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A function field over a finite field is called maximal if it 
achieves the Hasse–Weil bound. Finding possible genera that 
maximal function fields can achieve has both theoretical 
interest and practical applications to coding theory and other 
topics. As a subfield of a maximal function field is also 
maximal, one way to find maximal function fields is to find 
all subfields of a maximal function field. Due to the large 
automorphism group of the Hermitian function field, it is 
natural to find as many subfields of the Hermitian function 
field as possible. In literature, most of papers studied subfields 
fixed by subgroups of the decomposition group at one point 
(usually the point at infinity). This is because it becomes 
much more complicated to study the subfield fixed by a 
subgroup that is not contained in the decomposition group at 
one point. In this paper, we study subfields of the Hermitian 
function field fixed by subgroups that are not contained in the 
decomposition group of any point except the cyclic subgroups. 
It turns out that some new maximal function fields are found.
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1. Introduction

Let F� be a finite field with � elements and F/F� be an algebraic function field of one 
variable with the full constant field F� with genus g. If the number of rational places of 
F attains the Hasse–Weil bound

N(F ) ≤ � + 1 + 2g
√
�,

then F is said to be maximal. It follows that F could be maximal only if either g is zero 
or � is a square.

The most important example of maximal function field is the Hermitian function field 
H/F� with � = q2, where q is a prime power. The Hermitian function field H over Fq2 is 
defined by the equation

yq + y = xq+1

with H = Fq2(x, y).
The set of rational places of H consists of the infinite place P∞ which is the unique 

common pole of x and y and Pα,β which is the unique common zero of x − α and y − β

for each (α, β) ∈ F2
q2 satisfying βq + β = αq+1. Thus, it has q3 + 1 rational places in 

total. The genus of the Hermitian function field is (q2−q)/2. Furthermore, the Hermitian 
function field is the unique maximal function field of genus (q2−q)/2 over the finite field 
Fq2 (see [13]). The automorphism group A of the Hermitian function field is defined by

A = Aut(H/Fq2) = {σ : H �→ H|σ is an Fq2-automorphism of H}.

This automorphism group is extremely large and isomorphic to the projective unitary 
group PGU(3, q2) with order q3(q2 − 1)(q3 + 1) (see [14]). The decomposition group 
A(P∞) of the infinite place is equal to

{σ ∈ A : σ(P∞) = P∞} = {σ = [a, b, c] : (a, b, c) ∈ F∗
q2 × Fq2 × Fq2 , cq + c = bq+1},

where σ = [a, b, c] is the automorphism of H defined by

{
σ(x) = ax + b,

σ(y) = aq+1y + abqx + c.

Thus, the order of A(P∞) is q3(q2 − 1). Apart from the automorphisms of A(P∞), there 
is an involution automorphism, denoted by ω, given by

ω(x) = x
, ω(y) = 1

.

y y
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Table 1
Genera for even characteristic.

No. Conditions on parameter Genera References

(i) d = (m, q + 1), d̃ = (m, q − 1) [q2 − q + m − (d − 1)(q − 1) − d̃(q + 1)]/(4m) Theorem 3.2
(ii) m|(q − 1) (q2 − q − mq)/(4m) Theorem 4.1
(iii) m|(q + 1) (q2 − q − mq + 2m − 2)/(4m) Theorem 4.2
(iv) m|(q2 − 1), d = (m, q + 1) (q − 1)(q + 1 − d)/(2m) Theorem 5.1

Table 2
Genera for odd characteristic.

No. Conditions on parameter Genera References
(i) 3 � (q + 1),m|(q + 1), m is odd 1 + (q2 − q − 2)/(2m) Theorem 4.3
(ii) 3 � (q + 1), 4|m|(q + 1), q ≡ 3(mod 8) 1 + (q2 − 4q − 5)/(2m) Theorem 4.3
(iii) 3 � (q + 1),m|(q + 1) and (i), (ii) are not satisfied 1 + (q2 − 2q − 3)/(2m) Theorem 4.3
(iv) m|2(q − 1), m is odd (q2 − q)/(2m) Theorem 4.5
(v) 4|m|2(q − 1), q ≡ 3(mod 4) (q2 − 4q + 3)/2m Theorem 4.5
(vi) m|2(q − 1) and No. (iv), (v) are not satisfied (q2 − 2q + 1)/(2m) Theorem 4.5
(vii) m|(q + 1) (q − 1)(q + 1 − m)/(2m) Theorem 5.3
(viii) m|2(q + 1),m � (q + 1) (q − 1)(q + 1 − m

2 )/(2m) Theorem 5.3

The order of ω is 2. Then the full automorphism group of H is generated by A(P∞)
and ω, i.e., A = 〈A(P∞), ω〉.

For a maximal function field F/Fq2 , any function field E with Fq2 � E ⊆ F is maximal 
as well (see [9]). Hence, one can construct a large number of maximal function fields by 
considering the fixed subfields with respect to some subgroups of the automorphism 
group A of the Hermitian function field (see [1–8,10,12,16]).

The goal of this article to find out possible genera which are achieved by maximal 
function fields. One natural way to realize this goal is to find as many subfields of 
H as possible. This is equivalent to finding as many subgroups of A as possible. The 
subfields of the Hermitian function field considered in the literature are usually those 
fixed by subgroups of the decomposition group A(P∞) except for [7] where the subgroup 
is generated by ω and the subgroup {σ = [a, 0, 0] : a ∈ F∗

q2} and the characteristic of 
Fq2 is odd, etc. In particular, it was shown in [2] that we can obtain all the genera of 
maximal function fields from the fixed subfields of the subgroups of the A(P∞) for the 
odd characteristic case. In this article, we consider various subgroups of A that involve 
both the decomposition group A(P∞) and the involution automorphism ω. It would be 
exciting to find all subgroups of A and genera of corresponding subfields. The current 
article moves one step forward by considering the involution automorphism ω. Most of 
the subgroups discussed in this paper are not contained in the decomposition group at 
any point except the cyclic subgroups. Thus, the subfields of the Hermitian function field 
obtained in this paper are new despite some genera of these subfields have already been 
found in literature.

We summarize genera obtained in this paper in Tables 1 and 2. In particular, we 
get some new genera that are not achievable by subgroups of the decomposition group 
A(P∞). The genera in Table 1 (i)–(iii) and Table 2 (ii) have not been found in literature, 
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while the rest of the genera given in Tables 1 and 2 can be found in [4,7]. It was noticed 
that the new genera in Table 1 are obtained from the subgroups of a maximal subgroup 
of PGU(3, q2) of order q(q2 − 1)(q + 1) by M. Montanucci and G. Zini (see [8,11]).

2. Preliminary

Let G be a subgroup of the automorphism group A and let HG be the fixed subfield 
of the Hermitian function field H with respect to G, i.e.,

HG = {z ∈ H|σ(z) = z for all σ ∈ G}.

Then H/HG is a Galois extension of algebraic function fields with the Galois group 
G = Gal(H/HG). The Hurwitz genus formula (see [15, Theorem 3.4.13]) yields

2g(H) − 2 = |G| · [2g(HG) − 2] + deg Diff(H/HG),

where Diff(H/HG) is the different of the extension H/HG .
Let P be a place of H and let Q = P ∩HG be the restriction of P to HG . We denote 

by d(P ) = d(P |Q), e(P ) = e(P |Q) the different exponent and ramification index of P |Q, 
respectively. Then the different of H/HG is given by

Diff(H/HG) =
∑

P∈PH

d(P )P.

If P |Q is unramified or tamely ramified, then d(P ) = e(P ) − 1 by Dedekind’s Different 
Theorem [15, Theorem 3.5.1]. The i-th ramification group Gi(P ) of P |Q for each i ≥ −1
is defined by

Gi(P ) = {σ ∈ G|vP (σ(z) − z) ≥ i + 1 for all z ∈ OP },

where vP is the normalized discrete valuation of H corresponding to the place P . If P |Q
is wildly ramified, that is, e(P ) is divisible by char(Fq2), then the different exponent 
d(P ) is given by

d(P ) =
+∞∑
i=0

(|Gi(P )| − 1)

from Hilbert’s Different Theorem [15, Theorem 3.8.7].
It has been shown that any ramified place P ∈ PH in the extension H/HG must be a 

rational place or a place of degree three (see [7, Proposition 2.2]). Furthermore, a place 
of degree three of H in the extension H/HG is unramified or tamely ramified, and has 
ramification index being a divisor of q2 − q + 1. In particular, assume that H/HG is 
tamely ramified and all places of degree 3 of H are unramified in H/HG. If P is tamely 
ramified, then
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d(P ) = e(P ) − 1 = #{σ ∈ G \ {1} : σ(P ) = P}.

Let N(σ) be the number of rational places stabilized by the automorphism σ, that is,

N(σ) = #{P ∈ PH : deg(P ) = 1 and σ(P ) = P}.

Hence, the degree of the different of H/HG is

deg(Diff(H/HG)) =
∑

P∈PH ,degP=1
(e(P ) − 1) =

∑
1�=σ∈G

N(σ).

3. The fixed subfields of 〈[a, 0, 0], ω〉 in even characteristic

In this section, we consider the group C which is generated by the automorphisms σa

and ω, where

σa(x) = ax, σa(y) = aq+1y and ω(x) = x/y, ω(y) = 1/y.

Here a is a primitive (q2 − 1)-th root of unity. This subgroup was first discussed in [7]
where only odd characteristic was considered. The reason why the even characteristic was 
not considered is that the extension is wildly ramified in the case of even characteristic. 
Thus, we consider only the even characteristic case in this section.

Any automorphism in C must be in the form σi
a or ωσi

a for some 0 ≤ i ≤ q2 − 2, since 
σaω = ωσ−q

a . Hence, ord(C) = 2(q2−1). The automorphisms in C can be given explicitly 
in the following forms

σi
a(x) = aix, σi

a(y) = ai(q+1)y and ωσi
a(x) = aix

y
, ωσi

a(y) = ai(q+1)

y

for 0 ≤ i ≤ q2 − 2. For simplicity, we use the notations σai = σi
a and τai = ωσi

a. In order 
to obtain the genus of the fixed subfield from the Hurwitz genus formula, we need to 
calculate the different exponent for each ramified place in the extension H/HC.

Proposition 3.1. Assume that char(Fq2) = 2. Let H be the Hermitian function field over 
Fq2 and let C be the group generated by the automorphisms σa and ω of H. Then the 
different of the extension H/HC is

Diff(H/HC) = (q2 − 2)P∞ + (q2 − 2)P0,0 + (3q + 2)
∑
β∈F∗

q

P0,β .

Proof. First let us calculate the different exponent of each rational place of H. For the 
infinity place P∞,

σ(P∞) = P∞ ⇔ σ ∈ A(P∞) ∩ C = 〈σa〉.
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Then the order of the decomposition group of P∞ in H/HC is |G0(P∞)| = q2 −1. Hence, 
the different exponent of P∞ in H/HC is d(P∞) = e(P∞) − 1 = q2 − 2.

For the place P0,0, it is easy to see that σai(P0,0) = P0,0 and τai(P0,0) = P∞ for any 
0 ≤ i ≤ q2 − 2. Hence, |G0(P0,0)| = q2 − 1 and the different exponent of P0,0 in H/HC is 
d(P0,0) = q2 − 2 as well.

For the places P0,β with βq + β = 0 and β 
= 0, i.e., β ∈ F∗
q , we have

σai(P0,β) = P0,β ⇔ ai(q+1)β = β ⇔ (q − 1)|i.

Moreover, x is a prime element of P0,β and for i = (q − 1)k with 0 < k ≤ q,

vP0,β (σai(x) − x) = vP0,β (aix− x) = vP0,β ((ai − 1)x) = 1.

On the other hand,

τai(P0,β) = P0,β ⇔ ai(q+1)/β = β ⇔ ai(q+1) = β2.

There are exactly q + 1 automorphisms τai such that τai(P0,β) = P0,β for each β ∈ F∗
q . 

If β runs through all elements of F∗
q , then i runs through the set of integers between 0

and q2 − 2. For such an integer i satisfying with τai(P0,β) = P0,β , we have

vP0,β

(
τai(x) − x

)
= vP0,β

(aix
y

− x
)

= vP0,β

(y − ai

y
x
)

=
{
q + 2 if β = ai,

1 otherwise.

The last equation holds true since the place P0,β is the unique common zero of x and 
y − β, i.e., vP0,β (x) = 1 and vP0,β (y − β) = q + 1 which is obtained from the defining 
equation yq + y = xq+1 and the Strict Triangle Inequality (see [15, Lemma 1.1.11]). 
Hence, |G0(P0,β)| = 2q + 2, |G1(P0,β)| = |G2(P0,β)| = · · · = |Gq+1(P0,β)| = 2 and 
|Gq+2(P0,β)| = 1. By Hilbert’s Different Theorem, the different exponent of P0,β is

d(P0,β) =
+∞∑
i=0

(
|Gi(P0,β)| − 1

)
= 3q + 2.

For the places Pα,β with βq + β = αq+1 and α 
= 0, σai(Pα,β) = Pα,β ⇔ aiα =
α, ai(q+1)β = β ⇔ i = 0. On the other hand,

τai(Pα,β) = Pα,β ⇔ aiα

β
= α,

ai(q+1)

β
= β ⇔ β = ai, β2 = ai(q+1).

Then β ∈ Fq which is a contradiction to βq + β = αq+1 
= 0. Hence, |G0(Pα,β)| = 1 and 
the different exponent of Pα,β is d(Pα,β) = 0.

By the Hurwitz genus formula, we have

q2 − q − 2 ≥ 2(q2 − 1)[2g(HC) − 2] + (q2 − 2) + (q2 − 2) + (3q + 2)(q − 1).
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It follows that g(HC) ≤ 0. The genus of any function field is a non-negative integer. 
Hence, g(HC) = 0 and all places of degree three of H are unramified in H/HC. This 
proposition follows immediately. �
Theorem 3.2. Assume that char(Fq2) = 2. Let m be a divisor of q2 − 1 and let b ∈ F∗

q2

be an element of order m. Consider the group G = 〈σb, ω〉 which is generated by the 
automorphisms σb and ω, where

σb(x) = bx, σb(y) = bq+1y and ω(x) = x

y
, ω(y) = 1

y
.

Let d = gcd(m, q + 1), d̃ = gcd(m, q − 1). Then the genus of the fixed field HG is

g(HG) = q2 − q + m− (d− 1)(q − 1) − d̃(q + 1)
4m .

Proof. The order of the group G is 2m, and it consists of all automorphisms with the 
following forms

σc(x) = cx, σc(y) = cq+1y, cm = 1

and

τc(x) = cx

y
, τc(y) = cq+1

y
, cm = 1.

We only need to calculate the different exponents of P∞ and P0,β with β ∈ Fq in the 
extension H/HG from Proposition 3.1.

For the infinity place P∞, we have σ(P∞) = P∞ ⇔ σ ∈ A(P∞) ∩ G = 〈σb〉. This 
implies that |G0(P∞)| = m. Hence, the different exponent of P∞ is d(P∞) = m − 1.

For the place P0,0, we also have σ(P0,0) = P0,0 ⇔ σ ∈ A(P∞) ∩ G = 〈σb〉. Thus, 
|G0(P0,0)| = m and d(P0,0) = m − 1.

For the places P0,β with β ∈ F∗
q , we have

σc(P0,β) = P0,β ⇔ cq+1 = 1 and cm = 1.

Then there are exactly d = gcd(m, q + 1) automorphisms σc such that σc(P0,β) = P0,β . 
Furthermore, vP0,β (σc(x) − x) = 1 for c 
= 1. On the other hand,

τc(P0,β) = P0,β ⇔ cq+1 = β2, βq + β = 0 and cm = 1.

For each fixed element β ∈ F∗
q , let N(β) denote the number of elements c ∈ F∗

q2 satisfying 
cq+1 = β2 and cm = 1. Then we obtain 

∑
β∈F∗ N(β) = m. Furthermore, we have
q
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vP0,β

(
τc(x) − x

)
= vP0,β

(cx
y

− x
)

= vP0,β

(y − c

y
x
)

=
{
q + 2 if c = β,

1 otherwise.

If c = β, then βq−1 = 1 and βm = 1. Thus, there are exactly d̃ = gcd(m, q− 1) elements 
β ∈ F∗

q such that the place P0,β is wildly ramified in H/HG . For such a wildly ramified 
place P0,β , the orders of the higher ramification groups are |Gi(P0,β)| = 2 for 1 ≤ i ≤
q + 1 and |Gq+2(P0,β)| = 1. Hence,

∑
β∈F∗

q

|G0(P0,β)| = d(q − 1) + m and
∑
β∈F∗

q

(|Gi(P0,β)| − 1) = d̃

for each 1 ≤ i ≤ q + 1 and |Gq+2(P0,β)| = 1 for any β ∈ F∗
q . From Hilbert’s Different 

Theorem, the sum of different exponents of all places P0,β with β ∈ F∗
q is

∑
β∈F∗

q

d(P0,β) =
∑
β∈F∗

q

q+1∑
i=0

(
|Gi(P0,β)| − 1

)
= (d− 1)(q − 1) + m + d̃(q + 1).

For other places P , we have d(P ) = 0. Hence, the degree of the different of H/HG is

deg(Diff(H/HG)) = m− 1 + m− 1 + (d− 1)(q − 1) + m + d̃(q + 1).

The Hurwitz genus formula for H/HG yields

q2 − q − 2 = 2m · [2g(HG) − 2] + deg(Diff(H/HG)).

Hence, this theorem follows immediately. �
Corollary 3.3. Assume that char(Fq2) = 2 and H is the Hermitian function field over the 
finite field Fq2 .

(1) For any divisor m of q − 1, there is a subfield E ⊆ H of genus

g(E) = q2 − q −mq

4m .

(2) For any divisor m of q + 1, there is a subfield E ⊆ H of genus

g(E) = q2 − q −mq + 2m− 2
4m .

Proof. Let G be the group which is defined in Theorem 3.2.
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(1) If m|(q−1), then d = gcd(m, q+1) = 1 and d̃ = gcd(m, q−1) = m. By Theorem 3.2, 
the genus of the fixed field E = HG is

g(E) = q2 − q −mq

4m .

(2) If m|(q+1), then d = gcd(m, q+1) = m and d̃ = gcd(m, q−1) = 1. By Theorem 3.2, 
the genus of the fixed field E = HG is

g(E) = q2 − q −mq + 2m− 2
4m .

This completes the proof. �
4. The fixed fields of subgroups of 〈[1, 0, c], ω〉

In this section, we mainly consider another group generated by the automorphisms ω
and τ , where τ is given by τ(x) = x, τ(y) = y + c for some c ∈ F∗

q2 satisfying cq + c = 0. 
It is equivalent to saying that τ = [1, 0, c]. Let us determine the order the automorphism 
σ = τω which is determined by

σ(x) = x

y + c
, σ(y) = 1

y + c
.

The automorphism σi can be given in the following form

σi(x) = x

uiy + vi
, σi(y) = ui−1y + vi−1

uiy + vi
,

where ui, vi satisfy the recursive relations ui = vi−1, vi = cvi−1 + ui−1 with the initial 
values u0 = v−1 = 0 and v0 = u−1 = 1. Then it can be proved by induction that

vn =
[n2 ]∑
i=0

(
n− i

i

)
cn−2i. (1)

However, it is difficult to find the order of σ by using the above formula of vn. Hence, 
we rewrite the above recursive relations in the matrix representation

(
vi

vi−1

)
=

(
c 1
1 0

)(
vi−1
vi−2

)
.

Let C be the matrix 

(
c 1
1 0

)
. Then
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(
vi

vi−1

)
= Ci

(
v0
v−1

)
= Ci

(
1
0

)
.

The characteristic polynomial of the matrix C is

det(xI2 − C) =

∣∣∣∣∣ x− c −1
−1 x

∣∣∣∣∣ = x2 − cx− 1.

Since the product of the two eigenvalues is −1, we can assume that the two eigenvalues 
are x1 = δ and x2 = −δ−1 for some δ ∈ F∗

q2 . Then we have

c = x1 + x2 = δ − δ−1.

By the identity cq + c = 0, we have

cq + c = 0 ⇔
(
δ − 1

δ

)q

+
(
δ − 1

δ

)
= 0 ⇔ (δq+1 − 1)(δq−1 + 1) = 0.

Hence, δq+1 = 1 or δq−1 = −1.
It is easy to calculate that the vector (δ, 1)T is an eigenvector of the eigenvalue x1 = δ

and the vector (−1, δ)T is an eigenvector of the eigenvalue x2 = −δ−1. If x1 
= x2, that 

is, δ2 
= −1, then the matrix P =
(

δ −1
1 δ

)
is invertible and its inverse is given by

P−1 = 1
δ2 + 1

(
δ 1
−1 δ

)
.

Hence, the matrix C can be diagonalized to the matrix Λ =
(
δ 0
0 −δ−1

)
, that is, 

P−1CP = Λ. Then

Ci = (PΛP−1)i = PΛiP−1

= 1
δ2 + 1

(
δ −1
1 δ

)
·
(

δ 0
0 −δ−1

)i

·
(

δ 1
−1 δ

)

= 1
δ2 + 1

(
δi+2 + (−δ)−i δi+1 + (−δ)−i+1

δi+1 + (−δ)−i+1 δi + (−δ)−i+2

) (2)

Hence, vi can also be given by the following formula

vi = δi+2 + (−δ)−i

δ2 + 1 .

Then the order of the automorphism σ can be determined as follows. Note that
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σi = 1 ⇔
(

vi
vi−1

)
=

(
1
0

)
⇔ Ci

(
1
0

)
=

(
1
0

)
⇔ Ci =

(
1 ∗
0 ∗

)
.

If δi+1 + (−δ)−i+1 = 0, that is, δ2i = (−1)i, then δi+2 + (−δ)−i = δi + (−δ)−i+2. Hence,

σi = 1 ⇔ Ci = I2 ⇔
(

δ 0
0 −δ−1

)i

= I2 ⇔ δi = 1 and (−1)i = 1.

If δ2 = −1, then the matrix C cannot be diagonalized.

4.1. Even characteristic

In the even characteristic case, we have c = δ + δ−1 and

cq + c = 0 ⇔ (δq−1 − 1)(δq+1 − 1) = 0 ⇔ δq−1 = 1 or δq+1 = 1.

If δ2 = −1, then δ = 1 and c = 0. Hence, τ is the identity automorphism. So we can 
assume δ as an element in Fq2 with order n > 1 which is q−1 or q+1 in this subsection.

Now we need to determine the group structure of the group D generated by the two 
automorphisms τ and ω. Firstly, let us determine the order of the automorphism σ = τ ·ω. 
Note that

σi = 1 ⇔ vi−1 = 0 and vi = 1.

It has been shown that

vi = 1
c

(
δi+1 + 1

δi+1

)
, (3)

then vi−1 = 0 ⇔ δi + δ−i = 0 ⇔ δ2i = 1 ⇔ δi = 1 ⇔ ord(δ)|i. Moreover, if ord(δ)|i, then 
vi = 1. Hence, the order of the automorphism σ is the same as the order of δ. Secondly, 
it can be directly verified that ωσ = σn−1ω. Hence,

D = 〈τ, ω〉 = 〈ω, σ|ω2 = 1, σn = 1, ωσ = σn−1ω〉,

i.e., D is isomorphic to the Dihedral group Dn of order 2n.
Now we need to consider the ramification in the Galois extension H/HD. Firstly, let 

us consider the automorphisms σi for 1 ≤ i ≤ n − 1. It is easy to see that vi−1 
= 0 and 
σi(P∞) 
= P∞ for 1 ≤ i ≤ n − 1. For any rational place Pα,β ∈ PH ,

σi(Pα,β) = Pα,β ⇔ α = α,
vi−2β + vi−1 = β, βq + β = αq+1.
vi−1β + vi vi−1β + vi
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If α 
= 0, then vi−1β + vi = 1. Since cq + c = 0, we have c ∈ Fq and vi ∈ Fq which follows 
from Equation (1). Then β ∈ Fq which contradicts to βq + β = αq+1 
= 0. Hence, α = 0
and β ∈ Fq. From the second equation,

vi−2β + vi−1 = vi−1β
2 + viβ ⇔ vi−1(β2 + cβ + 1) = 0 ⇔ β2 + cβ + 1 = 0.

Then there are two roots β1 = δ and β2 = δ−1.
Case 1: If n = q − 1, then δq + δ = 0 and (δ−1)q + δ−1 = 0. Hence, the two places P0,δ
and P0,δ−1 are stabilized by the automorphism σi. Furthermore,

vP0,δ

(
σi(x) − x

)
= vP0,δ

( x

vi−1y + vi
− x

)
= vP0,δ

(vi−1y + vi + 1
vi−1y + vi

x
)

= 1,

since vi−1δ + vi + 1 = 1 + δ−i 
= 0 from Equation (3).
Case 2: If n = q + 1, then δq + δ 
= 0 and (δ−1)q + δ−1 
= 0 which contradict to α = 0. 
Hence, Pα,β can’t be stabilized by any automorphism σi for 1 ≤ i ≤ q.

Secondly, let us consider the automorphisms σiω for 0 ≤ i ≤ n − 1, i.e.,

σiω(x) = x

vi−2y + vi−1
, σiω(y) = vi−1y + vi

vi−2y + vi−1
.

The order of the automorphism σiω is 2, since ωσ = σn−1ω. For i = 0, we know 
ω(P0,0) = P∞. If β 
= 0, then

ω(Pα,β) = Pα,β ⇔ α

β
= α,

1
β

= β, βq + β = αq+1.

Hence, P0,1 is the unique rational place stabilized by the automorphism ω. Furthermore,

vP0,1

(
ω(x) − x

)
= vP0,1

(x
y
− x

)
= vP0,1

(y + 1
y

x
)

= q + 2.

For i = 1, then σω = τ , i.e., τ(x) = x, τ(y) = y + c. Hence, P∞ is the unique rational 
place stabilized by the automorphism τ and

vP∞

(
τ
(x
y

)
− x

y

)
= vP∞

( x

y + c
− x

y

)
= vP∞

( cx

y(y + c)

)
= q + 2.

For 2 ≤ i ≤ n − 1, then vi−2 
= 0 and σiω(P∞) 
= P∞. For the place Pα,β ∈ PH ,

σiω(Pα,β) = Pα,β ⇔ α

vi−2β + vi−1
= α,

vi−1β + vi
vi−2β + vi−1

= β, βq + β = αq+1.

If α 
= 0, then vi−2β + vi−1 = 1. Since c ∈ Fq, we know vi−2, vi−1 ∈ Fq. It follows that 
β ∈ Fq which contradicts to βq + β = αq+1 
= 0. Hence, α = 0, β ∈ Fq and

vi−1β + vi = vi−2β
2 + vi−1β ⇔ β2 = vi

.

vi−2



L. Ma, C. Xing / Journal of Number Theory 198 (2019) 293–317 305
Moreover, it is easy to verify that vi/vi−2 are pairwise distinct elements in Fq for 2 ≤
i ≤ n −1. Hence, the place P0,βi

with βi = ( vi
vi−2

) q
2 is the unique rational place stabilized 

by σiω. Furthermore,

vP0,βi

(
σiω(x) − x

)
= vP0,βi

( x

vi−2y + vi−1
− x

)
= vP0,βi

(vi−2y + vi−1 + 1
vi−2y + vi−1

x
)

= q + 2.

The last equality holds true, since vi−2βi + vi−1 + 1 = 0 ⇔ v2
i−2βi

2 + v2
i−1 + 1 = 0 ⇔

vi−2vi + v2
i−1 = 1 which can be obtained from Equation (3).

Theorem 4.1. Let H be the Hermitian function field over Fq2 with even characteristic, 
let m be a divisor of q − 1 and let G be the subgroup 〈ω, σ q−1

m 〉 of D. Then the genus of 
the fixed field HG is

g(HG) = q2 − q −mq

4m .

Proof. The ramification groups of P∞ in H/HG are given by

G0(P∞) = G1(P∞) = · · · = Gq+1(P∞) = 〈τ〉 and Gq+2(P∞) = {1}.

Hence, the different exponent of P∞ in H/HG is

d(P∞) =
+∞∑
i=0

(|Gi(P∞)| − 1) = q + 2.

It is easy to verify that vi/vi−2 
= δ2 or δ−2, that is to say, P0,βi

= P0,δ or P0,δ−1 for 

2 ≤ i ≤ q − 2. Then the different exponents of P0,1 and P0,βi
for 2 ≤ i ≤ q − 2 are also

d(P0,1) = d(P0,βi
) = q + 2.

The decomposition groups of P0,δ and P0,δ−1 are 〈σ〉 which is a group of order q − 1. 
Hence, the different exponents of P0,δ and P0,δ−1 are

d(P0,δ) = d(P0,δ−1) = q − 2.

By the Hurwitz genus formula, we have

q2 − q − 2 ≥ 2(q − 1)[2g(HD) − 2] + 2 · (q − 2) + (q − 1) · (q + 2).

Hence, g(HD) = 0 and all places of degree three of H are unramified in H/HD. The order 
of the subgroup G is 2m. Then this theorem follows from the Hurwitz genus formula

q2 − q − 2 = 2m · [2g(HG) − 2] + 2 · (m− 1) + m · (q + 2). �
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Theorem 4.2. Let H be the Hermitian function field over Fq2 with even characteristic, 
let m be a divisor of q + 1 and let G be the subgroup 〈ω, σ q+1

m 〉 of D. Then the genus of 
the fixed field HG is

g(HG) = q2 − q −mq + 2m− 2
4m .

Proof. The different exponents of the rational places P∞ and P0,β with β ∈ Fq in the 
extension H/HD are

d(P∞) = d(P0,β) = q + 2.

By the Hurwitz genus formula, we have

q2 − q − 2 ≥ 2(q + 1)[2g(HD) − 2] + (q + 1) · (q + 2).

Hence, g(HD) = 0 and all places of degree three of H are unramified in H/HD. The order 
of the subgroup G is 2m. Then this theorem follows from the Hurwitz genus formula

q2 − q − 2 = 2m · [2g(HG) − 2] + m · (q + 2). �
In this subsection, we choose δ with the maximal order q − 1 or q + 1 satisfying 

cq + c = 0. However, the order of δ can be chosen as a positive divisor of q − 1 or q + 1
directly. Here are some examples, such as the order of δ is 3 which divides q − 1 in 
Example 1 and the order of δ is 5 in Example 2.

Example 1. Let G be the group generated by the automorphisms τ and ω which are given 
by τ(x) = x, τ(y) = y + 1 and ω(x) = x/y, ω(y) = 1/y. If q = 22k with k ∈ N+, then 
the genus of the fixed subfield HG is

g(HG) = q2 − 4q
12 .

Example 2. Let G be the group generated by the automorphisms ω and τ which is given 
by τ(x) = x, τ(y) = y + c with c2 + c + 1 = 0 and cq + c = 0. If q = 42k with k ∈ N+, 
then the genus of the fixed subfield HG is

g(HG) = q2 − 6q
20 .

If q = 42k+1 with k ∈ N+, then the genus of the fixed subfield HG is

g(HG) = q2 − 6q + 8
20 .
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4.2. Odd characteristic

In the odd characteristic case, we obtain c = δ − δ−1 and

cq + c = 0 ⇔ (δq+1 − 1)(δq−1 + 1) = 0 ⇔ δq+1 = 1 or δq−1 = −1.

Hence, we can fix δ as an element in Fq2 with order n which is q + 1 or 2(q − 1) in 
this subsection. If δ2 = −1, then ord(δ) = 4. Hence, we also assume that q 
= 3 in this 
subsection for simplicity.

The automorphism σi is given by

σi(x) = x

vi−1y + vi
, σi(y) = vi−2y + vi−1

vi−1y + vi
.

We have shown that σi = 1 ⇔ δi = 1 and (−1)i = 1. Then the order of σ is the same as 
the order of δ. Let D be the cyclic group generated by the automorphism σ. Since the 
characteristic of Fq2 is relatively prime to q + 1 or 2(q− 1), the Galois extension H/HD

is tamely ramified.

4.2.1. ord(δ) = q + 1
The order of the automorphism σ is q + 1. We assume that gcd(3, q + 1) = 1 in this 

sub-subsection. It is easy to verity that gcd(q + 1, q2 − q + 1) = gcd(q + 1, 3) = 1 by 
assumption, then all places of degree 3 in H are unramified in H/HD.

For the infinite place P∞ and 1 ≤ i ≤ q,

σi(P∞) = P∞ ⇔ vi−1 = 0 ⇔ δi+1 + (−1)i−1δ−i+1 = 0 ⇔ δ2i = (−1)i.

If i is even, then δ2i = 1 ⇔ 2i = q + 1 ⇔ i = (q + 1)/2 is even ⇔ q ≡ 3(mod 4). Other-
wise, δ2i = −1 ⇔ 2i = (q + 1)/2 or 3(q + 1)/2 ⇔ i = (q + 1)/4 or 3(q + 1)/4 is odd ⇔
q ≡ 3(mod 8).

For any rational place Pα,β ∈ PH and 1 ≤ i ≤ q,

σi(Pα,β) = Pα,β ⇔ α

vi−1β + vi
= α,

vi−2β + vi−1

vi−1β + vi
= β, βq + β = αq+1.

Case 1: α 
= 0. From the first equation, we have vi−1β + vi = 1. If vi−1 = 0, then vi = 1. 
It follows that ord(σ)|i which is impossible for 1 ≤ i ≤ q. Hence, vi−1 
= 0 and this 
implies that vi−2β + vi−1 = vi−1β

2 + viβ ⇔ vi−1(β2 + cβ − 1) = 0 ⇔ β2 + cβ − 1 = 0. 
There are two solutions β1 = −δ and β2 = δ−1.

Substitute β1 = −δ into the first equation, we have −vi−1δ + vi = (−1)iδ−i. Then 
−vi−1δ + vi = 1 ⇔ δi = (−1)i ⇔ i = (q + 1)/2 is odd ⇔ q ≡ 1(mod 4). Furthermore, 
αq+1 = (−δ)q+(−δ) = −(δq+δ) 
= 0. Hence, the q+1 places Pα,−δ with αq+1 = −(δq+δ)
are stabilized by the automorphism σ

q+1
2 only for the case q ≡ 1(mod 4). Substitute 
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β2 = δ−1 into the first equation similarly, then we have vi−1δ
−1 + vi = δi 
= 1 for 

1 ≤ i ≤ q. Hence, the place Pα,δ−1 can’t be stabilized by the automorphism σi.
Case 2: α = 0.
In this case, we have βq +β = 0 and vi−2β + vi−1 = vi−1β

2 + viβ ⇔ vi−1(β2 + cβ− 1) =
0. If vi−1 = 0, then σi(P0,β) = P0,β for any β with βq + β = 0. If vi−1 
= 0, then 
β2 + cβ− 1 = 0. Hence, β1 = −δ or β2 = δ−1. Furthermore, (−δ)q + (−δ) = −δq − δ 
= 0
and (δ−1)q + δ−1 
= 0 if δ4 
= 1, that is, q 
= 3. Hence, the place P0,β can’t be stabilized 
by the automorphism σi with vi−1 
= 0.

If q ≡ 1(mod 4), then vi−1 
= 0 for every 1 ≤ i ≤ q. Hence,

Diff(H/HD) =
∑

αq+1=−δq−δ

Pα,δ.

If q ≡ 7(mod 8), then v q+1
2 −1 = 0. Then the places P∞ and P0,β with βq + β = 0 are 

stabilized by the automorphism σ
q+1
2 . Hence,

Diff(H/HD) = P∞ +
∑

βq+β=0

P0,β .

If q ≡ 3(mod 8), then v q+1
4 −1, v q+1

2 −1 and v 3(q+1)
4 −1 are equal to 0. Then the places P∞

and P0,β with βq + β = 0 are stabilized by the automorphisms σ q+1
4 , σ

q+1
2 and σ

3(q+1)
4 . 

Hence,

Diff(H/HD) = 3P∞ + 3
∑

βq+β=0

P0,β .

Theorem 4.3. Let H be the Hermitian function field over Fq2 with odd characteristic. 
Assume that gcd(3, q+1) = 1. Let m be a positive divisor of q+1 and let G be the group 
generated by the automorphism σ

q+1
m . Then the genus of the fixed field HG is

g(HG) =

⎧⎪⎪⎨
⎪⎪⎩

1 + (q2 − q − 2)/2m if m is odd,
1 + (q2 − 4q − 5)/2m if 4|m and q ≡ 3(mod 8),
1 + (q2 − 2q − 3)/2m otherwise.

Proof. It is easy to check that σ q+1
2 ∈ G ⇔ m is even. If q ≡ 1(mod 4) or q ≡ 7(mod 8), 

then

q2 − q − 2 = m[2g(HG) − 2] +
{
q + 1 if m is even,
0 if m is odd.

If q ≡ 3(mod 8), then the automorphisms σ q+1
4 , σ

3(q+1)
4 ∈ G ⇔ 4|m. This theorem follows 

from the Hurwitz genus formula
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q2 − q − 2 = m[2g(HG) − 2] +

⎧⎪⎪⎨
⎪⎪⎩

0 if m is odd,
3(q + 1) if 4|m,

q + 1 otherwise. �
Remark 4.4. We assume that gcd(3, q + 1) = 1 in Theorem 4.3, since all places of degree 
3 of H are unramified in the extension H/HG under this assumption. In fact, we can’t 
determine whether the places of degree 3 of H are ramified in H/HG or not in the case 
of 3|(q + 1). The similar case occurs in Theorem 5.4 as well.

4.2.2. ord(δ) = 2(q − 1)
If ord(δ) = 2(q− 1), then the order of σ is 2(q− 1). As gcd(2q− 2, q2 − q + 1) = 1, all 

places of degree 3 of H are unramified in H/HD.
For the infinite place P∞ and 1 ≤ i ≤ 2q − 3,

σi(P∞) = P∞ ⇔ vi−1 = 0 ⇔ δi+1 + (−1)i−1δ−i+1 = 0 ⇔ δ2i = (−1)i.

If i is even, then δ2i = 1 ⇔ i = q−1. If i is odd, then δ2i = −1 ⇔ 2i = q−1 or 3(q−1) ⇔
i = (q − 1)/2 or 3(q − 1)/2 is odd ⇔ q ≡ 3(mod 4).

For the places Pα,β and 1 ≤ i ≤ 2q − 3,

σi(Pα,β) = Pα,β ⇔ α

vi−1β + vi
= α,

vi−2β + vi−1

vi−1β + vi
= β, βq + β = αq+1.

Case 1: α 
= 0. If α 
= 0, then vi−1β + vi = 1. Suppose that vi−1 = 0, then vi = 1. 
It follows that ord(σ)|i which is impossible for 1 ≤ i ≤ 2q − 3. Hence, vi−1 
= 0 and 
β2 + cβ − 1 = 0. There are two solutions β1 = −δ and β2 = δ−1. It is easy to check that 
vi−1β1 + vi = −vi−1δ + vi = (−1)iδ−i 
= 1, since δq−1 = −1 
= (−1)q−1. Moreover, we 
have vi−1β2 + vi = vi−1δ

−1 + vi = δi 
= 1. Hence, σi(Pα,β) 
= Pα,β .
Case 2: α = 0. In this case, βq + β = 0 and

vi−2β + vi−1 = vi−1β
2 + viβ ⇔ vi−1(β2 + cβ − 1) = 0.

If vi−1 = 0, then the places P0,β with βq + β = 0 are stabilized by σi. Otherwise, 
β2 + cβ − 1 = 0 has two solutions β1 = −δ and β2 = δ−1. It is easy to check that 
(−δ)q + (−δ) = −(δq + δ) = 0 and (δ−1)q + (δ−1) = 0, since δq−1 = −1. Hence, the two 
places P0,−δ and P0,δ−1 are stabilized by the automorphism σi if vi−1 
= 0.

If q ≡ 1(mod 4), then the places P∞ and P0,β with βq + β = 0 are stabilized by the 
automorphism σq−1. Hence, the different of H/HD is

Diff(H/HD) = P∞ +
∑

βq+β=0

P0,β + (2q − 4)(P0,−δ + P0,δ−1).

If q ≡ 3(mod 4), then the places P∞ and P0,β with βq + β = 0 are stabilized by the 

automorphism σ
q−1
2 , σq−1 and σ

3(q−1)
2 . Hence, the different of H/HD is
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Diff(H/HD) = 3P∞ + 3
∑

βq+β=0

P0,β + (2q − 6)(P0,−δ + P0,δ−1).

Theorem 4.5. Let H be the Hermitian function field over Fq2 with odd characteristic, let 
m be a positive divisor of 2(q− 1) and let G be the group generated by the automorphism 
σ

2(q−1)
m . Then the genus of the fixed field HG is

g(HG) =

⎧⎪⎪⎨
⎪⎪⎩

(q2 − q)/2m if m is odd,
(q2 − 4q + 3)/2m if 4|m and q ≡ 3(mod 4),
(q2 − 2q + 1)/2m otherwise.

Proof. It is easy to check that σq−1 ∈ G ⇔ m is even. If q ≡ 1(mod 4), then

q2 − q − 2 = m[2g(HG) − 2] +
{
q + 1 + 2(m− 2) if m is even,
2(m− 1) if m is odd.

If q ≡ 3(mod 4), then the automorphisms σ q−1
2 , σ

3(q−1)
2 ∈ G ⇔ 4|m. This theorem follows 

from the Hurwitz genus formula

q2 − q − 2 = m[2g(HG) − 2] +

⎧⎪⎪⎨
⎪⎪⎩

2(m− 1) if m is odd,
3(q + 1) + 2(m− 4) if 4|m,

q + 1 + 2(m− 2) otherwise. �
5. The fixed subfields of subgroups of 〈[a, 0, c], ω〉

Let τ be an automorphism of the Hermitian function field H over Fq2 with the form

τ(x) = ax, τ(y) = aq+1y + c

where cq +c = 0 with c ∈ F∗
q2 and a is a (q2−1)-th primitive element of Fq2 . Let σ = τω, 

then

σ(x) = ax

aq+1y + c
, σ(y) = 1

aq+1y + c
.

The automorphism σi can be given in the following form

σi(x) = aix

uiy + vi
, σi(y) = ui−1y + vi−1

uiy + vi

where ui, vi satisfy the recursive relations ui = aq+1vi−1, vi = cvi−1 + ui−1 with the 
initial values u0 = v−1 = 0, v0 = 1. The above recursive relations can be rewritten in 
the matrix representation
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(
vi

vi−1

)
=

(
c aq+1

1 0

)(
vi−1
vi−2

)
.

Let C =
(

c aq+1

1 0

)
. Then the characteristic polynomial of the matrix C is

det(xI2 − C) =

∣∣∣∣∣ x− c −aq+1

−1 x

∣∣∣∣∣ = x2 − cx− aq+1.

Assume that the two eigenvalues are x1 = δ and x2 = −aq+1

δ . Then we have

c = δ − aq+1

δ
.

By the identity cq + c = 0, we have

cq + c = 0 ⇔
(
δ − aq+1

δ

)q

+
(
δ − aq+1

δ

)
= 0 ⇔ (δq+1 − aq+1)(δq−1 + 1) = 0.

Hence, δq+1 = aq+1 or δq−1 = −1.

If δ2 
= −aq+1, then there exists an invertible matrix P =
(
δ −aq+1

1 δ

)
such that C

is similar to the diagonal matrix Λ =
(
δ 0
0 −aq+1

δ

)
, that is, P−1CP = Λ. Then we can 

calculate that

Ci = (PΛP−1)i = PΛiP−1

= 1
δ2 + aq+1

(
δ −aq+1

1 δ

)
·
(
δ 0
0 −aq+1

δ

)i

·
(

δ aq+1

−1 δ

)

= 1
δ2 + aq+1

(
δi+2 + (−δ)−ia(i+1)(q+1) aq+1δi+1 + (−δ)−i+1a(i+1)(q+1)

δi+1 + (−δ)−i+1ai(q+1) aq+1δi + (−δ)−i+2ai(q+1)

)
.

(4)

Hence, vi can be given by the following formula

vi = δi+2 + (−δ)−ia(i+1)(q+1)

δ2 + aq+1 . (5)

5.1. Even characteristic

In the even characteristic case, c = δ + aq+1δ−1 and

cq + c = 0 ⇔ δq−1 = 1 or δq+1 = aq+1.

Hence, we can fix δ as an element in Fq2 with order n > 1, which is q − 1 or q2 − 1.
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5.1.1. ord(δ) = q − 1
If ord(δ) = q − 1, then we can assume that δ = aq+1 in this sub-subsection. Firstly 

let us determine the order of the automorphism σ. Note that

σi = 1 ⇔ vi−1 = 0 and vi = ai.

It is easy to calculate that vi−1 = 0 ⇔ δ2i = a(q+1)i ⇔ (q − 1)|i. If i = (q − 1)k for 
some k, then

v(q−1)k = a(q−1)k ⇔ δ(q−1)k+2 + δ(1−q)ka((q−1)k+1)(q+1)

δ2 + aq+1 = 1 = a(q−1)k ⇔ (q + 1)|k.

Hence, the order of σ is q2 − 1.
Let D be the cyclic group generated by σ. For the infinity place P∞ and 1 ≤ i ≤ q2−2, 

we have σi(P∞) = P∞ ⇔ vi−1 = 0 ⇔ (q − 1)|i. For 1 ≤ i ≤ q2 − 2, σi(Pα,β) = Pα,β if 
and only if

aiα

aq+1vi−1β + vi
= α,

aq+1vi−2β + vi−1

aq+1vi−1β + vi
= β, βq + β = αq+1.

Case 1: α 
= 0. If α 
= 0, then we have aq+1vi−1β + vi = ai. Assume that vi−1 = 0, then 
vi = ai. It follows that σi = 1 which is impossible. Hence, vi−1 
= 0 and

aq+1vi−2β + vi−1

aq+1vi−1β + vi
= β ⇔ vi−1(aq+1β2 + cβ + 1) = 0 ⇔ (aq+1β + δ)

(
β + 1

δ

)
= 1.

Thus there are two solutions β = δ−1 and β = a−(q+1)δ = 1. It is easy to verify that

aq+1vi−1β + vi =
{
δi 
= ai if β = δ−1,

1 
= ai if β = 1.

Therefore, the place Pα,β with α 
= 0 can’t be stabilized by the automorphism σi for any 
1 ≤ i ≤ q2 − 2.
Case 2: α = 0. In this case, we have vi−1(aq+1β2+cβ+1) = 0 and βq+β = 0. If vi−1 = 0, 
then the places P0,β with βq + β = 0 and P∞ are stabilized by the automorphism σi. 
Hence, the number of the rational places stabilized by σi is N(σi) = q + 1. If vi−1 
= 0, 
then β = δ−1 or β = 1. Moreover, it can be calculated directly that

(1
δ

)q

+ 1
δ

= δq−1 + 1
δq

= 0.

Hence, the places P0,δ−1 and P0,1 are stabilized by the automorphism σi with vi−1 
= 0, 
that is, N(σi) = 2. By the Hurwitz genus formula, we have

q2 − q − 2 ≥ (q2 − 1)[2g(HD) − 2] + (q + 1)q + 2(q2 − 2 − q).
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Hence, the genus of the fixed subfield is g(HD) = 0 and all places of degree 3 of H are 
unramified in H/HD.

Theorem 5.1. Let H be the Hermitian function field over Fq2 with even characteristic, 
let m be a positive divisor of q2−1 and let G be the group generated by the automorphism 

σ
q2−1

m with d = gcd(m, q + 1). Then the genus of the fixed field HG is

g(HG) = (q − 1)(q + 1 − d)
2m .

Proof. It is easy to check that the number of automorphisms in the intersection of G and 
〈σq−1〉 is d = gcd(m, q + 1). Hence, this theorem follows immediately from the Hurwitz 
genus formula q2 − q − 2 = m[2g(HG) − 2] + (q + 1)(d − 1) + 2(m − d). �
5.1.2. δq+1 = aq+1

If δq+1 = aq+1, then we can assume that δ = a in this sub-subsection. Hence, c = δ+δq

and

vi = δi+1 + δq(i+1)

δ + δq
.

Now we can determine the order of σ, since σi = 1 ⇔ vi−1 = 0 and vi = ai. It is easy to 
see that vi−1 = 0 ⇔ δi + δqi = 0 ⇔ δi(q−1) = 1 ⇔ (q + 1)|i. For i = (q + 1)k, we have

vi = ai ⇔ δ(q+1)k+1 + δq((q+1)k+1)

δ + δq
= δ(q+1)k = a(q+1)k.

Hence, ord(σ) = q + 1.
Let D be the cyclic group generated by σ. For 1 ≤ i ≤ q, we know vi−1 
= 0 and 

σi(P∞) 
= P∞. Moreover, σi(Pα,β) = Pα,β if and only if

aiα

aq+1vi−1β + vi
= α,

aq+1vi−2β + vi−1

aq+1vi−1β + vi
= β, βq + β = αq+1.

It follows from the second equation that aq+1β2 + cβ + 1 = 0. Hence,

β = δ−1 or β = δ−q.

If β = δ−1, then aq+1vi−1β + vi = aq+1vi−1δ
−1 + vi = δi = ai and (δ−1)q + δ−1 =

δ−(q+1)(δq + δ) 
= 0. Otherwise, aq+1vi−1β + vi = aq+1vi−1δ
−q + vi = δiq 
= ai. Thus, 

the places Pα,δ−1 with αq+1 = δ−q + δ−1 are stabilized by the automorphism σi. Hence, 
N(σi) = q + 1 for 1 ≤ i ≤ q. By the Hurwitz genus formula, we have

q2 − q − 2 ≥ (q + 1)[2g(HD) − 2] + q(q + 1).
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Hence, the genus of the fixed subfield is g(HD) = 0 and all places of degree 3 of H are 
unramified in H/HD.

Theorem 5.2. Let H be the Hermitian function field over Fq2 with even characteristic, 
let m be a positive divisor of q+1 and let G be the group generated by the automorphism 
σ

q+1
m . Then the genus of the fixed field HG is

g(HG) = (q − 1)(q + 1 −m)
2m .

Proof. This theorem follows from the Hurwitz genus formula

q2 − q − 2 = m[2g(HG) − 2] + (m− 1)(q + 1). �
5.2. Odd characteristic

In the odd characteristic case, c = δ − aq+1δ−1 and

cq + c = 0 ⇔ δq+1 = aq+1 or δq−1 = −1.

5.2.1. δq−1 = −1
If δq−1 = −1, then we assume that δ = a

q+1
2 and ord(δ) = 2(q − 1) in this sub-

subsection. It can be calculated directly that

vi−1 = 0 ⇔ δi+1 + (−1)i−1 a
(q+1)i

δi−1 = 0 ⇔ δ2i = (−1)ia(q+1)i ⇔ 2|i

from Equation (5). For the even integer i,

vi = ai ⇔ δi+2 + (−1)i a
(i+1)(q+1)

δi
= ai(δ2 + aq+1) ⇔ δi = ai ⇔ 2(q + 1)|i.

Hence, ord(σ) = 2(q + 1).
Now we consider the cyclic group D generated by the automorphism σ. For the infinity 

place P∞ and 1 ≤ i ≤ 2q+1, we have σi(P∞) = P∞ ⇔ vi−1 = 0 ⇔ 2|i. For 1 ≤ i ≤ 2q+1, 
we have σi(Pα,β) = Pα,β if and only if

aiα

aq+1vi−1β + vi
= α,

aq+1vi−2β + vi−1

aq+1vi−1β + vi
= β, βq + β = αq+1.

Case 1: α 
= 0. In this case, we have aq+1vi−1β + vi = ai. Assume that vi−1 = 0, then 
vi = ai. It follows that σi = 1 which is impossible. Hence, vi−1 
= 0 and

vi−1(aq+1β2 + cβ − 1) = 0 ⇔ (aq+1β + δ)(β − δ−1) = 0 ⇔ β = −a−(q+1)δ or β = δ−1

from the second equation. It is easy to check that
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aq+1vi−1β + vi =
{
δi 
= ai if β = δ−1,

(−δ)i 
= ai if β = −a−(q+1)δ.

Hence, the places Pα,β with α 
= 0 can’t be stabilized by the automorphism σi.
Case 2: α = 0. From the second equation, we have

vi−1(aq+1β2 + cβ − 1) = 0.

If vi−1 = 0, then the places P0,β with βq + β = 0 and P∞ are stabilized by the automor-
phism σi. Hence, N(σi) = q + 1 for each even integer i.

If vi−1 
= 0, that is, i is odd, then aq+1β2 + cβ − 1 = 0. Hence, β = δ−1 or β =
−a−(q+1)δ. It follows that βq + β = 0, since δq−1 = −1. Hence, the places P0,δ−1 and 
P0,−a−(q+1)δ are stabilized by the automorphisms σi, that is, N(σi) = 2 for each odd 
integer i. By the Hurwitz genus formula, we have

q2 − q − 2 ≥ 2(q + 1)[2g(HD) − 2] + (q + 1)q + 2(q + 1).

Hence, the genus of fixed subfield is g(HD) = 0 and all places of degree 3 of H are 
unramified in H/HD.

Theorem 5.3. Let H be the Hermitian function field over Fq2 with odd characteristic, let 
m be a positive divisor of 2(q+1) and let G be the group generated by the automorphism 
σ

2(q+1)
m . If m|(q + 1), then the genus of the fixed field HG is

g(HG) = (q − 1)(q + 1 −m)
2m .

Otherwise, the genus of the fixed field HG is

g(HG) =
(q − 1)(q + 1 − m

2 )
2m .

Proof. If m|(q + 1), then 2(q+1)
m is even. By the Hurwitz genus formula, we have

q2 − q − 2 = m[2g(HG) − 2] + (q + 1)(m− 1).

Otherwise, 2(q+1)
m is odd. By the Hurwitz genus formula, we have

q2 − q − 2 = m[2g(HG) − 2] + (q + 1)(m2 − 1) + 2 · m2 .

This theorem follows immediately. �
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5.2.2. δq+1 = aq+1

If δq+1 = aq+1, then we assume that δ = a in this sub-subsection. Firstly let us 
determine the order of the automorphism σ. Note that σi = 1 ⇔ vi−1 = 0 and vi = ai. 
From Equation (5), it can be calculated that

vi−1 = 0 ⇔ δi+1 + (−1)i−1 a
i(q+1)

δi−1 = 0 ⇔ δ2i = (−1)iai(q+1) ⇔ a(q−1)i = (−1)i.

If q ≡ 1(mod 4), then vi−1 = 0 ⇔ q+1
2 |i. It is easy to verify that v q+1

2
= a

q+1
2 . Hence, 

the order of σ is

ord(σ) = (q + 1)/2.

If q ≡ 3(mod 4), then vi−1 = 0 ⇔ (q + 1)|i. It is easy to verify that vq+1 = aq+1. Hence, 
the order of σ is

ord(σ) = q + 1.

Let D be the cyclic group generated by the automorphism σ. Here we assume that 
gcd(3, q + 1) = 1, then all places of degree 3 of H are unramified in H/HD. For 1 ≤ i ≤
ord(σ) − 1, then vi−1 
= 0 and σi(P∞) 
= P∞. Moreover, σi(Pα,β) = Pα,β if and only if

aiα

aq+1vi−1β + vi
= α,

aq+1vi−2β + vi−1

aq+1vi−1β + vi
= β, βq + β = αq+1.

From the second equation and vi−1 
= 0, we obtain aq+1β2 + cβ − 1 = 0. It follows that

β = δ−1 or β = −a−(q+1)δ.

If β = δ−1, then aq+1vi−1β + vi = δi = ai and βq + β = δ−q + δ−1 = δ−q−1(δq + δ) 
= 0. 
If β = −a−(q+1)δ, then aq+1vi−1β + vi = −δvi−1 + vi = (−1)iaiq 
= ai. Thus the 
places Pα,δ−1 with αq+1 = δ−q + δ−1 are stabilized by the automorphism σi. Hence, 
N(σi) = q + 1 for 1 ≤ i ≤ ord(σ) − 1.

Theorem 5.4. Let H be the Hermitian function field over Fq2 with odd characteristic. 
Assume that gcd(3, q + 1) = 1. Let m be a positive divisor of ord(σ) and let G be a 
subgroup of D with order m. Then the genus of the fixed field of HG is

g(HG) = (q − 1)(q + 1 −m)
2m .

Proof. This theorem follows from the Hurwitz genus formula

q2 − q − 2 = m[2g(HG) − 2] + (m− 1)(q + 1). �
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Remark 5.5. The places of degree 3 of H may be ramified only if q ≡ 1(mod 4) and 
3|(q + 1) hold true at the same time. Hence, we can only assume that q 
≡ 5(mod 12) in 
Theorem 5.4 by the Chinese Remainder Theorem.
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