As G’ is open in G, this finishes the proof. O

4.2. Main theorem

Let ¢ be a Drinfeld A-module of rank r > 2 over F. Let p € P(¢) and &, :=
Endg, (¢ @ Fy). Let [ < A be a prime different from p. By [21], the Tate module Ti(¢)
is unramified at p, i.e., for any place p in F®°P extending p, the inertia group of p
acts trivially on Ti(¢). There is a canonical isomorphism Ti(¢) = Ti(¢ ® F,) which is
compatible with the action of a Frobenius element o, in the decomposition group of
p on Ti(¢) and the action of Frob, € Gp, on Ti(¢ ® Fy); cf. [21, p. 479]. Hence using
Proposition 2.6, we get

gp R4 A = EndAl[G]Fp] (T[((Z5 ® Fp))
= Centralizer of Frob, in Enda, (Ti(¢ ® Fy))
= Centralizer of o, in Endy, (T1(¢)).
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Now let C| be a fixed commutative semi-simple Fj-algebra of dimension r and let R,
be an Aj-order in C;. Fix an isomorphism of free A-modules Ry = Ti(¢) and extend it
linearly to an isomorphism Ry ®4, Fi = Cy = Vi(¢) := Ti(¢) ®a4, Fi. Let

Ct = Endp, (Cy) 2 Endg, (Vi(¢))

be the embedding given by multiplication, i.e., ¢(a)(z) = az. We identify C| with its
image in End g, (Vi(¢)). Since C is a maximal torus, it coincides with its own centralizer
Z(C1) in Endp, (Vi(9))-

Lemma 4.3. We have:

(i) Ri={ue Crlu(i(¢)) C Ti(¢)}
(ii) Ry = {U S EHdAI(T[(¢)) | u e Z(C[)}

Proof. (i) We clearly have the inclusion Ry C {u € Ci | u(Ti(¢)) C Ti(¢)}. For the
reverse inclusion, assume u € C\ is such that u(T1(¢)) C Ti(¢). Then u -1 =u € Ry. (ii)
This follows from (i) since Z(Cy) = Cy. O

A simple finite-dimensional commutative algebra over F] is just a field extension
of Fy. Thus Cy = H?Zl K; where each K; is a finite algebraic field extension of F;. We
will assume from now on that each K;/F is a separable extension. Then we have the
Primitive Element Theorem, so can use Lemma 2.3 in [23] to prove that (use A instead
of Z in the proof).

Lemma 4.4. There exists an invertible element ug of Cy such that Cy = Fy[ug].

Note that the centralizer Z(ug) of ug in Endp, (Cy) is Z(C) = C\. Hence by Lemma 4.3
the centralizer Z(up) of wo in Endga, (Ti(¢)) is Ri. Let G be an open subgroup of
Aut 4, (Ti(¢)). By Proposition 4.2, the set

U={ueG|Zu)=Z(u)}

is open in G.
We will need the following result of Pink [16]:

Theorem 4.5. If Endpaic(¢) = A, then for any finite set S of primes of A the image of
the homomorphism

Gr — [[Auta, (Ti(9))
s

1S open.
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Assume Endpaic(¢p) = A. Let S = {l,...,,} be a set of distinct primes. Choose a
commutative separable semi-simple Fi-algebra C| of dimension r for each [ € S. Choose
an Ar-order Ry C C| for each [ € S. Let

p:Gr — [ ] Auta, (Ti(¢))
(€s

be the Galois representation arising from the action on Ti(¢). Let [[ ;. g Gt be the image
of p. By Theorem 4.5, Gy is an open subgroup of Auta, (Ti(¢)). Let Uy C Gy be the
open subset provided by Proposition 4.2. Since by Chebotarev’s theorem the Frobenius
elements are dense in G, they are also dense in [ [ . g Ur. In particular, there are infinitely
many p such that the conjugacy class of o, lies in H[e 5 Ur. Even stronger, the set of
such primes has positive density by Corollary 2 (b) on page I-8 of [20]. Thus, we have
proved the following:

Theorem 4.6. Assume Endpai(¢) = A. The set of primes p € P(¢) such that E, @4 A =
Ry for alll € S has positive density.

Finally, we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Part (1) of the theorem was already proved as Corollary 3.2.
Moreover, it easy to see from the proof of Corollary 3.2 that to prove part (2) it is
enough to show that for a subset of primes p € P(¢) of positive density o, acts trivially
on ¢[n], simultaneously with the condition of Theorem 4.6.

Let n = q7' --- g3 be the prime decomposition of a given element n € A. Let S’ =
{q1,...,4qa}. Let [[,csug Gi be the image of Gr — []cgug Auta,(Ti(¢)) For q € &,
let G'q be the intersection of G4 with the principal congruence subgroup of GL,(A,) of
level q° consisting of matrices which are congruent to 1 modulo g°. Note that Gg is still
open in Aut 4 (Ty(¢)). For [ € S\ 5, let G| = G. Now to achieve our goal we can simply
apply the argument in the proof of Theorem 4.6 to [[cg g GI- O

5. Algorithms

In this section we describe algorithms for computing some of the invariants of Drinfeld
modules over finite fields discussed in Section 2. We have implemented these algorithms
in Magma. The examples presented in this section are based on computer calculations.

Throughout this section ¢ : A — Fy{7r} is a Drinfeld module of rank r, p < A is a
prime of degree d, and v : A — F, = A/p is the reduction modulo p.

5.1. Characteristic polynomial of the Frobenius

Let

PX)=X"4+u X" '+ +a,

Please cite this article in press as: S. Garai, M. Papikian, Endomorphism rings of reductions of Drinfeld
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be the characteristic polynomial of Frob, acting on Ti(¢); cf. Proposition 2.6. From
Proposition 2.2 we know that aj,...,a, € A and deg(a;) < i - %. In particular,
ai,...,a,—1 are uniquely determined by their residues modulo p. We also know from

Proposition 2.3 that a, = &(¢)p. Now since P(X) is also the minimal polynomial of

7 =71¢ we have

Tdr + ¢a17—d(T71) 4+ .4 ¢ar_17'd + d)ar —0.
Denote
fi = ¢ai7—d(r_i) + ¢a’i+17-d(7“—i—1) + tte + ¢ar E ]Fp{T}
and
sz _ Tdr + ¢a17_d(7“—1) 4+ .. 4 ¢a>717_d(7“—i+1).

Note that deg, ¢q; 74r=3) > d(r — j), so the coefficient of 7¢("=#+1) in f;r is the constant
term of ¢q, ,, i.e., y(a;—1). Therefore,

v(a;i—1) = —Coefficient of 7=+ in f;.
Since we know f, explicitly, we can compute all a; recursively, where we use
QpyQp_1,...,0._; to calculate a,_;_1.
Computing ¢, takes approximately r deg(a)? operations (computing ¢« recursively
via ¢rdrn-1 takes & nr operations, so computing ¢, takes r(deg(a) + (deg(a) — 1) +

-+ + 1 ~ rdeg(a)? operations). We conclude that the amount of work involved in the
calculation of P(X) is O(r?d?), so this is a “polynomial time” algorithm; cf. [18].

Example 5.1. Let ¢ =3, p =717 —T? + 1, and ¢7 =T + (T? + 1)7 + T7% + 2. Then
PX)=X3+(-T+DX*+(T*+T - 1)X —p.

Remark 5.2. For rank r = 2 there is a different recursive procedure for computing P(X)

based on the properties of Eisenstein series; see [12, Prop. 3.7]. In practice, Gekeler’s

algorithm seems to have the same efficiency as what was presented above (the amount

of computer time it took to execute both in Magma were almost identical in our tests).

5.2. Ezponent of °F,

Let

OF, = Aoy x -+ x A/,

Please cite this article in press as: S. Garai, M. Papikian, Endomorphism rings of reductions of Drinfeld
modules, J. Number Theory (2019), https://doi.org/10.1016/j.jnt.2019.02.008




YJINTH:6229

S. Garai, M. Papikian / Journal of Number Theory s (ssse) ess—see 15

be the isomorphism of (2.1). We call 9, the ezponent of ?F,, since the fact that d; | -+ | 9,
implies that 0, is the smallest degree element of A such that ¢, annihilates IF,. The
exponent was studied in prior papers by Cojocaru and Shulman [5], [6].

Denote § = y(T). Then F, = A/p is an F,-vector space with basis 1,6,60%,... 6¢1.
Put

d=zo+21 T+ +xg 1T +7177

for a hypothetical annihilator of ¢Fp, i.e., ¢y acts as zero on Fy,. Let k € {0,...,d —1}.
Compute

O (0F) = it + iof + -+ ay g0

fori=1,2,...,d, which can be easily done by repeated application of ¢. Let M be the
d X d matrix whose first row consists of zeros except at position k + 1 where it is 1, and
the (Z + 1)—th row is [041‘71,041'72, .. .,O&Ld] for 1 <i<d-—1.Let N = —[Ozd71, .. .,ad7d]t.
Then ¢, acting as 0 on A/p is equivalent to ¢,(0*) = 0 for all k = 0,...,d — 1, which
itself is equivalent to

[€oy. .., xq—1|Mg =N forall k=0,...,d—1.

This system of linear equations always has a solution (since ¢IFP has exponent). Find a
particular solution x and find a basis by, ..., by for the intersection of null-spaces of all
Mj,, so that every other solution is of the form x+span(by, ..., by). It is easy to see that
the exponent of ?F, is the ged of fx, fxibys- -« fxtby, Where fy :=yo+---+ys_1T4  +
T for y = (yo,...,y4—1). This can be easily computed. Computing all ¢1i(*) can be
done in polynomial time in d, solving the system of linear equations also can be done in
polynomial time in d. Hence we can find the exponent 9, of *F,, in polynomial time in d.

Example 5.3. Suppose we want to compute all 01, ...,0,. The previous algorithm allows
us to computed 0,. Since 0y | 092 | -+ | 0, this already gives us only finitely many
possibilities for these invariants. To further restrict the possibilities, one can compute
P(z), which then allows to compute the product 9; - 92 ---0, = P(1)A = x(¢), thanks
to Proposition 2.5. One can also uniquely determine 0; using Lemma 2.4. In practice,
knowing 91,9,, and the product [])_, 9, is usually sufficient to uniquely determine all
0;’s. (Obviously, this is always the case when r < 3.) When this is not sufficient, one can
determine these invariants by computing the dimension of the null space of possible ¢,
by an argument used in the algorithm for computing 0,..
In this example we take ¢ = 3 and compute 01,02, 03 for the Drinfeld A-module

b =040 +13

over [, for varying primes p, which are chosen specifically to demonstrate different
possible situations.
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First, let p = T7 +T° + T — 1. Then the exponent is 03 = T3(T + 1)(T — 1). We also
have P(X) = X3 — X2 — (T3 — T + 1)X — p. Hence x(¢) = T3(T + 1)*(T — 1)2. This
implies 09 = (T'+ 1)(T'— 1) and 9y = 1.

Next, let p = T8 + T7 + T6 + T* — T3 — T? — 1. Then 23 = (T + 1)%(T — 1) and
X(¢) = (T +1)3(T — 1)5. Hence either

= (T+1)(T-1)?% =1,
or
w=(T+1)(T-1), 0,=(T-1).
If 9, is not 1, then, by Lemma 2.4, ¢7_1(x) = (T — 1)z + Ta® + 27 splits completely
modulo p. This is easy to check on a computer to be false, hence 03 = (T + 1)(T — 1)?

and 0, = 1.
Finally, let p = 7" + 713 + T2 - 7% — T? 4+ T + 1. Then

03 =T(T+ 1)(T — 1)(T? + 1)*(T* -~ T —1).
and
x(¢) =T*T + 1)X(T - 1)(T* + 1)*(T* - T - 1).
One checks that @[T is rational over [F,. Hence we must have
0 =T, 0, =T(T+1).
5.3. Endomorphism ring

Now assume r = 2. Let
P(X) = X?—aX +<(o)p,

be the characteristic polynomial of the Frobenius, so a is the trace of pg (Froby). Let w
be a root of P(X). Then K = F(m) is an imaginary quadratic extension of F. Let Ok
be the integral closure of A in K. Denote £y := Endp, (¢). By Proposition 2.1, we have
the inclusion of orders,

Alr] C & C Ok.

Let ¢, (resp. ¢y) be the index of A[n] (resp. &) in Ok. These are monic polynomials
in A such that ¢4 divides c¢; note that b = ¢ /cy is the (refined) index of A[r] in &,
that appears in Theorem 1.2. Orders in quadratic extensions are uniquely determined
by their indices:
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A[W] = A+ ¢, Ok, 5¢=A+C¢OK,

so to determine &, it is enough to determine cy.

We have Ok = Alq] for some « satisfying a monic quadratic polynomial f(X) € A[X].
Note that Alcra] = A[n], so cra = m + nm, where m € A and n € F¢. Suppose we are
able to do the following:

(i) Compute f(X).
(ii) Compute cy.
(iii) Compute m,n such that c,a = m + nr.

Then c4 can be computed using the following process: Initially, put ¢; = c,. Let ¢ # 1
run through monic divisors of ¢;. For a given ¢ we look for « € Fy{7} such that

T = Gm + n7?. (5.1)

If we write © = 2o + 217 + - - + 2,7°, where s = deg, (n7? + ¢,,,) — 2deg(c), then (5.1)
gives a system of linear equations in xg, ..., Zm,, so can be easily solved. Of course, this
system of linear equations might not have any solutions, but when it does, the solution
2 is unique. For such a solution we check whether x¢r = ¢rx. If this condition holds
(so x € &) then we replace ¢ by ¢1/c and repeat the process. Eventually, we will either
end up with ¢; = 1 or will not find any x satisfying the necessary conditions. In that
case, the process terminates and the index of & is ¢, = c¢1. Note that this process also
computes a generator of & over A. Indeed, it is easy to see that £, = Alz], where z is
the solution of z¢. /., = nté + o

Now we address the question of how to carry out (i)-(iii). There are three cases, which
need to be treated separately:

|Case 1: ¢ is odd.| Let A, := a? — 4e(¢)p. Note that A, € A has degree < d. We

can decompose any polynomial h(T) € A as h(T) = c%e, where c is monic and e is

square-free. Decompose A, in this manner

Then f(X) = X? — Apax and ¢, = ¢; this gives (i) and (ii). If we fix a root « of f(X),
then (iii) follows from the quadratic formula: 27 = a + ¢ a.

|Case 2: q is even and a = O.| This is equivalent to K/F being inseparable. Let g :=

e(¢)p. Then K is defined by the equation X? = g. The polynomial g decomposes
(uniquely) as ¢ = ge + go, Where g. (resp. g,) is a polynomial in T whose terms all
have even degrees (resp. odd degrees). Then g. = s? and g, = T'¢® for uniquely deter-
mined s,c € A. After a change of variables X ~— X + s, we see that A[,/g] = A[cVT].
Hence O = A[VT), f(X) = X2+ T, cx =c¢, and 7+ s = c,V/T.
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|Case 3: q is even and a # 0.| This is the most complicated case; it is equivalent to

K/F being separable in characteristic 2. By [19, IIL.6, Cor. 1], we have an equality of
ideals

(P'(m)) = (a) = (Px - ¢x),

where Dy is the different of Ok over A. Thus, to compute ¢, we need to compute D .
To do this, we first recall some facts about Artin-Schreier extensions.
Any quadratic separable extension K/F is the splitting field of a polynomial

X*+ X =n/m

for some n,m € A coprime to each other. Suppose m = q**my, where e > 1, q is a prime,
and q{my. After a change of variables, X — X +b/p°, b € A, we get

n 4 b%my + q°myb
- )

X2+ X =

Since n and my are coprime to ¢, and squaring is an automorphism of A/q, we can choose
b such that n+b?m; +q°m; b is divisible by q. Repeating this process finitely many times,
we can assume that

2es—1

2e;1—1
PR« , e1,...,e5 > 1.

m=gq
Then, by [1, Cor. 2.3],
Dic = 5+

After a change of variables X — X /€D, we can rewrite X?+ X =n/m = qy - - - q,n/D%
as

X%+ €D X = €e*qy - qsm,
where € € F* is arbitrary.
Lemma 5.4. Let o be a root of f(X) = X2+ eDrX + €2q1---qsn. Then O = Alal.

Proof. It is clear from the construction that K = F(a). Since f(X) € A[X] is monic,
we have Ala] C Og. On the other hand, f'(X) = €Dk, so Ala] = Ok by [19, IIL.6,
Cor. 2]. O

To compute the different of the extension defined by the characteristic polynomial of
the Frobenius X2 + aX = £(¢)p, we first make a change of variables X — aX, then
divide both sides by a?, obtaining X? + X = &(¢)p/a®. Then we apply the process
of the previous paragraph. Let € be the leading coefficient of a as a polynomial in 7.
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We have computed the minimal polynomial f(X) = X2 + ¢Dx X + b of an element «
generating O . Then c,a is a root of X2 +aX +c2b = 0. This implies that c,a = m+,
where m € A is such that

m? + am = b+ £(o)p.

If we write m = mg+m1T+- - - as a polynomial in T whose coefficients m; are unknowns,
then the previous equality reduces to solving a system of quadratic equations over Iy,
which can be done recursively starting with the constant term mg. In fact, the first
non-zero coefficient my, of m is determined from a quadratic equation over F,, while
every other m;, ¢ > h, can be deduced from a linear equation in m; with coefficients
involving mp, ..., m;_1.

Example 5.5. Let ¢ = 3 and ¢ be a Drinfeld A-module of rank 2 over F' given by

dr =T + 17 + goT?.

Tables 1 and 2 list the invariants of ¢ ® I, for primes p of degree 6 in cases when
A[rp] # Ex. The total number of primes of degree 6 in F3[T] is 116, while the number of
primes in Table 1 (resp. Table 2) is 24 (resp. 20).

Example 5.6. F, is generated over Fy by w satisfying w? + w + 1 = 0. Table 3 lists
computational data for

¢ =T +Tr1+ 72,
which involves Cases 2 and 3 of the algorithm computing Ey.

Example 5.7. Let ¢ = 3 and ¢ = T+ 7+ T'72. We know from Theorem 1.1 that for any
fixed prime q there exist infinitely many p such that cser, = X(Op x/EgeF, ) is divisible
by q. We compute that:

If g =T? — T — 1, then the smallest degree p is 7¢ +T° + T3 — 1.
If g = T3 — T + 1, then the smallest degree p is 76 +T% + T2 +T% — T — 1.
If q=T* — T3 — 1, then the smallest degree p is T + T — T7 +T° — T + 1.

By the same corollary, we can also fix two primes q; and g and find infinitely
many p such that q divides ¢y, /coer, = X(EpaF, /Almp]) and g2 divides cygr, =
X(Op.k/EggF,). If a1 = T and qa = T? — T — 1, then such a prime of smallest de-
gree is p = T7 — T° — T* — 1. On the other hand, if gy = 72 — T — 1 and q2 = T, then
the smallest degree p is T +T° + T4+ T2 — T + 1.
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Table 1

g=3,91=T, g2 =1

p a E(¢) Cr Co Amax

TS +2T% + 273 + T2 4+ 2T + 2 2T% + T2 + 2 1 T+2 1 273 4 2T% + 2T 4+ 2
TS +T°+T%+1 2T + 272 + 2T + 2 1 T+2 1 T3 + T2 42T

TS 4 2T°% 4+ 2T* + 272 4+ 2T% + 2T 4+ 2 273 1 T2 42 T+1 T+1

TS +T° 4 2T* +2T% 4+ 2T + 2 2T + T + 2 1 T2 42 T+2 2T + 2

TS+ T+ T4 4T3 +T+2 273 + 272 + 1 1 T+ 2 1 T3 4+ 272 + 2

TS +T° + T4 4+ 27% + 2 2T + T + 2 1 T+ 2 1 2T 4+ T? + 2T + 2
TS+ T +T34+T24+T+2 273 4+ T + 2 1 T+1 1 273 4+ 2T + 2

TS +T° + T4+ T2 +2T2 + 2T + 2 273 1 T2 4+T+1 T+2 2T + 1

T +2T* + T2 + T+ 2 273 + T2 42 1 T+2 1 T3 4+ T2 42

TS + T5 4 2T* + 273 + 272 + 2 273 + 2T + 1 1 T+2 1 273 + T2 4 2T + 2
TS + T4+ 73 +27T 42 2T3 + T2 + T +1 1 T+2 1 T3 4+ T 42

TS 427 + 273 + T 4+ 1 2T3 + T2 + T +1 1 T2 +2 T+1 T

TS 427 + T3 +T2% 42 273 + T2 4 2T 1 T+2 1 T3 42T + 1

TS+ T3 +7T%+1 273 + 2T + 1 1 T+2 1 2T + T

TS + 273 + 2T + 2 273 + T2 42 1 T+2 1 T3 42T + 2

TS + T3 +27% + 2T + 1 2T3 + T2 + T +1 1 T2 + 2T T+2 T+1

TS + T 4274 + T3 + T2 4+ 2 273 + 2T + 2 1 T+1 1 273 +2T% 4+ T+ 2
TS +T° +27° + 1 273 + 1 1 T 1 273 4+ 2T

TS + 273 +2T% + T + 1 273 + T2 + 2 1 T+2 1 T3 + 2T

TS +2T° + T* 42T + 1 273 + T2 + 2T 1 T+2 1 273 4+ 2T + 2

TS + T2 42T+ 1 2T + 2T + 2 1 T 1 272 4+ 2T

TS +2T° + 2T 4 2 273 1 T+2 1 T3 +272 +1

TS +2T° + T2 4+ 2T + 1 273 + T2 + 2 1 T+2 1 2T 4+ 2T + T
TS 4275 4 2T* + T3 + 1 273 + T2 42 1 T2 4+ T T 2T + 1
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Table 2
q=3,91=1,92=T.

p a E(¢)) Cr Cop Amax

TS 4+2T° 42T + T2 4+ T2+ T 42 2T3 + T + 1 2 T3 +2T2 4+ T T2 +2T 4+ 1 2

TS +2T° 4+ 2T* 4+ T2+ T+ 1 T>+T+1 1 T2 +1 1 T

TS +T° 42 2T + 272 + 2 2 T 1 2T* + T2 + 2T + 2
TS +27° + 2 T3 + 272 + 2 2 T 1 2T* + T2 + T + 2
TS +2T° + T* 4+ T2+ T +2 T3 4+T 2 T+2 1 2T* + T2 + 2T + 2
TS +2T° 4+ 2T + 273 4 2T + 2 T3 +27T%2 +1 2 T+1 1 2T* + 273 + 2T

TS +27% +1 T2 +1 1 T3 4+ 2T T2 42 2

TS +T° +2T* 4+ T2+ 2T + 1 2T + 2T + 1 1 T2 +1 1 2T

TS 4274+ T2+ T +2 T3 +T% +27 42 2 T 1 2T + 273 + T% 4+ 2T
TS +T5 +T* + T2 42T +2 273 4 2T 2 T+1 1 2T* 4+ T2 4T +2
TS +T5 42T + T3 +T 42 273 + 272 + 1 2 T+2 1 2T + T3 + T

TS + T3 + T2 42T 42 T3 4272 42T + 1 2 T 1 2T* + T3 4+ 272 4 2T
TS + 272 +1 T2 +2 1 T3+ T T 2

TS + T3 4272 + 2T + 1 T3 + 277 1 T+1 1 T3 +2T2 +2

TS +27* 4273 4+ T? 42T + 2 272 + 272 + 2T 2 T2 4+ 2T + 1 T+1 272 4+ 2

TS + 175 4 27% 4+ 273 + T2 + 2T + 2 T3 427 + 1 2 T+ T2 +T T2 4+T+1 2

T +2T3 + T2 + T+ 2 273 +2T2 + T + 1 2 T 1 2T* + 273 + 2T2 4+ T
TS + 273 + 272 + T+ 1 273 + 272 1 T+2 1 273 + 272 4 2

TS 4274 + T2 42T + 2 2T + T2 + T 42 2 T 1 2T* + T3 + T2 4+ T
TS +2T* + T3+ T2+ T +2 T3 +2T2 + T 2 T2 4+T+1 T+2 272 + 2

Table 3

q=4,91=T,g2=1.

p a () cr D

T + wT? + w?T 4+ w T+ w 1 T+ w 1

T + wT* + w?T? + w?T? + wT + w? wT? 4+ T 1 T T 4 w?

TS + T° + w?T* + w?T3 + T? + w?T + w? w2T? 4+ T +w 1 T? + wT + w? 1

T+ T + T + wT* + wT +w T3 + wT? + wT + w? 1 T + w? T2+ T +1

TT +T° + w?T* + w?T? + 1 0 1 T3 + 712 VT

T+ w?T +T* + T3 + wT? + w?T 4+ w wT? +w 1 T2 +1 1

T8 + 76 + wT® + w?T? + wT? + T + w? 0 1 T2 + w T+w+1 VT

T2 + T8 + wT® + w?T* + wT® +w T+ T3 +T2% 41 1 T+1 T3 +T+1

T 4+ wT0 + w2T° + wT® + w?T7 + wT?* + wT? + wT? + T + w? wT® +wT* + T2 +1 1 T+1 T* + w?T 4+ w?

ses—see (0see) ees fiL03Y ], u2QUINN fO (DULNOL / uDILADJ N WDIDE) G
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