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1. Introduction

Let T'j (p) be the group generated by the Hecke group I'y(p) and the Fricke involution

Wy = ( \35 71(/)‘/5). Throughout the paper we assume that p is a prime number for which

the genus of I'{ (p) is zero, that is, p belongs to the set
{2,3,5,7,11,13,17, 19, 23,29, 31,41, 47,59, 71}.

Let My (p) (resp. Sk(p)) be the vector space of holomorphic modular forms (resp.
cusp forms) of weight k for I'o(p), and let M, (p) (resp. S; (p)) be the space of weight
k modular forms (resp. cusp forms) on I'g (p). More precisely, the space M,:r (p) (resp.
St (p)) is a subspace of My (p) (resp. Sk(p)) consisting of all modular forms (resp. cusp
forms) f which are invariant under W), i.e.,

MF(p) :={feMc(p): flx Wp=f} and S;(p):={f€Skp):fx Wp=r}

Similarly we define the other subspaces of My (p) (resp. Sk(p)) as:

M, (p) :={f € Mp(p): [ s Wo=—f}, S, () :={f€Skp):flxWp=—f}

We call these the minus spaces of holomorphic modular forms, and cusp forms respec-
tively.

Let M (p) be the space of weakly holomorphic modular forms (that is, meromorphic
with poles only at the cusps) of weight k for T'y(p), and let M ,!C"’ (p) be the space of weakly
holomorphic modular forms of weight & for T'f (p). The minus space M, (p) is defined
to be the subspace of M} (p) consisting of all eigenforms of W, with eigenvalue —1.

For f € M/ (p), it can be easily seen that f = f+f‘2kw" + f_fékw’), with f+f‘2’°W” €

M ,i+ (p), wi’“% eM ,!C_ (p). Hence we have the following proposition.

Proposition 1.1. Let M} (p), M;j(p) and M}; (p) be the spaces defined above. The space
Mj (p) is decomposed into the direct sum of the subspaces M,’j(p) and M,I; (p), that is,

Mi(p) = M (p) @ M;” (p).

Choi and Kim [CK13] found a canonical basis for M;f(p) for any even integer k.
Accordingly, Proposition 1.1 tells us that if we find a basis for the minus space M ,!; (p),
we can construct a basis for the space M ,L (p). In this paper we address the question of
finding a canonical basis for the space M, ,I; (p), and investigate its arithmetic properties.
In fact, the canonical basis we construct in this paper consists of the form f,: m Whose
Fourier expansion is given by

fom=a""+ Y ag(mn)g" (q=e"")
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for every integer m > —m,_, where m, is the maximal vanishing order at the cusp oo for
a nonzero f € M ,if (p). The basis of the minus space M ; (p) has many properties similar
to those of the space M ,i"' (p). For example, the coeflicients a,_ (m, n) of basis element fem
for M,!C_ (p) are also integral and satisfy the duality relation a, (n,m) = —a, ,(m,n) as
in the case of the space M, (p).

In the theory of modular forms the classical j-invariant is of particular interest. The
coeflicients of the j-function have special arithmetic properties: for example, they appear
as dimensions of a special graded representation of the Monster group. Let ¢(n) be the
n-th Fourier coeflicient of j such that

i(z) =

+ Z c(n)q™.

n>0

| =

In 1949 Lehner showed [Leh43,Leh49a,Leh49b] that for any positive integers a, b, ¢, n and
a nonnegative integer d,

¢(293°5°7911n) = 0 (mod 230T8320+35eF17d1 1),

Similar results to above congruences have recently been proven in higher level cases.
Let Mg(p) be the subspace of M} (p) with poles allowed only at the cusp at co (see
[AJ13,JT15]). Andersen and Jenkins [AJ13] extended Lehner’s theorem for all elements
of a canonical basis for Mg (p) for p € {2,3,5,7}.

Theorem. [AJ13, Theorem 2] Let p € {2,3,5,7}, and let

oo
Jomt(2) = a7 4 Y (m,n)g"

n=0

be an element of the canonical basis of Mg(p), with m = p®m’, n = pPn’, (m',p) = 1,
and (n’,p) = 1. Then for 8 > a,

For the other coefficients of f{">* Jenkins and D.J. Thornton [JT15] showed that

0,m »
similar congruences hold.

Theorem. [JT15, Theorem 1] Let p € {2,3,5,7,13} and let é%’ﬁ =q ™ +Zn21 agp)’ﬁ X

(m,n)q™ be a weakly holomorphic modular form in Mg (p). Let m = p®m’ and n = p°n’
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with m’,n' not divisible by p. Then for a > 3, we have

1 2om!, 2Pn') =0 (mod 24>~ #)+8)

3

0 (mod 33(@=A+3y

)
3),4 3047,77‘/7 3B /)
)

)k 7m’,7°n') =0

(

(
”(5“nz 550/

( mod 72@=A)),

#

(
(
0 (mod 5X@=A+1y
(
0

al®*(13%m’ 13°n/) = 0 (mod 13(*=).

Note that a basis for the space Mj,(p) is the union of the basis for M~ (p) which is built
in this paper and the basis for M ,!j (p) found in [CK13]. Hence using these canonical bases
for M;*(p) and M, (p), we can extend the results of Andersen, Jenkins and Thornton
[AJ13,JT15] to forms on M (p). (See Theorem 5.1, Theorem 5.3, and Remark 5.4.)

Additionally, let T§(N) be the group generated by I'y(N) and all Atkin—Lehner invo-

lutions W, = (c;\/f\e/g bd/\/\/;) of N where a,b,c,d € Z, e|]|N, and det W, = 1. We extend
[CK13] to weakly holomorphic modular forms for I' (V) in the case of square-free integer
level N for which the genus of I'§(N) is zero. Indeed the following results of [CK13] will
be extended in Section 6: the construction of a canonical basis, duality, and integrality
of Fourier coeflicients of basis elements.

This paper is organized as follows. A canonical basis for the space M, ,!; (p) is con-
structed in Section 2 (see Theorem 2.5) and integrality is proved by giving the explicit
recipe of construction for the basis elements in Section 3. We derive the duality relation
in Section 4 and the divisibility properties in Section 5. Finally we generalize the results
of [CK13] to the cases of square-free integer levels in Section 6.

2. Basis for the space M, ,i_ (p)

In this section we construct a basis for the space M ,i* (p).
Lemma 2.1.

(1) Let k > 2 be an even integer. Then we have

and for p >3

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
holomorphic modular forms, J. Number Theory (2019), https://doi.org/10.1016/j.jnt.2018.09.006




YJINTH:6121

S.Y. Choi et al. / Journal of Number Theory ess (sess) see—see 5
(=1 (E58) - (52 4]+ 4]+ 51, p=1 (mod 12
_ P=5\ _ (ptl) |k k _
dim S (p) = (k—1) (p1_27) (p-?-5) %J + 2k L, ) p=5 (mod 12),
k=1 () - () il + 5] +35 -1 p=7 (mod12),
(k=1 (55) - (553 [5] + 5 -1, p=11 (mod 12).
(2) When k=2,
p;213’ p=1 (mod 12),
E =
dimSy(p)=4 2 P~ 5 (mod 12),
b=, p=7 (mod 12),
el p=11 (mod 12).
Proof.

(1) By Proposition 1.1, dim S, (p) can be found directly from dim Sy (p) and dim S, (p).
The dimension formula for S,:' (p) is presented in [CK13, Lemma 2.2]. Let v, =
Um(To(p)) be the number of T'g(p)-inequivalent elliptic points of order m, and let

= g(Ty(p)) be the genus of I'y(p). The dimension formula [DS05, Theorem 3.5.1]
gives

dim Sk(p) = (k—1)(g — 1) + EJ vy + EJ v+ (k —2).

In the cases p € {2,3} it is not difficult to verify the assertion. For the case p > 3,
using the formula [CK13, Lemma 2.1] for the genus g for each p, and data for the
dimension formulas [DS05, Figure 3.3|, we have the dimension of Sk (p) as follows:

(k= 1) (352) +2 4] +2 (4] 1, p=1 (mod 1),
g oy = B () +2 5] -1, p=5 (mod12),
dim Sule) = (k—1)(B50) +2 | %] -1, p=7 (mod 12),

(k—1) (&) —1, p=11 (mod 12).

Now we get the assertion.
(2) By [DS05, Theorem 3.5.1], dim S2(T") is equal to the genus of I'. Thus we easily get
the assertion using [CK13, Lemma 2.1]. O

Proposition 2.2 (Miller basis). Let k be a positive even integer. Suppose d =
dim S, (p) > 1. Then there are fi,...,fa € S, (p) such that {f1,..., fa} is a basis
for S (p) with f; = ¢" + Q(¢?*1) fori=1,...,d.

Proof. Let ¢t := max{ordsf | 0 # f € S, (p)} and denote by f; the unique cusp form
having Fourier expansion of the form ¢* + O(q'*1). Multiplying f; by the Hauptmodul

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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ji for TG (p), we obtain the set B = {fy, fej,", ..., fe(j,F)' "} It is clear that the set B is
a basis for S, (p), and we are forced to have t = d. By an appropriate linear combination
of elements in B, we have a basis consisting of elements f; with the Fourier expansion of
the form f; = ¢' + O(¢?*!) foreach i = 1,...,d. O

Remark 2.3. Suppose that d = dim S} (p) > 1. By Lemma 2.2 there exists a unique cusp
form f; with a g-expansion of the form

fa=q"+0(¢").
We denote A;k(z) by the unique cusp form f; of S; (p). Let

_ no o 1
Ek(Z) =1- QkBk ! Z O'k_l(n)q 5 Ep,k:(z) = m(Ek(Z) —pk/QEk(pZ))
n>1

where By, is the k-th Bernoulli number and o_1 stands for the usual divisor sum. When
d=0,weset A, (2)=E ;(z) =1+ 0(q).

For further discussion, we need to review the previous results [CK13] related to a
canonical basis for the space M ;j (p):

Lemma 2.4. [CK13]

(1) The space S;f(p) has a Miller basis which contains A;k, where A;k s the cusp
form of mazimal vanishing order at infinity in the space S,j (p) — {0}. Note that
max{ords f | f #0 € S (p)} = dim S (p).

(2) Put

8, if p=2,

12, ifp=3,

12, ifp=1,7 (mod 12),
4, if p=>5,11 (mod 12).

Then § is the smallest positive weight k such that there exists a cusp form f € S,j (p)
with
_p+1

dim S}f (p) = ordeo f = 51 k.

Furthermore if we let A} (z) = (n(z)n(pz))é, then A} is the unique normalized cusp
form in S (p) such that ordsc A} = etls.

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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(3) Let m;;k = max{ords f | 0 # f € M;"(p)}. For integer m such that —m < m;k,
there is a unique weakly holomorphic modular form f,j:m with gq-expansion of the
form

1 mt
ffim - q_m +0(q p*k+1)v

and the set of these f,::m forms a basis for the space M,!: (p). In particular, if k =0,

then m;rk =0 and f,, can be expressed as

1 .
fofm = P O(a) = Fu(y ),

where Fp,(x) is a monic polynomial of degree m in x.
Unless otherwise noted, 9, m;r . A;‘, and A;r  are the same as given in Lemma 2.4.
Now we are ready to find a canonical basis for the minus space M ,!; (p) of weakly holo-
morphic modular forms.

Theorem 2.5. Let k € 2Z. We write k = dly, + i, where v, € {2,4,6,...,5}. Then

(1) For any non-zero f € M,; (p),
ordeo f < —5lk +dim S, (p).

(2) We put my; = m_, = p+15lk + dim S_ (p). For each m € Z, such that —m <
my, , there exists a unique weakly holomorphic modular form f, . € M,!C_ (p) with a
q-expansion of the form

fk_,m — q—m + O(qm,:+l).
Proof.

(1) Suppose that ords f > p“ 6l + dim Sy (p). We set g = f/(A[])'*. Observing

ordecg = ordeo f — (ordooAJr)l;€

=orde f — (5lk > dim S, (p) > 0,

we see that g € S_ (p). This contradicts Proposition 2.2.

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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(2) We observe that

(AJr)lkAp Tk (.]p )m+mk =4q T )

(A+)lkA )m—i—mk -1 q—m+1 4.

PiTk (JP

l — &
(A+)kAprk =q™k 4.
Now f, . is constructed by taking a suitable linear combination of the above
forms. O

Corollary 2.6. Let k € 2N. Then we have
1
dim S (p) = %azk +dim S5 (p).
3. Explicit construction of f; . and their integrality

In this section, we investigate the recipe of the explicit construction of the basis
element f," . and through it we prove that every f ,, has integral Fourier coeflicients.
Note that the set of these f; given in Theorem 2.5 forms a basis for the space M ,!C_ (p)-

We observe that f,~ = (AN)™AS, . Now for each positive integer n, we obtain
My,

I _ by multiplying f~  _ by ]p and then subtracting off multiples of f
k my; k,n—1—m, k,d

=
to successively kill the coefficients of q_d*‘m; for 0 < d < n—1. This construction shows
that

fk_,m = ( )lkA;rk karm (];)a

where Fj p(x) is a monic polynomial of degree D in x.

It is well known [CY96, p. 265] that the Hauptmodul j;_ has integral Fourier coeffi-
cients. Being an eta-product, Al‘f(z) also has integral Fourier coefficients. Thus for the
explicit construction and the integrality question of the basis element fy ,,,, we have
only to consider A, (z). Moreover it then follows from the integrality of the Fourier
coefficients of such forms that the polynomial Fj p(z) has integral coefficients.

Recall from Remark 2.3 that A is the unique cusp form in S (p) whose vanishing
order at infinity is the same as the dimension of the space S, (p). We present dimensions
of S (p) obtained from Lemma 2.1 for each p, §, and r; in Table 1. Note that 2 < rj, <9,
and hence we don’t need to consider the case of i, > §. Accordingly, in the Table 1 below,
when 7 > §, we leave the corresponding place blank.

Now we divide (p, ) into five cases:

Case (1) dim S (p) = 0: In this case, according to Table 1, we only consider (p, %)
in a set

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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Table 1
Dimensions of S (p) for each case.

D 5 dim S:k (p)

Tk:2 T‘k:4 T’kZG Tk:8 T’k:10 Tk:12

2 8 0 0 0 0

3 12 0 0 1 0 1 1
5 4 0 0

7 12 0 0 2 1 3 3
11 4 1 0

13 12 0 1 3 3 5 6
17 4 1 1

19 12 1 1 5 4 8 8
23 4 2 1

29 4 2 2

31 12 2 2 8 7 13 13
41 4 3 3

47 4 4 3

59 4 5 4

71 4 6 5

S={(2,2),(2,4),(2,6),(2,8),(3,2),(3,4),(3,8), (5,2), (5,4),(7,2),(7,4), (11,4), (13,2) }.
Note that we already set

_ _ 1 -
Dy = Epr(2) = W(Em (2) — P2 By, (p2))

in Remark 2.3 when dim S (p) = 0. Recall that the Fourier expansion of Ej, is given
by Ey(z) = 1 — 2kB; ! > n>10k—1(n)g". Since By' =6, By' = =30, By' = 42, and
Bg' = —30, we have

1—pr+/? | 2rkBT_k1,

for all (p,7x) € S. Thus £, (2) € Z[[q]].
Case (2) dim S, (p) > 0 and p = 3 or p = 7 (mod 12): For p € {3,7,19,31}, we
consider the function f = 7(2)%n(pz)%. Then by [Ono04, Theorem 1.64], f € Mg(T(p)).

Moreover since the Dedekind eta function satisfies ([Ono04, Theorem 1.61])
I e
U = (=iz) " n(2),
z
we have
1\° [/ 1\°
0Pn)° s W, = (Voo (— ) (1)
= —n(2)"n(pz)°".

This means f € Sg (p) with orde f = p%l = dim Sy (p). Therefore f = n(2)%n(p2)® is
the cusp form A we desired, and has integral Fourier coefficients. For the cases of the
other weights, it follows from Table 1 and definition of A;k in [CK13] that

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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dim ¢ (p) — 1 = dim Sy’ (p), (1)
and
A g =0 XAy =20 X AT g =Ar g X Al (2)

The observation (1) yields that A ¢ = A x (=D(j,7)), where D is the differential op-
erator defined by D = qdiq, and it implies that A; s also has integral Fourier coefficients.
And the observation (2) implies that it suffices to consider A, ,,, for the case r, € {2,4}
or ri, € {10,12}. Since the case when (p,7x) € {(3,2), (3,4),(7,2),(7,4)} is included in
the Case (1) above, now the only remaining case is when p is 19 or 31. We also observe
that
A0 =AF X Arg, A, =AY x AT
for p € {19,31}. Using these identities, now we obtain the A for all cases, and clearly
A, 1o and A5 have integral coeflicients. Accordingly, A, and A, also have integral
Fourier coefficients.
Case (3) dim S, (p) > 0 and p =

(mod 12): In this case, the only p is 13. First we
consider the eta-quotient 1(2)?n(132)~2

1
)~2. Then by [Ono04, Theorem 1.64] n(z)?n(13z)~2

is I'g(13)-invariant, and satisfies

n(2)? _ L o1(132)
R R T
Let 113(2) be the form
n(2)? 1(132)
= -1 .
)= T PG

Then 7;3(2) is not only a modular function on I'g(13) but also an eigenform of the Fricke
involution Wi3 with eigenvalue —1. Moreover its order of vanishing at co is —1. Thus
the function

Al (2)ms(2) = n(2)"n(132)"" — 13n(2)'n(132)"

lies in the space S7,(13), and has vanishing order ord., fi3 = 6. By the uniqueness of the
cusp form with maximal order, we conclude that

- _ A+
A13,12 = Af3ms,

and clearly Aj; 1, has integral Fourier coefficients. In a similar way, it is not difficult to
find

- _ A+
A13,8 = A13,87713-

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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From Table 1 and definition of A;k in [CK13], we observe that
Alz 10 = A1_3,6 X AT3,47 A1_3,8 = A1_3,4 X Air:a,4
and
ATs,m = A0 X A1 =A134 X Al310=A136 X A3

Since we have Ay 1, and Ay g, we can get Ap; . for each k, using these identities. Note
that every A;s,, obtained above also has integer coefficients.

Case (4) dim S (p) > 0 and p = 11 (mod 12): This case occurs when p belongs to
{11,23,47,59,71}. From Table 1, we observe that

A=Ay, x (D).

That means we need only to construct A, for this case. It is not difficult to find

A, =n(2)*n(pz)?,
and A, and A, have integral Fourier coefficients.
Case (5) dim S (p) > 0 and p =5 (mod 12): In this case, the only p are those in the
set {5,17,29,41}. For p = 5, we have dim S5 (5) = dim S, (5) = 0, and hence this case
is included in Case (1) described above. In addition, from Table 1, we have that

Hence we only need to consider either A; 4 Or A; 4, for each p. Thus we concentrate the
cases when (p, 1) belongs to the set {(17,2),(29,2), (41,2)}.

Note that M, (p) = C(E, 5(2))@S, " (p), where S5 " (p) is the subspace of Sy (p)
consisting of newforms. (See [Kri95, Theorem 1].) It means S5 (p) = S5 " (p). It follows
from the well-known theory [Zag89, p. 263] that S5 (p) = S5 "“"(p) splits as sum of sub-
spaces of some dimensions dy,...,d, > 1, each of which is spanned by some normalized
Hecke eigenform with integral Fourier coefficients in a totally real number field K; of de-
gree d; over Q, and the algebraic conjugates of this form. It means that we can obtain the
forms by considering the various real embeddings of K;. More precisely, let f = > a,q¢"
be a normalized Hecke eigenform in S;"““(p), and let Ky be a number field which
is extended by coefficients of f. Let [Ky : Q] = d. Then S; " (p) has a d-dimensional
splitting factor Sy which is spanned by f7*, f2,..., f9¢, where 01, 02, ..., 04 are embed-
dings of K. Indeed, let aq, g, ..., g form an integral basis of K. Then the coefficients
an = Z;l:l an ;o where a, ; € Z, and hence

d
F=Y ang"=>_ fia;,
=1

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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where f; is a g-expansion with rational integer coeflicients a,, ;. For some conjugate of f,
if we write

0y _ ~0i £04 7 — A% [ep3
fr=al i ol [T =al it +af fa,
we have a system of linear equations of the matrix form
o o1 o1 o1
fo Q. ay e Qg fi
o g2 oq (o]
f d al a2 e ad fd

Furthermore we also have f7 = (—f |3 W,)°, since f € S, " (p). Accordingly for any
conjugate f?¢, we obtain

17 = (=L R W)

d
- Z(fj | Wp)ay
j=1

gi

d d
ZfJ|W mam: ijlw
Jj=1 Jj=1

which can be expressed as another system of linear equations of the matrix form
o g1 g1 o1
for af' oyt - af —fi| W,
o g2 gd od
[l 07yt e Oy —fa | Wp

Since det(o/j”)2 # 0, which is the discriminant of the number field Ky, the linear
system above is invertible. This means that each f; belongs to Sy (p), and fi, fa,..., fa
span the splitting factor Sy. Taking union of such f;’s in each subspace Sy, we can get
a basis for S5 (p) consisting of the form with rational integer coefficients. Denote these
basis elements by g1, 92, ..., g+ where dim S5 (p) = t. Then we can obtain a Miller basis
which contains A, by proper Q-linear combination of the cusp forms

ny T
AT, == oot
p2 = g g1+ + d, 9t,

where n;,d; € Z for each i. Letting D = lem(dy,da, ..., d;), we see that DA, has
integral Fourier coefficients. However, we cannot be sure that A, also has integral

Fourier coefficients. To investigate the integrality of A, the following lemma is required.

D,2?

Lemma 3.1 (Sturm’s bound for the minus space). Let K be a fixed number field, Ok be
the ring of integers in K, and | be a prime ideal of Ok. For f =>"°7 anq™ € M, (p)

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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with a, € Ok, define ord;f := inf{n € Z>o | a, = 0 (mod 1)}, with the convention
ord;f = o0 if l | ay, for all n. If

p+1
d —k
ord f > YL
then ord; f = cc.

Proof. Let f € M, (p), with ord;f > %k. Then we have ord; f® > pQ—‘Zlké. We know
that A; has a Fourier expansion

Af(z) = ¢ 0 4 O(q"57 0+,

and hence we have

—_p+1
n=—t=ko

where the coefficients c¢(n) are in Of. On the other hand, since d is even, f° (A;) Fisa
weakly holomorphic modular form of weight 0 on T (p). As we have seen in Lemma 2.4,
the space M(I)+ (p) has a canonical basis consisting of

1

Therefore f (Af) ¥ can be expressed as

(p+1)ks /24

™ =3 c=m)fom

m=0
Furthermore since fy , is a monic polynomial in j;L , we have

(p+1)ks /24
™ =3 d-m)fom < Oklj}]
m=0
Since ord;f? > %51@, we have ¢(t) = 0 (mod l) for *%5]€ < ¢t < 0. That is,
AR € 10k (5], and hence f° € |- Ok[j;f](Af)F which implies ord;f° = oo.
Consequently we see that ord; f = co. O

It follows from Lemma 2.1 that dim Sy (p) = Z5°. Thus by definition of Ay o DA,

has g-expansion of the form

p+7

12 )
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Let I be any prime such that [ | D. Then we have

- p+7 _ p+1
d; (DA > >
ordi(DA2) 2 5= > 55
It follows from Lemma 3.1 that ord;(DA_,) = oo, that is DA, = 0 (mod [). Hence
%A; » also has rational integer coefficients. Repeating this argument, we see that A,
has integral Fourier coefficients.

Example 3.1. Using the data for list of newforms [Thel3a], we can compute the Fourier
expansion of A, explicitly. For instance, when p = 29, the space S, (29) is two-
dimensional. From [Thel3a], we find a Hecke eigenform f in S5(29) whose Fourier
expansion of the form

f=q+ag®—ag®+(—2a—1)¢" —¢° + (20— 1)¢® + - --
where « is a root of the polynomial 22 + 2z — 1. Let a« = —1 4 /2. Clearly its coefficient
field is Q(+/2) which is a number field of degree 2 over Q. That is, the space S5(29) =

S5 (29) = S, " (29) is spanned by f and its conjugate f7. Letting a; = 1, ap = /2
form an integral basis for Q(v/2), we have the following linear equation given in a matrix

(#)= (0 &) (2)

where f1, fo are g-series with integral Fourier coefficients of the form

form

fi=a-@+d+4¢" =" =3+,
fo=d® =’ —2¢" +2¢° +---.

Since det (1 _‘/\/55) # 0, we know that fi, fo also span the space Sy (29), and Ay, is

none other than fo by uniqueness of cusp form with a maximal order.
4. Duality

In this section we show that the basis elements f,, have a generating function and
as its application we obtain the beautiful duality of Fourier coefficients. Let f,,  be the
weakly holomorphic modular form defined in Theorem 2.5, and let Fj(z) be the function
fk_’im; (2), that is,

(2) = (AF E)*A,,, () =™ + Y ag-(Dd"

l:m,: —+1

B (2) =1

k,—my
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We write

1 o0
e, 2

l=—my

Lemma 4.1. For each even integer k, we have that

fl;n =r, Z SViow (T)f(is'

r+s=n

Proof. We have

F (2) Z a1/F,;(7')f6’,_s(Z)

r+s=n

= Z ap- (g (%/Fk— (—m;Z)meﬁn(Z) +ayp- (=my + 1)me;+n_1(Z) +-

l:?n,c
g (0= DIF1 () + g () (2))

2m;+n -
= Z aF;(l)%/F;(_m]:)qlimkin

l=m

2m;+n—1

+ ) ap-(ay - (mmy +1)gmTE T
l=m;,

my +1
+ Z Ap- (l)al/F,; (n—1)¢"""+ Ap- (ml;)%/F,; (n)g™ +O0(g™*)
l=m;

my +n
= > D ap-(mp +8)ay - (-mig + 0T+ 0",
r=0 s+t=r

On the other hand, since F_ (2)(1/F} (z)) = 1, we have

Z p- (my, + s)al/Fk_(—m,; +1)=0,

s+t=r

for each positive r, and for r = 0,

Z aF,; (mlz + S)al/Fk’ (—m; +t) = aF,; (m,:)al/F;(—m;) =1.
s+t=0

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
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It means that

F Z al/F;(r)f(fs=q7"—|—0(qm’;+1).

r+s=n
By the uniqueness of f, ,,, we obtain the assertion. O

Let f,j m be the unique weakly holomorphic modular form defined in Lemma 2.4. Then
for 7 € $, the function

U,(z,7)=1+ Z er fon(T)g"
n=1

is a meromorphic modular form of weight 2 for I'§ (p), where 1/e, is the cardinality of
¢ (p)r/{£1}. See [CK13, Theorem 3.1], and [Cho06, Theorem 3.2]. Then we have the
following theorem:

Theorem 4.2.

fa1(2) By (7) & o
(fd1(z) = f§L () (2) _n_zm:k S (T)d™

Proof. By definition of ¥,, we have

Fy (1) U,(z,7) = ?{ E:; (1 —er + Z eTfO,n(T)qn>
k n=0

- Z;’V:(T)(l —e;)+ F (1) Z ay,p-(r)q" (Z erfo,s(T)qS>
s=0

r=—my

= 57{(7)(1 —er)ter Z (F;C_(T) Z eVioe (T)fo,s(7)> q".

r4+s=n

n:—m;
And by Lemma 4.1, it is equal to

F_ (7
F (2)

~—

(]- - e'r) +er Z f];nqn~

TL:*’ITLk

On the other hand, using the fact [CK13, Theorem 3.2]

erfg,_l (2)

T ) - fh )
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we have that
Fy Fy er i (2)Fy (7
]’“_(T)\I/p(z,T): k_(T)(l—e.,-)—i- - f2,1(+ k ( )_ ]
Fy (2) Fy (2) (fO,l(Z) - fO,l(T))Fk (2)

Now the assertion is immediate. O

Consider the function F;_, (z) which is equal to (A} )2-*A_ . Since we have 2—k =
2—0lg—r = 6(—lp—1)+(0—rg+2), we have lo_p = —l—1 and ro_p = d—rp+2. Moreover
by uniqueness of cusp form with maximal order, we obtain that A, A~ = A:’ 542
From these facts, we have

ok = (A;)lHA_

DT2—k

Jr
_ (A+)*lk*1 AP75+2
? Ap

+ +
Ap,é-s-? 1 Ap,<5+2

(AP AF - Apr Fy Af

Noting that f2+ 1= A;; s+2/ A;, we have the following relation

From this relation, we get the following theorem:

Theorem 4.3. For each even integer k, we have that

Yo fiamdt = Y —fi ()T
n=-—m,; m=—mg,_,
Proof. As we already have shown,
R
Py =7
k
It follows from Theorem 4.2 that
i Fo () = f2Jf1(Z)F1;(T) _ f;1(T)F§—k(Z)
o (foa(2) = for(ME (2)  (foa1(2) = fo (7)) Fy i (7)

n:—mk

e .
- _ Z fg_,k’m(z)EQﬂzmT~ O

m:—mzik
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Let a; (n,m) be the m-th coefficient of f, ", ie.,

fin)=a"+ > ap(n,m)q™.

m>my,

Then as a corollary the following duality of Fourier coefficients holds.
Corollary 4.4. For any even integer k and any integers m, n the equality
ay, (n,m) = _a2_7k<m7n)

holds for the Fourier coefficients of the weakly holomorphic modular forms f,;n and

f2_7k,m'

Example 4.1. Recall that my , = 5tl.4.(-1)+dim Sy (5) = —1 and Mg o = 5l.4.04
dim S5 (5) = 0. Hence for each integer m > 1, we get the form (A;)*1A54(j;)m’1 =
¢ +--- € My (5), and for each m > 0, we get the form As,(ji)" =q ™+ €
MQ!_(B). Thus, as we have seen in Theorem 2.5, by taking a suitable linear combination
of the forms (AF)~'Ag,(j5 )" with 1 <t < m, the canonical basis f;,, = ¢~ +O(1)
are constructed. Similarly by taking a suitable linear combination of the forms Az ,( jgr )t
with 0 <t <m, fy,, = ¢ ™+ O(q) are constructed.

The first four basis elements for My~ (5) and the first five basis elements for My~ (5)

are given below.

1
fo1 =~ —6—116q — 740¢*> — 3405¢® — 12244¢* + --- |
’ q

1

foa = = — 18 — 1480q — 24604¢* — 227808¢" — 1553740¢" + - - - ,
’ q

1
fos = = — 24— 10215¢ — 341712¢° — 5601356¢° — 61459920¢" + - - - ,
’ q
1 b5
foa = = — 42 — 48976¢ — 3107480¢” — 81946560¢" — 1345808364¢" + - - - ,
" q
foo=1+06q+18¢° +24¢° + 42¢* + - - -,

1 (
fo1 = = + 116q + 1480¢> + 10215¢° + 48976¢ + - - - ,
Tg

1
fon = — + T40q + 24604¢> + 341712¢° + 3107480¢" + - - -
< g
1
fos = =5 + 3405 + 227808¢” + 5601356¢° + 81946560¢" + - - -
g

1
foa = = +12244q + 1553740¢° + 61459920¢° + 1345808364¢" + - - - .
’ q

Please cite this article in press as: S.Y. Choi et al., Arithmetic properties for the minus space of weakly
holomorphic modular forms, J. Number Theory (2019), https://doi.org/10.1016/j.jnt.2018.09.006




YJINTH:6121

S.Y. Choi et al. / Journal of Number Theory ess (sess) see—see 19

By comparing rows of coefficients in weight 0 to columns of coefficients in weight 2,
the duality relation a, (n,m) = —a; (m,n) is clear.

5. Divisibility properties

In this section we show that the basis elements for M ,'C (p) have divisibility properties
when p € {2,3,5,7,11}. To emphasize the level of the space and to describe both the
case of the spaces M,!:r (p) and the space M;C_ (p), we need to rearrange the notation.
Note that the space M ,!;“ (p) and M ,!C_ (p) can be expressed using character. Let x be a
character on T'g (p) satisfying

X Ir,m=1, x(W,) =e e {-1,1}.

Then M} (T{ (p), x) stands for the space

M (p) ife=1,
Mé(FSF(p),X)Z{ T .

M, (p) ife=-1
Throughout this section, we denote by f;" (P):+ 3 basis element of M,!;“ (p) defined in
Lemma 2.4, and denote by f(p)’ a ba31s element of M!_( ). Let a,(cp)’+(m,n) and

,(Cp)’ (m,n) be the n-th Fourier coefficient of f(p) + and f(p)’ respectively, which means

@ = Y g mn)g
+
Pk

,ipr)n( =q ™+ Z ap)’ (m,n)q™.

n>mp7k

n>m

Let us use the character notation to express the cases of M, !+( ) and M, (p) at once.
In other words if e = 1, flgi)rf
(p)e (

is an element of the basis fk m > otherwise fio (P)€ stands

m,n) means the n-th coefficient of f,if?,f,

for f (’ . Similarly a; and mg ;. denotes

the maximal vanishing order at oo for a nonzero f € M,Lg(p) Here we note that the

(10)75(

coefficients a,; """ (m,n) are integral.

For p € {2,3,5,7,11}, these basis elements have divisibility properties which bear a
remarkable resemblance to the divisibility properties of j(z) as follows.

Theorem 5.1. Let aép)’e(m, n) be the n-th coefficient of féﬁf with m = p®m/, n = pPn/,
(m/,p) = (n',p) = 1. Then for all nonnegative integers o and B with § > « we have that

aég)’E(QQm', 2°nY =0 (mod 23(ﬁ*°‘)+8),

aé3)’€(3am’, 3%n') =0 (mod 32(F=)+3)
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al? = (5°m’,5°n') =0 (mod 5P+,
a(()7)’€(70‘m’, 70y =0 (mod 7(ﬂ_0‘)),

and for all positive integer B with a = 0 or for all positive integers «, [ with B > 1 we
have that

a§"™F (119! 11°0") =0 (mod 11).

Example 5.1. Let p = 5. Then the Hauptmodul ¢ = féi)’-‘_ for T (5) is given by

(7;7(?))6 Ho+o <737((5>))6 =¢7 Y 0" (Lm)g",

n>0

from which we find that

FEI = 8 — 402t — 2280,
FOIT = 1 — 53612 — 3040t + 22532,
FOIF =45 67043 — 38002 + 73055t + 447920,

which enable us to compute
a(()s)’+(5, 25) = 121883284330422776995471850 = 2 - 5% - 719239 - 3389229013733203483,

as expected from Theorem 5.1.

Remark 5.2.

(1) We emphasize that our result covers the case p = 11. As far as we know, the known
literatures, for example, [AJ13,D.J10] do not cover the case p = 11, except for the
Lehner’s classical result.
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(2) By the duality a(()p)’s(n,m) = —aép)’e(m, n) (see [CK13] and Corollary 4.4), Theo-

rem 5.1 also gives the corresponding results for aép)’g(rm n).

From uniqueness of the form f,ip 1)726, it is not difficult to check that

DS’ = —mfn’

0,m
which implies

na(()p)’s(m,n) = —maép)’s(m,n).

It follows from Remark 5.2(2) that

af " (m,n) = —af* (n.m) = “af (n,m). (3)
Let m = p®m/, n = p®n’ with pt m’, pt n/. Assume that o > 3. Then by (3), we find
the relation

/
a—pgM.

7 a(()p)’E(n, m).

aép)’e(m, n)=p

Applying this relation to Theorem 5.1, we have

23(@—6)-‘1—8 | 2(ﬂ—0¢) . ::L_/, . agQ)’E(m7n)
32(0‘76)“"3 | 3(:370‘) . TTILL_/’ . a(()s)’s(m’n)
5la=f)+1 | 5(B=a). :T -a{ (m,n)

7(@=8) | 7(B=a) . 2 -a{""F (m,n)

11 11B=e) . 20 (M (),

In addition, it is clear that

!
n 13),
" ~aé )g(m,n).

1]13°~=.
Now we obtain the following theorem:

Theorem 5.3. Let a(()p)’e be the n-th Fourier coefficient of é’pgf withm = p*m’, n = p°n’,
(m/,p) = (n',p) =1, Then for any a > 3, we have

a(()z)’g 29m’,2%0/) =0 (mod 24@=A)+8)
a((]g)’s 3om’,3%n') = mod 33(@=A)+3)
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aS"™M (119, 11%0) = 0 (mod 110~ A+,
aém)’e(l?)am', 13°n/) =0 (mod 13(>=9),

Remark 5.4. For p € {2,3,5,7,13}, recall that m;:O = 0 and m, ; = —1. Hence for any
m > 0, there is a unique form f(p) - }n +0(q) € M(!)Jr(p)7 and for any m > 1, there

exists a unique form f(p)’ =q¢ ™4+ 0(1) € M(!J_(p). Note that m = 0 implies that
fép) M fép) ,+

= 1. For m > 1, observing that

f( (p),— f(p),-i- _ ¢p),—
O,m 0,m Wp _ 0,m 0,m _ 0(1)’
2 2
and
(p),—
+
Joim =q "+ 0(1),

2

we have

_ 1 - -
fibn = a7 +0la) = ST + foln™ — o (m.0))

from uniqueness of fop ) Therefore our results for Mff (p) and M(!f (p) can be applied
to prove the results of Andersen, Jenkins and Thornton [AJ13,JT15] for p € {3,5,7,13}.

Now all that remains is to prove Theorem 5.1. To prove it, we follow the main idea in
[Chol2] that combines the idea of Doud and Jenkins [DJ10] with that of Lehner [Leh43,
Leh49a,Leh49b]. To get a relation among the Fourier coefficients of weakly holomorphic
modular forms which plays a crucial role in finding p-divisible properties of Fourier
coefficients Doud and Jenkins [DJ10, Corollary 3.2] used Hecke operators T,. In this
paper we find an analogy (see Lemma 5.6) of [DJ10, Corollary 3.2] by making use of
Up-operator instead of T, and the fact that f(z)+ f(—1/(pz)) is a weakly holomorphic
modular function for T'{ (p) if f is a weakly holomorphic modular function for T'y(p).

The concluding remarks of Lehner’s last paper [Leh49b] say that the coefficients of
certain level p modular functions having a pole of order less than p at the cusp oo have
the same p-divisible properties as the coefficients c¢(n) of j(z) (for a precise statement,
see [AJ13, Theorem 1]). A necessary condition in the statement of Lehner’s theorem is
that the order of the pole at the cusp oo must be less than p. In this paper by using
Lemma 5.6 we remove this restriction on the order of the pole to show that all functions

éfgn)f in our basis have p-divisible properties as stated in Theorem 5.1.
For f € M(!)’E(p), we introduce the linear operator
-1
15 z4+ A
=-) [ )-
2
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It is well known from [Apo90, Theorem 4.5] and [Ono04, Proposition 2.22] that U, f is a
weakly holomorphic modular function for I'g(p) and if f(z) = ZnZs an,q", then

fp=Upf = Z apng".

n>s/p

For each positive integer a we denote U,(Ug f) by Us™! f, where U} f = U, f.
Lemma 5.5. Let f be a weakly holomorphic modular function in the space M(!)’E(p). Then

plp(=1/(p2)) = = f(2) + pfp(p2) + £ f (p2)-
Further, pfy(—1/(pz)) is a weakly holomorphic modular function for T'o(p).
Proof. The proof of this lemma is in fact identical to the proof of [DJ10, Lemma 4.1]

and [Apo90, Theorem 4.6]. However, here we will prove again considering the change
due to the difference of an eigenvalue for Fricke involution W), of f.

) . (4)

Since f € My*(p), the transformation law f(—1/pz) = £ f(z) holds. Hence the right hand
side of equation (4) is equal to

sf(z)+p§:1f((;;)1)z).
A=1

For an integer A with 1 < A < p—1, let X' be the unique integer with —(p—1) < X' < —1
such that AN =1 (mod p), and let by = (AN — 1)/p. Then we have

G o)-G %6 )

and hence the right hand side of equation (4) can be written as

Zf ((2 Ij\k,)((l) _I:\/)z) +ef(2).

By the definition of f,, it is easily seen that

onicir = (5) + 5 (5

- Ab
Noticing that (p ;) eT'y(p), we get

1)) = (57):
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Therefore we obtain

pp(=1/2) = Zf (

)+€f(2):§f<zzk>+ff@

A=1

i SN
NEOES () ef(2)
A=0 p
—f(z/p) + pfp(2) + £f(2).
By replacing z by pz, we easily get the assertion. O

Lemma 5.6. Let m’ and n' be any positive integers with (m',p) = (n',p) = 1. Then we
have that

(1) a" (', pPn’) = aPS (!, pP ) +epall S (! pPn) + pa S (!, pP ) for all
positive integer [3.

(2) a(()p)’a(pa"'lm pﬁn)— a( P),€ (pom/ pﬁ 1 n') —l—pa(p)E(pam/,pﬁ+1n/)—paép)’a(pa_lm',
pPn’) for all positive integers a, B.

Proof. Let f(z) be a basis element f(p)’ of M(I)’E(p), and let f, := f | Up. Then we know
pfp(z) is a weakly holomorphic modular function for I'o(p) and hence pf,(—1/(pz)) +
epfp(z) is a weakly holomorphic modular function in M, ,Ls(p) Noticing that a weakly
holomorphic modular function pf,(—1/(pz)) + epfp(z) = —f(2) + pfp(pz) + ef(pz) +

epfp(z) has a Fourier expansion of the form
= f(2) + pfp(p2) +ef(pz) + epfp(z)
~JeqPm — g™ 4 O(qmeo T, if ptm,
eq P+ (p—1)g ™" +epg P+ O(qM o), ifp|m

we have that

P2 pfp(p2) + ef N5 (2) + epfy(2)

— [ e f e if p t m,
_ P (5)

epfghs, + (0= DN +efshhe ifp|m

We now obtain the assertion by comparing the Fourier coefficients of weakly holomorphic
modular functions in both sides of (5). O

Note that for each p € {2,3,5,7,13}, the genus of I'y(p) is zero. Hence we may take
a univalent function ®(z) [Leh49a,Leh49b] as follows:
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with
r(p—1)=24.

Let jp(2) = 1/®,(z). We then have that j, is holomorphic on the upper half plane $,
has a simple pole at the cusp co and

Gp(=1/(p2)) = P2 @, (2). (6)

For (6), see [Leh43, (8.83)]. In fact, by using the transformation law of  we can show (6).
We know from the definitions that j, and ® have integral Fourier coefficients.
In what follows, for each positive integer m with m = p*m’ and (m’,p) = 1, we write

F(2) = f5(z) = qim L O,

If @ = 0, that is, m = m/, then f, is holomorphic on $) and at the cusp co. Moreover it
follows from Lemma 5.5 that

pfp(=1/(p2)) = = f(2) +pfp(p2) + £ f(p2)

is a weakly holomorphic modular function for I'y(p), which is holomorphic at the cusp 0
and meromorphic at the cusp oo and has integral Fourier coefficients in the g-expansion
at co. Hence for each p € {2,3,5,7,13}, we have

pfp 1/ pZ ZAt,pjp

t>0

for some integers A; ,. Under the same notation as above, replacing z by —1/(pz), we
have the following theorem.

Theorem 5.7. Assume that « = 0. Then for each p € {2,3,5,7,13}, we obtain

fp(z) = DO,p + Zanprt/?fl(D(z)t
t>1

for some integers Dy .

Following a main idea in [Chol2] we now prove Theorem 5.1. We use similar notations
o [Chol2]. We will use induction on «. Assume that @ = 0. We can rewrite f, in
Theorem 5.7 as
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Bo+2" Y, B280 Vol = By 4+ 2R, ifp =2,

Co+3°Y 5, Ci3* 7D = Cp + 3°T, if p=3,

Dy + th]_ Dt53t71(1)t =Dy + 52Q5, lfp = 5,

EO + Zt21 Et72t_1¢)t = EO + Q7a lfp = 77
for some integers By, Cy, D;, F;. Here R is a polynomial of the form R =
dis1 b28=D®! T is a polynomial of the form T = dois1 32D Q5 is a poly-
nomial of the form Q5 = di® + 3,5, d;5'®", and Q7 is a polynomial of the form

r=e1d+ e, 7' ®' for some integers by, ¢, dy, ;. Also R, T, Q5 and Q7 will denote
Q i) oo LTI f int b d Also R, T,Q d Q7 will denot
polynomials of these types, not necessarily the same one at each appearance.

Proposition 5.8. For each positive integer h, we have that

28(h71)U2(I)h — 23R,
34(h71)U3(I)h — 32T,
Us® =5Q5, 5"7'Us"* =5Qs,
Ur®d =7Q7, T U0" ! = 7Q;.
Proof. See [Leh49b, (3.4), (3.24)] and [Leh49a, (5.13), (5.14), Section 6]. O

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. For each positive integer 3, applying the operator UpB to both
sides in (7) we obtain from Proposition 5.8 that

By +2M230"VR = Bj (mod 2%*8), if p =2,
CH+3%+3T =} (mod 3%2°+3), if p=3,

U= 8
P D) +5°t1Q = D}y  (mod 5°*1), if p=5, ®)
Ey+7°Q = E) (mod 7°), ifp="1.
Proposition 5.8 gives

aF(m!,2°0') =0 (mod 239+8), (9)

a5 (m 3%y =0 (mod 3%°+3), (10)

al’"*(m’,5°n/) =0 (mod 5°*7) (11)

alF(m/ 7Pn/) =0 (mod 77). (12)

Thus the assertion holds for all 5 > 0 when a = 0. Now consider p = 2. We then obtain
from (9) and Lemma 5.6(1) that

al?F(2m/,2°n/) =0 (mod 28(F-1+8)
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for all § > 1. Thus the assertion holds when o = 1. Let « be some positive integer
and assume that a(2) £(2im/,2%n") = 0 (mod 23(5=9+8) for all positive integer i with
0 < i < v and for each 8 > 4. Then Lemma 5.6(2) implies that the assertion holds when

= 29F1m/ and for each positive integer 8 with 8 > a + 1. Consequently by induction
we obtain the assertion when p = 2. By the same argument as the case of p = 2 we
obtain the assertion for other primes p = 3,5, 7.

In the case p = 11, we notice that the genus of I';(11) is not zero, so we need a
new approach. In fact, by adopting an argument similar to [Chol2] we can obtain the
assertion. For the convenience of readers we provide a proof. Following the notation in
[Leh43] we have modular functions for I'j(11) which are holomorphic on $ and have
integral Fourier coefficients [Leh43, (4.51), (6.44), (6.46) and Lemma 3] as follows:

e N

Letting
a(z) = 1120(—2y = L ¢
112 q? ’
1
_ 2 _
we obtain
11f11 Z DabO[ Z)
a>0,b>0

for some integers D,;, because the genus of T'g(11) is not zero. Now replacing z by —1/11z
we obtain that

—1 a a
fn(z) = Y Dao( llz 5(1—12)b= > D112 C(2) T A(2),

a>0,b>0 a>0,b>0
which implies that f11(z) = A (mod 11) for some integer Ay and hence aén) (m/,11n) =
0 (mod 11) for all positive integers 8. Thus Lemma 5.6 implies the assertion when
p=11. O

6. Square-free level cases

Until now we only considered weakly holomorphic modular forms of prime levels.
As another extension of [CK13], we will consider square-free level cases. We recall that
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I'5(N) is the group generated by I'j(N) and all Atkin—Lehner involutions of N. Note
that if N is prime, then T'j(IV) is the same as I'j (V) which we have discussed so far.
Throughout this section, we assume that N is a square-free composite integer for which
the genus of T'{(N) is zero, that is, N belongs to the set

So = {6,10, 14, 15,21, 22, 26, 30, 33, 34, 35, 38, 39, 42, 46, 51, 55, 62, 66, 69, 70, 78, 87,
94,95,105, 110, 119}.

Let Mj(N) (resp. S{(N)) be the space of holomorphic modular forms (resp. cusp
forms) of weight k for I'j(N), and let M}*(N) be the space of weakly holomorphic
modular forms for I'y (V). In this section we will generalize the results of [CK13] to the
space M ,'c* (N) of weakly holomorphic modular forms in the cases of square-free levels. For
a square-free integer N, it is well known from [JST16,JST17] that I'§(/V) has only one
inequivalent cusp, and hence we can generalize the results of [CK13] without difficulty.

Let k > 2 be an even integer. Then dim S} (N) is finite, and it follows from [Miy06,
Theorem 2.5.2] that

TN b k 3k 5k| k
amsi ) =va ] o |5 o 54 | 5] -5

where v; denotes the number of inequivalent elliptic points of order i of I'(/V). Using
[CLO4, Table 4], one can compute dim S} (N) for each N € &y.

Remark 6.1. By finite-dimensionality and existence of the Hauptmodul j% of I'§(N), one
can show that the space S} (V) also has a Miller basis by adopting the same arguments
as in Lemma 2.2. Furthermore, for d = dim S} (NN) > 1, there exists a unique cusp form
A%, with g-expansion of the form

AN k() = ¢+ O(¢™t),

and for d = 0, we define Ay, (z) = By, = mzdwdk/z]ﬂk(dz) where we set
Ef,=1.

Next step to find the canonical basis of M, ,'c* (N) is, as in prime level cases, to define
dn and A% for each N. In fact, it was done by [JST16,JST17].

Lemma 6.2. (See [JST16, Theorem 16] and [JST17, Proposition 4 and Corollary 5].) Let
N be a square-free integer with r distinct prime factors.

(1) Put

24
d=0ny =1 Y/ L
N cm( ’ gcd<24,o<N)>> ’
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where o(N) is a divisor sum. Then ¢ is the smallest weight k such that there exists
a cusp form f € S;(N) vanishing only at the cusps.
(2) There exists a unique normalized cusp form AN € Si¥(N) such that ordsc Ay =

o(N)

sror—T k. More explicitly,

5N

[ =)

dIN
where by = 217"y

Theorem 6.3. Let k € 27 and 0 be the integer given in Lemma 6.2. We have unique l,
and Ty such that

o0+ 2 ifk=2 do
k=0l +r, wherery = + i (mod 9),
k — L%J 6 otherwise.

(1) For f € M(N),

a(N)

<
ordeo f < o491

570l +dim S (N).
(2) We put my , = 57 27 2N 55, 4 dim S7 (). For each m € Z, such that —m < m}y,,
there exists a unique weakly holomorphzc modular form f,;m € M,L*(N) with

flj,m — q—m + O(qm%1k+1)-
Proof. Same as the proof of Theorem 2.5.

Note that for each integer m > —mj, ;, the canonical basis f; , for M, ,L*(N ) is given
by

* * \1 * -
fk,m = (AN) kAN,rka,m+m1*V,k(JN)v

where Fj, p(x) is a monic polynomial in x of degree D and j} is the Hauptmodul for
I'5(N). Since A% is an eta product, A% has integer Fourier coefficients. Integrality of the
coefficients in the g-expansion of j% is proved in [JST16, Section 3]. Thus for integrality of
the coefficients of the canonical basis we have only to consider A}, ., which is the unique
cusp form in S}, (N) whose vanishing order at infinity is the same as the dimension of
the space S, (N). In Table 2 we list the dimensions of S}, (IV) for each case.

Remark 6.4. From the Table 2, we observe that dim Sy, (N) + dimS§,, , (N) =
dim S}, ,(N), and dim S35 (N) = dim Sj, ,(N) + 1. In other words, the relation
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Table 2
Dimensions of S (N).
.
N 5 dim S, (N)

Tk:4 T’k:6 T‘k:8 Tk:10 T’k:12 T‘k:14

[\

[ V)
N D000 DO O U R R W WWN NN

HF O NORR OO U OOt Wkr kW WNDNWNONRFRFERFRO
-

S
[«

AR R R R R R R R R R R R R R R R 00 R R 00 R R s 00

—

O'(N)KN

-1
24

dim Sy (N) +dim S5, 5, (N) =
holds for every N € &, having similarities with [CK13, Lemma 3.7].
Corollary 6.5. The duality relation
ag(n,m) = —az_x(m,n)

also holds for the weakly holomorphic modular forms fy, = ¢ " + > ap(n,m)q"™ and
Sk =" + 2205 (m,n)q".

Proof. The assertion immediately follows by combining the arguments in [CK13, Re-
mark 3.8] with Remark 6.4. O

It follows from Remark 6.4 that Ay ; = Ay, and Ay 5.0 = Ay % (=D(jx)). Ac-
cordingly, when § = 4, we can construct A% .~ explicitly for every pair (N, 7%). The
remaining cases of N are N € {10, 21, 26,34, 39}. Before we look at each case, recall that
WWp=W;W, =W, (mod T'y(N)) where g = ef/ged(e, f)2.

Case (1) N = 10: Since we have Aj, 4 x Ajys = Ajj 19, we have only to consider
A3g4- First we consider the function f = A¥ +Af | Wa. Then it is not difficult to check
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that f is a modular form of weight 4 for I';(10) and invariant under all Atkin-Lehner

involutions of 10. Further, since Af (z) | Wa = 4 - A¥(2z), we get the g-expansion of f
as follows:

AT+ AT | Wo=q—4¢* +2¢° +8¢* —5¢° —8¢° + - +4(¢® — 4¢* +2¢° +--)
=q+2¢° —8¢" —5¢"+---.

Consequently, f = A;f —|—A; | Wa is the unique cusp form Aj, 4, and has rational integer
Fourier coefficients.

Case (2) N = 21: In this case, we need to find A3; , and A3, 5. Using [Thel3b], we
can find a newform f; of weight 4 on I'j(21) with integral Fourier coefficients, which
is invariant under all Atkin—Lehner involutions of 21. On the other hand, we have an-
other holomorphic cusp form fo = A;FA + A;FA | W3, and fo is also invariant under all
Atkin—Lehner involutions of 21. In addition, f; and f; have g-expansions of the form

fi=q+4¢" = 3¢> +8¢" —4¢° = 12¢° = 7¢" +9¢° + - - - ,
fo=q—+7¢* —7¢" +16¢° —7¢° — 7¢" +15¢° — 41¢° + - - - .

Then we have
f1 = foa =5¢* — 10¢° + 15¢* — 20¢° — 5¢° — 15¢® +50¢° +--- =0 (mod 5),

using classical Sturm bound for modular forms in M4(21). Therefore, A3, ; = (f1—f2)/5.
We can also obtain A}, 5 with similar arguments. From [Thel3f], the function g, €
Z[[q]] with g-expansion

g1 =q+ ¢ —9¢° — 31¢* — 34¢° — 9¢° — 49¢" — 63¢° +81¢° + - --

is a newform of weight 6 on I'j(21), and its eigenvalues of all Atkin—Lehner involutions
are equal to 1. Thus g; lies in the space Sg(21). There is another holomorphic cusp form
in S§(21). Consider the holomorphic cusp form g2 in Sg(21) given by

g = A;r’(j + A;FG ‘ W3 = A;rﬁ + 27A7’6(32).

Then gs is also invariant under all Atkin—Lehner involutions of 21, that is, g2 € Sg(21).
The Fourier expansion of g, has the form

g2 = q — 10¢% + 13¢° + 68¢* — 56¢° — 130¢° — 49¢7 — 360¢® — 425¢° + - - - .
Then we have

g1 — g2 = 11¢% — 22¢° — 99¢" + 22¢° + 121¢° 4 297¢® +506¢° + --- =0 (mod 11)
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by classical Sturm bound for modular forms in Mg(21). Therefore we have A3, o =

(91 — g2)/11.
Case (3) N = 26: For this case, it suffices to find A3 ;. Let fi be the newform from

[Thel3c|, and let fo, f3 be defined by

f2= A1+3,4 + AIra,4 | Wa,
f3= (Af3,4 - Jis) + (Af3,4 i) | Wa.
Then it is not difficult to check that f1, f2, and f3 are holomorphic cusp forms in M (26)

with integral Fourier coefficients. Moreover the g-expansions of these functions are given
by

fi=q—2¢+3¢ +4¢* +11¢° — 6¢° +19¢" — 8¢% —18¢° + - -,
fo=¢*> =3¢ +5¢" +¢° —11¢° +11¢" — 7¢® —15¢° + - - -,
f3=q+q* +13¢> = 19¢" — 5¢° + 37¢° — 43¢" + 9¢° + 70¢° + - - - .
Since dim S;(26) = 3, the space Sj(26) is spanned by fi, f2, and f3. Hence Ajs, =
(—f1 —3f2+ f3)/19, and it has integral Fourier coefficients.
Case (4) N = 34: In this case, we only need to construct Aj, ,. Recall that the

vanishing order of A at oo is 3. Thus we have three different holomorphic cusp forms
on I';(34) as follows:

fr =A%+ AL | Wy,
fa = (AF - 17 + (AF; - 5i) | Wa,
fs = (A% - (517)°) + (A% - (G17)?) | We.

Additionally, let f4 be the newform from [Thel3d] which is also a holomorphic cusp form
on I'5(34). Then the cusp forms

fi = ¢ —4¢* +2¢° +12¢° — 5¢" — 20¢® — 10¢° + - - -,

fo=¢* —4¢° +13¢* — 6¢° — 34¢° + 14¢7 + 53¢° +22¢° + - - - ,
fs = q+ 16¢> — 36¢* + 18¢° + 96¢° — 40¢” — 156¢° — 49¢° + - - -,
fi=q—2¢* —2¢* +4¢* + 16¢° + 4¢° + 244" — 8¢® — 23¢° + - --

span the space S5 (34). Therefore A3, 4, = —(26f1 +2f2 + f1a — f3)/38 and it has integral
Fourier coefficients.

Case (5) N = 39: For this case, we need to find A3y, and Ajg4. Applying similar
arguments to Example 3.1 to the data [Thel3e], we get two holomorphic cusp forms f;
and fy in S5 (39) with integral Fourier coefficients, and f1, fo have g-expansions of the
form
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fi=q—3¢ +5¢" +14¢° +2¢" +26¢% + - - -,
o= +2¢" —2¢° =3¢ = 2¢" + ¢* + .

Let f3 = Ai"374 + Af374 | W5 and let fy = (Ai"3’4 ]f'g) + (Ai’}),4 ]f})) | W3. Then f3 and
f1 have g-expansions of the form

fs=@ -3 +¢* +¢ +10¢° +11¢" — 1% + - -,
fa=q—3¢+22¢° —7¢" —5¢° — 42¢5 — 43¢" +37¢° + - - .

Taking a suitable linear combination of fi, fo, f3 and f4, we obtain
ANjoa =" —4¢° —4¢" +6¢° + - € Z[[q]].

Similarly, from the data [Thel3g], we get two holomorphic cusp forms in S¢(39) with
integral Fourier coefficients. Let g; and g2 be two cusp forms coming from [Thel3g], and
let g3 = Af?,,ﬁ + AE,G | W3 and g4 = (Aii_?),ﬁ - J1s) + (Air:s,ﬁ - ji3) | Ws. Then g1, ga, g3
and g4 have g-expansions of the form

91:Q—9q?’+20q4—?>4<f’+14q7+...7

go=¢q* —4¢* —5¢° —9¢° —11¢" + -,

g3 = ¢* — 6% — 5g* + 40¢° + 28¢5 — 70¢7 + - - - ,

g4 = q — 6¢° + 34¢> — 4¢* —161¢° — 156¢° + 227¢" + - - - .

By a suitable linear combination, we have Ajq ¢ = ¢* — 3¢° — ¢® +5¢" + - - € Z[[q]].
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