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1. Introduction

Chen and Sun [2] presented an interesting approach to proving Bernoulli number identities by
using the extended Zeilberger’s algorithm. We observe that many identities in [2] are of the form

D fmoane= f@.k)bm. (11)

k=0 k=0

In this paper, we present a way to prove and construct this kind of identities. We further give a
generalization of this kind of identities.

Our approach is based on the following observations. To prove identity (1.1), it suffices to prove
the following two assertions.
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(1) The sum

Sm,n) = f(m,k)anx (12)

k=0

satisfies a symmetric recurrence relation

aSm,n)+Sm+1,n)+Sm,n+1)=0, (1.3)

where « is a constant independent of m, n.
(2) The identity holds for m = 0.

In Section 2, we characterize those coefficients f(m,k) such that (1.3) holds for an arbitrary se-
quence {x}x>0. More precisely, we have

f(m, k)= f(0,0)(—=1)™ <7:)O{mfk.

With this fact, assertion (2) becomes the identity

t=(-1D)"Y_ (Z)a""‘bk. (14)

k=0

When a = —1, the transform from {bn}n>0 t0 {an}n>0 is called the binomial transform by Knuth [4].
For this reason, we call a pair of sequences (ay, by) satisfying (1.4) a binomial pair with parameter o
and we say ap is the binomial transform of b, with parameter . In Section 3, we give some ways to
construct new binomial pairs from the old ones. These results enable us to derive many identities of
form (1.1). In particular, we obtain a simpler form of the results of Chen [1].

We then give a generalization of the above results. Let t be a non-negative integer. We show that

m—+n m-+n
m + tk n+tk
—_1)m 2 : m+n—k, _ —_1n" 2 : m-+n—k
=D P <m+n—k)a = (=1 prd (m—i—n—k)a i

if and only if

n
Qt+1Dk+1 (t+ 1n+tk —k
—(yny T n—kp, . 15
an = ( )I;tn+(t+1)k+1< n—k )a k (15)

We also show that the transform (1.5) from the sequence {bn}n>o to the sequence {a}p>o is an
involution.

2. Symmetric recurrence relations

In this section, we characterize the coefficients f(m,k) such that the sum S(m,n) given by (1.2)
satisfies the symmetric recurrence relation (1.3). The result explains in some sense why the identities
are of the form

n

D"y ('Z)am‘kan+k ==D")] (Z)a”"‘bm+k.

k=0
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Theorem 2.1. Let « be a constant. The following two statements are equivalent.

(1) For any sequence {ay}k>o, the sum

Sm.n) =Y f(m.k)ansr

k=0
satisfies
aSm,n) 4+ Sm+1,n) + Sm,n+1) =0. (2.1)
(2) We have
fm.k) = £(0,0)(~1)" (Zf)a”’—k. (22)

Proof. Noting that S(m,n) depends only on the values of f(m,k) with m >k > 0, we may set
f(@m, k) =0 if k > m or k < 0. By the definition of S(m, n), we have

aS@m,n) +S(m+1,n) + Sm,n+1)
m+1
=) _(@fm.h+ fm+1.k + fmk—1))xn .
k=0
Therefore, (2.1) holds for an arbitrary sequence {ay}r>o if and only if

af(mk)+ fm+1,k)+ f(mk—1)=0. (2.3)

It is easy to check that (2.3) holds for

f(m, k)= f(0,0)(=1)" (T)am—k'

On the other hand, let
x
Fmn() = f(m, k)X
k=0
be the generating function of f(m,k). Then (2.3) implies that
Fint1(X) + o Fp(X) + XFrp (x) = 0.

Hence

Fn(®) = (=1)™(x + @)™ Fo(x) = f(0,0)(—1)™ Z (T)Xkam—k’
k=0

implying (2.2). O
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By the symmetry of the recurrence relation, we immediately derive by induction that

Corollary 2.2. Let « be a constant. Then the identity

m m . n
D"y ( k)a’"*"aw =(-1") (k)a"*"bmk
k=0 k=0

holds for any non-negative integers m and n if and only if

n
n\ n—k
an:(—l)”’Xg(k)a" b.
k=

3. Binomial pairs

Let {an}n>0 and {bp}n>0 be two sequences. Recall that (an, by) is called a binomial pair with pa-

rameter « if (1.4) holds. In this section, we will give some ways to construct binomial pairs.

Prodinger [6] used the exponential generating function to study the binomial transform of the

Fibonacci numbers. Our approach is also based on the exponential generating functions. Let

o0 x” o0 Xn
f(X):ZanE, g(X)=anE,
n=0 n=0

(31)

be the exponential generating functions of {ay}y>0 and {bs}>0, respectively. By standard computa-

tion, we see that relation (1.4) is equivalent to
fo0) =g(=x)e ™.
From (3.2), we obtain some properties on binomial pairs.

Theorem 3.1. Let (an, by) be a binomial pair with parameter «. Then

(a) (bp, ap) is a binomial pair with parameter c.
(b) Let s be a non-negative integer and

n! !
Xn = { rs)!an—Sa n?s, Yn = {(—l)sﬁbnf‘g, n>5,
0, n<s, , n<s.
Then (x,, yn) is a binomial pair with parameter «.
(c) Let s be a non-negative integer and
n! ! n!
X —— @ — (=15t " asTRy ,
"= s D gkz(nﬂ—k)! k
n!
= —] S—b .
Yn=(=1) n+s) n+s

Then (x,, yn) is a binomial pair with parameter c.

(3.2)
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(d) Let

n

Ant)y=>" <Z)akr”—’<, Ba(t) =) (Z)bkt”_k.

k=0 k=0

Then (An(B), Bn(y)) is a binomial pair with parameter o« — g — y.
(e) (ant1, —bnt1 — aby) is a binomial pair with parameter c.

Proof.

(a) Noting that

f)=g(=xe™* «— g = f(—x)e *,

we immediately obtain (a).
(b) Let f(x)=x°f(x) and g(x) = (—x)°g(x). We have

fx) =x"f(x) =x°g(—x)e™ % = g(—x)e™**.

By taking the coefficients of ’,‘1—", in f(x) and g(x), we see that (b) holds.
(c) Let

(X)_ib % nd g = B &®
8&s(X) = Z k X gXx) = 7(_)()5

Let further f(x) = &(—x)e~%*. Since

8(X) —8s(=X) _ax _ f®) _ gs(=we™™
xS 'S xS

feo =

s

we see that f(x) is a power series whose coefficient of x" equals

s—1 —k
an+s n+s

—_(—1)5t -
mrs D gk!(n—i-s—k)!bk'

Noting further that the coefficient of x" in g(x) is (—1)° (g’r;)!, we thus obtain (c).
(d) We have

e f(x) = e g(—xe™ ™ = e X g(—x)e” @IV,

Noting that e#* f (x) and e¥*g(x) are the exponential generating functions of the sequences A,(8)
and Bj(y) respectively, we get (d).
(e) Since

) =e™*(—g'(—x) — ag(—x)),

we see that (e) holds. O
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Example. It is known (see, for example [7]) that (By, Bp) is a binomial pair with parameter 1, where
B, is the n-th Bernoulli number. Then by Theorem 3.1, we derive that

Bny1 (=1l _ Bnp
n+1 n+1’ n+1

(nBp—1, —nBp-1), ( >7 (Bn+1, —Bny1 — Bn)

are binomial pairs with parameter 1 and (By(s), By(t)) is a binomial pair with parameter 1 —s —t,
where

n
n
Bn(x) = x"kp
0=3 (,) ‘
k=0
is the Bernoulli polynomial. Applying Theorem 3.1(b) further to the binomial pair (Bp+1, —Bn+1 — Bn),
we derive that (nBy,,n(B, + By—1)) is a binomial pair. Noting further that (nB,_1, —nB,—1) is a bino-
mial pair, we derive that n(2B, + B,_1) is invariant under the binomial transform with parameter 1.

Combining Corollary 2.2 and Theorem 3.1, we obtain

Corollary 3.2. Let s be an integer and (ay, bp) be a binomial pair with parameter «. Then we have

e (M ek (+K)!
-1 Z<k>a s R

k=0
n
n\ ,_, (Mm+k)!
— (=1t n—k b
=D kZO <k)a m+s+k)! mstk
+( 1)m+n+s § ni(s —Km am+n+sfkb (3.3)
ki +n+s—k)! k '

n
n . (m+k)!
=D Z (k)a” kmbm+s+l<

k=0
( 1)m+n § mi(s —k)n aﬂ‘l+n+5—ka (3.4)
S km+n+s—k)! ke '

where (X)m = x(x + 1) --- (x + m — 1) is the raising factorial. In the above sums, we regard the summand
containing ay or by, with negative index k as zero.

Proof. When s < 0, by Theorem 3.1(b) and Corollary 2.2, we immediately get (3.3) and (3.4).
If s > 0, by Theorem 3.1(c) we have an extra term

-1
(_1)111 i m amfl(_l)ernH SZ (n + I)' aﬂ+l+sfkb
A\ ki +l+5—h)! K

Denote the sum by 2}10 ch;}) F(m,n,s,1, k). By Zeilberger’s algorithm [5], we find that

m+1
ZF(m—i—l,n,s,l,k):—a

—k m
m+ s ZF(m,n,s,l,k).
=0 =0

m+n+1+s—k4
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Therefore,

—k
C=0m__ rons0.k

m
F(m,n,s,l.k) = (—a)" ——M—
2 F )= e T T s —fom

1=0
n!'(s —k)m

— (=1 m+n+s
=1 kim+n+s—k)!

m+"+57kbk

This completes the proof of (3.3). Now applying (3.3) for the binomial pair (b, a,;) and interchanging
m and n, we arrive at (3.4). O

Remark 1. As pointed by one of the referees, (a,, by) is a binomial pair with parameter « if and only
if (@ "ay, 2 "b,) is a binomial pair with parameter 1. Therefore, Corollary 3.2 is equivalent to its
special case o = 1.

Remark 2. Taking o = 1 and substituting b, with (—1)" Zk 0( )ak, we see that the last term of (3.3)
can be written as

§§ (—1)ymHntsHpi s — ), ]
I
o KA =Rm+n+s=D!

The identity (3.3) written in this form is equivalent to the result of Chen [1, Theorem 1.1]. Further-
more, by (3.4) we see that the last term in Theorem 1.1 of Chen can be simplified to

-1 .
(—1yrH SZ L Clut ) B
— jim+n+s—j) J

4. A generalization
In this section, we give a generalization of the binomial transform by introducing a new parame-

ter t. The original binomial transform corresponds to the case t = 0.
Our main result can be stated as follows.

Theorem 4.1. Let t be a non-negative integer and {an}n>0, {bn}n>0 be two sequences. The following three
statements are equivalent.

(a) For any non-negative integers m, n, we have

m—+n m—+n
m+ tk n+tk
1 m+n —k — 1 m+n—k ) 41
(=" Z(m+n ) a = (- )Z(m+n_k> bi (41)

(b) For any non-negative integer n, we have

n

tk B D4tk
Z <n - k)a” kap = (=)™ Z (n - k)ot" *br. (4.2)
k=0

k=0
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(c) For any non-negative integer n, we have

n

Qe+ Dk+1 [+ Dn+ek
= (=1)" - n=kp.. 43
an = ( )lgotn+(t+1)k+1( n—k )a k (4.3)

Proof. Let

m+ tk
>am+n—k'

fm,n k. t)=(—1) <m—|—n—k

We can verify that

af(m,nk,t)+ f(m+1,n,k,t)+ f(m,n+1,k, t) =0
Therefore, for any sequence {Xy}r>o, the sum

Se(m,n) = Zf(m n,k, t)x = (=)™ Z

m—+n m—+n
m + tk _
< ) m+n ka

m+4n—
satisfies the symmetric recurrence relation

aSi(m,n) + S¢(m+1,n)+ S¢(m,n+1)=0.

Hence by induction on m, (4.1) holds if and only if (4.2) holds.
We next show that (4.3) implies (4.2). It is known that [3, (5.62)]

Z .u (wi.-l-u><w(m—i).+v>=(wm+u+v>, (4.4)
—witu i m—i m

where u, v, w € C are arbitrary complex numbers and the binomial coefficients are defined by

X xXx—1---(x—k+1)
= , eC.
k k!
Substituting
i=I1—k, m=n—k, w = —t, u=-Q2t+ k-1, v=tn

into (4.4), we obtain
2”: Qt+Dk+1 (—tl—(@+Dk—1\/ tl \ _(—t+Dk—1
ol (t+ Dk +1 I—k n—1)" n—k '

Since (§) = (—D¥(™ "+" 1), the above identity can be rewritten as

X”:(_]), Qt+k+1 ((t+1)l+tk>< tl )_(_1)n<n+tk>
= th+ ¢t +1Dk+1 I—k n—1)" n—k)
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By relation (4.3), we derive that

n

tl 2t+Dk+1 t 4+ 1)1 4+ tk
Z<n_>an o= Zan kbk2< )(_1)1( ) (( ) <>

s —\n—I th+ (t+ 1Dk +1 I—k
n
n+ tk
=(=1)" n—kp,.
( ’g<n—k>“ k

It remains to show that (4.2) also implies (4.3). Let {by}n>0 be an arbitrary sequence. Since the
coefficient of a, in the left hand side of (4.2) is 1, there exists a unique sequence {a;};>o such that

(4.2) holds. But we have proven that the sequence {a,};>0 given by (4.3) satisfies (4.2). Thus we must
have a = a,, completing the proof. O

Here are some examples of the applications of Theorem 4.1.
Take bp =1 and by =0 for k > 1. Then by (4.3) we have

a4y = (—1)" 1 ((t—l— Un)a”.

tn+1 n

We thus derive that

ST mtk ) (—DF /(6 + Dk [ n
=D §<m+n—k>tk+1< k ):(—1) <m+n>' (45)

Take t = =1 and by = (_}/2). By Zeilberger’s algorithm, we find that

_1
an:bn:< 2).
n
Therefore,
me~ [ mAk N\ (~1 A L R Y
=1 I§<m+n—k><k>_(_) l§<m+n—k><k>' (46)

Take t = =1 and by = (%2)4". By Zeilberger’s algorithm, we find that

a In+2 <2n)
h=(C-DH— )
m+1Dm+2)\n

Therefore,
m+n
m+ k Tk +2 2k
(-nm Z (—Df
m+n— k+1Dk+2)\ k

nn1+n n+l< % ‘
=(-1") <m+n_k) <k>4 ) (4.7)

k=0
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Now we consider the sequences {ay}p>0 and {bn}n>o which satisfy the relation (4.3). We call
(an, by) a generalized binomial pair with parameters («,t) and we say a, is the generalized binomial
transform of b, with parameters («, t).

As a consequence of Theorem 4.1, we find that the generalized binomial transform is an involution.

Corollary 4.2. Suppose that (ay, by) is a generalized binomial pair. Then (by, ay) is also a generalized binomial
pair with the same parameters.

Proof. Suppose that (a,, b,) is a generalized binomial pair with parameters (c,t). By Theorem 4.1,
we have (4.1). Taking n =0 in (4.1), we get

m m
m4tk\ o tk -
DD (m - k)am =2 <m - k)am b
k=0

k=0

which is equivalent to (4.2) by exchanging a, and b,. Since (4.2) is equivalent to (4.3), we derive that
(bn, ay) is a generalized binomial pair with the same parameters. O

An equivalent statement of Corollary 4.2 is as follows. The infinite matrix

(4.8)

A = ((—1)" Q@t+1Dk+1 ((t + 1)n+ tk)ot'Fk)
n,k>0

tn+(t+Dk+1 n—k

is an involutory matrix, i.e., A(ZM = I, the identity matrix. We identify a column vector a = (ag, a, ...)"
with the sequence {an},>0. Then a sequence {ap}n>o is invariant under the generalized binomial
transform if and only if Ay (a =a. By Wang’s result [8, Theorem 2.2 and Remark 2.3], we derive that

Corollary 4.3. A sequence {an}n>o is invariant under the generalized binomial transform if and only if a =
(Aq.t + 1)V for some vector v. In other words, the invariant space {a: Ay :a = a} is generated by the column
vectors of Ag ¢ + 1.

Let 8, x be the Kronecker delta. By Corollary 4.3, we obtain that for any non-negative integer k, the
sequence {d}n>0 given by
2t+ 1Dk +1 t+ 1n+tk
G = (1 DI (EF DR ok
m+E+1Dk+1 n—k

is invariant under the generalized binomial transform.

We remark that the generalized binomial pair does not have similar properties to items (b)-(d) of
Theorem 3.1.

Let s be a non-negative integer. An analogue of Theorem 3.1(b) can be stated as follows. There
exist two sequences {An}n>o0 and {unln>o such that for any generalized binomial pair (ay, by), the
pair (Apan—s, wnbn—s) is also a generalized binomial pair. Let us consider the special case of t =1 and
s =a = 1. By the definition of generalized binomial pairs, we have

bo = ao, b1 =—ag — a1, by =2ap + 4a1 + ay,

and

M1bo = —A1ao, H2b1 =4riag + Aoay, u3by = —14h1a0 — 7X2a1 — A3az.
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Since {an}n>0 can be chosen arbitrarily, we have A; =41 and A3 =71;. But this result contradicts to
the condition that

b3 = —5a¢ — 14a; — 7a; — as, abs = 48A1ag + 35A2a1 + 10A3az + raas.

A similar discussion shows that we do not have an analogue of Theorem 3.1(c).
Theorem 3.1(d) can be explained in terms of transform matrices as follows. Let

Ag = ((—1)” (”)a”—k) and By = ((”)a"—k) .
k n,k>0 k n,k>0

We have
ByAgB_g=Aqpg—y.

Therefore, if y = Ayx, then

B,,y = ByAaB_ﬁ(BﬁX) = Aa_ﬁ_y (Bﬂx),

which is equivalent to Theorem 3.1(d). Now let us replace A, by the matrix Ay given by (4.8) and
replace Bg by the matrix

B ( Qt+Dk+1 <(t +Dn+ tl<>an7k)
Nl e -
* t+(t+1Dk+1 n—k k>0

It can be checked that, in general, By Ay B_g # A, for any o'.
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