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. ON A GENERALISATION OF
BORDELLES-DAI-HEYMAN-PAN-SHPARLINSKI’'S CONJECTURE

J.MA, J. WU & F. ZHAO

ABSTRACT. Let f be an arithmetic function satisfying some simple conditions. The aim of
this paper is to establish an asymptotical formula for the quantity

syo= X 1([2])

n<e

for x — oo, where [t] is the integral part of the real number ¢. This generalises some recent
results of Bordelles, Dai, Heyman, Pan & Shparlinski (f = ¢ = the Euler function), and of
Zhao & Wu (f = o = the sum-of-divisors function).

1. INTRODUCTION
As usual, we write

©(n) := the Euler function,

o(n) := the sum-of-divisors function.

Denote by [t] the integral part of the real number ¢, by log, the iterated logarithm and by ~y
the Euler constant, respectively. Motivated by the following well-known results

(1.1) Z [%] = zlogz + (27 — Da 4+ O(z"/?),
(12) Z p(n) = %xZ + O(z(log )3 (log, z)*/?),

for x — oo, Bordelles, Dai, Heyman, Pan and Shparlinski [2] proposed to investigate the
asymptotical behaviour of the summation function

50 o [2]).

n<x

as © — oco. With the help of Bourgain’s new exponent pair [3], they proved the following
inequalities

2629 6 2629 6 1380
(1.3) (

296 1) etoga < 5,0 < (2922 8 10y
1009 7 T oW)elosr < So(w) < \aag - 75 F gpgg o) Jrlose
and conjectured that

(1.4) Se(z) ~ %xlogx’ as x — 00.

The bounds in (1.3) have been sharpened by Wu [13] using the van der Corput inequality [5]
simply. Very recently Zhai [15] resolved the conjecture (1.4) by combining the Vinogradov
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method with an idea of Goswami [4]. More precisely, he established the asymptotic formula
6
(1.5) Se(z) = 4 log z + O(z(log z)*/*(log, 2)'/*)

and showed that the error term in (1.5) is ©(x). Denote by u(n) the Mébius function. Define
id(n) = n and 1(n) = 1 for all integers n > 1. Then ¢ = id * u and o0 = id * 1. In Zhai’s
proof of (1.5), the well-known inequality

(1.6) Z,u(n) < zexp {— cy/logx} (x > 1)

n<x

plays a key role, where ¢ > 0 is a positive constant. Clearly a such bound is not true for 1.
Since ¢(n) and o(n) often have similar properties, it seems interesting to study the analogy
of (1.5) for o(n). By refining Zhai’s approach, Wu and Zhao [16] succeeded to prove that

2

(1.7) So(x) := Z U([%D = %xloga: + O(z(log z)*3(log, x)4/3)

and that the error term in (1.7) also is {2(z) as z — 0.

In this paper, we would like to consider a general case of (1.5) and (1.7), and to give a
uniform treatment. Inspiring some ideas from Liu and Wu [8], let 1, r9, r3 be three increasing
functions defined on [1, 00) such that

(1.8) 1<) <™ (j=1,2,3), r3(z) — 00

for > 1, where n; € (0,1) are constants. Let f be an arithmetic function and let g be
determined by the relation f = id x g. We propose the following conditions on f:

(1.9) |f(n)] < nri(n) (n>1),
(1.10) Z|g )| < aroa) (x> 1),
(1.11) Zg(n) = Dyx+ O(x/r3(z)) (z>1),

where D, is a constant (eventually equal to 0).
Our main result is as follows.

Theorem 1.1. (i) Let f be an arithmetic function satisfying the conditions (1.9), (1.10) and
(1.11). Then for any constant A > 0, we have

(1.12) Zf([ ]) = Cszloga + Oa(zR(z, 2)),

uniformly for x > 3 and 1 < z < exp{AY3(log #)?/*(log, )3}, where Cy := > > | % and
zlogx

2. 2) := (log 2)2/3(log, z)/3r (2 ra(z/z) | ra(z/z)logx _
(L13)  R(r,2) = (loga)* (logy ) i (a) + g2 107 4 UEEE 4 TORT

Here the implied constant depends on A only.
(i) Let f be an arithmetic function satisfying the condition (1.11) and there is a positive
constant ¢ < 1 such that one of the following two conditions

fo=Dl<cfWp  or  [flp=1)]>cf(L)p>0
holds for an infinity of primes p. Then the error term of (1.12) is Q(x).
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Remark 1. When the sizes of r;(z) (1 < j < 3) are conveneble, (1.12) of Theorem 1.1 gives,
with a suitable choice of parameter z, an asymptotic formula of Sy¢(x). Otherwise we have
an upper bound.
As applications of Theorem 1.1, we consider four special arithmetic functions:
— the Euler function ¢(n);
— the alternating sum-of-divisors function 3(n);
— the sum-of-divisors function o(n);
— the Dedekind function ¥(n).
Let ©(n) be the number of all prime factors of n, then the Liouville function is defined by
A(n) := (—1)%"™). We have the following relations:
(1.14) ¢ = id * p, B=id * A, o=1id*1, U = id * p?
We have the following corollaries.
Corollary 1.2. (i) The asymptotic formula (1.5) is true. The error term of (1.5) is Q(x).

(ii) For x — oo, we have
2

(1.15) ZB([ D = —xlogaf—i-O( (logg;)2/3(log2x)l/3).

The error term of (1.15) is Q(x).

Corollary 1.3. (i) The asymptotic formula (1.7) is true. The error term of (1.7) is Q(z).
(ii) For x — oo, we have

(1.16) Z v ( [%]) = gac log z + O(z(log 2)*3(log, x)4/3).

n<x

The error term of (1.16) is (x).
Remark 2. (i) Different from [15], our proof of (1.5) does not need Theorem 1 of Liu [7]:

ZSD Z—x +0(z (logx)Q/?’(logQx)l/?’)7

n<e

which is a slight improvement of Walfisz’ asymptotical formula (1.2). (see [12, Chapter 7])
(ii) Some related works can be found in [1, 9, 10, 14, 17].

2. SOME LEMMAS

2.1. Two preliminary lemmas.

This subsection is devoted to cite two lemmas. The first one is [16, Lemma 2.3] (see also
[11, Lemma 2.6]), which is a consequence of Karatsuba’s estimate for trigonometric sums by
Vinogradov’s method [6]. This will play a key role in the proof of Theorem 1.1.

Lemma 2.1. Define ¢(t) :==t — [t] — 5 fort € R. There are two absolute positive constants
c1 and co such that the inequality

1 x —C (0] O$
3 Ew<ﬁ><<e 11os N /1082 (166 N)? /(log )’

N<n<N'

holds uniformly for x > 10, exp{cs(logz)*3} < N < 2?/® and N < N’ < 2N.
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The second lemma is [16, Lemma 2.4].

Lemma 2.2. [16, Lemma 2.4] Let ¢ (t) be defined as in Lemma 2.1 and F(t) :
Denote by Vi[z1, 23] the total variation of F' on [z1, z|. Then we have

Vrlz, 2] < x/28 +1/2

(1/t)ip(z/t).

uniformly for 2 < 2y < zo < x, where the implied constant is absloute.

2.2. An expression on the mean value of f.

Lemma 2.3. Assume that the arithmetic function f(n) satisfies the conditions (1.11) and
(1.10). Then we have

1, (z —[2])%? + [7] Tz xro(z/2)
(2.1) ;f(n) = 2C’fx Dyx 5y + O<r3(a:/z) + . ) Ay(z, 2)
uniformly for x > 2 and 1 < z < /3, where

(2.2) Ay(z,2) =z Z @d)(g)

d<z/z

Further for x > 2 we have

(2.3) Zf(n) = %OfﬂfQ + O(xz(log x)ra(z)).

n<e

Proof. Since f(n) = ,,,—, 9(d)m, we can apply the hyperbole principe to write

(2.4) Y f)=") gld)m= S +5— S,

n<x dm<zx
where
Sy = Z Z g(dym, Sy := Z Z g(d)ym, S3:= Z Zg(d)m.
d<z/z m<z/d m<z d<z/m d<z/zm<z

Firstly we have

TG0
35 ol - (G) o0
d<z/z

= i 9td) _ Ay(z,2) + O(—wrQ(x/Z)>

z

where we have used the condition (1.10) for bounding the contribution of the term O(1).
On the other hand, by (1.11), a simple partial integration leads to

> % _ ;- /OO t72d(Dyt + O(t/r3(t))) = Cy — Dsé + O<#>'

d<z/z z/z $7“3(ZL’/Z)
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Inserting this into the preceding formula, we find that

1 xz xry(x/2)
§DQ$Z+O(T3(x/z) 2

In view of the condition (1.11), it follows that

2 5= T (DS +0(mErs)t - Db+ 0(E),

m<z

e s={pro(ot NEEL_p Bl o =y

zrs(z/2) 2 2z r3(z/2)
Now (2.1) follows from (2.4), (2.5), (2.6) and (2.7).
Finally, taking z = 1 in (2.1) yields

S f(n) = 5052 + Oara(e) — Ayl 1),

n<e

1
(2.5) S1 = 5Cra* = ) — A (,2).

On the other hand, using the hypothesis (1.10), a simple partial integration leads to

(z,1) <z |g(d)]/d < (log )ra(z).

d<z

Inserting this into the preceding formula, we obtain (2.3). O

2.3. Bound on an average of A,.

Lemma 2.4. Assume that the arithmetic function f(n) satisfies the hypothesis (1.10). Let
A > 0 be a constant and let Ny := exp{((A+3)/c1)3(log x)?/3(log, x)'/3}, where ¢, is given
as in Lemma 2.1. Let Ay(x, z) be defined by (2.2). Then we have

x x xra(x/z)  xre(x/z)logx
2.8 A(%,2) Ag(%-1,2)
(2:8) Z A\ ?) | Z I\n )| (log 2:)4 z
No<n<\z No<n<y\/x
uniformly for x > 10 and 2 < N&/Q.

Proof. Denote by A, (x,z) and Ays(z, 2) two sums on the left-hand side of (2.8), respec-
tively. By (2.2) of Lemma 2.3, we can write

Agi(x,z) = Z Zg 2/1%)

No<n<y/x d<z/(nz)

B g(d) 1 ( x )
- Z d n¢ dn
d<z/(Noz) No<n<min(y/z,z/(dz))

n(
= IE’A;I(Z', Z) + xAg,l(xv Z)a

where

d<z/(Noz) No<n<(z/d)2/3

Saea= 3 A S )

d<x/(Noz) (2/d)2/3<n<min{/z, z/(dz)}

A;l(;ﬁ,z) = Z %jl) Z %7#(%)7
d
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For 0 < k < (log((x/d)*?/Ny))/log2, let N; := 2F N, and define
1 T
Si(d) = Z Ew (%)
N <n<2Ng
Noticing that Ny < N, < (2/d)?*/?, we can apply Lemma 2.1 to derive that
Si(d) < o~ V((log Ni)*/(log(z/d))?)

with 9(t) := ¢t — logt. It is clear that ¥(t) is increasing on [c;,00). On the other hand, for
k>0 and d < x/(Nyz) we have

(log Ni)*/(log(z/d))? > (log No)*/(log 2)* = ((A + 3)/c1) log, .
Thus
O((log Ni.)*/(log(x/d))?) = I(((A + 3)/c1) log, x)
= (A+3)logyz —log(((A+3)/cy)logy x)
> (A+2)log, z,

which implies that & (d) < (logz)~4~2. Inserting this into the expression of A;l(x, z) and
using the condition (1.10), we find that

d
A;l(x, 2) K Z @ Z |Sk(d)|
d<z/(Noz) 2k No<(z/d)2/3
1 g(d)| _ ra(z/2)
< (log z)A+1 Z d < (logz)4

d<z/z

(2.9)

Next we bound Aﬁgyl(x, z). It is well known that, if F'(¢) is a real function with bounded
variation on each interval [n,n + 1], we have

> Fm%:/MPWMR+%UNNQ+FMM)+OU@WLNM,

Ni<n<No N

where N1, Ny € Z1 and Vr[Ny, Ny| denotes the total variation of F on [Ny, No]. We apply
this formula to

1 x/d .
F) = o(PY) N = /), No = minfVE, 2/(d2))].
After Lemma 2.2, we have Vz[Ny, Ny < (x/d)~'/3. Putting u = (x/d)/t we obtain
] (e/ay1/
> () = / W) 4y 1 O((a/d) )
(2.10) (2/d)2/3 <n<min{V/Ez/(@d2) o max(va/d;z)

< 27V (x/d) 3

Using (2.10) and (1.10), a simple partial integration allows us to derive that

Afbl(az,z) < Z %dd”(z_l + (x/d)™3)
(2.11) d<z/z
< rg(a:/zz) log = N TQE%)ZZ))IS?%:U < rg(:v/zz) logas7
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since z < NS/Q. Combining (2.9) and (2.11), it follows that

ary(z/z)  wra(z/z)logx

(log z:)4 z

Similarly we can prove the same bound for ‘Agg(x, z)} This completes the proof. O

‘A%l(x,z)} <

3. PROOF OF THEOREM 1.1

Putting d = [x/n], we have z/n — 1 < d < z/n and z/(d+ 1) < n < x/d. Following

Goswami [4], we write
=D @ >, 1

d<z z/(d+1)<n<z/d
(3.1) =D fld)— > f(d
dn<z (d+1)n<z
=Y (f(d) = f(d=1)),
dn<z

where we have set that f(0) = 0. By the hyperbole principe, we can decompose S¢(z) into
three parts:

(3.2) Sp(x) = 81(z) + 8a(x) — 83(z),
where
81(z) := (f(d) = f(d—1)),
d<y/z,dn<z
8a(z) = (f(d) = f(d = 1)),
n<y/z, dn<z
83(r) := (f(d) = f(d—1))
A<z, n<Vx
In view of the hypothesis (1.9), we can derive that
(3.3) 53(33) = [\/E]f([\/f]) < ary(z).

For evaluating 8;, we write

Si(@) = Y (f(d) = f(d—1)) [3]

A<=
(3.4) e
_, 3 19 £(d 1>+0(Z (&) = f(d=1)).
d</z d</z

With the help of the hypothesis (1.9) and (2.3) of Lemma 2.3, it follows that
IS D 5 @
d d? d*(d+1)
d<y/z d</x d<y/x
NG
— / t72d(3Ct? + O(tra(t) logt)) + O(1)
1—

1
= ECf logz + O(1).
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By the hypothesis (1.9), we have
D@ = f@d=1I<2 ) [f@] < ) dri(d) < an().

d<vx <z d<vz
Inserting these estimates into (3.4), we find that

(3.5) S1(z) = %C’fxlogx + O(zri(x)).

Finally we evaluate 8y. Let Ny := exp{((A+3)/c1)3(log x)?/3(log, 2)'/?}, where ¢; is the
constant given as in Lemma 2.1. We write
(3.6) $a(w) = 8}() + 83 (),
where

Syw) = Y (f(d)— f(d—1)),

n<No, dn<a
Si(z) = Y, (f(d)—=f(d=1)),
No<n<y/z,dn<z
Using the hypothesis (1.9), we have
$i(x) = Z f([z/n]) < x Z ri(z/n)/n < z(log z)*3(log, )3 ().
n<No n<No

On the other hand, (2.1) of Lemma 2.3 allows us to derive that

S Hd - > fd)=Cra+ O(r?’g/z) + ”2(:/2)> — Ay(w,2) + Ay(x — 1, 2).
d<z d<z—1
Thus
s = 3 ool Y g (2) 4 (- 12))

xzlogx N xry(x/2) logx)

1
5Celog e+ O(aloge)loga 2"+ s + =

= Dga(@,2) + ABgalz, 2),

where

Agi(x,2) = Z Ag<£,z> < xry(z/2) N :15(10g:1:)7“2(31:/z)7

A
Noo i (log x) z
_ x xry(x/z)  x(logx)ry(x/2)
e T a1« ) st
No<n<\/z

thanks to Lemma 2.4. Inserting these estimates into (3.6), we find that
1
(3.7) Sa(z) = §C’f:z: logz 4+ O(2R(z, 2)),

where R(z, z) is defined as in (1.13)
Now the required result (1.12) follows from (3.2), (3.3), (3.5) and (3.7).

Finally we prove the second assertion. Let E(x) be the error term of (1.12), i.e.
St(x) = Crxlogx + E(z),
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and define E*(z) := max{|FE(z)|, |F(x — 1)|}. Firstly we suppose that
(3.8) [fp =Dl <cf(W)p

holds for an infinity of primes p. In view of (3.1), for each prime p we can write

> (f(d) = f(d—1)) = Sy(p) — Sp(p— 1)
(3.9) w = Cyplogp — Cy(p —1)log(p — 1) + E(p) — E(p — 1)

< 2E%(p) + O(logp).
On the other hand, our hypothesis (3.8) and (1.11) allow us to deduce that

D (fld) = fd=1) = f(p) — flp—1) + f(1)
v g(Wp -+ 9p)f (1) — fp— 1) + F(1)
> (1= f()p+ O(p/r3(p))
L1—of(Wp
for an infinity of primes p. Combining (3.9) and (3.10), we find that
E*(p) > L1 - o) f(L)p

(3.10)

WV

for an infinity of primes p.
Next we suppose that

(3.11) [flp—1D]>cf(1)p>0
holds for an infinity of primes p. Similar to (3.9), for each prime p we can write
(3.12) > (f(d) — f(d—1)) > —2E"(p) + O(log ).
dlp
Similar to (3.10), our hypothesis (3.11) and (1.11) allow us to deduce that
(3.13) D (fd) = f(d—=1) < =5 = 1)f(L)p
dlp

for an infinity of primes p. Combining (3.12) and (3.13), we find that

E*(p) 2 3(c = 1Df1)p>0
for an infinity of primes p.

4. PROOF OF COROLLARY 1.2

4.1. Proof of (1.5).
Since ¢ = id * u, we have g = p and the following well-known bound

> u(n) (x > 2).

n<e

Thus ¢(n) verifies the conditions (1.9), (1.10) and (1.11) with D, = 0 and
r(z) =1, ro(z) =1, ry(x) = log*(3x),

Zhai’s (1.5) follows from Theorem 1.1 thanks to the choice of z = log'/?(3z).
For each odd prime p, we can write p — 1 = 2“m with 2 { m. Thus

e(p—1) = (2")p(m) <2""'m < 1p
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for all odd primes p and Theorem 1.1(ii) implies that the error term of (1.5) is (z).

4.2. Proof of (1.15).
In this case, we have g = A and the following well-known bound

Z An) < - (x > 2).

— (log x)?
Thus the function §(n) verifies the conditions (1.9), (1.10) and (1.11) with Dg = 0 and
7"1(1') = 17 TQ(:E) = 17 7“3(1‘) = logQ(BI)

Now (1.15) follows from Theorem 1.1 thanks to the choice of z = logl/3(3x).
For all primes p and integers v > 1, we have

P (=1) - Sov ifp=2,
p+1 p”  otherwise.

B ) =Y (1) =

0<j<sv
For each odd prime p, we can write p — 1 = 2m with 2 { m. Thus
Blp—1) =B(2")B(m) < F(p—1) < ip

for all odd primes p and Theorem 1.1(ii) implies that the error term of (1.5) is (z).

5. PROOF OF COROLLARY 1.3

5.1. Proof of (1.7).
In this case, we have g = 1 and

Y ln)=z+0(1) (z>2).

n<e

Thus the function o(n) verifies the conditions (1.9), (1.10) and (1.11) with D; =1 and
n(z)=logBr) -1, r() =vE @)= 1.

Wu-Zhao's (1.7) follows from Theorem 1.1 thanks to the choice of z = log!/3(3z).
For all odd primes p, we have

olp=1)={p-1)+zp-1)+1>3p
Thus Theorem 1.1(ii) implies that the error term of (1.7) is Q(z).

5.2. Proof of (1.16).
In this case, we have g = p? and

S un)? = (6/7)2+0(Va) (x> 2).

n<x

Thus the function W(n) verifies the conditions (1.9), (1.10) and (1.11) with D> = 6/* and

r1(z) = logy(3z) + 1, ro(z) =1, r3(z) = V.
Now (1.16) follows from Theorem 1.1 thanks to the choice of z = log'/?(3z).
For all primes p and integers v > 1, we have

3 .
y v 22V ifp =2,
) =p' +p" =<2 .
P otherwise.
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For each odd prime p, we can write p — 1 = 2”m with 2 { m. Thus
U(p—1) =7(2)y(m) 2 5(p—1) > p
for all odd primes p > 7 and Theorem 1.1(ii) implies that the error term of (1.16) is Q(z).
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