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Abstract

Suppose that A\; and Ay are positive real numbers such that A; /A, is irrational
and algebraic. Let V be a well-spaced sequence and 6 > 0. Denote by
E(V, X, ) the number of v € V with v < X such that the inequality [A;p; +
Aap2 —v| < v has no solution in primes p;, po. We prove that for all X > 1,
EWV, X,0) < X0+ for any £ > 0 with f(§) = max(5/9 + 26,2/3 + 46/3),
which improves the earlier result.

Keywords: Diophantine inequalities, primes, Davernport—Heilbronn
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1. Introduction

Davenport and Heilbronn first considered the Diophantine inequalities.
Given k£ > 1 and s nonzero real numbers Ay, - -+, As (not all in rational ratio,
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not all negative), we write
j=1

where p = (py,- -+, ps) with each p; a prime. Various authors have considered
the distribution of values of such forms, for example, see [11, 12]. Here
we continue in the direction started by Briiddern, Cook and Perelli [1] and
followed by Cook and Harman [4], Cai [3] and Wang [13]. We call a set of
positive reals V' a well-spaced set if there is a ¢ > 0 such that

wv eV, u#Fv =|lu—uvl>c
We further assume that
HveV:0<v< X} > X'

In this paper, suppose that A\; and Ay are positive real numbers such that
A1/Aq is irrational and algebraic. We consider the distribution of the values
of a given binary linear form

A1p1 + Aapo.

This problem can be considered as real analogous of binary linear Goldbach
problem.

Let V be a well-spaced sequence, and let F(V, X,d) denote the number
of v € ¥V with v < X such that the inequality

|)\1p1 —+ )\2])2 — ’U| < U75 (11)

has no solution in primes py, ps.
In [1], Bridern, Cook and Perelli first considered this problem and showed
that for any ¢ > 0,

E(V, X,0) < X232t (1.2)

Furthermore, they showed that 2/3+2¢ can be replaced by 1/2+2§ under the
assumption of generalized Riemann hypothesis (GRH). Subsequently, Cook
and Harman [4] and Cai [3], respectively, proved that min(2/3 + 26,4/5+ 0)
is admissible. Recently, Wang [13] established that max(3/5+20,2/3+44/3)
is also admissible.

Using the vector sieve of [8], we prove the following result.
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Theorem 1.1. Suppose that \; and Ay are positive real numbers such that
A1/ Aq is irrational and algebraic. LetV be a well-spaced sequence. Let § > 0.
Then for all X > 1, we have

E(V,X,8) < XIOte (1.3)
for any € > 0 with
f(0) = max(5/9 + 20,2/3 + 46/3). (1.4)

Note that the bound in Theorem 1.1 is non-trivial for § < 2/9 and con-
tributes an improvement for 1/6 < 6 < 2/9. Our improvement comes from
using Matomaéki’s combination of the vector sieve, the Harman sieve, some re-
sults on averages of bilinear exponential sums and some extra technical work
which result in enlarging the major arc. It would be worth emphasizing that
Matomaki’s result can be deduced from Theorem 1.1. This reinforces that
Theorem 1.1 is in fact a generalisation of Matomaki’s theorem.

Notation. Throughout the paper, the letter n denotes a sufficiently small,
fixed positive number. The letter ¢ denotes a sufficiently small positive real
number. Any statement in which € occurs holds for each fixed € > 0. The
letter p, with or without subscript, denotes a prime number. Constants, both
explicit and implicit, in Vinogradov symbols may depend on A;, \o. We write
e(zr) = exp(2miz).

2. Outline of the method

We follow the modification of the Hardy-Littlewood method which first
stated by Davenport and Heilbronn. Now let 0 < 7 < 1(indeed, we take
7= X"?), X be some (large) positive quantity. We define

sin mra

K(a) = ( )2, Alz) = /R K (a)e(oz)do. (2.1)

Then, by [11], It is easy to show that
K(a) < min(7?, |a|™?), A(r) = max(0,7 — |z]). (2.2)

yiyes

We use the vector sieve. We need lower and upper bounds p~(n) and p*(n)
for the characteristic function p(n) of primes. Assuming p~(n) < p(n) <
pT(n), we have a simple inequality

p(m)p(n) > p"(m)p~(n) + p~(m)p*(n) — p*(m)p*(n) (2.3)



given in Briiddern and Fouvry [2] (also see Lemma 10.1 in Harman [6]).
We write for j = 1,2

S = X e 1= [ e

nX<n<X x logw
Ul)= > ena), (2.5)
nX<n<X

where 7 is a sufficiently small, fixed positive number.
We define further

F(a) = S (@)S; (@) + Sy ()85 (a) — S (@) S5 (). (2.6)
For any measurable subset X of R, we define
J,(X) = /36 F(a)K()e(—av)da (2.7)
Then by (2.1), (2.3),
Jo(R)
= > (pT(m)p (n2) + p~ (m)pt(n2) — p* (n1)p™ (n2)) A(Aina + Aang — v)
< Z:_ A(Aip1 + Aap2 — )
and 7
Ju(R) < 79 (v), (2.8)

where 1 (v) counts the number of the solutions to the inequality (1.1).

We shall restrict our attention to those v satisfying X/2 < v < X. In
general, one can consider X277 < v < X277 j = 1,2,..., and obtain a
satisfactory bound for the exceptional set.

To estimate the integral in (2.7), we divide the real line into three parts:
the major arc 91, the minor arc m and the trivial arc t which are defined by

M=A{a:laf <o}, m={a:¢<la| <} t=A{a:]a] >}

where ¢ = X573 ¢ = 772X 1+¢,
For the contribution from the trivial arc, by (15) of [1], we know that

|J,()] < 72X 1E, (2.9)
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3. The vector sieve

We use the lower and upper bounds p~(n) and p™(n) given by [8], they
can be written as sums of coefficients a,, that are either of the form

ay = Z b (Type I sums)
mk=n

m~ M

with M < X% or such that, for any Q € [X'/3, X4/9] there exists M €
[Q, QX '] such that

a, = Z bcy. (Type II sums)
Here m ~ M means that M <m < 2M. a,, b,, and ¢; are divisor-bounded.
This means, for example, that a,, < 7(n)¢ for some constant C.

Lemma 3.1. (/8], Lemma 7) Suppose that o is a real number, and there
exist a € 7 and q € N with

(a,9) =1, |ga—al <g¢".
Then for any complex sequence b, c; < 1, we have

> buae(mla) < (Xq '+ (Xq)'? + XM+ (XM)'/?) (log X)?

Im~X
m~M

and

> bue(mla) < (M + Xq " + q)(log(2¢.X)).

Im~X
m~M

Lemma 3.2. (/8], Lemma 10) Suppose that « is a real number, and there
exist a € 7Z and q € N with
(a’7Q) = 17 |qO./—(l| <q_1'

Let A and Q be positive integers with AQ < q© and let Q be a set of distinct
integers q1 with q1 ~ Q. Then for every e > 0 and 0 < 1/2 the number of
solutions to

lgnall <0 withqg € Q, 1<n<A (3.1)
18
< 1QJA0 +¢°(Q + AQq ™ + ¢f),

where the implied constant depends only on o, C' and €.
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4. The major arc

In this paper, we need a larger major arc than that in [8]. This brings
additional difficulties.

Lemma 4.1. There are positive real numbers u~ and u™ with 2u™ > u™ such

that for any 9 € [6¢X, ¢X] and A > 0, we have

/r: ( 2 (pi(ﬂ) N 1:;1))2@ < ;;“OgX)A (4.1)

y<n<y-+yv

Proof. Let ¥ = exp(—3(log X)'/?). We write A = [y,y + ) and B =
[y, y + yv']. We will first show that

/ (ZP gZpi(n)> dy<<¢2(logX)_A. (4.2)

neA neB

Clearly, it is enough to show that this holds when p* are replaced by our
type I and type II sums.
Case 1: We have a type II sums ZmleA bmer with M € [X49, X5/%]. We

use the method of Heath-Brown [7] (also see Lemmas 7.2 and 9.3 of [6]). Let
T=97'X* and s = 1 4 it. Let

F(s)= Y bpa(ml)™. (4.3)
nXSmEZX

Obviously, |F(s)| < X'/?(log X)? for some positive number B, since b,, and
¢; are divisor-bounded. Using Perron’s formula (see page 1371 of [7]), for
9* =9 or ¥, we have

S b= éHTF(s>(y*‘W*)‘yd+0(xf(1+ 7))

2me J1_p S
y<ml<y+y* 2
m~M
(4.4)
Let Ty = exp((log X)'/?). While for s = 1 + it, we have
(y +yd)° —y° Y9 + O(yY2|s|9?), if t < Ty:
= 1/2 : (4.5)
s O(y*/*9), if t > Ty



Thus we have

Z mel

y<ml<y+yd*
m~ M

O* /_‘Q-H 0 F(S)ysds + E(ﬁ*) +0 (y(log y)B<19*)2T02) ) (Xl‘aﬁ) |

T 2mi —iTy

(4.6)

2+1T ——ZTO *
(/ / > 1 o) - ysds. (4.7)
+iToH ——zT S

where

Then we have

v
2 b —% > bmar = B(0) + 5 B() + O (X0 exp(—0.5(log X)'/?)) .

mleA mleB
m~M m~ M

(4.8)

Hence we get

X ¥
/X S bt = 53 bt | dy
n

mleA mleB
m~M mn~M
X ,192 X ) X s
<</ |E@)? dy+19,2 |E(Y)] dy+¢2 exp(—(log X)'/%).  (4.9)
nX

By Lemma 9.1 of [6], for ¥* = 9 or ¥/, we have

X $+iT w\s _ 112
/ |E(19*)|2dy<<X210gT/ P =
nX 1 +iTh
$+HIT
< XQ(ﬁ*)QlogT/ |F(s)[*|ds]|. (4.10)
%+iT0



Thus we have

2

X 9
[ b5 3 b |
n

mleA mleB
T
‘ X
< X*0? logT/T |F(1/2 +it)dt + po exp(—(log X)V/3). (4.11)
0

By Lemma 5.2 of [6], we have

T
/ Ia (1/2+zt|dt<</
To TO

2

> el dt

2

Z b,.m —1/2—it

m~M I~X/M
2
b 27 (X/M + T)log® X
< max Z i (X/M +T)log”
<<X(logX) . (4.12)

since T = 071 X% < XY < y/Mand | . bom Y27 < MY?(log X)~47C,
which holds in interesting cases since the coefficients arise from the charac-
teristic function of primes. For example, one can refer to the explanation of
(7.2.3) in Harman [6]. Hence we have

X
X —A
/nX E bycr — 19, E bpa | dy < ¢2(logX) . (4.13)
it Sy

Case 2: We have a type I sums with M < X7/9,
Case 2a: If M < X'~%9, we have

a2 [))

<D bl < MX? < X159,

mn~M

0

mkeA mkeB
m~M m~~M




Then

2

* v 5cqo  X'7F
b — — b, | dy << X° % <« .
Lo S i 3] ;

G(s)= Y bu(ml)™. (4.14)
nXSmé\jQX

Then similar to the case 1, we have

2

X 0,
/ﬁX S b S b |

mkeA mkeB
T
) X
< X2?log T /T G1/2+ it)Pt + = exp(~(log X)), (419
0

Here we have

2
Z bmmfl/Qf’it Z k*l/?*it dt,

m~M k~K
(4.16)

T T
/\G(1/2+z’t)\2dt<< b /

T nX<Y<X |1,

where K = Y/M. Using the approximate functional equation for the Rie-
mann zeta-function (see (4.12.4) of [9]), which with Re s = 1/2 gives

() =D Kk +x(s) Y I+ O(KV2 4 L7V,

k<K I<L

where 2r KL =t, s = 1/2 +1it, |x(s)| = 1. Thus when ¢t > K, we have

‘ A £\ 12
k—l/Q—zt _ l—1/2+zt K—1/2 v
E X(s) E +0 ( + %

~ t t
kK 4T K << 2K

= O((t/K)"?). (4.17)



On the other hand, for Ty <t < K, by Theorem 4.11 of [9], we have

' /2=t 1/2—it
> k= = 1/2 _(;() +O(K™?) = O(K'? /1), (4.18)
k~K

Combining (4.15)—(4.18), by Lemma 5.2 of [6], we have
2

X 9
/nX me_yzbm dy

mkeA mkeB
m~M mn~M
MT X 4 -
X29%(log X)(—— b2 dt
m~M
X
+ 5 exp(—(log X)"/?)
MT X o X
< XQﬁQ(logX)(T + MTOZ)(M +T)(log X)* + 7 exp(—(log X)'/?)
X _
< E(logX) A (4.19)
since we assume X' °0 < M < X7/9 in this case. This completes the proof
of (4.2).
By the section 7 of [8], we have
uty’ 1
> pt(n) = + O(X exp(—3(log X)"?)), (4.20)
0 logn
neB neA
where u~ > 0.60 and vt < 1.19. Thus 2u™ —u™ > 0.
Then (4.1) follows from (4.2) and (4.20). O
Lemma 4.2. For j = 1,2, we have
@
/ |1S¥ () — uFI(Nje)Pda < X (log X) ™. (4.21)
—¢

Proof. Obviously, we have
¢
/ 5% () — u*I(Aja) Pda
—¢

o] o]
< / 155 (0) — w*U(Na) Pda + / WU () — ut T(0a) o, (4.22)
—¢ —¢
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First, by the Euler—-Maclaurin summation formula, we have
Thus

¢
/ [WFU(Njo) — uFI(\ja)Pda < / do + / X?a’da
) la|l<X -1 X 1<|a<o

< X' X% < X(log X) 4. (4.24)

Next, by Gallagher’s lemma (Lemma 1 of [5]) and Lemma 4.1, we have

¢
/ 1S5 (@) — wrU(Njo)Pda
—¢

/_¢
vtas

ol LB

n=y

=S

O CROE R 2

nX<n<X

da

< X(log X)™ + ¢ X% <« X(log X))~ (4.25)
Here, we have used the trivial bound

Ytas N

D () — )| < 07X

n=y

Thus (4.21) follows from (4.22), (4.24) and (4.25). O

Lemma 4.3. We have

J, (M) = /gﬂF(a)K(a)e(—ow)da > 12 (4.26)

(log X)*

Proof. This follows from Lemma 4.2 (the proof follows as Lemma 5 of [1]). [
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5. The minor arc

By the definition of F(a), we have
[ IF@PK@)da < [ 15F@S; @FK(@)da+ [ 1) ()] (@PK(a)da
+ [ I8 @5} @)PK (@)da. 6.0
We write for ¢ = 1,2,

Si(a) = Z ape(nh;a), (5.2)

nX<n<X

where a,, is of one of the types I and II, which are defined in section 3.
Without loss of generality we need only to prove that

/ 191(0) S5 (@) 2K (@) dar < 7X 2900+ (5.3)
where
[ 7)9, 1/6 < 6§ < 2/9;
(0) = { 5/6— /3, 0<06<1/6. (5-4)

Let m' = my Umy, m = m \ m’, where

my = {a € m:[Si(a)] < XY my = {a € m:[Sya)] < XY,
(5.5)

Then it is easy to see
/ 1S1()Ss ()P K (a)da < X1 H290)+5e, (5.6)

It remains to discuss the set m. We use the method first by Briidern, Cook
and Perelli [1] and followed by Matomaéki [8], Wang [13]

Lemma 5.1. We have

X 151(0) Sa () 2K (@)da < 7X 12000+, (5.7)
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Proof. We consider first the case that both S;(a) and Sy(«) are type IT sums.
Let A(Zy,Z5) be the subset of m satistying S;(a) ~ Z; for j = 1,2.
Without loss the generality, we can assume that

Zy > Zy > X90+2%, (5.8)

Then by Lemma 3.1 and Dirichlet’s theorem, for each o € A(Z;, Z5), there
exist integers ay, q1, as, g2 such that

Xl—f—a
‘(]j)\jO& — aj} < 7, ((Zj,q]') = 1, Q5 7é 0 (59)
j
and
X2+5
q; <K 7 (510)
j
Then for any o € A(Z;, Z5), we have
a;j e
‘E’ <<Qj+7|0z| < q5- (5.11)

J

Let A" = A(Zy, Zs,Q1,Q2, k) be the subset of A(Zy, Z,) for which ¢; ~
Q; and a; < kQ;. To prove Lemma 5.1, we need to show that for every
combination of 71, Z5, Q)1,Q and k,

Z2Z3 (A min(r2, k2) <« 7 X290+ (5.12)

where p(A’) is the Lebesgue measure of A’. First, we notice that for each
a € A" we have

u A . az(qihia — a1) + ai(az — @A)

241 A 192 A
c Q1 @2

< )(1+ max (2—22, Z_12 = 9 (513)

Case 1: Z1Zy > X5/2790)+2¢ 1In this case, by (5.8), (5.11) and (5.11)
X3+25 1
1
a2(11)\—2 —agp < 7373 < e (5.14)
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Since A1 /Ay is irrational and algebraic, there exist a convergent a/q to A1/As
with

X220 « g« X220+ (5.15)

Thus we have

A 1
— | < = ~ =k 5.16
a2Q1)\2H > 4q’ q1 Q1, as ()2, ( )

since X is sufficiently large. Then by the pigeon—hole principle and the
Legendre’s law of best approximation for continued fractions, the above in-
equality (5.16) have < @ solutions of |ayq|. Clearly, each value of |ayq|
corresponds to < X¢ values of aq, as, q1, g2 by the well-known bound on the
divisor function. Hence, we conclude that

EQ1Q2 . (X“rs X1+6> k.XlJrQEQ}/Q ;/2
A) < X* min 7 . ‘17
o g 720, 730; 77 (517
Then by (5.10), (5.15) and (5.17), the left—hand side of (5.12) is
X122 QL2012 Y 3+3e
< 2122227—/{}_1 Q1@ LT < 7 X 1H29(9)+3¢ (5.18)

qZ1Zs q

Case 2: 7,7, < X?/?790)+2  Let Q; be the set of ¢; such that |\S;(a)| ~
Z1. By Lemma 3.2, the inequality

A
ale)\—l <60, q €, ay=<kQ:
2
has
H < |Q1|kQ20 + (Q1 + kQ1Qaq " + q0)¢° (5.19)

solutions, where ¢ is defined by (5.15). Then A’ consists of < HX*® intervals

of at most length
) Xl—i—a Xl—i—a
min ( ——, —— | := 1.
(212@1 Z§Q2> !
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Note that
X2+26
Rz
We split into cases according to which term dominates in (5.19).

Case 2a: H < (kQ1Q2q7' + q0)¢°. In this case, the left-hand side of
(5.12) is

O (5.20)

< Z12222 min(TZ, k’Q)(leQQq’l +q0)q" Xy

X25z222
<7 1 2@1@2’7 +72212222X25q97

TX1+35Z122Q}/2 ;/2

q
< TX3+4€q—1 + 72X2+45q < TX1+29(6)+46.

Case 2b: H < Q1¢°. The left-hand side of (5.12) is

< + 2 X e

1 1
< T 72722 X135 Q) min (—, —>
1 R Z23Q) Z3Q:
< 7_2){14-36222 < T2X1+362122
< T XHB/2-9(0)—d+Be o o x1+29(9)+5e

by our assumption Z; > Z5 and Z1Z, < X5/2-9(0)+2¢

Case 2¢: H < |Q1]kQ20. We follow the method of Matoméki in [8] (one
can see page 101 of [8]).

If Z, > X3/ Then by (5.10), Q, < X% If Q1Qy < X29¥~1 then
by the trivial bound |Q;| < @, we have that the left—hand side of (5.12) is

< Z2Z2min(73 kA HXy < 7X27%0,|Q, < 7 X 12900432
Thus we can assume that Q; > X29®~1/Q,. By Lemma 15 of [8], we have
X 2+e X13/9+8Q1

5.21
Q1] < Q1212+ 7 (5.21)
Thus, the left-hand side of (5.12) is
) X2+5 X13/9+5Q
X2+3£ 1
cTTe (le% Tz
< 7_X29/9—2g(5)+4€Q§ + TX5/3+45Q1Q2 (522>

< 7_)(65/9—65](6)-1—6 + 7_)(17/3—49(6)-1—5 < TX1+2g(5)+s

15



by (5.8) and (5.10).
If max(Zy, Z;) < X%°. We can argue as in the beginning of the proof
with roles of ¢; and ¢ swapped to conclude that we can assume that

H < kO min(|Q;]Q2,|92|Q1).

We renumber such that Q)7 > @2 (we do not anymore assume that 7; > 7).
For Q, < @, < X2, by (5.21), then the left-hand side of (5.12) is

X 2+e X13/9+6Q
X2+36 1
LT Q)2 0.2 + 72
X d+ide X31/9+4€ 2
5— T 5 @
Zl Zl
< XA 200 e | o xB7/9-20(0)te o -y 1+20(6)+e

LT

For Q, > X'/3, by Lemma 14 of [8], we have

4+e

&l <z

Thus the left-hand side of (5.12) is
X4te X 6+4e
LT
211 Z{Q1

Thus we have proved Lemma for type II sums.

If one or both of S;(a) and Sa(«), say Sa(a), is a type I sum, We use
Lemma 3.1 and Dirichlet’s theorem in Diophantine approximation. There
exist integers as, ¢go depending on « such that

< TX2+36Q2 < 7_)(17/374g(5)+5 < TX1+29(5)+E.

\phoc — ag| K X/ 25, (ag,q2) =1, as #0
and
2 < XHE/Zz

Then we have adopting the notion above that

o (XsQl X1+5Q2> ] ( Xe X1+s)
= max ) ) =min | ——, —— | .
Ly 73 7 Z2Q2" Z3Qq
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Thus we have

X1+25

h="__.
"=y,

By the discussion in the beginning of proof, we only need to consider the
case H < QQ1Q2k0. In this case, the left-hand side of (5.12) is

4+5¢
< ZRZ2min(r3 kT HHX Yy < TX 722 723Q1Q:07 < 7 = < TXH290)+e
i
This completes the proof of Lemma 5.1. ]
Combining (5.1)—(5.7), we get the following lemma.
Lemma 5.2.
/ |F(0) 2K ()da < 7X 200+ (5.23)

6. The proof of Theorem 1.1

We take 7 = X°. Let V be a well-spaced set. Then by the definition of
¥ (v) in section 2, we have ¢ (v) = 0 for every v € E(V, X, J), where E(V, X, )
is the set of v € V with v < X such that the inequality (1.1) has no solution
in primes pp, p2. Thus by (2.8), we have

> (L) + Jy(m) + Sy (1) <0 (6.1)

veE(V,X,0)

By (2.9) and Lemma 4.3, we get

ST (L) + 4,(1) > E(V, X, 6)7°X/(log X)*. (6.2)
veE(V,X,0)
Thus we have
> (L(m)| > E(V, X,0)r*X/(log X)°. (6.3)
veE(V,X,0)
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By Cauchy’s inequality, we have

Y (u(m)

veE(V,X,9)
2 1/2

< /+OO S e(—v0)| K(a)do ( /m |F(a)|2K(a)da)1/2

T weE(V,X,6)
1/2

[ v /:Oe((vl—vz)a)[((a)da ( /m ]F(a)|2K(a)da>l/2

v1,02€EV,X,8) ¥
1/2
< T2(BW, X,6))? (/\F(a)IQK(OOd@) : (6.4)

Here we have used that for every vy, vy, € E(V, X,9) C V, if v; # vy, then
there is a constant ¢ such that |v; — ve| > ¢, since V is a well-spaced set.
Combining (5.23), (6.3) and (6.4), we have

EW,X,0) < 73X 2(log X)° / |F(0)]?K (a)da < X200 71120t « x 70+
m
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