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Asymptotic expansions for the psi function
and the Euler-Mascheroni constant

Aimin Xu * Zhongdi Cen T
! Institute of Mathematics, Zhejiang Wanli University, Ningbo 315100, China

Abstract

Let r # 0 and s # 0 be two given real numbers. Chen [C.-P. Chen, Inequalities
and asymptotic expansions for the psi function and the Euler-Mascheroni constant,
J. Number Theory 163 (2016), 596-607.] obtained recursive relation for determining
the coefficients a;(r, s) such that

11 1 = a;(r, s)
Yz +1) lna:—i—(l r) + 1n<1+; o ), T — 00,

T S

where 1) denotes the psi function. As a consequence, the asymptotic expansion for
the Euler-Mascheroni constant was derived. In this paper, we provide an explicit
formula for these coefficients in terms of the cycle indicator polynomial of symmetric
group which is an important tool in enumerative combinatorics. Also using this tool,
we directly obtain an alternative form of the recursive relation for determining the
coefficients a;(r,s). Furthermore we describe their asymptotic behavior for the
special case r = 2.

Keywords: Psi function; Euler-Mascheroni constant; Asymptotic expansion; Cycle
indicator polynomial

Mathematics Subject Classification: 11Y60; 41A60

1. Introduction
It is well known that the Fuler gamma function
I(z) = /00 t" e tdt, x>0
0
is one of the most important functions in mathematical analysis, especially in the area

of special functions. It has a lot of applications in various diverse areas and it has
been staying in the middle of attention of many authors in years. Many researches are

*Corresponding author. Email: xuaimin1009@hotmail.com
TEmail: czdningbo@tom.com



devoted to establishing approximation formulas for the gamma function and the related
psi function. A formula for approximation of I'(z) for large value of z is of special
attraction. It is stated as follows

xX x
DNx+1)~ 271':10(2) , X — 00.

This formula was improved by an asymptotic series which is often called the Stirling
series

o0

T\7* Bo;
I(x+1) ~V2rz (;) exp {Z 22 = 1)azi1 } , &= 00,

i=1
where B; denotes the ith Bernoulli number defined by the generating function

oo
e D DL

i=1

The first Bernoulli numbers are By = 1/2, By = 1/6, By = —1/30 with Bg;1; = 0,
for each integer ¢ > 1. The Laplace formula [1] for asymptotic expansion of the gamma
function is

Dz +1) 3 (x)l 14 1 n 1 139 571
T ~\V2rx ( — — b _
e 12x  288z2  51840z3  2488320x*

—|—~--}, T — 00.

In [7], Chen and Lin proved that the gamma function has the following asymptotic
expansion:

zt/r

oo
Dx+1)~ 27r;r(§> 1+Zx—]j , T — 00,
j=1

where the coefficients b; are given by

phitkatoth; / Bo\R B\ k2 Bjy \"
b, = (== —_ PR (Rt
J Zkllkz!--.kj! (1-2) <2~3> (j-(j+1)> ’

summed over all nonnegative integers k; satisfying the equation
A+Dki+Q+Dko+---+ (G +DEj = 5.

When [ = 0, this result reduces to the main theorem in [6]. For more works on asymptotic
expansions and approximations of the gamma function, one is referred to [4,5,8,12-15,
17-22,24-35,38,40] and references therein.

The logarithmic derivative of the gamma function

Vo) = 1




is known as the psi function which is connected to the Euler-Mascheroni constant and
harmonic numbers through the well-known relation

Y(n+1)=—y+ H,.

In [9], Chen gave the asymptotic expansion of the psi function by

1N1 1 = a;(r, s)
1) ~1 l—=]=4+-In{1 4 1.1
Pz +1) nx—l—( T>$+8n +; o , & — 00, (1.1)

where 7 # 0 and s # 0 are any given real numbers. The coefficients a; = a;(r, s) in (1.1)
are given by the recursive relation

14
a; =bj+ =Y kbraj g, j=1 (1.2)
J =
and
s(2—r) —5Boay,
== 7 = = > 1. 1.
by o bog+1 =0, by T k> (1.3)

Based on the above complete asymptotic expansion, the asymptotic formula for the
Euler-Mascheroni constant was proposed:

1\ 1 1 o a;
nyHn—<1——>—flnn——ln 1+ZM , N — 0.

r)mn S = nJ
This formula unifies the following three approximation formulas due to Mortici [23] and
develops them to complete asymptotic expansions:

1 1 1 1
=H,-|(l-——=|—-——-lhn—-In(l+——)+0|—=], n—oo
= (1) () o ()

1 1 1 1
=H,-(l1-——=)—-——-hn-Ih(l-—|4+0(—=], n— oo,
= (i) o () o ()

1\ 1 1 1 1

Motivated by these interesting works, in this paper we provide an explicit formula
for the coefficients a;(r, s) in terms of the cycle indicator polynomial of symmetric group
which is an important tool in enumerative combinatorics. Also by means of this useful
tool, we directly obtain an alternative form of the recursive relation for determining the
coefficients a;(r, s) established by Chen [9]. Furthermore we describe their asymptotic
behavior of a;(r, s) for the special case r = 2.

and



2. Main results

Firstly, let us recall the notions of groups of permutations and cycle indicator polynomial.
For more details one can refer to [10]. A group & of permutation of a finite set N be a
subgroup of the group &(N) of all permutations of N, and we denote & < &(N). |&| is
called the order of &, and |N| its degree.

Let [n] = {1,2,...,n} and N be a set of non-negative integers. For every permutation
o € &(N), |[N| =n, denote ¢;(0) the number of orbits of length i of o, i € [n]. We define
the cycle indicator polynomial Z(z1,za,...,x,) := Z(B;21,x9,...,2,) of a group of

permutations & of N:

1 ‘1o >2(0 cn (o
Z(xhg;%’xn):@ZIil( )1.52( )xnn( )
ccd

If & = &(N) (the symmetric group of degree n), the cycle indicator polynomial denoted
by Z.(x1,2Z2,...,xn) := Z,(B;21,29,...,2,) is explicitly expressed by

Zn(x1, 20,0 xy) = — () altas? - aor,

where

zn:kck = n} (2.1)

is a set in which an element corresponds to a way of partition of n, and

. n!
(e5n)” = cileg! - epller2ez .o open
is the number of permutations of type [c] = [e1,ca, ..., cpn]-

From the definition of the cycle indicator polynomial we can directly calculate the
first few cases:

Zy =1,
Zi(x1) = 21,

1
Zy(x1,29) = 5(7’% + x9),
1
Z3(xy, w2, 23) = 6(90‘;’ + 3z122 + 23),

1
Zy(x1, T2, 23,24) = —(ff + 6x%$2 + 3$§ + 8z1x3 + 624),

24
1
Z5(x1, T, T3, T, X5) = m(m? + 1Ox‘;’x2 + 15x1x§ + QOx%:m + 20xow3 4+ 30z x4 + 2425),
1
Zg(x1, 2, T3, T4, Ts, Tg) = 7—20(3:? + 15z 2y + 452222 + 402325

+ 15235 + 12021 2023 + 902224 + 4022 + 902024 + 1442125 + 12026).



The ordinary generating function of the cycle indicator polynomial is
o0 tm o0
exp (Z_lxmm> = 1+ZlZn(x17x2,...,xn)t”. (2.2)
By (2.2) the following recurrence relation is obvious:
n
Zo=1, nZ,(z1,22,...,2,) = Zkan_k(xl,xQ, cey Tpek), n > 1. (2.3)
k=1
It is worth noticing that the cycle indicator polynomials are well connected with the
well-known Bell polynomials [2,10] by
1
Zn(x1, 20, . .. xy) = —'Yn(O!xl, Nag,.oy(n—1lay,), n=1,2,....
n!
Using the cycle indicator polynomials, we obtain the explicit expressions of the coef-
ficients a;(r, s) or a;:
Theorem 2.1. Letr # 0 and s # 0 be two given real numbers. The psi function has the

following asymptotic expansion:

1\1 1 = a;
N ~lnz 1—=)=+=In|(1 - — 2.4
P(x+1) na’+< r>x+sn +;xﬂ , T — 00 (2.4)

with the coefficients a; explicitly given by

2m—1-2k
B sBoy s(2— .
“ Yt T 2k (= S el 22k)<(2rr)) » J=2m-—1,
i 2m—2k
sB sB By s(2—r .
> heo (2m72]§)!Zk3 (—532,—%54,..., - o) ( 2r )) s J=12m,
(2.5)
where m > 1.
Proof. The psi function has asymptotic expansion [1,16]:
Wz +1) = Ing ~ f: B (2.6)
x ne~ —— 5722 — 00, .
where B,, are the Bernoulli numbers. Comparing with (2.4) and (2.6) we have
o s2-7)1 =8By 1
In 1+Z:E ~ = E—; 5 2% T — 00,
which is equivalent to
>, s(2—7)1 o~ 5Bg; 1
Z ~ exp <T; exXp —]ZI 2] SCT] , T — OQ. (2.7)



By (2.2) we have

1 [(s(2—r) A e sBy  sBy sBor\ 1
NS (e S NT g, (522 s S
k!( 2r );ckz’“( 27 27 g ) g%k

k=0
Combining with (2.7) we easily obtain (2.5). O
According to (2.2), it is not difficult to verify that

Lemma 2.1. For m > 1, we have

m—1 Lo T4 Lok x%mflfﬂc
Zom— 5 7Oa 707"'7 770 = Z (_7_""7_)—’
2m-1(w1,22, 0,24 Zam—2,0) ;) "2 2 ) (2m —1— 2k)!
m 2m—2k
B T2 T4 ok Jil
ng(ml,$2,0,1'4,0,. ,,,x2m7270,1’2m) - kZ—OZk (7, 77,T) m

Thus, according to this lemma we can obtain an alternative form of the expressions
of the a;’s.

Theorem 2.2. Letr # 0 and s # 0 be two given real numbers. The psi function has the
following asymptotic expansion:

1IN1 1 > a;
1) ~1 l—=)=—4+-In|1 —Z
Y(x+1) na:+( 7'>{L'+S n —i—;m] , T — 00,

with the coefficients a; explicitly given by

s(2—71) sB sB $Bom—2 .
Zmel( or a_72707_74707"'7_+70)7 J :Qm_la

a; =
J s(2—r) sB sB s$Bam—2 sB :
ZZ’m( 2 22a07_ 24507"'7_ ; 707_ Jm 7]:2m7

(2.8)

2
where m > 1.

Using the recurrence relation of the cycle indicator polynomials, i.e., (2.3), we can
calculate the coefficients a; recursively.

Theorem 2.3. Let r # 0 and s # 0 be two given real numbers. Let ag = 1 and
ay = s(2—r)/(2r). The psi function has the following asymptotic expansion:

1IN1 1 > a;
1) ~1 - -] —+-In|1 § - -
P(z+1) na:—l—( 7'> -t +j=1 vl R e h



with the coefficients a; recursively given by

1 s(2—7) s e
agm-—1 = ( A2m-2 = 5 > B2m2ka2k1> ; (2.9)
k=1

2m — 1 2r
m—1
1 [s(2—-r) s

agm = % (Tazml - 5 % B2m2ka2k) s (2-10)
where m > 1.
Proof. Taking

s(2—1) $Ba; )

Ty= o @y = - 2J7 Tojp1 =0, I<j<m-—1
in (2.3) and combining with (2.8) implies that (2.9) is true. The proof of (2.10) is
similar. O

Remark 2.1. In fact, the recursive relation (1.2) can be divided into (2.9) and (2.10)
because bap+1 = 0, k > 1. This means that by means of the cycle indicator polynomials
we rediscover the recurrence relation of the a;’s.

Applying Theorems 2.1, 2.2 and 2.3 to the asymptotic expansion of the Euler-Mascheroni
constant -, we have similar results.

Corollary 2.1. Let r # 0 and s # 0 be two given real numbers. The Fuler-Mascheroni
constant v has the following asymptotic expansion:

1N\1 1 a;
_ — g — — s vl
v~ H, (1 7"> - Sln n 1+j§:1 o , N — o0,

where the coefficients a; are explicitly given by (2.5) or (2.8).

Corollary 2.2. Let r # 0 and s # 0 be two given real numbers. Let ag = 1 and
ay = $(2 —r)/(2r). The Euler-Mascheroni constant v has the following asymptotic
eTpansion:

N1 1 s -
nyHn—<1—;>ﬁ—;ln n 1+Zlﬁ , n— 00,
i=

where the coefficients a; are recursively given by (2.9) and (2.10).
The case r = 2 is of special interest. From Theorems 2.1, 2.2 and 2.3 we have

Corollary 2.3. Let s # 0 be a given real numbers. The psi function has the following
asymptotic expansion:

1 1 > a;
1) ~1 — +-In|1 - —
Pz +1) nz 45—+ -n +;W ;X — 00,



with the coefficients a; explicitly given by

07 ]'ZZTTL—I7
aj_{ Tm (7%’7\91234’_“77\9322,,”, j=2m, (2.11)

where m > 1. The coefficients ag,,(m > 1) can also be recursively given by

m—1

S
agm = ——— E Bop—arazi
4m Py

with ag = 1.

Though (2.11) is a real explicit formula for the coefficients a;(j > 1), the evaluation
of a; requires listing all or almost all of the solutions of (2.1). It also seems difficult to
find a simpler explicit expression for a; in general. Instead we provide an asymptotic
formula for them.

Theorem 2.4. Let s # 0 be a given real numbers. The psi function has the following
asymptotic expansion:

1 1 > a;
1) ~1 — +-In|1 -2 — 2.12
Y(@+1) ~Inz+ —+ ~n +]Z=‘:$J , T — 00, (2.12)
where we have
agm—1 = 07 m 2 1, (213)

and

(—1)™2s(2m — 1)!
(2m)2m ’

A2 ™~ (214)

as m — +00.

Before we give the proof of Theorem 2.4, some lemmas are presented below.
Lemma 2.2. Let G(z) = Y 07, g2 and F(z) = Y07, fna™ be two formal power
series, and let

o]

H(z) := F(G(x)) = Y _ hna".

Suppose that F(x) is analytic in a neighborhood of the origin, g, # 0 and
(i) gne1 = 0(gn) as n = +o0o,

(i1) 37521 199n 51 = Ogn-1) as n — +o0.

Then we have hy, ~ fi1gn, as n — 400.



This lemma is due to Bender [3]. In the original theorem of Bender, the assumptions
on F are more general. However, as it was noted by Odlyzko [36], those assumptions are
automatically satisfied if F' is analytic at the origin. See also [11].

It is well known that the Bernoulli numbers can be expressed in terms of the Riemann
zeta function as [37]

B = (-1 220

—

From this formula, one can easily deduce Lemmas 2.3 and 2.4, see also [11,39].
Lemma 2.3. For any k > 0 we have

2(2k)! A4(2k)!

o < |Bax| < m—5- 2.15
(2m)2k | Bak| (2m)2F ( )
Lemma 2.4. As k — +o00, we have
2(2Fk)!
Boyj, ~ (—1)FH1 20 2.16
ok ~ (—1) an) (2.16)
Now we turn to prove Theorem 2.4. From (2.6) and (2.12) we have
[e o] o
aj SBQJ' 1
1+Zﬁwexp 7.2 =l Kndas (2.17)
Jj=1 j=1
which immediately leads to
a2m—1 = 07 m > 1.
Therefore, (2.17) can be rewritten as
< agj > SBQJ' 1
3=0 j=1
Let -
SBQ
Gt)=— 147
®) Z 2j
j=1
and
Ft)=¢e"—1

in Lemma 2.2. It is clear that F'(¢) is analytic in a neighborhood of the origin. It follows
from (2.18) that

H(t) = F(G(t)) = Za2jtj.



Applying Lemma 2.3 to the sequence

—SBQj
gj = —
J 2]

we obtain
2|s|(2m — 1)! 4|s](2m — 1)!
(27[')27” |gm‘ (QW)Qm ’

for every m > 1. Since g,, # 0, and

2(27)?2

Im1) < lim =0
m—+oo (2m — 2)(2m — 1) Y

Im

0< lim

m——+oo

we obtain
Im—1 = 0(gm) as m — o0,

which implies that the first condition of Lemma 2.2 holds. It follows from (2.15) that

m—1 m—1

Z\gjgm g\< Zmz 2j = D2(m —j) — 1)!

< 2ol mZ (25 = D! — ) ~ 1),

- (2m — 3)!
By simple calculation we have
m—1 . m—1
(25 - 1! —H=1'_
(2m — 2)
> e 2 2;; %)
m—2
(2m —2) 5+ > G
j=2 2] 1)

If m is large enough, then there exists a constant C; > 0 such that

2m — 2 - 1 4
—m”,
2j—1) = Cy

for 2 < j <m — 2. Thus,

This implies that for m large enough there exists a constant Cy > 0 such that

m—

Z: (25 —1) 2TQrL(m;)j)fl)! <0

10



Therefore, we have

m—1

> 19i9m-jl = Olgm-1) as m — +0,

j=1
which implies that the second condition of Lemma 2.2 is satisfied. According to Lemmas
2.2 and 2.4, we have

sBoym  (—1)M2s(2m — 1)!
2m (2m)2m ’

agm ~ gm = —
as m — 4oo. This completes the proof of Theorem 2.4.
According to Theorem 2.4, we immediately have the following corollary.

Corollary 2.4. Let s # 0 be a given real numbers. The Euler-Mascheroni constant ~
has the following asymptotic expansion:

[FAPREIRE Sy S P i ) =
~ n————In|n N s n oo,
" 2n s ¥ nJ
where we have

agm-1 =0, m=>1,
and

(—1)™2s(2m — 1)!
A2m ~

as m — +00.
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