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1. Introduction

Let Fy be a finite field with ¢ elements and F/F; be an algebraic function field of one
variable with the full constant field F, with genus g. If the number of rational places of
F attains the Hasse—Weil bound

N(F) < €+1+29V7,

then F is said to be mazimal. It follows that F' could be maximal only if either g is zero
or £ is a square.

The most important example of maximal function field is the Hermitian function field
H/F, with £ = ¢?, where ¢ is a prime power. The Hermitian function field H over Fg2 is
defined by the equation

y!+y=att

with H = Fgp2(x,y).

The set of rational places of H consists of the infinite place P,, which is the unique
common pole of z and y and P, g which is the unique common zero of x —a and y —
for each (o, 8) € ng satisfying 39 4+ B = a?*!. Thus, it has ¢ + 1 rational places in
total. The genus of the Hermitian function field is (¢ —¢q)/2. Furthermore, the Hermitian
function field is the unique maximal function field of genus (¢? — q)/2 over the finite field

F,2 (see [13]). The automorphism group A of the Hermitian function field is defined by

A= Aut(H/Fp;) ={0o: H— H|o is an Fj2-automorphism of H}.
This automorphism group is extremely large and isomorphic to the projective unitary

group PGU(3,¢?%) with order ¢®(¢*> — 1)(¢®> + 1) (see [14]). The decomposition group
A(P) of the infinite place is equal to

{oeA: 0(Px) =P} ={0=a,b,c]: (a,b,c) EFpa xFpz xFpz2,c? +c= b1y,

where o = [a, b, ¢] is the automorphism of H defined by

{O‘(.’L‘) =azx+b,

o(y) = a?™ly + ablx + c.

Thus, the order of A(Py) is ¢*(¢> — 1). Apart from the automorphisms of A(P-x), there
is an involution automorphism, denoted by w, given by
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Table 1

Genera for even characteristic.
No. Conditions on parameter Genera References
) d=(ma+1).d=(ma—1) [i—ag+m—(d—1)(a—1)—d(g+1]/(4m) Theorem 3.2
(ii) m|(qg—1) (¢®> — g — mq)/(4m) Theorem 4.1
(iii) m|(g+1) (¢> —q—mq+2m —2)/(4m) Theorem 4.2
(iv) m|(¢® —1),d = (m,q+1) (g—1D(g+1—-4d)/(2m) Theorem 5.1

Table 2

Genera for odd characteristic.
No. Conditions on parameter Genera References
(i) 31(g+1),m|(g+ 1), mis odd 14 (> —q—2)/(2m) Theorem 4.3
(ii) 31(qg+1),4|m|(qg +1),q = 3(mod 8) 14 (¢% — 4q9 — 5)/(2m) Theorem 4.3
(iii) 31 (qg+1),m|(g+ 1) and (i), (ii) are not satisfied 14 (¢% — 2¢ — 3)/(2m) Theorem 4.3
(iv) m|2(q — 1), m is odd (¢®> —q)/(2m) Theorem 4.5
(v) 4|lm|2(q — 1), g = 3(mod 4) (¢®> —4q +3)/2m Theorem 4.5
(vi) m|2(qg — 1) and No. (iv), (v) are not satisfied (¢> —2q+1)/(2m) Theorem 4.5
(vii) m|(qg+ 1) (g—1)(g+1—m)/(2m) Theorem 5.3
(viii) m|2(g+1),m¢t(g+1) (g—1)(¢g+1—2)/(2m)  Theorem 5.3

The order of w is 2. Then the full automorphism group of H is generated by A(Px)
and w, i.e., A = (A(Px),w).

For a maximal function field F'//F 2, any function field £ with F» C E C F is maximal
as well (see [9]). Hence, one can construct a large number of maximal function fields by
considering the fixed subfields with respect to some subgroups of the automorphism
group A of the Hermitian function field (see [1-8,10,12,16]).

The goal of this article to find out possible genera which are achieved by maximal
function fields. One natural way to realize this goal is to find as many subfields of
H as possible. This is equivalent to finding as many subgroups of A as possible. The
subfields of the Hermitian function field considered in the literature are usually those
fixed by subgroups of the decomposition group A(P) except for [7] where the subgroup
is generated by w and the subgroup {0 = [a,0,0] : a € F}.} and the characteristic of
F,2 is odd, etc. In particular, it was shown in [2] that we can obtain all the genera of
maximal function fields from the fixed subfields of the subgroups of the A(P,) for the
odd characteristic case. In this article, we consider various subgroups of A that involve
both the decomposition group A(Ps) and the involution automorphism w. It would be
exciting to find all subgroups of A and genera of corresponding subfields. The current
article moves one step forward by considering the involution automorphism w. Most of
the subgroups discussed in this paper are not contained in the decomposition group at
any point except the cyclic subgroups. Thus, the subfields of the Hermitian function field
obtained in this paper are new despite some genera of these subfields have already been
found in literature.

We summarize genera obtained in this paper in Tables 1 and 2. In particular, we
get some new genera that are not achievable by subgroups of the decomposition group
A(Ps). The genera in Table 1 (i)—(iii) and Table 2 (ii) have not been found in literature,
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while the rest of the genera given in Tables 1 and 2 can be found in [4,7]. It was noticed
that the new genera in Table 1 are obtained from the subgroups of a maximal subgroup
of PGU(3, ¢?) of order ¢(¢*> — 1)(q + 1) by M. Montanucci and G. Zini (see [8,11]).

2. Preliminary

Let G be a subgroup of the automorphism group A and let HY be the fixed subfield
of the Hermitian function field H with respect to G, i.e.,

HY ={z¢c H|o(z) = z for all 0 € G}.

Then H/HY is a Galois extension of algebraic function fields with the Galois group
G = Gal(H/HY9). The Hurwitz genus formula (see [15, Theorem 3.4.13]) yields

29(H) —2 = |G| - [29(H) — 2] + deg Diff(H/H?),

where Diff(H/HY) is the different of the extension H/HY.

Let P be a place of H and let Q = PN HY be the restriction of P to HY. We denote
by d(P) = d(P|Q), e(P) = e(P|Q) the different exponent and ramification index of P|Q,
respectively. Then the different of H/HY is given by

Diff((H/HY) = > d(P)P.
PePy

If P|Q is unramified or tamely ramified, then d(P) = e(P) — 1 by Dedekind’s Different
Theorem [15, Theorem 3.5.1]. The i-th ramification group G;(P) of P|Q for each i > —1
is defined by

Gi(P)={0o €Glvp(o(z) —2) >i+1forall z € Op},

where vp is the normalized discrete valuation of H corresponding to the place P. If P|Q
is wildly ramified, that is, e(P) is divisible by char(F,2), then the different exponent
d(P) is given by

400
APy =3 (16:(P) - 1)
i=0
from Hilbert’s Different Theorem [15, Theorem 3.8.7].

It has been shown that any ramified place P € Py in the extension H/HY must be a
rational place or a place of degree three (see [7, Proposition 2.2]). Furthermore, a place
of degree three of H in the extension H/HY is unramified or tamely ramified, and has
ramification index being a divisor of ¢?> — ¢ + 1. In particular, assume that H/HY is
tamely ramified and all places of degree 3 of H are unramified in H/H9. If P is tamely
ramified, then
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d(P)=e(P)—1=#{c € G\ {1}: o(P) = P}.

Let N(o) be the number of rational places stabilized by the automorphism o, that is,
N(o)=#{P € Py : deg(P) =1 and o(P) = P}.

Hence, the degree of the different of H/HY is

deg(Diff(H/HY))= > (e(P)-1)= >  N(o).

PePy,degP=1 1#0€G

3. The fixed subfields of ([a, 0, 0], w) in even characteristic

In this section, we consider the group C which is generated by the automorphisms o,
and w, where

— g+l

oa(z) = ax, 04(y) y and w(z)==z/y, w(y)=1/y.

Here a is a primitive (¢?> — 1)-th root of unity. This subgroup was first discussed in [7]
where only odd characteristic was considered. The reason why the even characteristic was
not considered is that the extension is wildly ramified in the case of even characteristic.
Thus, we consider only the even characteristic case in this section.

Any automorphism in C must be in the form ¢ or wo?, for some 0 < i < ¢% — 2, since
o.w = wo, 9. Hence, ord(C) = 2(¢? —1). The automorphisms in C can be given explicitly
in the following forms

a‘x

ou(2) = 'z, o(y) =a’ "y and  woy(z) = —, woy(y) =
Y Y

ai(qJFl)

for 0 < i < ¢ — 2. For simplicity, we use the notations o, = ¢ and 7, = wo'. In order
to obtain the genus of the fixed subfield from the Hurwitz genus formula, we need to
calculate the different exponent for each ramified place in the extension H/HC.

Proposition 3.1. Assume that char(Fy2) = 2. Let H be the Hermitian function field over
Fy2 and let C be the group generated by the automorphisms o, and w of H. Then the
different of the extension H/HC is

Diff (H/HC) = (¢* = 2)Po + (¢ = 2)Poo + (3¢ +2) > Pos-
BEF;

Proof. First let us calculate the different exponent of each rational place of H. For the
infinity place Py,

0(Px) = P & 0 € A(Px)NC = {0,).
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Then the order of the decomposition group of Ps, in H/HC is |Go(Ps)| = ¢* — 1. Hence,
the different exponent of P, in H/HC is d(Ps) = e(Ps) — 1 = ¢* — 2.

For the place Py, it is easy to see that o,:(P0) = FPo,o and 7,i(Pp0) = Px for any
0 <i < q?—2. Hence, |Go(Poo)| = ¢*> — 1 and the different exponent of Py o in H/HC is
d(Pyo) = ¢*> — 2 as well.

For the places Py g with 37+ 3 =0 and 8 # 0, i.e., 8 € F, we have

0ai(Pog) = Pog = a3 =g & (¢ —1)]i.
Moreover, x is a prime element of Py g and for i = (¢ — 1)k with 0 < k < g,
vpy 5 (04i(2) — ) = vp, ,(a's — z) = vp, ,((a’ — 1)z) = 1.
On the other hand,
T,i(Pog) = FPopg < ai(qul)/ﬁ =B & 't = g2,

There are exactly ¢ + 1 automorphisms 7,: such that 7,:(F ) = o s for each 8 € Fy.
If B runs through all elements of 7, then i runs through the set of integers between 0
and ¢ — 2. For such an integer i satisfying with 7,:(Po 5) = Py 5, we have

%

a'x y—a' qg+2 if B=adl,
VP, 4 (’Tai (z) — m) = Vp, 4 (7 — ;v) = VP, 4 (—x) =

Y 1 otherwise.

The last equation holds true since the place Py g is the unique common zero of =z and
y — p, ie., vp, ,(x) = 1 and vp, ,(y — B) = ¢ + 1 which is obtained from the defining
equation y? +y = x97 and the Strict Triangle Inequality (see [15, Lemma 1.1.11]).
Hence, |Go(Pos)l = 2¢ + 2, |G1(Pog)l = [G2(Fop)l = -+ = [Gg1(Po,p)| = 2 and
|Gg+2(Po,g)| = 1. By Hilbert’s Different Theorem, the different exponent of Py g is

“+o0

A(Pog) = (IG:i(Fog)| —1) = 3¢ +2.

i=0
For the places P, g with 87+ 3 = a9 and a # 0, 0,:i(Pag) = Pap & d'a =
a, a'?t)3 = B < § = (0. On the other hand,
ato ailatD) , <
—a, — B f=dl, g2 =alerD,
B B
Then 3 € F, which is a contradiction to 37 + 3 = a*! = 0. Hence, |Go(Pa,)| = 1 and

the different exponent of P, g is d(P,,g) = 0.
By the Hurwitz genus formula, we have

Tai (P&,ﬁ) = Pa,ﬁ <

¢ —q—2>2(¢ —1)[29(H®) = 2]+ (" = 2) + (¢* = 2) + (3¢ + 2)(¢ — 1).
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It follows that g(H®) < 0. The genus of any function field is a non-negative integer.
Hence, g(H®) = 0 and all places of degree three of H are unramified in H/HC¢. This
proposition follows immediately. O

Theorem 3.2. Assume that char(Fz2) = 2. Let m be a divisor of ¢*> — 1 and let b € Fr.
be an element of order m. Consider the group G = (oy,w) which is generated by the
automorphisms oy and w, where

1
ob(x) = bx, op(y) = b1ty and w(x)zg, wly) =

Let d = ged(m, q+1),d = ged(m, ¢ — 1). Then the genus of the fized field HY is

qz—q+m—(d—l)(q—l)—d(qul).

4m

g(H) =

Proof. The order of the group G is 2m, and it consists of all automorphisms with the
following forms

oc(x) = cx, oc(y)=c"tly, =1
and
cT catl
TC(‘I) = Tc(y) - Y , =1

We only need to calculate the different exponents of P, and Py g with 8 € F, in the
extension H/HY from Proposition 3.1.

For the infinity place Py, we have 0(Py) = Py < 0 € A(Px) N ( > This
implies that |Gy(Px)| = m. Hence, the different exponent of Pu, is d( OO)

For the place Py, we also have o(Pyg) = Poo < 0 € A(Px) NG = ( ) Thus,
1Go(Fo,0)| = m and d(Foo) =m — 1.

For the places Py 3 with 8 € Fy, we have

o(Pog)=Popg e ™ =1and ™ = 1.

Then there are exactly d = ged(m, ¢+ 1) automorphisms o, such that o.(Py g) = P 3.
Furthermore, vp, ,(o.(z) —x) = 1 for ¢ # 1. On the other hand,

Te(Pop) =Pope ™ =52 B14B=0 and ™ =1.

For each fixed element 3 € Iy, let N () denote the number of elements ¢ € F, satisfying
4t = 32 and ¢™ = 1. Then we obtain ZﬁeF* N(B) = m. Furthermore, we have
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cr y—c g+2 ife=p4,
VP 4 (TC(Z‘) —x) =Up, , (? —x) = va( " x) =

1 otherwise.

If ¢ = 3, then 877! = 1 and 8™ = 1. Thus, there are exactly d = ged(m, g — 1) elements
B € F; such that the place Py g is wildly ramified in H/H 9. For such a wildly ramified
place Py g, the orders of the higher ramification groups are |G;(Ppg)| = 2for 1 < i <
¢+ 1 and |Gg4+2(Fo,s)| = 1. Hence,

> 1Go(Pog)l =d(g—1)+m and Y (|Gi(Pos)|—1)=d

BEF;, BEF;,

for each 1 < i < ¢+ 1 and |Gy42(FPyg)| = 1 for any 8 € F;. From Hilbert’s Different
Theorem, the sum of different exponents of all places Py s with 3 € Fy is

q+1
> dPos) = Y. 3 (19:(Pos) — 1) = (d=D(a = 1) +m+dlg+1).
BEF; BEF; i=0

For other places P, we have d(P) = 0. Hence, the degree of the different of H/HY is
deg(Diff(H/H9)) =m —14+m -1+ (d—1)(g—1) +m+d(q+ 1).
The Hurwitz genus formula for H/HY yields
@ —q—2=2m-[2g(HY) — 2] + deg(Diff(H/HY)).
Hence, this theorem follows immediately. O

Corollary 3.3. Assume that char(Fq2) = 2 and H is the Hermitian function field over the
finite field Fy2.

(1) For any divisor m of ¢ — 1, there is a subfield E C H of genus

_ ¢ —q-mg

9(E) im

(2) For any divisor m of ¢+ 1, there is a subfield E C H of genus

2
q° —q—mq+2m — 2
9(E) = :

4m

Proof. Let G be the group which is defined in Theorem 3.2.
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(1) If m|(g—1), then d = ged(m, ¢+1) = 1 and d = ged(m, ¢—1) = m. By Theorem 3.2,
the genus of the fixed field F = HY is

(2) If m|(q+1), then d = ged(m, g+1) = m and d = ged(m, ¢—1) = 1. By Theorem 3.2,
the genus of the fixed field F = HY is

¢ —q—mq+2m—2

9(E) im

This completes the proof. O
4. The fixed fields of subgroups of {[1, 0, c], w)

In this section, we mainly consider another group generated by the automorphisms w
and 7, where 7 is given by 7(z) = z, 7(y) = y + ¢ for some c € F, satisfying ¢? +c = 0.
It is equivalent to saying that 7 = [1,0, ¢|]. Let us determine the order the automorphism
o = Tw which is determined by

x () 1
= , o(y) = .
yrco VT e

o()

The automorphism o® can be given in the following form

O e

uiy + v’ uiy + vi

)

where u;, v; satisfy the recursive relations u; = v;_1, v; = cv;_1 + u;_1 with the initial
values ug = v_; =0 and vg = u_1 = 1. Then it can be proved by induction that

=3 (" . l) 2, (1)

However, it is difficult to find the order of o by using the above formula of v,. Hence,
we rewrite the above recursive relations in the matrix representation

)= (o0 ()

Let C be the matrix <f (1)> Then
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(2)-(2)-<()

The characteristic polynomial of the matrix C' is

det(zly — C) = voe -~ =% —cr—1.

-1 T

Since the product of the two eigenvalues is —1, we can assume that the two eigenvalues
are x; = 6 and xo = —6 ! for some § € IFZQ. Then we have

C:$1+$2:5—571.

By the identity ¢? 4+ ¢ = 0, we have

1\¢ 1
I te=06 (5—5) n (5—5) —0 & (37— 1)+ 1) = 0.
Hence, 67t =1 or 6771 = —1.
It is easy to calculate that the vector (8,1)7 is an eigenvector of the eigenvalue r; = §
and the vector (—1,6)7 is an eigenvector of the eigenvalue zo = —6~ 1. If 21 # x9, that
o -1
is, 82 # —1, then the matrix P = s is invertible and its inverse is given by

1 5 1
pPl=_—— :
52 +1 (—1 5)

Hence, the matrix C' can be diagonalized to the matrix A = (g (?_1), that is,

P~1CP = A. Then

C' = (PAP ') = PA'P!

1 (s 4 50\ (4 1
“2+1\1 s ) \o =) \-1 6 (2)

B 1 5i+2 + (_5)71' 5i+1 + (_5)7i+1
- 52+1 5i+1 4 (_5)—i+1 5i+(_5)—i+2

Hence, v; can also be given by the following formula

2y (=h)
v; = 7(52 ) .

Then the order of the automorphism o can be determined as follows. Note that
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rere(2)- () e ()= ()=o)

If 51 4 (=)~ = 0, that is, 6% = (—1)*, then 672 + (—46) ™" = §° + (—4&) ~*"2. Hence,

) 0

Ji:1<:>ci=.[2<:><0 51

) =L d =1and (-1) =1.

If §2 = —1, then the matrix C' cannot be diagonalized.
4.1. Even characteristic
In the even characteristic case, we have ¢ = § + 6! and
Ate=0s 0" -1 1) =06 =10r s =1.
If 62 = —1, then 6 = 1 and ¢ = 0. Hence, 7 is the identity automorphism. So we can
assume ¢ as an element in F2 with order n > 1 which is ¢ —1 or ¢+ 1 in this subsection.
Now we need to determine the group structure of the group D generated by the two

automorphisms 7 and w. Firstly, let us determine the order of the automorphism o = 7-w.
Note that

ol=1<v;,_1=0and v; = 1.

It has been shown that

1
Vi = —

. 1

i+1
(51 ). .
thenv; 1 =0 6+ =04 6% =1« 6 =1« ord(d)]i. Moreover, if ord(d)|i, then
v; = 1. Hence, the order of the automorphism o is the same as the order of §. Secondly,
it can be directly verified that wo = 0™ 'w. Hence,

D= (r,w) = (wolw?=1,0"=1,wo =c"!

w),
i.e., D is isomorphic to the Dihedral group D,, of order 2n.

Now we need to consider the ramification in the Galois extension H/HP. Firstly, let
us consider the automorphisms o® for 1 <3 < n — 1. It is easy to see that v;_; # 0 and
0'(Px) # Ps for 1 <i < n — 1. For any rational place P, 5 € Py,

i « Vi—2f 4+ vy
O Pag) = Pas & e =0 Sy, T8 BIHA =T
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If & # 0, then v;_1 8 +v; = 1. Since c? + ¢ = 0, we have c € F; and v; € F; which follows
from Equation (1). Then 3 € F, which contradicts to 37 + 8 = a?*! # 0. Hence, a = 0
and 8 € . From the second equation,

Vi—aB+vic1 = v HviB e v (P ef+1) =0 B2 +cB+1=0.

Then there are two roots 51 = 6 and B2 = 6 1.
Case 1: If n = ¢ — 1, then 09+ 6 =0 and (6 !)7 4+ =1 = 0. Hence, the two places Py s
and Py 51 are stabilized by the automorphism o'. Furthermore,

; (Ui(x)_x)_v (L_x)_v (Lﬂx>_1
Fo.s — e Vi—1Y + v; — Ve Vi—1Y + v; -

since v; 16 +v; +1 =1+ 6" # 0 from Equation (3).
Case 2: If n = g+ 1, then §9 + 6 # 0 and (67 1)? + 5~ # 0 which contradict to a = 0.
Hence, P, 5 can’t be stabilized by any automorphism o for 1 <i < g.

Secondly, let us consider the automorphisms o'w for 0 < i < n —1, i.e.,

; x i Vi—1Y + U5
)= —T | iy = YT
Vi—2Y + Vi1 Vi—2Y + vi—1
The order of the automorphism o‘w is 2, since wo = ¢” lw. For i = 0, we know
w(P070) = Poo If ﬂ 7é 0, then
« 1 +1
w(Pa,ﬁ)=Pa,B®g=a, 5:6’ B+ =it

Hence, Fy,; is the unique rational place stabilized by the automorphism w. Furthermore,

x y+1
UPy 1 ((JJ(JC) - J“‘) = UPy1 (5 - LE) =UPy (

For i = 1, then ow = 7, i.e., 7(z) = z, 7(y) = y + c. Hence, P, is the unique rational

z):q—|—2.

place stabilized by the automorphism 7 and

() D) Do) v

For 2 <i<n—1, then v;_5 # 0 and 0'w(Px) # Ps. For the place P, 5 € Py,

. « vi—108 + v; 1
0'w(Pap) = Pap & —————— =0a, ———— =8, p14+f=atl
(Pa,p) B B+ via vi—2f8 +vi1 SR

If @ # 0, then v;_28 +v;—1 = 1. Since ¢ € F,;, we know v;_2,v;_1 € F,. It follows that
B € F, which contradicts to 37 + 3 = a9t # 0. Hence, « = 0, 8 € F, and
U

Vic1 B+ v = vt f e B = o
i—2
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Moreover, it is easy to verify that v;/v;_o are pairwise distinct elements in F, for 2 <
i < n—1. Hence, the place P g, with 8; = (v”—_Q)% is the unique rational place stabilized

by o’w. Furthermore,

; (in(z)iz) . (#%) . (Mfﬁ) 42
Fo.s. P00 \ v oy + vic P\ 0oy + vi e

The last equality holds true, since v;_28; +vi—1 +1 =0 < 01.272[31'2 + vl»{l +1=0<«
v;_2v; + v | = 1 which can be obtained from Equation (3).

Theorem 4.1. Let H be the Hermitian function field over F, with even characteristic,
let m be a divisor of ¢ — 1 and let G be the subgroup (w,aqm;l) of D. Then the genus of
the fized field HY is

¢* —q—mq

g(HY) = =—

Proof. The ramification groups of P,, in H/HY are given by

Go(Poc) = G1(Poc) = -+ = Gg41(Poc) = (7) and Gg12(Pso) = {1}.
Hence, the different exponent of P, in H/HY is

+o0
d(Px) =Y (1Gi(Ps)| — 1) = g +2.

=0

It is easy to verify that v;/v;_o # 82 or 672, that is to say, Py g, # Pos or Pys-1 for
2 <11 < g — 2. Then the different exponents of Py ; and Py g, for 2 <i < g — 2 are also

d(Po1) = d(Pog,) = q+ 2.

The decomposition groups of Py s and P, s-1 are (o) which is a group of order ¢ — 1.
Hence, the different exponents of Py s and I s—1 are

d(PQ’(S) = d<P076—1> =q— 2.
By the Hurwitz genus formula, we have
¢*—q—22>2(q—1)[29(H") =2]+2-(¢=2) + (¢ —1) - (¢ +2).

Hence, g(HP) = 0 and all places of degree three of H are unramified in H/HP. The order
of the subgroup G is 2m. Then this theorem follows from the Hurwitz genus formula

P —q—2=2m-[2g(H9) - 2] +2-(m—1)+m-(¢+2). O



306 L. Ma, C. Xing / Journal of Number Theory 198 (2019) 293-317

Theorem 4.2. Let H be the Hermitian function field over Fp with even characteristic,
let m be a divisor of ¢+ 1 and let G be the subgroup (w, U%> of D. Then the genus of
the fized field HY is

@ —q—mq+2m—2

HY) =
9(H7) i
Proof. The different exponents of the rational places Py and Fy g with 5 € F, in the
extension H/HP are

d(Px) = d(Pog) = q+2.
By the Hurwitz genus formula, we have
¢* —q—2>2(q¢+1)[29(H?) = 2]+ (g +1) - (¢ +2).

Hence, g(HP) = 0 and all places of degree three of H are unramified in H/HP. The order
of the subgroup G is 2m. Then this theorem follows from the Hurwitz genus formula

P —q—2=2m-29(H9) -2 +m-(¢+2). O

In this subsection, we choose § with the maximal order ¢ — 1 or ¢ + 1 satisfying
c? + ¢ = 0. However, the order of § can be chosen as a positive divisor of ¢ — 1 or ¢ + 1
directly. Here are some examples, such as the order of § is 3 which divides ¢ — 1 in
Example 1 and the order of § is 5 in Example 2.

Example 1. Let G be the group generated by the automorphisms 7 and w which are given
by 7(z) = 2, 7(y) =y + 1 and w(z) = 2/y, w(y) = 1/y. If ¢ = 22 with k € N, then
the genus of the fixed subfield HY is

2

q° —4q
HYy =+ 2

g(H?) 13

Example 2. Let G be the group generated by the automorphisms w and 7 which is given
by 7(x) =2, 7(y) =y +cwithc?+c+1=0and c¢? +c=0. If ¢ = 42) with k € N,
then the genus of the fixed subfield HY is

q*> — 6q

g(HY) = =,

If ¢ = 4?1 with k € N, then the genus of the fixed subfield HY is

qg> —6g+8

g(H) = =—3
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4.2. 0dd characteristic
In the odd characteristic case, we obtain ¢ = § — 6! and
At+ce=0& 01 -1 +1) =001 =1 or 677 = 1.

Hence, we can fix § as an element in Fy> with order n which is ¢ +1 or 2(¢ — 1) in
this subsection. If 62 = —1, then ord(d) = 4. Hence, we also assume that ¢ # 3 in this
subsection for simplicity.

The automorphism ¢* is given by

o) = ————, iy = Vie2y ¥ Vi1
Vi—1Y + Ug Vi—1Y +
We have shown that o' =1 < §° =1 and (—1)" = 1. Then the order of o is the same as
the order of §. Let D be the cyclic group generated by the automorphism o. Since the
characteristic of Fg2 is relatively prime to ¢+ 1 or 2(q — 1), the Galois extension H/HP
is tamely ramified.

4.2.1. ord(6) =q+1

The order of the automorphism o is ¢ + 1. We assume that ged(3,¢ + 1) = 1 in this
sub-subsection. It is easy to verity that ged(q + 1,¢> — ¢+ 1) = ged(q + 1,3) = 1 by
assumption, then all places of degree 3 in H are unramified in H/HP.

For the infinite place Py, and 1 <1 < g,

0 (P) = P © 11 =0 0" 4 (=1)71 ! =0 & 6% = (—1)%

If i is even, then 0% =1 < 2i =g+ 1< i=(¢g+1)/2is even < g = 3(mod 4). Other-
wise, 6% = -1 2i=(¢+1)/20r 3(¢+1)/2 i=(¢g+1)/4or 3(g+1)/4is odd &
g = 3(mod 8).

For any rational place P, g € Py and 1 <17 < g,

Case 1: a # 0. From the first equation, we have v;_18+v; = 1. If v;_1 = 0, then v; = 1.
It follows that ord(o)|i which is impossible for 1 < i < ¢. Hence, v;—1 # 0 and this
implies that v;_o8 +v,_1 = Ui_lﬁQ + ;0 & ’Ui_l(BQ +cf — 1) =0« ﬁQ +c8—1=0.
There are two solutions 81 = —6 and B, = 6~ L.

Substitute ; = —¢ into the first equation, we have —v; _1d + v; = (—1)*§~%. Then
—v;_16+v; =168 =(-1) < i=(¢+1)/2is odd & ¢ = 1(mod 4). Furthermore,
it = (=6)9+4(—6) = —(6740) # 0. Hence, the g+1 places P, _s with a?™ = —(§7+4)
are stabilized by the automorphism 3" only for the case q¢ = 1(mod 4). Substitute
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Bo = 67! into the first equation similarly, then we have v;_10~! +v; = 6° # 1 for
1 <i < gq. Hence, the place P, ;-1 can’t be stabilized by the automorphism ot
Case 2: a = 0.
In this case, we have 3943 = 0 and v;_oB3+v;_1 = v; 18> +v;8 & v; 1 (> +cB—1) =
0. If vi—1 = 0, then o"(Py3) = Py for any 8 with 87 + 3 = 0. If v;_1 # 0, then
B%+cB—1=0. Hence, 81 = —6 or B2 = 6 *. Furthermore, (—§)?+ (—8) = =89-3 # 0
and (6717 + 671 £ 0 if §* £ 1, that is, ¢ # 3. Hence, the place P, s can’t be stabilized
by the automorphism o? with v;_; # 0.

If ¢ = 1(mod 4), then v;_1 # 0 for every 1 <i < ¢. Hence,

Diff(H/HP) = Y  Pas.

adtl=—§1—§
If ¢ = 7(mod 8), then Vapt g = 0. Then the places Py and Py g with 894+ 5 = 0 are

stabilized by the automorphism o Hence,

Diff(H/HP) = Py, + Z Py p.
B1+5=0

are equal to 0. Then the places Py

3(g+1)
1

If ¢ = 3(mod 8), then vgt1_;,vq+1_, and Us(atn) 4
4 2 4

a+1 g+1

and Py g with 8¢ 4 5 = 0 are stabilized by the automorphisms c"« ,0° 2 and o

Hence,

Diff(H/H”) =3P +3 Y Pog.
B1+8=0

Theorem 4.3. Let H be the Hermitian function field over Fgp2 with odd characteristic.
Assume that ged(3,q+ 1) = 1. Let m be a positive divisor of ¢+ 1 and let G be the group
generated by the automorphism o’ . Then the genus of the fized field HY is

14+ (g2 —q—2)/2m  if m is odd,
g(HY) =1+ (42 —4q—5)/2m if 4m and q = 3(mod 8),
1+ (¢*> —2q—3)/2m otherwise.
Proof. It is easy to check that ¢*3° € G < m is even. If ¢ = 1(mod 4) or g = 7(mod 8),
then

g+ 1 ifmiseven,

2 _g—2=m[2g(HY) — 2] +
1 1 [29(H7) ] 0 if m is odd.

g+1 3(q+1)
1

If ¢ = 3(mod 8), then the automorphisms o 1 , o € G & 4|m. This theorem follows

from the Hurwitz genus formula
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0 if m is odd,
@ —q—2=m29(H) — 2]+ 3(q+1) if 4|m,
q+1 otherwise. 0O

Remark 4.4. We assume that ged(3,¢+ 1) = 1 in Theorem 4.3, since all places of degree
3 of H are unramified in the extension H/HY under this assumption. In fact, we can’t
determine whether the places of degree 3 of H are ramified in H/HY or not in the case
of 3|(¢ 4+ 1). The similar case occurs in Theorem 5.4 as well.

4.2.2. ord(6) =2(q¢—1)

If ord(8) = 2(q — 1), then the order of o is 2(q — 1). As ged(2¢ —2,¢%> —q+1) =1, all
places of degree 3 of H are unramified in H/HP.

For the infinite place Py, and 1 < i < 2¢q — 3,

0'(P) = P & 01 =0& 0" 4 (=1)7 1 =0 & 6% = (—-1)"

If i is even, then 62! = 1 < i = ¢—1. If i is odd, then 6% = —1 < 2i =¢—1 or 3(¢—1) &
i=(¢—1)/20r3(¢g—1)/2is odd < ¢ = 3(mod 4).
For the places P, g and 1 <14 < 2¢ — 3,
C(Pag) = Pager — O g, V2P EVeL g g g e
’ ’ vi—10 + v; vi—18 + v;
Case 1: a # 0. If a # 0, then v;_18 + v; = 1. Suppose that v;_1 = 0, then v; = 1.
It follows that ord(c)|i which is impossible for 1 < i < 2¢ — 3. Hence, v;—; # 0 and
B2 4+ cB —1 = 0. There are two solutions 8; = —§ and 3y = 6. It is easy to check that
V1B + v = —v;16 +v; = (—1)%07% # 1, since 097! = —1 # (—1)?"1. Moreover, we
have v;_182 +v; = v;_10 1 +v; = 0" # 1. Hence, 0°(Py.g) # Pa.p-
Case 2: « = 0. In this case, f9+ =0 and

Vi—2fB +vim1 = 0182 + v & vim1(BE+ B —1) = 0.

If v;_1 = 0, then the places Py with 39 + 3 = 0 are stabilized by o*. Otherwise,
B2 4+ c¢B8 —1 = 0 has two solutions f; = —6 and B2 = 6~ '. It is easy to check that
(=6)7+ (=0) = —(09+6) =0 and (§71)7+ (671) = 0, since §9~1 = —1. Hence, the two
places I, _s and P 5-1 are stabilized by the automorphism ot if vy #0.

If ¢ = 1(mod 4), then the places Py, and Py g with 59 4+ 3 = 0 are stabilized by the
automorphism ¢?~1. Hence, the different of H/H D is

Diff(H/HP) = Pos + > Pop+ (20— 4)(Po—s + Pos—1)-
B1+B=0
If ¢ = 3(mod 4), then the places P, and Py g with 89+ 8 = 0 are stabilized by the

automorphism 0%1, o9 and ¢ 5. Hence, the different of H/H?P is
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Diff(H/HP) =3P +3 > Pog+ (20— 6)(Po—s + Pos1).
BI+p=0

Theorem 4.5. Let H be the Hermitian function field over Fg2 with odd characteristic, let
m be a positive divisor of 2(q—1) and let G be the group generated by the automorphism

2(¢g—1)

o~ m . Then the genus of the fized field HY is

(¢ —q)/2m if m is odd,
g(HY) =< (2 —4q +3)/2m  if Ajm and q = 3(mod 4),
(¢> —2q+1)/2m  otherwise.

Proof. It is easy to check that 097! € G < m is even. If ¢ = 1(mod 4), then
+1+42(m—2) if mis even,

7 2= mppg(r%) 2] ¢ 41 H 120N
2(m—1) if m is odd.

3(q

If ¢ = 3(mod 4), then the automorphisms c'T o T ege 4|m. This theorem follows
from the Hurwitz genus formula

2(m —1) if m is odd,
@ —q—2=m29(H) = 2]+ 3(q+ 1)+ 2(m — 4) if 4]m,
g+ 1+2(m—2) otherwise. 0O

5. The fixed subfields of subgroups of ([a, 0, c], w)

Let 7 be an automorphism of the Hermitian function field H over Fg with the form

= aq+l

7(x) = ax, 7(y) y+c

where ¢?+c =0 with c € Fj, and a is a (¢* —1)-th primitive element of F2. Let 0 = Tw,
then

ax W) 1
— oy = ——.
adtly + ¢’ Y adtly +c

ofx) =
The automorphism ¢ can be given in the following form

i
. a’'x . Ui—1Y + Vi—1
Y2 _ 7 _ 7 K3
g (JJ) - ) o (y) -
iy + vi uiy + v
where wu;, v; satisfy the recursive relations u; = a9 lv;_q, v; = cv;_1 + u;—; with the
initial values ug = v_1 = 0, vy = 1. The above recursive relations can be rewritten in
the matrix representation
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v; [ attt Vi_1
Vi—1 - 1 0 Vi—2 '

q+1
Let C = (i @ 0 ) Then the characteristic polynomial of the matrix C' is

_ _ a9+l
det(zly — C) = . 10 “ =% —cx —a?h.
— T
Assume that the two eigenvalues are 1 = ¢ and zo = — “q; " Then we have
aQ-‘rl
c=40—
é

By the identity ¢? 4+ ¢ = 0, we have

adtlag qdtl
dhe=0e (6= )+ (5= T ) =0e (77 - et 1) =0
Hence, 0971 = 4% or §971 = —1.
§ —ait?

If 62 # —a?*!, then there exists an invertible matrix P = ) 5 such that C
L . . d 0 . o1
is similar to the diagonal matrix A = 0 qat1 |, that is, P7*CP = A. Then we can

T

calculate that

C' = (PAP ') = PA'P!

B 1 § —aitt ) 0 ' §  aitt
T2ttt 1§ 0 —ai -1 4 (4)

_ 1 §it2 (75)*ia(i+1)(‘1+1) adtlyi+l 4 (75)7i+1a(i+1)(q+1)
T 82 4 artl | gt 4 (=) itLgilatD) adttt 4 (—=§) i 2giHatD)

Hence, v; can be given by the following formula

52 4 (=§)~igltD(atD)
Vi = 52 4 qatt ‘

5.1. Even characteristic

In the even characteristic case, ¢ = § + a?t1§~! and
l+c=0s061"1=1o0r§9" =qrtt,

Hence, we can fix § as an element in F,2 with order n > 1, which is ¢ — 1 or ¢* — 1.
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5.1.1. ord(0)=q—1
If ord(d) = ¢ — 1, then we can assume that § = a9*! in this sub-subsection. Firstly
let us determine the order of the automorphism o. Note that

ol=1<v,_; =0and v; = a’.

It is easy to calculate that v;_; = 0 & 6% = a0tV & (¢ — 1)|i. If i = (¢ — 1)k for

some k, then

§la=Dk+2 | §0-kg((a—Dk+1)(g+1)
02 + qatl

Vig—k = a7 & =1=ad"Y" & (¢+ 1)k
Hence, the order of o is ¢% — 1.

Let D be the cyclic group generated by o. For the infinity place Ps, and 1 < i < ¢%2—2,
we have 0'(Psy) = P & vi—1 =0 (¢ —1)|i. For 1 <i < ¢? — 2, 0'(Pap) = Pap if
and only if

ata a®t ;o + v

— Y = = 94 8 =qdt!,
attlv; 18+ v; T attl B+ b AR

Case 1: o # 0. If « # 0, then we have a9 'v;_1 8 + v; = a’. Assume that v;_; = 0, then
v; = a'. It follows that ¢’ = 1 which is impossible. Hence, v;_1 # 0 and

1
a? o + v
a1 8+ v;

1
=B v 1@ B+ cB+1) =0 (atB+0) (5 + 5) =1
Thus there are two solutions 8 = 6~ and 8 = a~(@tV§ = 1. It is easy to verify that

o B4, = {51 Aal iff=6,

1#£a" ifpg=1
Therefore, the place P, 3 with a # 0 can’t be stabilized by the automorphism o for any
1<i<qg?®-2.
Case 2: a = 0. In this case, we have v;_1 (a9t 3%2+cB+1) = 0 and B9+ = 0. Ifv;_1 = 0,
then the places Py g with 87 + 3 = 0 and P, are stabilized by the automorphism .
Hence, the number of the rational places stabilized by o® is N(¢%) = ¢+ 1. If v;_; # 0,
then B = 6! or B = 1. Moreover, it can be calculated directly that

3= t

Hence, the places Py s-1 and P, are stabilized by the automorphism o' with v;_, # 0,
that is, N(o?) = 2. By the Hurwitz genus formula, we have

¢ —q—2> (¢ —1)[29(H?) = 2] + (¢ + 1)g +2(¢° — 2 — q).
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Hence, the genus of the fixed subfield is g(H?) = 0 and all places of degree 3 of H are
unramified in H/HP.

Theorem 5.1. Let H be the Hermitian function field over F, with even characteristic,
let m be a positive divisor of ¢> —1 and let G be the group generated by the automorphism

2_
o with d = ged(m, ¢+ 1). Then the genus of the fized field HY is

(¢-1lg+1-d)

g(HY) = o

Proof. It is easy to check that the number of automorphisms in the intersection of G and
(0971} is d = ged(m, g + 1). Hence, this theorem follows immediately from the Hurwitz
genus formula ¢2 — ¢ — 2 = m[29(HY) — 2]+ (¢ +1)(d — 1) +2(m —d). O

5.1.2. §9H1 = gat!
If 6911 = @911 then we can assume that 6 = a in this sub-subsection. Hence, ¢ = §+6¢
and

§itl 4 gai+1)
R I TR

Now we can determine the order of o, since 0 =1 < v;_; = 0 and v; = a’. It is easy to
see that v;_1 =0 & 6" + 67 =0« 6@~V =1 (¢+1)|i. For i = (¢ + 1)k, we have

F1)k+1 F1)k+1
v, =a < ooty 516(:(‘] e = §latbk — gla+Dk,

Hence, ord(c) = ¢+ 1.
Let D be the cyclic group generated by o. For 1 < i < ¢, we know v;_1 # 0 and
0'(Ps) # Poo. Moreover, 0%(Py ) = Py s if and only if

aia — aq+1’l}i_2ﬂ =+ Vi—1 _ B Bq + ﬁ _ aq+1
a®*lv; 1+ v ’ a?tlv; 1+ v ’ )

It follows from the second equation that a?t182 + ¢ + 1 = 0. Hence,
B=dtorp=06""

If 3 =071 then a? v, 1B+ v; = a® v, 107+ v, =6 =a' and (67 1)+ 671 =

6= (@tD (59 + §) # 0. Otherwise, %t v;_18 4+ v; = a9t v;_ 1079 4+ v; = 6" # a’. Thus,

the places P, s—1 with a9t = §79 + 5! are stabilized by the automorphism o?. Hence,
N(c%) =q+1 for 1 <i < q. By the Hurwitz genus formula, we have

¢ —q—2>(q+1D[29(H?) - 2] +q(qg +1).
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Hence, the genus of the fixed subfield is g(H?) = 0 and all places of degree 3 of H are
unramified in H/HP.

Theorem 5.2. Let H be the Hermitian function field over Fg= with even characteristic,
let m be a positive divisor of ¢+ 1 and let G be the group generated by the automorphism
o . Then the genus of the fized field HY is

(@—Dlg+1-m)

g(H) = o

Proof. This theorem follows from the Hurwitz genus formula
@ —q—2=m29(H%) = 2]+ (m —1)(¢g+1). O
5.2. Odd characteristic

In the odd characteristic case, ¢ = § — a?T1§~! and
A+c=0& 5 =gt or 5971 = —1.

5.2.1. 871 =1
If §9=! = —1, then we assume that § = a’z and ord(6) = 2(q — 1) in this sub-
subsection. It can be calculated directly that

i alat1)i

S =0 6% = (=1)ial1tVi o 9

v,_1=0& §itt + (—1)

from Equation (5). For the even integer i,

. . ,a(i+1)(q+1) . . .
v =a' & 6T (fl)lT =d'(0°+a"™) e =a' = 2q+1)i.
Hence, ord(c) = 2(q + 1).

Now we consider the cyclic group D generated by the automorphism o. For the infinity
place Py, and 1 < i < 2g+1, we have 0/ (Py) = Py & 1,1 = 0 & 2i. For 1 <i < 2¢+1,
we have (P, g) = P, s if and only if

a‘o adt ;B +vi_q

— =« = 94 8 =qdt!,
a1 8+ v; T att B+ A Pit5

Case 1: a # 0. In this case, we have a?Tlv;_1 8 + v; = a*. Assume that v;_; = 0, then
v; = a’. It follows that o = 1 which is impossible. Hence, v;_1 # 0 and

Vi1 (a1 B 4B —-1) =0 (a1 B+0)(B-6H)=0sF=—-a"TDsor g =561

from the second equation. It is easy to check that
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i % : _ s—1
G (B v = 0 #a it f=0"",
11— T . .
(=0 #a*  if B=—a"(atD,

Hence, the places P, g with a # 0 can’t be stabilized by the automorphism a’.
Case 2: a = 0. From the second equation, we have

vi_1(a?T B2+ cf—1) =0.

If v;_1 = 0, then the places Py g with 37+ 3 = 0 and P, are stabilized by the automor-
phism o?. Hence, N(o%) = ¢+ 1 for each even integer i.

If vi_1 # 0, that is, 4 is odd, then a913% + ¢f —1 = 0. Hence, B = 6 ' or B =
—a~@tD§. It follows that 89 + 8 = 0, since 9~ = —1. Hence, the places Py 5-1 and
Py _ 4@+ are stabilized by the automorphisms 0!, that is, N(o%) = 2 for each odd
integer i. By the Hurwitz genus formula, we have

¢ —q—2>2(q+1)[29(HP) = 2] + (¢ + 1)g +2(¢ + 1).

Hence, the genus of fixed subfield is g(HP) = 0 and all places of degree 3 of H are
unramified in H/HP.

Theorem 5.3. Let H be the Hermitian function field over Fp» with odd characteristic, let
m be a positive divisor of 2(q+1) and let G be the group generated by the automorphism

2(q+1)

o~ m . Ifm|(q+1), then the genus of the fived field HY is

q—1)(g+1-m)
2m '

AH%=(

Otherwise, the genus of the fized field HY is

(q—D@+1—%)

g(HY) = o

Proof. If m|(q+ 1), then % is even. By the Hurwitz genus formula, we have

¢* —q—2=m[2g(H) = 2] + (¢ + 1)(m — 1).

Otherwise, 2(‘177:1) is odd. By the Hurwitz genus formula, we have
m m
q2—q—2=m[29(Hg)—2]+(Q+1)(5—1)+2'§~

This theorem follows immediately. O
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5.2.2. 89t = gatl

If 67t1 = q2t! then we assume that § = @ in this sub-subsection. Firstly let us
determine the order of the automorphism o. Note that ¢ = 1 < v,_1 = 0 and v; = a’.
From Equation (5), it can be calculated that

i(g+1)
§i—1

i-1@

Vi1 =0 6 4 (1) =0 6% = (—1)a'itD) o glaVi = (1),

If ¢ = 1(mod 4), then v;_; = 0 < %h It is easy to verify that ve+1 = a2z . Hence,

o=
the order of o is

ord(c) = (¢ +1)/2.

If ¢ = 3(mod 4), then v;_1 = 0 & (g + 1)i. It is easy to verify that v,1 = a?". Hence,
the order of o is

ord(c) = ¢+ 1.

Let D be the cyclic group generated by the automorphism o. Here we assume that
ged(3,qg+ 1) = 1, then all places of degree 3 of H are unramified in H/HP. For 1 <i <
ord(c) — 1, then v;_; # 0 and 0*(Ps,) # Ps. Moreover, o'(P, 3) = P, s if and only if

a'a a9 4+ vy

prES T IEY =B, Bi+f=altl,
a1 8 +v; T att B+ b BB

From the second equation and v;_; # 0, we obtain a?t!'$2 4+ ¢ — 1 = 0. It follows that
B=6"1orf=—a"1t1g

If 3=06"1, then a?™v;, 18+v;, =8 =a* and BI+B3=0"9+5"1 =5"971(59+§) #0.
If 8 = —a"@t)§, then a? v, 16 4+ v; = —0vi1 +v; = (—1)%a’® # a*. Thus the
places P, ;-1 with a?tl = §7¢ 4+ 671 are stabilized by the automorphism o?. Hence,
N(o®)=q+1for 1 <i<ord(o)— 1.

Theorem 5.4. Let H be the Hermitian function field over Fg2 with odd characteristic.
Assume that ged(3,q + 1) = 1. Let m be a positive divisor of ord(c) and let G be a
subgroup of D with order m. Then the genus of the fized field of HY is

g—1)(g+1-—m)
2m '

g(19) = ¢
Proof. This theorem follows from the Hurwitz genus formula

P —q—2=m[29(H9) =2+ (m—1)(¢+1). O
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Remark 5.5. The places of degree 3 of H may be ramified only if ¢ = 1(mod 4) and
3|(g + 1) hold true at the same time. Hence, we can only assume that ¢ # 5(mod 12) in
Theorem 5.4 by the Chinese Remainder Theorem.

References

[1] M. Abdon, L. Quoos, On the genera of subfields of the Hermitian function field, Finite Fields Appl.
10 (2004) 271-284.
[2] A. Bassa, L.M. Ma, C.P. Xing, S.L. Yeo, Towards a characterization of subfields of the Deligne—
Lusztig function fields, J. Combin. Theory Ser. A 120 (2013) 1351-1371.
[3] A. Cossidente, G. Korchmdros, On curves covered by the Hermitian curves, J. Algebra 216 (1999)
56-76.
[4] A. Cossidente, G. Korchmaros, F. Torres, Curves of large genus covered by the Hermitian curve,
Comm. Algebra 28 (2000) 4707-4728.
[5] R. Fuhrmann, A. Garcia, F. Torres, On maximal curves, J. Number Theory 67 (1997) 29-51.
[6] R. Fuhrmann, F. Torres, The genus of curves over finite fields with many rational points,
Manuscripta Math. 89 (1996) 103-106.
[7] A. Garcia, H. Stichtenoth, C.P. Xing, On subfields of the Hermitian function fields, Compos. Math.
120 (2000) 137-170.
[8] J.W.P. Hirschfeld, G. Korchméros, F. Torres, Algebraic Curves over a Finite Field, Princeton Ser.
Appl. Math., Princeton University Press, 2008.
[9] G. Lachaud, Sommes d’Eisenstein et nombre de points de certaines courbes algébriques sur les corps
finis, C. R. Acad. Sci. Paris, Ser. I 305 (1987) 729-732.
[10] L.M. Ma, C.P. Xing, S.L. Yeo, On automorphism groups of cyclotomic function fields over finite
fields, J. Number Theory 169 (2016) 406-419.
[11] M. Montanucci, G. Zini, On the spectrum of genera of quotients of the Hermitian curve, Comm.
Algebra 46 (2018) 4739-4776.
[12] H. Niederreiter, C.P. Xing, Rational Points on Curves over Finite Fields: Theory and Applications,
LMS, vol. 285, Cambridge, 2001.
[13] H.-G. Riick, H. Stichtenoth, A characterization of Hermitian function fields over finite fields, J. Reine
Angew. Math. 457 (1994) 185-188.
[14] H. Stichtenoth, Uber die Automorphismengruppe eines algebraischen Funktionenkérpers von
Primzahlcharakteristik, Teil I and Teil II, Arch. Math. 24 (1973) 524-544, 615-631.
[15] H. Stichtenoch, Algebraic Function Fields and Codes, Grad. Texts in Math., vol. 254, Springer-
Verlag, 2009.
[16] C.P. Xing, H. Stichtenoth, The genus of maximal function fields over finite fields, Manuscripta Math.
86 (1995) 217-224.


http://refhub.elsevier.com/S0022-314X(18)30314-7/bib41513034s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib41513034s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib424D58593133s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib424D58593133s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib434B3939s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib434B3939s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib434B543939s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib434B543939s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4647543937s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib46543936s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib46543936s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4753583030s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4753583030s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib484B543038s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib484B543038s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4C613837s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4C613837s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4D58593136s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4D58593136s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4D5A3137s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4D5A3137s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4E583031s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib4E583031s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib52533934s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib52533934s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib53743733s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib53743733s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib53743039s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib53743039s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib58533935s1
http://refhub.elsevier.com/S0022-314X(18)30314-7/bib58533935s1

	On subﬁelds of the Hermitian function ﬁeld involving the involution automorphism
	1 Introduction
	2 Preliminary
	3 The ﬁxed subﬁelds of <[a,0,0], ω> in even characteristic
	4 The ﬁxed ﬁelds of subgroups of <[1,0,c], ω>
	4.1 Even characteristic
	4.2 Odd characteristic
	4.2.1 ord(δ)=q+1
	4.2.2 ord(δ)=2(q-1)


	5 The ﬁxed subﬁelds of subgroups of <[a,0,c], ω>
	5.1 Even characteristic
	5.1.1 ord(δ)=q-1
	5.1.2 δq+1=aq+1

	5.2 Odd characteristic
	5.2.1 δq-1=-1
	5.2.2 δq+1=aq+1


	References


