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For n = 1,2,3, . . . define S(n) as the smallest integer m > 1 such
that those 2k(k − 1) mod m for k = 1, . . . ,n are pairwise distinct;
we show that S(n) is the least prime greater than 2n − 2 and
hence the value set of the function S(n) is exactly the set of
all prime numbers. For every n = 4,5, . . . , we prove that the
least prime p > 3n with p ≡ 1 (mod 3) is just the least positive
integer m such that 18k(3k − 1) (k = 1, . . . ,n) are pairwise distinct
modulo m. For d ∈ {4,6,12} and n = 3,4, . . . , we show that the
least prime p � 2n − 1 with p ≡ −1 (mod d) is the smallest
integer m such that those (2k − 1)d for k = 1, . . . ,n are pairwise
distinct modulo m. We also pose several challenging conjectures on
primes. For example, we find a surprising recurrence for primes,
namely, for every n = 10,11, . . . the (n + 1)-th prime pn+1 is
just the least positive integer m such that 2s2

k (k = 1, . . . ,n) are

pairwise distinct modulo m where sk = ∑k
j=1(−1)k− j p j . We also

conjecture that for any positive integer m there are consecutive
primes pk, . . . , pn (k < n) not exceeding 2m + 2.2

√
m such that

m = pn − pn−1 + · · · + (−1)n−k pk .
© 2013 Elsevier Inc. All rights reserved.

1. Introduction

Prime numbers play a central role in number theory (see the excellent book [CP] on primes
by R. Crandall and C. Pomerance). It is known that there is no non-constant polynomial with in-
teger coefficients, even in several variables, which takes only prime values. Many mathematicians
ever tried in vain to find a nontrivial number-theoretic function whose values are always primes. In
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1947 W.H. Mills [Mi] showed that there exists a real number A such that �A3n � is prime for any
n = 1,2,3, . . . ; unfortunately such a constant A cannot be effectively found.

In 2012, the author conjectured that for any m = 12,13, . . . the largest positive integer n with
(2k

k

)
(k = 1, . . . ,n) pairwise distinct modulo m does not exceed 0.6

√
m logm. Motivated by this, he made

the following conjecture.

Conjecture 1.1.

(i) ([S12a]) For n ∈ Z+ = {1,2,3, . . .} define s(n) as the smallest integer m > 1 such that

(
2k

k

)
(k = 1, . . . ,n)

are pairwise distinct modulo m. Then all those s(1), s(2), . . . are primes!
(ii) ([S12b]) For n ∈ Z+ let t(n) denote the least integer m > 1 such that

∣∣{k! mod m: k = 1, . . . ,n}∣∣ = n.

Then t(n) is prime with the only exception t(5) = 10.

The author verified both parts of Conjecture 1.1 for n � 2000. Later, Laurent Bartholdi and Qing-
Hu Hou verified parts (i) and (ii) of Conjecture 1.1 for all n ∈ [2001,5000] and n ∈ [2001,10 000]
respectively.

In 1985 L.K. Arnold, S.J. Benkoski and B.J. McCabe [ABM] defined D(n) for n ∈ Z+ as the smallest
positive integer m such that 12,22, . . . ,n2 are pairwise distinct modulo m, and they showed that if
n > 4 then D(n) is the smallest integer m � 2n such that m is p or 2p with p an odd prime. (Note that
if p = 2q+1 with p and q both prime then the prime p is not contained in the range {D(n): n ∈ Z+}.)
This stimulated later studies of characterizing

D f (n) := min
{
m ∈ Z+: f (1), f (2), . . . , f (n) are distinct modulo m

}

for some special polynomials f (x) ∈ Z[x] including powers of x and Dickson polynomials of degrees
relatively prime to 6 (see, e.g., [BSW,MM,Z] and the references therein). However, the value sets of
those D f considered in papers along this line are usually somewhat complicated and they contain
infinitely many composite numbers. Note also that D f (1) is just 1, not a prime.

Now we present a simple function whose set of values is exactly the set of all prime numbers.

Theorem 1.1.

(i) For n ∈ Z+ let S(n) denote the smallest integer m > 1 such that those 2k(k − 1) mod m for k = 1, . . . ,n
are pairwise distinct. Then S(n) is the least prime greater than 2n − 2.

(ii) For n ∈ Z+ let T (n) denote the least integer m > 1 such that those k(k − 1) mod m with 1 � k � n are
pairwise distinct. Then we have

T (n) = min{m � 2n − 1: m is a prime or a positive power of 2}. (1.1)

Remark 1.1.

(a) The way to generate all primes via Theorem 1.1(i) is simple in concept, but it has no advantage
in algorithm. Nevertheless, Theorem 1.1(i) is of certain theoretical interest since it provides a
surprising new characterization of primes.
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(b) By modifying our proof of Theorem 1.1(i), we are also able to show that for any d,n ∈ Z+ with
n � �d/2� + 4 the least prime p � 2n + d is just the smallest m ∈ Z+ such that 2k(k + d) (k =
1, . . . ,n) are pairwise distinct modulo m. (Similar results hold for d ∈ {0,−2} and n ∈ {5,6, . . .}.)

Below are four more related theorems.

Theorem 1.2.

(i) For any positive integer n, the number 2�log2 n� (the least power of two not smaller than n) is the least
positive integer m such that those k(k − 1)/2 (k = 1, . . . ,n) are pairwise distinct modulo m.

(ii) Let d ∈ {2,3} and n ∈ Z+ . Take the smallest positive integer m such that |{k(dk − 1) mod m: k =
1, . . . ,n}| = n. Then m is the least power of d not smaller than n, i.e., m = d�logd n� .

(iii) Let n ∈ {4,5, . . .} and take the least positive integer m such that 18k(3k − 1) (k = 1, . . . ,n) are pairwise
distinct modulo m. Then m is the least prime p > 3n with p ≡ 1 (mod 3).

Remark 1.2. We are also able to prove some other results similar to those in Theorem 1.2. For ex-
ample, for each n = 5,6,7, . . . the first prime p ≡ −1 (mod 3) after 3n is just the least m ∈ Z+
such that those 18k(3k + 1) (k = 1, . . . ,n) are pairwise distinct modulo m. Also, if f (n) denotes the
least m ∈ Z+ with |{4k(4k − 1) mod m: k = 1, . . . ,n}| = n and g(n) denotes the least m ∈ Z+ with
|{4k(4k + 1) mod m: k = 1, . . . ,n}| = n, then f (n) with n � 5 is the least prime p > (8n − 4)/3 with
p ≡ 1 (mod 4), and g(n) with n � 6 is the least prime p > (8n − 2)/3 with p ≡ −1 (mod 4).

Theorem 1.3. For d,n ∈ Z+ let λd(n) be the smallest integer m > 1 such that those (2k − 1)d (k = 1, . . . ,n)
are pairwise distinct modulo m. Then λd(n) with d ∈ {4,6,12} and n > 2 is the least prime p � 2n − 1 with
p ≡ −1 (mod d).

Theorem 1.4. Let q be an odd prime. Then the smallest integer m > 1 such that those kq(k −1)q (k = 1, . . . ,n)

are pairwise distinct modulo m, is just the least prime p � 2n − 1 with p 	≡ 1 (mod q).

Theorem 1.5. Define sn = ∑n
k=1(−1)n−k pk for all n ∈ Z+ , where pk denotes the k-th prime. Then, for any

n ∈ Z+ those 2s2
k (k = 1, . . . ,n) are pairwise distinct modulo pn+1 .

Remark 1.3. All terms of the sequence s1, s2, s2, . . . are positive integers. In fact, if n ∈ Z+ is even then
sn = ∑n/2

k=1(p2k − p2k−1) > 0; if n ∈ Z+ is odd then sn = ∑(n−1)/2
k=1 (p2k+1 − p2k) + p1 > 0. Here we list

the values of s1, . . . , s15

s1 = 2, s2 = 1, s3 = 4, s4 = 3, s5 = 8, s6 = 5, s7 = 12, s8 = 7,

s9 = 16, s10 = 13, s11 = 18, s12 = 19, s13 = 22, s14 = 21, s15 = 26.

The sequence 0, s1, s2, . . . was first introduced by N.J.A. Sloane and J.H. Conway [SC]. We conjecture
that for any integers m > 0 and r there are infinitely many n ∈ Z+ with sn ≡ r (mod m).

In the next section we will present two auxiliary theorems. Section 3 is devoted to our proofs of
Theorems 1.1 and 1.2. In Section 4 we will show Theorems 1.3–1.5.

Motivated by Theorem 1.5 we raise the following conjecture on recurrence for primes which allows
us to compute pn+1 in terms of p1, . . . , pn .

Conjecture 1.2. Let n ∈ Z+ with n 	= 1,2,4,9. Then pn+1 is the smallest positive integer m such that those
2s2

k (k = 1, . . . ,n) are pairwise distinct modulo m.
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Remark 1.4.

(a) We have verified Conjecture 1.2 for all n � 105. Note that 9 is the least m ∈ Z+ with
2s2

1,2s2
2,2s2

3,2s2
4 pairwise distinct modulo m, and 25 is the least m ∈ Z+ with |{2s2

k mod m: k =
1, . . . ,9}| = 9.

(b) Define b(n) as the least power of two modulo which s1, . . . , sn are pairwise incongruent. We
conjecture that b(n) is the least m ∈ Z+ such that 2s2

k − sk (k = 1, . . . ,n) are pairwise distinct
modulo m, and moreover {b(n): n ∈ Z+} = {2a: a = 0,1,2, . . .}.

Inspired by Conjecture 1.2, we find the following surprising conjecture on representations of inte-
gers by alternating sums of consecutive primes.

Conjecture 1.3. For any positive integer m, there are consecutive primes pk, . . . , pn (k < n) not exceeding
2m + 2.2

√
m such that

m = pn − pn−1 + · · · + (−1)n−k pk.

Remark 1.5. We also conjecture that 2m + 2.2
√

m in Conjecture 1.3 can be replaced by m + 4.6
√

m
if m is odd. If the upper bound 2m + 2.2

√
m is replaced by 3m, then we may require additionally

that pk − 1 and pn + 1 are both practical numbers (cf. [S13]). We have verified Conjecture 1.3 for
m = 1, . . . ,105. To illustrate the conjecture, we look at a few concrete examples:

1 = 3 − 2, 2 = 5 − 3, 3 = 7 − 5 + 3 − 2, 4 = 11 − 7, 5 = 7 − 5 + 3,

8 = 11 − 7 + 5 − 3 + 2, 11 = 19 − 17 + 13 − 11 + 7,

20 = 41 − 37 + 31 − 29 + 23 − 19 + 17 − 13 + 11 − 7 + 5 − 3,

303 = p76 − p75 + · · · − p53 + p52 with p76 = 383 = 303 + �4.6
√

303�,
2382 = p652 − p651 + · · · + p44 − p43 with p652 = 4871 = 2 · 2382 + �2.2

√
2382�.

The author would like to offer 1000 US dollars as the prize for the first correct proof of Conjecture 1.3.
We also have some other conjectures on representations involving alternating sums of consecutive
primes, for example, every m = 3,4, . . . can be written in the form p + sn , where p is a Sophie
Germain prime and n is a positive integer.

We also have a conjecture involving sums of consecutive primes.

Conjecture 1.4. For k ∈ Z+ let Sk denote the sum of the first k primes p1, . . . , pk.

(i) For n ∈ Z+ define S+(n) as the least integer m > 1 such that m divides none of Si ! + S j ! with 1 � i <

j � n. Then S+(n) is always a prime, and S+(n) < Sn for every n = 2,3,4, . . . .
(ii) For n ∈ Z+ define S−(n) as the least integer m > 1 such that m divides none of those Si ! − S j ! with

1 � i < j � n. Then S−(n) is always a prime, and S−(n) < Sn for every n = 2,3,4, . . . .
(iii) For any positive integer n not dividing 6, the least integer m > 1 such that 2S2

k (k = 1, . . . ,n) are pairwise
distinct modulo m is a prime smaller than n2 .

Remark 1.6. When n > 1, clearly Sn! ± Sn−1! ≡ 0 (mod m) for any m = 1, . . . , Sn−1, and hence both
S+(n) and S−(n) are greater than Sn−1. Thus, by the conjecture we should have S+(n) < Sn <

S+(n + 1) and S−(n) < Sn < S−(n + 1) for all n = 2,3, . . . . Conjecture 1.4 implies that for any
n = 2,3, . . . the interval (Sn−1, Sn) contains the primes S+(n) and S−(n), which are actually very
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close to Sn−1. However, it seems very challenging to prove that (Sn, Sn+1) contains a prime for any
n ∈ Z+ . Note that

Sn ∼
n∑

k=1

k log k ∼
n∫

1

x log x dx = x2

2
log x

∣∣∣∣
n

1
−

n∫
1

x2

2
(log x)′ dx ∼ n2

2
log n

as n → +∞, and the Legendre conjecture asserts that the interval (n2, (n + 1)2) contains a prime
for any n ∈ Z+ . We conjecture that the number of primes in the interval (Sn, Sn+1) is asymptotically
equivalent to cn/2 as n → +∞, where c � 1 is a constant (whose value is probably 1).

Our following conjecture allows us to produce primes via products of consecutive primes.

Conjecture 1.5. For k ∈ Z+ let Pk denote the product of the first k primes p1, . . . , pk.

(i) For n ∈ Z+ define w1(n) as the least integer m > 1 such that m divides none of those Pi − P j with
1 � i < j � n. Then w1(n) is always a prime.

(ii) For n ∈ Z+ define w2(n) as the least integer m > 1 such that m divides none of those Pi + P j with
1 � i < j � n. Then w2(n) is always a prime.

(iii) We have w1(n) < n2 and w2(n) < n2 for all n = 2,3,4, . . . .

Remark 1.7.

(a) Clearly wi(n) � wi(n + 1) for i = 1,2 and n ∈ Z+ . Since P1, . . . , Pn are pairwise distinct modulo
w1(n), we have w1(n) � n and hence W1 = {w1(n): n ∈ Z+} is an infinite set. For any integer
m > 1, there is an odd prime pn ≡ −1 (mod m) and hence Pn−1 + Pn = Pn−1(1+ pn) ≡ 0 (mod m).
Thus W2 = {w2(n): n ∈ Z+} is also infinite. If wi(n) = pk , then k � n since Pk ± Pk+1 ≡
0 (mod pk). Thus it follows from Conjecture 1.5(ii) that w2(n) > n for all n ∈ Z+ , in other words,
for each n = 2,3,4, . . . there are 1 � j < k � n such that P j + Pk ≡ 0 (mod n). For n = 2,3,4, . . .

we conjecture further that Pn ≡ P j ≡ −Pk (mod n) for some j,k ∈ {1, . . . ,n − 1}. This seems
simple but we are unable to prove it.

(b) The author [S12c] listed values of w1(n) for n = 1, . . . ,1172, and values of w2(n) for n =
1, . . . ,258. Later W.B. Hart [H] reported that he had verified Conjecture 1.5 for all n � 105.

A prime is said to be of the first kind (or the second kind) if it belongs to W1 = {w1(n): n ∈ Z+}
(or W2 = {w2(n): n ∈ Z+}, resp.). Here we list the first 20 primes of each kind.

Primes of the first kind: 2,3,5,11,23,29,37,41,47,73,131,151,199,223,271,281,353,457,

641,643, . . . .
Primes of the second kind: 2,3,5,7,11,19,23,47,59,61,71,101,113,223,487,661,719,811,

947,1327, . . . .
The famous Artin conjecture for primitive roots states that if an integer a is neither −1 nor a

square then there are infinitely many primes p having a as a primitive root modulo p. This is open
for any particular value of a. Concerning Artin’s conjecture the reader may consult the excellent survey
of R. Murty [Mu] and the book [IR, p. 47]. In Section 5 we will present more conjectures which are
similar to Conjecture 1.1 or related to the Artin conjecture.

2. Two auxiliary theorems

Theorem 2.1. Let m > 1 and n > 1 be integers such that those k(k − 1) for k = 1, . . . ,n are pairwise distinct
modulo m.

(i) We have m � 2n − 1.
(ii) If n � 15 and m � 2.4n, then m is a prime or a power of two.
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Proof of Theorem 2.1(i). Suppose on the contrary that m � 2n − 2. Then n � m/2 + 1. If m is even,
then

(
m

2
+ 1

)(
m

2
+ 1 − 1

)
− m

2

(
m

2
− 1

)
= m ≡ 0 (mod m).

If m is odd, then (m + 3)/2 � n and

m + 3

2

(
m + 3

2
− 1

)
− m − 1

2

(
m − 1

2
− 1

)
= 2m ≡ 0 (mod m).

So we get a contradiction as desired. �
The next task in this section is to prove Theorem 2.1(ii). In the following two lemmas, we fix

n � 15 and m ∈ [2n − 1,2.4n] and assume that those k(k − 1) mod m (1 � k � n) are pairwise distinct.

Lemma 2.1. m 	= 2p for any odd prime p.

Proof. Suppose that m = 2p with p an odd prime. Note that

p + 3

2

(
p + 3

2
− 1

)
− p − 1

2

(
p − 1

2
− 1

)
= 2p ≡ 0 (mod 2p),

and hence (p + 3)/2 > n. So 2n − 1 � p = m/2 � 1.2n, which is impossible. �
Lemma 2.2. p2 � m for any odd prime p.

Proof. Suppose that m = p2q with p an odd prime and q ∈ Z+ . Set k = (p +1)/2 and l = k+ pq � 2pq.
Then

l(l − 1) − k(k − 1) = (l − k)(l + k − 1) = pq(pq + 2k − 1) ≡ 0
(
mod p2q

)

and hence we must have 2pq > n. If p > 3, then

n <
2m

p
� 2

5
m � 2

5
× 2.4n < n

which is impossible. When p = 3, we also have a contradiction since l = 2 + 3q = 2 + m/3 �
2 + 0.8n � n. �
Proof of Theorem 2.1(ii). Suppose that n � 15 and m � 2.4n. We want to deduce a contradiction
under the assumption that m is neither a prime nor a power of two.

By Lemmas 2.1 and 2.2, we may write m = pq with p an odd prime, q > 2 and p � q.
Take an integer k ∈ [1,q/(2,q)] such that

k ≡ 1 − p

2

(
mod

q

(2,q)

)
,

where (2,q) is the greatest common divisor of 2 and q. Set l = k + p. Then

l(l − 1) − k(k − 1) = p(2k − 1 + p) ≡ 0 (mod pq).
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If 2 | q, then q � 4 and hence

l � p + q

2
= m

q
+ m

2p
� m

4
+ m

6
= 5

12
m � 5

12
× 2.4n = n

which contradicts the property of m. Thus 2 � q and

l � p + q = m

p
+ m

q
�

(
1

p
+ 1

q

)
2.4n.

If both p and q are greater than 3, then

1

p
+ 1

q
� 2

5
<

5

12

and hence l < 5
12 2.4n = n which leads to a contradiction. So m cannot have two distinct prime divisors

greater than 3. In view of Lemma 2.2, we may assume that m = pq with q = 3. Note that

l � p + q = m

3
+ 3 � 2.4n

3
+ 3 = 0.8n + 3 � n

since n � 15. So we get a contradiction.
In view of the above, we have completed the proof of Theorem 2.1. �

Theorem 2.2. Let n > 1 and m � 2n − 1 be integers.

(i) Suppose that m is a prime or a power of two. Then k(k − 1) 	≡ l(l − 1) (mod m) for any 1 � k < l � n.
(ii) If m is a power of two not exceeding 2.4n, then 2k(k − 1) ≡ 2l(l − 1) (mod m) for some 1 � k < l � n.

Proof. (i) To prove part (i) we distinguish two cases.

Case 1. m = 2a for some a ∈ Z+ .

In this case, n � (m + 1)/2 = 2a−1 + 1/2 and hence n � 2a−1. For any 1 � k < l � n, we have
0 < l − k < n � 2a−1 and 0 < l + k − 1 < 2n � 2a , hence

l(l − 1) − k(k − 1) = (l − k)(l + k − 1) 	≡ 0
(
mod 2a)

since one of l − k and l + k − 1 is odd.

Case 2. m equals an odd prime p.

If 1 � k < l � n, then 0 < l − k < n � (p + 1)/2 < p and l + k − 1 < 2n − 1 � p, therefore

l(l − 1) − k(k − 1) = (l − k)(l + k − 1) 	≡ 0 (mod p).

(ii) As 2k(k − 1) ≡ 0 (mod 4) for any k = 1, . . . ,n, we just assume that m = 2a with a > 2. Take
k = 2a−2 and l = k + 1. Then

2l(l − 1) − 2k(k − 1) = 2
(
2a−2 + 1

)
2a−2 − 2 × 2a−2(2a−2 − 1

) = 2a ≡ 0
(
mod 2a)

and k < l = 2a−2 + 1 < 2a/2.4 � n.
Combining the above we have completed the proof. �
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3. Proofs of Theorems 1.1 and 1.2

As in Theorem 1.1, let S(n) (or T (n)) denote the least integer m > 1 such that those 2k(k − 1) (or
k(k − 1), resp.) for k = 1, . . . ,n are pairwise distinct modulo m.

Lemma 3.1. For any positive integer n we have 2n − 1 � T (n) � S(n) � 2.4n.

Proof. The case n = 1 is trivial since S(1) = T (1) = 2. Below we assume n � 2.
As those 2k(k − 1) (k = 1, . . . ,n) are pairwise distinct modulo S(n), those k(k − 1) (k = 1, . . . ,n)

are also pairwise distinct modulo S(n) and hence S(n) � T (n). Note that T (n) � 2n − 1 by Theo-
rem 2.1(i).

By J. Nagura [N], for m = 25,26, . . . the interval [m,1.2m] contains a prime. Thus, if n � 13 then
there is a prime in the interval [2n − 1,2.4n]. For n = 2, . . . ,12 we can easily check that the interval
[2n − 1,2.4n] does contain primes. By P. Dusart [D, Section 4], for x � 3275 there is a prime p such
that

x � p � x

(
1 + 1

2 log2 x

)
� x

(
1 + 1

2 log2 3275

)
< 1.01x;

this provides another way to show that [2n − 1,2.4n] contains at least a prime. So there exists an
odd prime p ∈ [2n − 1,2.4n] and hence S(n) � p � 2.4n by Theorem 2.2(i). (For 1 � k < l � n, clearly
k(k − 1) 	≡ l(l − 1) (mod p) if and only if 2k(k − 1) 	≡ 2l(l − 1) (mod p).) We are done. �
Proof of Theorem 1.1. We want to prove that S(n) is the least prime greater than 2n − 2 and T (n) is
the least integer m � 2n − 1 with m a prime or a positive power of 2. For n = 1, . . . ,14 these can be
easily verified.

Now assume that n � 15. By Lemma 3.1, Theorem 2.1(ii) and Theorem 2.2(ii), S(n) must be an odd
prime in the interval [2n − 1,2.4n]. In view of Theorem 2.2(i), S(n) is the least prime greater than
2n − 2.

By Lemma 3.1, T (n) ∈ [2n − 1,2.4n]. Applying Theorem 2.1(ii) we see that T (n) is either a prime
or a power of two. Combining this with Theorem 2.2(i) we immediately get (1.1). �
Proof of Theorem 1.2(i). Let n ∈ Z+ and take the smallest positive integer m such that those k(k−1)/2
(1 � k � n) are pairwise distinct modulo m. We want to prove that m = 2h where h := �log2 n�. This
is trivial when n = 1.

Below we let n > 1 and hence h > 0. Note that 2h−1 < n � 2h .
Clearly m � n. As 2h+1 > 2n − 1, by Theorem 2.2(i), those k(k − 1) (k = 1, . . . ,n) are pairwise

distinct modulo 2h+1. It follows that m � 2h < 2n. If m is odd, then m � 2n − 3 and

1

2
· m + 3

2

(
m + 3

2
− 1

)
− 1

2
· m − 1

2

(
m − 1

2
− 1

)
= m ≡ 0 (mod m).

So m must be even.
Suppose that m 	= 2h . Then m has the form 2paq with p an odd prime, a,q ∈ Z+ and p � q. Let k

be the least positive residue of (1 − pa)/2 mod 2q and set l = k + pa . Observe that

l(l − 1) − k(k − 1) = (l − k)(l + k − 1) = pa(2k − 1 + pa) ≡ 0
(
mod 4paq

)

and thus l(l − 1)/2 ≡ k(k − 1)/2 (mod m). Clearly,

l � 2q + pa = m

pa
+ m

2q
<

(
2

pa
+ 1

q

)
n.
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Thus we must have

2

pa
+ 1

q
> 1

and hence q < 3. Thus m = 2pa or m = 4 × 3 = 12. When n � 12 we can easily check that m 	= 12. For
n > 12 we have m � n > 12. Therefore m = 2pa .

Note that m/2 + 1 � n. If pa ≡ 1 (mod 4), then

pa(pa − 1)

2
− 1(1 − 1)

2
= 2pa pa − 1

4
≡ 0

(
mod 2pa)

and pa = m/2 < n; if pa ≡ 3 (mod 4), then

(pa + 1)pa

2
− 1(1 − 1)

2
= 2pa pa + 1

4
≡ 0

(
mod 2pa)

and pa + 1 = m/2 + 1 � n. So we get a contradiction.
The proof of Theorem 1.2(i) is now complete. �

Proof of Theorem 1.2(ii). Fix d ∈ {2,3} and n ∈ Z+ , and take the least m ∈ Z+ such that those k(dk−1)

(k = 1, . . . ,n) are pairwise distinct modulo m. We want to prove that m = d�logd n� . This can be easily
verified in the case n � 7.

Below we assume n > 7 and hence m � n � 8. Suppose that dh−1 < n � dh where h ∈ Z+ . For
1 � k < l � n, clearly 0 < l − k < n � dh and hence

l(dl − 1) − k(dk − 1) = (l − k)
(
d(l + k) − 1

) 	≡ 0
(
mod dh).

Thus m � dh < dn.
When m ≡ −1 (mod d), we have 1 < l = (m + 1)/d − 1 < (m + 1)/d � n and

l(dl − 1) − 1(d · 1 − 1) =
(

m + 1

d
− 1

)(
(m + 1 − d) − 1

) − (d − 1) ≡ 0 (mod m),

which contradicts the choice of m. So we have m 	≡ −1 (mod d). When d = 3 and m ≡ 1 (mod d), for
k = (m − 1)/3 and l = (m + 2)/3, we have 1 � k < l � n and

l(dl − 1) − k(dk − 1) = (l − k)
(
d(l + k) − 1

) = 2m ≡ 0 (mod m),

which also contradicts the choice of m. Therefore m 	≡ ±1 (mod d) and hence d | m.
Write m = daq with a,q ∈ Z+ and d � q. Set δ = da − εq , where

εq =

⎧⎪⎪⎨
⎪⎪⎩

−(−1
q ) if d = 2 and a = 1,

(−1
q ) if d = 2 and a � 2,

(
q
3 ) if d = 3,

and (−) denotes the Legendre symbol. Note that

δq + 1 = da−1q − εqq − 1 ∈ Z and
δq + 1 ≡ da (mod 2).
d d d
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Thus both

k = 1

2

(
δq + 1

d
− da

)
and l = 1

2

(
δq + 1

d
+ da

)

are integers, and

l(dl − 1) − k(dk − 1) = (l − k)
(
d(l + k) − 1

) = da(δq) ≡ 0 (mod m).

As

δq + 1

d
+ da � da−1q + q + 1

d
+ da = m + 1

d
+ m

da+1
+ m

q

and m < dn, we have

2l < n + n

da
+ dn

q
.

Case 1. q � d + 1.

As 6(2 · 6 − 1) − 2(2 · 2 − 1) = 60 = 5(3 · 5 − 1) − 2(3 · 2 − 1), we have m � 60. If a = 1, then q > 5,
hence

δq + 1

d
� (d − 1)q + 1

d
>

5(d − 1) − 1

d
= d

and

2l < n + n

d
+ dn

q
� n + n

2
+ 3n

6
= 2n.

When a � 2, we have q > d + (d − 1)/(da − 1) and hence

δq + 1

d
= da−1q − εqq − 1

d
� da−1q − q − 1

d
= (da − 1)q + 1

d
> da,

also

2l < n + n

da
+ dn

q
� n

(
1 + 1

d2
+ d

d + 1

)
� 2n.

So, we always have 1 � k < l � n and hence we get a contradiction by the definition of m.

Case 2. q < d.

If q = 1, then dh−1 < n � m = da � dh and hence m = dh as desired.
Now suppose that q > 1. As q < d � 3 we must have q = 2 and d = 3. Since 3h−1 < n � m =

2 · 3a � 3h , we get a = h − 1 and hence 3a + 1 � n. Observe that

(
3a + 1

)(
3
(
3a + 1

) − 1
) − 1(3 · 1 − 1) = 3a(3

(
3a + 2

) − 1
) ≡ 0

(
mod 2 · 3a).

This contradicts that m = 2 · 3a .
Combining the above we have completed the proof of Theorem 1.2(ii). �
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Lemma 3.2. (See [RR, Theorem 1].) Let d ∈ {1, . . . ,72}, and r ∈ Z with (r,d) = 1. For x � 1010 and ε =
0.023269, we have

(1 − ε)
x

ϕ(d)
� θ(x; r,d) � (1 + ε)

x

ϕ(d)
,

where ϕ is Euler’s totient function and θ(x; r,d) := ∑
p�x, p≡r (mod d) log p with p prime.

Proof of Theorem 1.2(iii). Let n > 3 be an integer and take the least m ∈ Z+ with |{18k(3k − 1)

mod m: k = 1, . . . ,n}| = n. We want to prove that m is the least prime p > 3n with p ≡ 1 (mod 3).
For 4 � n � 36 one can verify the desired result directly.

Below we assume n > 36. Let ε = 0.023269. If 3n � 1010, then 3.433(1 − ε) > 3(1 + ε) and hence
θ(3.433n;1,3) > θ(3n;1,3) by Lemma 3.2, therefore (3n,3.433n] contains a prime p ≡ 1 (mod 3). For
n = 37, . . . , �1010/3� one can easily verify (using a computer) that the interval (3n,3.433n] contains
at least a prime congruent to 1 modulo 3. (Note also that in 1932 R. Breusch [Br] refined the Bertrand
Postulate confirmed by Chebyshev by showing that for any x � 7 the interval (x,2x) contains a prime
congruent to 1 modulo 3.)

If p is a prime in (3n,3.433n] with p ≡ 1 (mod 3), then for 1 � k < l � n we have

18l(3l − 1) − 18k(3k − 1) = 18(l − k)
(
3(l + k) − 1

) 	≡ 0 (mod p)

since 1 � l − k < n < p and p 	= 3(l + k) − 1 < 6n − 1 < 2p. Therefore n � m � 3.433n.
Assume that m0 = m/(18,m) < 3n. As m � n > 36 we have m0 > 2. If m0 ≡ 1 (mod 3), then for

k = (m0 −1)/3 and l = (m0 +2)/3 � n we have l(3l −1) ≡ k(3k −1) (mod m0) and hence 18l(3l −1) ≡
18k(3k − 1) (mod m) which leads to a contradiction. As 4(3 · 4 − 1) ≡ 3(3 · 3 − 1) (mod 5), we cannot
have m0 = 5 since k(3k − 1) (k = 1, . . . ,n) are pairwise distinct modulo m0. If m0 > 5 and m0 ≡
2 (mod 3), then for k = 1 < l = (m0 − 2)/3 � n, we have l(3l − 1) ≡ k(3k − 1) (mod m0) which
leads to a contradiction. Therefore 3 | m0. Write m0 = 3aq with a,q ∈ Z+ and 3 � q. If q > 1, then we
may argue as in Cases 1 and 2 in the proof of Theorem 1.2(ii) with d = 3 to get a contradiction.
So m0 = 3a , and hence m or m/2 is a power of 3. Suppose 3h−1 < n � 3h with h ∈ Z+ . Then m ∈
{3h,3h+1,2·3h,2·3h−1} since n � m � 3.433n. For k = 1 < l = 3h−1 +1 � n we clearly have m | 18(l−k)

and hence 18l(3l − 1) ≡ 18k(3k − 1) (mod m) which leads to a contradiction.
By the above, we must have m0 � 3n. As m/2 < 3n we must have (18,m) = 1 and m � 3n. If

p ∈ [3n,3.433n] is a prime with p ≡ 2 (mod 3), then for k = (p − 5)/6 and l = (p + 7)/6 we have
1 � k < l � n and 18l(3l − 1) ≡ 18k(3k − 1) (mod p).

Now it remains to show that m cannot be a composite number in [3n,3.433n]. Suppose that
m = cd with c,d ∈ {2,3, . . .}. As (m,18) = 1, we have (c,6) = (d,6) = 1. Take k ∈ [1,d] such that k ≡
((1 + 2d( d

3 ))/3 − c)/2 (mod d), and set l = k + c. Note that l(3l − 1)−k(3k − 1) = (l −k)(3(l +k)− 1) ≡
0 (mod m). Clearly

l = k + c � c + d = m

d
+ m

c
� 3.433n

(
1

c
+ 1

d

)
� n

since m = cd � n > 36 and 1/3.433 � max{1/5 + 1/11,1/7 + 1/7}. So we get a contradiction. �
4. Proofs of Theorems 1.3–1.5

Lemma 4.1. Let d ∈ {4,6,12} and n ∈ Z+ . Then [2n − 1,2.4n] contains at least a prime p ≡ −1 (mod d)

except for n ∈ E(d), where

E(4) = {1,7,17}, E(6) = {1,2,4,7,16,17}
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and

E(12) = {1,2,3,4,7,8,9,13,14,15,16,17,18,19,43,44,67,68,69}.

Proof. Note that ε := 0.023269 < 1/11. If n � 1010/2, then by Lemma 3.2 we have

θ(2.4n;−1,d) � (1 − ε)
2.4n

ϕ(d)
> (1 + ε)

2n

ϕ(d)
� θ(2n;−1,d),

and hence (2n,2.4n] contains at least a prime p ≡ −1 (mod d). It can be easily verified that for
n < 1010/2 the interval [2n − 1,2.4n] contains a prime p ≡ −1 (mod d) except for n ∈ E(d). We are
done. �
Lemma 4.2. Suppose that p > 3 is a prime in [2n −1,2.4n] where n > 2 is an integer. For d ∈ {4,6,12}, those
(2k − 1)d with 1 � k � n are pairwise distinct modulo p if and only if p ≡ −1 (mod d).

Proof. For 1 � k < l � n, we clearly have

(2l − 1)4 − (2k − 1)4 = (
(2l − 1)2 − (2k − 1)2)((2l − 1)2 + (2k − 1)2),

(2l − 1)6 − (2k − 1)6 = (
(2l − 1)3 − (2k − 1)3)((2l − 1)3 + (2k − 1)3)

= (
(2l − 1)2 − (2k − 1)2)((2l − 1)2 + (2k − 1)(2l − 1) + (2k − 1)2)
× (

(2l − 1)2 − (2k − 1)(2l − 1) + (2k − 1)2)

and

(2l − 1)6 + (2k − 1)6 = (
(2l − 1)2 + (2k − 1)2)((2l − 1)4 − (2k − 1)2(2l − 1)2 + (2k − 1)4).

Note that

(2l − 1)2 − (2k − 1)2 = 4(l − k)(l + k − 1) 	≡ 0 (mod p)

since 0 < l − k < l + k − 1 < 2n − 1 � p. If (2l − 1)2 + (2k − 1)2 ≡ 0 (mod p), then −1 is a quadratic
residue mod p and hence p ≡ 1 (mod 4). For δ ∈ {±1}, if

4
(
(2l − 1)2 + δ(2l − 1)(2k − 1) + (2k − 1)2) = (

2(2l − 1) + δ(2k − 1)
)2 + 3(2k − 1)2

is divisible by p, then −3 is a quadratic residue mod p and hence p ≡ 1 (mod 6). Similarly, if
(2l − 1)4 − (2k − 1)2(2l − 1)2 + (2k − 1)4 ≡ 0 (mod p) then p ≡ 1 (mod 6).

By the above, for any d ∈ {4,6,12}, if p ≡ −1 (mod d) then those (2k − 1)d with k = 1, . . . ,n are
pairwise distinct modulo p.

Now we handle the case p ≡ 1 (mod 4). It is well known that p = x2 + y2 for some integers x >

y > 0 and hence 2p = (x + y)2 + (x − y)2 with x ± y odd. Take k = (x − y + 1)/2 and l = (x + y + 1)/2.
Clearly 2l−1 = x+ y �

√
2p �

√
4.8n < 2n and hence 1 � k < l � n. As (2l−1)2 ≡ −(2k−1)2 (mod p),

we have (2l − 1)4 ≡ (2k − 1)4 (mod p) and (2l − 1)12 ≡ (2k − 1)12 (mod p).
Now we assume p ≡ 1 (mod 3). It is known that p = u2 + 3v2 for some u, v ∈ Z+ with u 	≡

v (mod 2). Write u + v = 2l − 1 and |u − v| = δ(v − u) = 2k − 1. Clearly k, l ∈ Z+ and k < l. Since
4p = (u − 3v)2 + 3(u + v)2, we have
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u + v �
√

4p

3
� 2

√
2.4n

3
< 2n

and hence l � n. Observe that

(2l − 1)2 + δ(2l − 1)(2k − 1) + (2k − 1)2

= (u + v)2 + (u + v)(v − u) + (u − v)2 = u2 + 3v2 ≡ 0 (mod p).

So we have (2l − 1)6 ≡ (2k − 1)6 (mod p) and (2l − 1)12 ≡ (2k − 1)12 (mod p).
Combining the above we have finished the proof of Lemma 4.2. �

Proof of Theorem 1.3. Fix d ∈ {4,6,12} and n ∈ {3,4, . . .}. We want to prove that λd(n) (the least
integer m > 1 with |{(2k − 1)d mod m: k = 1, . . . ,n}| = n) is just the least prime p � 2n − 1 with
p ≡ −1 (mod d).

If n � 14 or n ∈ E(d), then we can easily verify the desired result. Below we simply assume n � 15
and n /∈ E(d).

For 1 � k < l � n, clearly (2l − 1)d − (2k − 1)d is a multiple of (2l − 1)2 − (2k − 1)2 = 4l(l − 1) −
4k(k − 1). If those (2k − 1)d with 1 � k � n are pairwise distinct modulo an integer m > 1, then so are
those k(k − 1) (k = 1, . . . ,n) and hence m � 2n − 1 by Theorem 2.1(i). Therefore λd(n) � 2n − 1.

By Lemma 4.1, [2n − 1,2.4n] contains a prime p ≡ −1 (mod d) and hence λd(n) � p � 2.4n by
Lemma 4.2. As those 2k(k − 1) (k = 1, . . . ,n) are pairwise distinct mod λd(n), by Theorem 2.1(ii)
and Theorem 2.2(ii), λd(n) must be a prime. In view of Lemma 4.2, λd(n) is the least prime p ∈
[2n − 1,2.4n] with p ≡ −1 (mod d).

So far we have completed the proof of Theorem 1.3. �
Lemma 4.3. For any odd prime q and positive integer n, the interval [2n − 1,2.4n] contains at least a prime
p 	≡ 1 (mod q) unless n � 17 and q < 2.4n.

Proof. By the proof of Lemma 3.1, [2n−1,2.4n] contains a prime p. If p ≡ 1 (mod q) then q � p −1 <

2.4n.
Clearly [2 · 1 − 1,2.4] contains the prime 2 	≡ 1 (mod q). When n > 1, the interval [2n − 1,2.4n]

contains an odd prime p. If q � 1.2n then 1 + 2q > 2.4n and hence p 	≡ 1 (mod q). Below we assume
q < 1.2n.

We first handle the case q � 53. As in Lemma 4.1 we can employ [RR, Theorem 1.1] to deduce that
(2n,2.4n] contains a prime p ≡ −1 (mod q) for n � 1010/2. For n ∈ [18,1010/2] we can easily check
that [2n − 1,2.4n] indeed contains a prime p 	≡ 1 (mod q).

Now assume that q � 59. Set x := 2.4n. Then q < x/2. By the Brun–Titchmarsh theorem (cf. [MV]
or [CP, p. 43]) in analytic number theory, we have

π(x;1,q) := ∣∣{p � x: p is a prime and p ≡ 1 (mod q)
}∣∣ � 2x

ϕ(q) log(x/q)
.

Thus, if q �
√

x then

π(x;1,q) � 2x

(q − 1) log
√

x
� 4x

58 log x
= 2

29
× x

log x
;

if
√

x < q � x/2 then

π(x;1,q) � 2x

(
√

x − 1) log 2
.

Note that (
√

x − 1) log 2 > 29 log x when n � 114 895.
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Assume n > 148 000. By the above,

π(x;1,q) � 2

29
× x

log x
. (4.1)

Since x = 2.4n > 599, by [D, Section 4] we have

π(x) := π(x;1,1) � x

log x

(
1 + 0.992

log x

)
>

x

log x

and

π(2n) � 2n

log(2n)

(
1 + 1.2762

log(2n)

)

� 2n

log(2n)

(
1 + 1.2762

log(2 × 148 001)

)
<

2.202602n

log(2n)
.

Thus

π(2.4n) − π(2n) >
2.4n

log(2.4n)
− 2.202602n

log(2n)
. (4.2)

Since

(
27

29
× 2.4 − 2.202602

)
logn �

(
27

29
× 2.4 − 2.202602

)
log 148 001

> 0.3795 > 2.202602 log 2.4 − 27

29
× 2.4 log 2,

we have the inequality

(
1 − 2

29

)
2.4

logn + log 2.4
>

2.202602

log n + log 2
. (4.3)

Combining (4.1)–(4.3) we obtain π(2.4n) − π(2n) > π(2.4n;1,q). So [2n − 1,2.4n] contains a prime
p 	≡ 1 (mod q).

When 18 � n � 148 000 and 59 � q < 1.2n, we can easily verify the desired result using a com-
puter.

So far we have proved Lemma 4.3. �
Proof of Theorem 1.4. Fix an odd prime q and let Dq(n) denote the smallest integer m > 1 such that
those kq(k − 1)q (k = 1, . . . ,n) are pairwise distinct modulo m. We want to prove that Dq(n) is just
the least prime p � 2n − 1 with p 	≡ 1 (mod q). This is trivial for n = 1, so we just let n > 1.

As those k(k − 1) mod Dq(n) with 1 � k � n are pairwise distinct, we have 2 < 2n − 1 � T (n) �
Dq(n) by Theorem 1.1(ii).

If n � 17 and q < 2.4n, then we can easily verify the desired result directly. Below we let n � 18
or q � 2.4n. By Lemma 4.3, the interval [2n − 1,2.4n] contains a prime p 	≡ 1 (mod q).

Let p be any prime in [2n − 1,2.4n]. If lq(l − 1)q ≡ kq(k − 1)q (mod p) for some 1 � k < l � n �
(p + 1)/2, then p � k(k − 1),
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(
l(l − 1)

k(k − 1)

)q

≡ 1 (mod p) and

(
l(l − 1)

k(k − 1)

)(q,p−1)

≡ 1 (mod p); (4.4)

as l(l − 1) 	≡ k(k − 1) (mod p) by Theorem 2.2(i), (4.4) implies that (q, p − 1) > 1 and hence p ≡
1 (mod q). Conversely, if p ≡ 1 (mod q), then q < p � 2.4n and n � 18, hence those kq(k − 1)q

with 1 � k � n cannot be pairwise distinct modulo p since we only have (p − 1)/q � (p − 1)/3 �
(2.4n − 1)/3 < n − 1 q-th power residue modulo p.

In view of the above, Dq(n) does not exceed the least prime p ∈ [2n − 1,2.4n] with p 	≡ 1 (mod q).
If Dq(n) = 2a w with a � 3 and 2 � w , then

(
2a−2 w

(
2a−2 w − 1

))q ≡ (
1(1 − 1)

)q (
mod 2a w

)

and also 1 < 2a−2 w = Dq(n)/4 � 0.6n < n. So 8 � Dq(n). If Dq(n) = 2a w with a ∈ {1,2} and 2 � w ,
then those kq(k − 1)q (k = 1, . . . ,n) are pairwise distinct modulo w < Dq(n) since 8 | kq(k − 1)q for all
k = 1, . . . ,n. Thus Dq(n) cannot be even. If n � 15, then Dq(n) must be a prime by Theorem 2.1(ii),
and hence it is just the least prime p � 2n − 1 with p 	≡ 1 (mod q).

Now we handle the remaining case 2 � n � 14 and q � 2.4n. Note that any prime in [2n − 1,2.4n]
is not congruent to 1 modulo q. For each n = 2,3,4,6,7,9,10,12, clearly 2n − 1 is prime and
hence Dq(n) is the least prime in [2n − 1,2.4n]. As 2 + 9/3 = 5, we have 32 � Dq(5) by the proof
of Lemma 2.2, hence Dq(5) is the least prime 11 after 2 · 5 − 1 = 9. (Note that Dq(5) 	= 10 since
10 is even.) Since 15/3 + 3 = 8 and 21/3 + 3 < 11, by the proof of Theorem 2.1(ii) we have
Dq(8) 	= 3 · 5 and Dq(11) 	= 3 · 7, hence Dq(8) = 17 and Dq(11) = 23 as desired. For n = 13,14, as
2 + Dq(n)/3 � 2 + 0.8n � n, by the proof of Lemma 2.2 we have p2 � Dq(n) for any odd prime p,
hence Dq(n) 	= 25,27. Note also that Dq(n) 	= 26,28. So Dq(13) = Dq(14) = 29 as desired.

The proof of Theorem 1.4 is now complete. �
Lemma 4.4. All those sn = ∑n

k=1(−1)n−k pk (n = 1,2,3, . . .) are pairwise distinct, and also sn � pn for all
n ∈ Z+ .

Proof. Obviously s1 = p1 = 2. For n = 2,3,4, . . . , we clearly have sn + sn−1 = pn and hence sn < pn
since sn−1 > 0.

Now we show that sn 	= sk for any 1 � k < n (see also [SC] for this simple observation). If n − k is
even, then

sn − sk = (pn − pn−1) + · · · + (pk+2 − pk+1) > 0.

When n − k is odd, we have

sn − sk =
n∑

l=k+1

(−1)n−l pl − 2
k∑

j=1

(−1)k− j p j ≡ n − k 	≡ 0 (mod 2).

The proof of Lemma 4.4 is now complete. �
Proof of Theorem 1.5. Let k, l ∈ {1, . . . ,n} with k 	= l. We want to show that

2s2
l − 2s2

k = 2(sl + sk)(sl − sk) 	≡ 0 (mod pn+1).

By Lemma 4.4, sk 	= sl and |sk − sl| � max{sk, sl} � max{pk, pl} � pn < pn+1, therefore sk 	≡
sl (mod pn+1).

As sk + sl � pk + pl � 2pn < 2pn+1, it remains to prove that sk + sl 	= pn+1. Without loss of gener-
ality we assume that k < l. If l − k is even, then
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sl + sk =
l∑

j=k+1

(−1)l− j p j + 2sk ≡ l − k ≡ 0 (mod 2)

and hence sk + sl 	= pn+1. If l − k is odd, then

sl + sk =
l∑

j=k+1

(−1)l− j p j = pl −
∑

0< j�(l−k−1)/2

(pl−2 j+1 − pl−2 j) � pl � pn < pn+1.

So we do have sk + sl 	= pn+1 as desired.
In view of the above we have completed the proof of Theorem 1.5. �

5. More conjectures

Motivated by Conjecture 1.1, here we pose more conjectures for further research.

Conjecture 5.1.

(i) For the functions s(n) and t(n) in Conjecture 1.1, we have s(n) < n2 and t(n) � n2/2 for all n =
2,3,4, . . . .

(ii) The number of primes not exceeding x in the set S = {s(1), s(2), s(3), . . .} is o(
√

x ) and even O (
√

x/
log3 x) as x → +∞.

(iii) If we replace k! in Conjecture 1.1(ii) by (k + 1)! or (2k)!, then the modified t(n) is always a prime.

Remark 5.1. It seems that if we replace
(2k

k

)
in the definition of s(n) by 2k! or 2k! or 22k

then the
modified s(n) also takes only prime values.

Conjecture 5.2. Let n be a positive integer.

(i) The least integer m > 1 such that |{(k2 − k)! mod m: k = 1, . . . ,n}| = n is a prime in the interval
((n − 1)(n − 2),n(n − 1)) for every n = 3,4, . . . .

(ii) The least integer m > 1 such that n! 	≡ k! (mod m) for all 0 < k < n is a prime not exceeding 2n except for
n = 4,6.

Remark 5.2. For any positive integer n, the interval [n,2n] contains at least a prime by the Bertrand
Postulate proved by Chebyshev, but Legendre’s conjecture that (n2, (n + 1)2) contains a prime remains
unsolved.

Conjecture 5.3. Let a ∈ Z with |a| > 1. For n ∈ Z+ define fa(n) as the least integer m > 1 such that those ak

(k = 1, . . . ,n) are pairwise distinct modulo m. Then there is a positive integer n0(a) such that for any integer
n � n0(a), the number fa(n) is the least prime p > n having a as a primitive root modulo p if a is not a square,
and fa(n) is the least prime p > 2n such that a,a2, . . . ,a(p−1)/2 are pairwise distinct modulo p if a is a square.
In particular, we may take n0(−2) = 3, n0(−3) = n0(5) = 1, and n0(9) = n0(25) = 2.

Let A and B be integers. The Lucas sequence un = un(A, B) (n ∈ N = {0,1,2, . . .}) and its compan-
ion sequence vn = vn(A, B) (n ∈ N) are defined as follows:

u0 = 0, u1 = 1, and un+1 = Aun − Bun−1 (n = 1,2,3, . . .);
and

v0 = 2, v1 = A, and vn+1 = Avn − B vn−1 (n = 1,2,3, . . .).
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It is well known that

(α − β)un = αn − βn and vn = αn + βn for all n ∈N,

where α = (A +√

)/2 and β = (A − √


)/2 are the two roots of the equation x2 − Ax + B = 0 with

 = A2 − 4B . It is also known that if p is an odd prime not dividing B then p | up−( 


p ) (see, e.g.,

[S06]), where (−) is the Legendre symbol. Note that

u2n = un vn = Aun
(

A2 − 2B, B2) and v2n = vn
(

A2 − 2B, B2)

for all n ∈ N. Those Fn = un(1,−1) and Ln = vn(1,−1) are Fibonacci numbers and Lucas numbers
respectively, and also F2n = un(3,1) and L2n = vn(3,1).

Clearly an integer a is a primitive root modulo an odd prime p if and only if those vk(a + 1,a) =
ak + 1 (k = 1, . . . , p − 1) are pairwise distinct modulo p. Motivated by the Artin conjecture, we raise
the following new conjecture.

Conjecture 5.4. Let A be an integer with |A| > 2.

(i) If 2 + A is not a square, then there are infinitely many odd primes p � A2 − 4 such that those

vk(A,1) mod p for k = 1, . . . , (p − ( A2−4
p ))/2 are pairwise distinct.

(ii) If 2 − A is not a square, then there are infinitely many odd primes p � A2 − 4 such that those

uk(A,1) mod p for k = 1, . . . , (p − ( A2−4
p ))/2 are pairwise distinct.

Inspired by Conjecture 5.5, we pose the following challenging conjecture which implies part (i) of
Conjecture 5.4.

Conjecture 5.5. Let A be an integer with |A| > 2. For n ∈ Z+ define t A(n) as the smallest integer m > 1 such
that those vk(A,1) mod m for k = 1, . . . ,n are pairwise distinct. Then t A(n) is prime for any sufficiently large
integer n (n > 2|A| might suffice). When A + 2 is not a square, there is a positive integer N0(A) such that for

any integer n � N0(A), the number t A(n) is the smallest odd prime p � A2 − 4 such that p − ( A2−4
p ) � 2n and

those vk(A,1) mod p (k = 1, . . . , (p−( A2−4
p ))/2) are pairwise distinct. In particular, we may take N0(3) = 6,

N0(−3) = 7, and N0(±4) = N0(±10) = 3.

Remark 5.3. Note that vk(3,1) = L2k and vk(−3,1) = (−1)k L2k for any k ∈ Z+ . Also, [S02] contains
the congruence

T
(p−( 3

p ))/2 ≡ 2

(
6

p

) (
mod p2) for any prime p > 3,

where Tn := vn(4,1).

Recall that Sn denotes the sum of the first n primes. Our following conjecture is a refinement of
the Artin conjecture.

Conjecture 5.6. If a ∈ Z is neither −1 nor a square, then there is a positive integer n0 such that for any integer
n � n0 the least integer m > 1 such that |{aSk mod m: k = 1, . . . ,n}| = n is a prime p having a as a primitive
root modulo p. In particular, we may take n0 = 1 for a = −3.
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Recall that the Euler numbers E0, E1, E2, . . . are integers defined by

E0 = 1, and
n∑

k=0
2|k

(
n

k

)
En−k = 0 for n = 1,2,3, . . . .

It is well known that E2n+1 = 0 for all n ∈ N and

sec x =
∞∑

n=0

(−1)n E2n
x2n

(2n)!
(

|x| < π

2

)
.

Conjecture 5.7.

(i) For n ∈ Z+ let e(n) be the least integer m > 1 such that E2k (k = 1, . . . ,n) are pairwise distinct modulo m.
Then we have e(n) = 2�log2 n�+1 with the only exceptions as follows:

e(3) = 7, e(5) = e(6) = 13, e(9) = e(10) = 25, e(17) = 47,

e(18) = e(19) = e(20) = e(21) = 72, e(65) = · · · = e(78) = 132,

e(1025) = e(1026) = e(1027) = e(1028) = e(1029) = e(1030) = 55.

(ii) For n ∈ Z+ let e∗(n) be the least integer m > 1 such that 2E2n 	≡ 2E2k (mod m) for all 0 < k < n. Then
e∗(n) is a prime in the interval [2n,3n] with the only exceptions as follows:

e∗(4) = 13, e∗(7) = 23, e∗(10) = 52, e∗(55) = 112.

Remark 5.4. With the help of the Stern congruence for Euler numbers (see, e.g., S.S. Wagstaff [W] and
the author [S05]), we can easily show that log2 e(n) � �log2 n� + 1. Also, it is known (cf. [B]) that for
any n ∈ Z+ the interval [2n,3n] contains at least a prime.
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