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Using first principles calculations, it is demonstrated that solute segregation during U-Mo solidification
can be modeled using the classic Brody-Fleming limited diffusion framework. The necessary supporting
equations specific to the U-Mo alloy, along with careful verification of the assumptions underpinning the
Brody-Fleming model are developed, allowing for concentration profile predictions as a function of alloy
composition and cooling rate. The resulting model is compared to experimental solute concentration

profiles, showing excellent agreement. Combined with complementary modeling of dendritic feature
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sizes, the solute segregation model can be used to predict the complete microstructural state of indi-
vidual U-Mo volume elements based upon cooling rates, informing ideal processing routes.
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1. Introduction

A fundamental scientific concern during the processing of U-Mo
alloys is their susceptibility to solute segregation during solidifi-
cation, typically producing a microstructure of Mo-rich dendrites
[1]. This can pose significant technical problems as it is often
desirable to quench in the high-temperature body centered cubic
(bcc) y-phase of the U-Mo system, preserving both microstructural
uniformity and the isotropic material properties associated with
cubic phases. Under equilibrium conditions the U-Mo system ex-
periences a eutectoid decomposition below ~570 °C from the so-
lidified y-phase into the non-cubic o and Yy’ phases [2, 3]. The
orthorhombic a-phase is particularly detrimental to the mechanical
stability of the alloy due to its unique anisotropic properties,
including a negative thermal expansion coefficient along one
crystallographic direction [4]. Transformation kinetics through the
low-temperature eutectoid region are known to be heavily
dependent on the local composition [5—7]. Consequentially, solute
segregation in U-Mo significantly increases the cooling rates
necessary to avoid eutectoid decomposition and maintain a kinet-
ically arrested, metastable y-phase at ambient temperatures across
the entire microstructure.

Estimating the degree of solute segregation in U-Mo resulting
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from solidification is important for establishing improved pro-
cessing procedures and subsequent homogenization processes,
especially for large samples or those with complex shapes. Utilizing
first principles calculations for mass balance and diffusion, a model
has been developed following the classic Brody-Fleming limited
diffusion framework [8—11] to predict the profile of solute segre-
gation in U-Mo as a function of cooling rate and microstructural
feature size. The subsequent heat treatments required to homog-
enize U-Mo, starting from a known solute segregation profile, have
already been established [12—15]. To fully predict the microstruc-
tural state created during solidification still requires a comple-
mentary model for the determination of dendrite size as a function
of cooling rate and composition. Until a complete microstructural
model including dendrite size can be developed, the calculations
presented in the current work can be used to quickly approximate
compositional profiles from the dendrite spacing found in pub-
lished micrographs, which obviates the need for spatially sensitive
compositional analysis.

2. Solute segregation model

The primary physical constraint in a solute segregation model is
conservation of the overall alloy composition. To ensure mass bal-
ance within the alloy, the following equation must always be
obeyed
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Xsfs + Xify = Xo (1)

where the average composition of the solid and liquid phases, Xs
and X; respectively, are multiplied by their phase fractions in the
system, fs and f;, and must sum to X,, the composition of the alloy.
The derivative of this equation must also hold true, so that

d(}Tsfs) + d()TLfL) -0 2)

Xs dfs + fs dXs + Xpdfy + fidX, =0 (3)

A second set of conservation equations regarding phase frac-
tions are also implicit

fs+fi=1 (4)

dfs +dfy =0 (5)

By combining both sets of conservation relations, an alternate
form of Eq. (3) can be arrived at that eliminates the liquefied phase
fraction, f;, and relates the compositions to only the solidified
fraction fs, of the system.

(X0 = Xs)dfs = fs dXs + (1 —f5)dX, (6)

Eq. (6) is particularly useful for modeling purposes. If the
interface between the liquid and solid phases of the system are in
local thermodynamic equilibrium, the relationship between their
instantaneous solute concentrations, Xs and X, is known as the
partition function, k, where

kX, = Xs and kdX; = dXs (7)

The partition function can be determined empirically from the
functional forms of the solidus and liquidus lines. Based on the U-
Mo experimental phase diagram (Fig. 1) [2], both of these curves
can be fitted to quadratic polynomials, yielding fits with
R? > 0.9995.

X, (at%) = —0.000493 T(°C)? +1.332 T — 873.193 9)

Xs(at%) = —0.000878 T(°C)? +2.359 T — 1539.295 (10)

From Egs. (9) and (10) it can be determined that the partition
function for U-Mo varies between 1.676 and 1.714 as a function of
temperature (Fig. 2), but can be treated as approximately constant
with k = 1.69 across the entire compositional range, especially
considering that some degree of inherent uncertainty is present
within the experimental phase diagram used to fit the solidus and
liquidus curves. Note that a large number of significant figures are
required to ensure that the solidus and liquidus lines meet at a
single temperature for the case of pure U.

With the partition function established, the relationship be-
tween Xs and X; at the interface is known, but it is still necessary
to establish the relation between the interfacial concentrations and
the average concentrations to solve the conservation equation (Eq.
(6)) as a function of solidification.

The simplest scenario to model is equilibrium cooling, where
the rate of solidification is slow enough that the interfacial con-
centration of each phase will also be its average concentration [9,
10], so that

Xs =Xs and X; = X; for equilibrium cooling (11)
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Fig. 1. Partial experimental phase diagram in the compositional range of interest,
adapted from data presented in Ref. [2].

This sets up a readily solvable version of the conservation
equation

(XL—Xs)dfs _fdXs + (1 fy)dX; (12)

With rearrangement, and enforcement of the boundary condi-
tion that X; = X, when fs = 0, a final solution for the interfacial
concentrations during equilibrium cooling (and in this case the
instantaneous average compositions) can be arrived at in terms of
the solidified alloy fraction.

P o X
X=X = - (13
X=X =Ko (14)

(1+ (k—1)fs)

In the case of equilibrium cooling there is no solute segregation
present in the solid, as by definition there is no compositional
variation possible within each phase.

Another scenario for solidification, known as Scheil cooling [9,
10, 16], occurs when diffusion is taken to be unlimited in the
liquid, but no diffusion is allowed within the solid. Scheil cooling
enforces the new set of equations relating the interfacial and
average phase concentrations.

fs dXs — (Xs - )Ts) dfs = 0 and X; = X; for Scheil cooling ~ (15)

where the first condition ensures that changes in the average solid
phase concentration are contributed strictly from the newly so-
lidified volume, i.e. no solute can diffuse across the solid—liquid
interface. The conservation relationship (Eq. (6)) for Scheil cooling
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Fig. 2. a) The partition function as a function of temperature, utilizing the fits of Eqs. (9
&10), and b) A fit of the relationship of X vs. Xs, forcing an intercept at X; = Xs = 0, to
determine the most appropriate constant partition function across the entire
compositional range.

reduces to

(XL —Xs) dfs = (1 f)dX, (16)

After enforcing the same boundary condition as the equilibrium
cooling scenario, X; = X, when fs = 0, a set of interfacial concen-
tration equations for Scheil cooling can be derived

X = Xo(1— fy)k ! (17)

Xs = kXo(1 — fs)*1 (18)

During Scheil cooling, where no diffusion is allowed within the
solid, the final solidified phase exhibits significant compositional
variations as each solidified volume element inherits the concen-
tration of the changing interface and becomes locked into place. In
U-Mo alloys this leads to solute segregation of Mo to the center of
the microstructural elements, which are typically dendrites. While
Scheil cooling is a good first-order model of solute segregation, it is
not always realistic as limited diffusion is often present within the
solid phase. Improving the Scheil model to account for this limited
diffusion requires a modification to Eq. (15), first proposed by Brody
and Flemings [8—11], where instead of changes to the average solid
phase concentration being contributed strictly from the newly so-
lidified volume, a diffusion flux is allowed to cross the interface.
This diffusion flux is determined from Fick's first law, divided by the
velocity of the interface.

~ i — dXS dt
dXs — ( X — X5 )dfs = De— — and
fs dXs ( s s) Ifs Yo dy

X, = X; for limited diffusion (19)

In this equation, y is the length scale of solidification, y, is the
characteristic microstructural feature size (approximately the
average dendrite radius, though the move from planar to radial
growth introduces a small stereological error due to curvature), and
Ds is the diffusion coefficient which will follow a standard Arrhe-
nius relationship (Eq (20)) with an activation energy for U-Mo
inter-diffusion (Q) and a diffusion constant (D,)

Ds — Doe FT (20)

Utilization of this limited diffusion model requires two major
approximations. 1) The diffusion coefficient can be treated as a
constant, with no dependence on temperature or composition
occurring during the transformation. 2) The concentration gradient
over the whole solid phase may be approximated at any time by the
gradient near the interface. With these approximations, the con-
servation relationship for the case of limited diffusion becomes

(X0 Xs )as = g, Se ks + (1 - X, 1)
Y Yo

Growth of the solid phase will be a diffusion limited process as
the liquid and solid phases share different compositions. Therefore
the length scale of solidification can be expected to follow a para-
bolic relationship with time, so that

Ve

0

y? = it where 1 = (22)

Ais a constant and can therefore be determined from the total time
required for solidification, t,, and the distance the solidification
occurred over, y,. Taking the derivative of Eq. (22), and employing
the definitional relationship that y = fy,, it can be established that

dt ¢
—_99 23
dy Yo (23)

This allows the relationship in Eq. (21) to be rewritten in a form
than can be more readily integrated

DStO
v3

(1 — k)X dfs = (1 + (ak — 1)fs)dX; where a = 2 (24)
and solved for the boundary condition X; = X, when fs =0,
yielding

Xy = Xo(1+ (ak — 1)fs)e (25)

X5 = kXo(1 + (ak — 1)fs) D (26)

When « = 0 these equations reduce to the case of Scheil cooling,
and when « = 1 they reduce to the equilibrium cooling equations.
As a result, both Scheil and equilibrium cooling are simply special
cases of the limited diffusion equations. In scenarios that « > 1, the
solutions for the Brody-Fleming limited diffusion condition (Eq.
(19)) become non-physical and require a correction [11], but this is
not of concern for any systems experiencing solute segregation as
they do not approach equilibrium (« > 1) conditions. The behavior
of interfacial concentrations as a function of solidified fraction can
be seen in Fig. 3.
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Solutions to the conservation relationship provide instanta-
neous concentrations at the interface, not the final compositional
profile after solidification. Unlike the Scheil and equilibrium cooling
cases, where it is easy to establish the final concentrations within
the alloy as a function of solidified percentile as either all or none of
the solute is mobile, solutions involving limited diffusion in the
solid phase require additional calculations. It is easiest to model the
final concentration profile in the solid by breaking solidification
into finite time steps and estimating the diffusion of solute from the
solid back into the liquid through numerical methods. Solute mass
must be conserved between the liquid and solidified regions at any
given time. Any surplus in solute mass acquired by the liquid during
the time step must have diffused to the interface from the previ-
ously solidified elements. As the concentration gradient is
approximately constant, this surplus solute mass can be divided
equally and subtracted from each previously existing solid element.
This simple numerical solution allows for final solute segregation
profiles to be computed for limited diffusion cases for an estab-
lished o parameter (Fig. 4). The resulting final concentrations pro-
files in the solid phase are predominantly linear in regard to their
solidified percentile until a < 0.2, after which curves begin to bow
and more closely resemble the Scheil cooling (« = 0) profile.

These numerical solutions rely, as previously mentioned, on two
critical approximations that must be examined for U-Mo. The first
was that the diffusion coefficient can be treated as a constant in
regard to temperature. In reality, Ds will be dependent on both
solute concentration and temperature, which are both functions of
the solidified fraction. The relationship between concentration and
diffusion for the U-Mo y-phase was first established by Adda et al.
[17, 18]. More recent diffusion studies have largely preserved the
diffusion coefficients of these early findings, but have revised some
anomalies in the concentration dependencies of Q and D,, making
them easier to fit as simple functions [19].

Q(kJ) = 14.635 In(Mo at%) + 137.54 (27)

1n<Do (m2 /s)) = —0.0725 (Mo at%) — 12.463 (28)

With these equations and the concentration—temperature
relationship provided by the liquidus line (Eq. (9)) of the system,
the average diffusion coefficient (Ds) of the solid phase can be

Solid: =0 =——0=005 ——qa=01 =——g=02 =——g=04 =—qg=1
0=0 —q=005 —0=01 — =02 — =04 —a=1

Interfacial Concentration (X,Xg) at%

0 0.1 0.2 03 0.4 05 0.6 0.7 0.8 0.9 1
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Fig. 3. Interfacial concentrations of the liquid and solid phases as a function of so-
lidified fraction, starting from U — 10 wt% Mo (22 at%). In the extreme of & = 1 the
concentrations are the equivalent of the equilibrium cooling condition, and at « = 0
they are representative of Scheil cooling, with no diffusion in the solid.

calculated as a function of the solidified fraction of the sample. The
average concentration of Mo in the solid phase will decrease along
with temperature during solidification in the U-Mo system under
any cooling condition due to the nature of the phase diagram. This
is fortuitous, as the increased diffusion rates expected at elevated
temperatures near the beginning of solidification are offset by the
higher activation energies for inter-diffusion (Q) at Mo-rich com-
positions, leading to relatively constant diffusion coefficients across
the entire solidification range. Average diffusion coefficients as a
function of solidification for the cases of Scheil and equilibrium
cooling are plotted for both U — 5 wt% Mo (11.5 at%) and U — 10 wt%
Mo (22 at%) in Fig. 5, and the curves for limited diffusion cases will
rest between these two bounds. For all but the most extreme cases
(e.g., below 5 wt% Mo it becomes very hard to avoid the formation
of the a-phase when cooling through the eutectoid region [5, 6]),
the average diffusion coefficient does not vary during solidification
by more than a factor of two, and at compositions near the eutec-
toid that experience solute segregation (the cases of interest to
many current researchers) diffusion rates are expected to be nearly
constant.

The second assumption made in the limited diffusion model is
that the concentration gradient over whole solid may be approxi-
mated at any time by the gradient at the surface. This can quickly be
assessed in a qualitative manner by noting that the second de-
rivatives of the curves in Fig. 4, i.e. changes in slope and in this case
the concentration gradients present at fs = 1, only vary significantly
in cases approaching Scheil cooling. Quantitative calculations of the
instantaneous gradients confirm that the approximation only falls
apart in the cases where « < 0.1. While the approximation no longer
holds for very low « values, the errors contributed to the model in
this regime will be inherently low because diffusion is negligible
and the concentration gradient becomes irrelevant.

3. Results & discussion

Two sources providing spatially sensitive compositional analysis
of U-Mo in solute segregated conditions are available to verify the
limited diffusion model [7, 15]. In both cases, the analysis was
conducted in a scanning electron microscope by energy dispersive
X-ray spectrometry (EDS). As volume elements with less solute will
always have solidified later in the freezing process, the cumulative
distribution function of local concentrations will be the same as the
final concentration profile as a function of the solidified percentile,
allowing a ready means of conversion from the concentration maps
presented in Refs. [7, 15] (Appendix A).

The first of these references presents concentration maps of as-
cast U — 5 wt% Mo, U — 7 wt% Mo, and U — 10 wt% Mo alloys [7],
cooled at a rate of approximately 0.5 °C/s. The second reference
provides a concentration map and cumulative distribution function
for a U — 10 wt% Mo sample that was chill cast (arc-melted into a
copper mold) at an unknown rate [15]. Based upon the fine den-
dritic structure (~8 um inter-dendritic spacing) and comparison to
samples produced in induction furnaces, which typically exhibit
inter-dendrite distances on the scale of 25—100 um [7, 20] from
cooling rates around 0.5 °C/s [7, 21], the cooling rate of the chill cast
sample is expected to be significantly above 1 °C/s. Fig. 6 presents
the experimental concentration profiles obtained from these two
studies, along with the profiles generated from the limited diffusion
model (e.g. curves in Fig. 4) that produce the best fits. All of the
profiles exhibit a small dip in concentration from the expected form
of the profile in their very last solidified elements. This can be
explained by the growth fronts of dendrites coming into contact as
f; approaches 1, lowering the amount of solid—liquid interfacial
area and limiting the amount of Mo solute diffusion out of the solid
and into remaining liquid relative to the previous solidified
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Fig. 4. Final concentrations profiles of the solid phase as a function of solidified percentile and a number of different o conditions for a) U — 7 wt% Mo (16 at%) b) U — 8 wt% Mo
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Fig. 5. Average diffusion coefficients, Ds, experienced in the solid phase as a function
of solidified fraction for both U — 5 wt% Mo (11.5 at%) and U — 10 wt% Mo (22 at%)
under equilibrium and Scheil cooling conditions. Limited diffusion cases will exists
between these two bounds.

elements.

The experimentally measured average alloy compositions in
Fig. 6 are presented in Table 1, along with the « parameters of the
model profiles, the calculated average diffusion constants, and

temperature ranges covered during solidification based upon the «
parameter and composition. The approximate average dendrite
radius for each sample is also listed, determined from micrographs
presented in each reference. From the definition of « in Eq. (24) and
the information provided in Table 1, it is possible to make an esti-
mate on the expected cooling rates to compare with the reported
values. The model based prediction of 0.3 °C/s is close to the re-
ported ~0.5 °C/s (over a large temperature range) reported for the
samples in Refs. [7], and it is possible that the slightly slower rate is
related to the latent heat of solidification released during solidifi-
cation, which will slow the transformation relative to the general
approximation of dT/dt = AT/ty. While the rate of cooling for the
sample in Ref. [15] is unknown, the 4.6 °C/s predicted by the model
is consistent with expectations for chill casting. In summary, all of
the available data appears to support application of the Brody-
Fleming limited diffusion model and the alloy specific equations
provided in this paper to the U-Mo system.

The solidified U-Mo y-phase is not the equilibrium phase at
ambient temperatures and solute concentration has a large impact
on the cooling rates required to transverse the eutectoid region
without precipitating the undesirable, highly anisotropic a-phase.
From the equilibrium phase diagram (Fig. 1) it is already clear that
the a-phase becomes stable at higher temperatures for Mo-lean
compositions. Time-Temperature-Transformation (TTT) diagrams
for U-Mo exhibit the classic transformation nose behavior [5, 6],
where the transformation is limited by the smaller driving forces
present at high temperatures, while at lower temperatures the
transformation is limited by slower inter-atomic diffusion. In order
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to quench in the meta-stable cubic y-phase, and avoid creating the
U-rich a-phase, the goal is therefore to cool fast enough to avoid
crossing the nose of the TTT diagram, at which point the y-phase
will be preserved by the limited diffusion available at ambient
temperatures to overcome the nucleation barrier of a precipitate's
interfacial energy. While there is some small disagreement as to the
exact form of the U-Mo TIT diagrams across the compositional
range, the previous studies unanimously confirm that the quench

Table 1
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rates necessary to avoid formation of the deleterious a-phase in-
crease dramatically with lower Mo content. It has been experi-
mentally verified that Mo-lean regions within a microstructure
form the o-phase first via eutectoid decomposition, and the
eutectoid phases will generally nucleate on a grain boundary,
where the nucleation energy required is the lowest due to the
existing interface, before expanding out through the Mo-lean re-
gions and later through the entire microstructure as the nucleation
barrier for the phase transformation has already been overcome
and the y-phase is not in energetic equilibrium.

The parameter of greatest concern in U-Mo segregation is the
solute concentration of the very last solidified elements of the
microstructure, which will have the both lowest solute content and
are located along the grain boundaries that provide ready nucle-
ation sites for the eutectoid decomposition. The solute concentra-
tion of the last solidified element as a fraction of the average alloy
composition turns out to independent of the average alloy
composition for a given « parameter. A graph of this ratio as a
function of « is presented in Fig. 7. A researcher with a U — 20 at%
Mo alloy wishing to ensure that no local solute concentration in the
microstructure falls below U - 18 at% Mo (90% the average) could
infer from this chart that « > 0.7 would be necessary in their cooling
procedure. It is worth noting that the small dip in concentrations
observed in the last solidified elements of experimental profiles
(Fig. 6) suggests that the actual concentration at some points of the
boundary may be approximately 1 at% Mo below the model
prediction.

Determining the a-parameter for a given alloy and cooling rate
is complicated by the relationship between the average dendrite
size (and thusly y,) and the cooling rate during solidification, both
of which impact the a-parameter. The primary inter-dendrite
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Average experimentally determined atomic concentrations, dendrite radii, cooling rates, and the fitted o parameters used in Fig. 6. Combined with the calculated average
diffusion coefficients and the temperature ranges covered during solidification, the presented model is able to make estimates on the cooling rates that compare well to

reported values.

Source Nominal wt% At% o Cooling rate (°C/s) Ds (10~'3 m?[s) Solidification AT (°C) Avg. Dendrite radius (um)
Reported Model

(7] 5 117 054 -05 03 467 35.64 ~15

[7] 7 15.6 0.65 ~0.5 0.3 2.77 53.57 ~12

[7] 10 203 0.65 ~0.5 03 1.62 82.71 ~12

[15] 10 20 038 >1 46 1.56 89.36 -4
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spacing () for many materials can be approximated as a function of
cooling rate by

A=m (r‘)” (29)

where m and n are experimentally determined constants [10].
Consequentially, if these experimental constants were to be
established for the U-Mo system, it would be possible to predict the
complete microstructure of each volume element including
dendrite size and solute segregation if given the average alloy
composition and the cooling rate during solidification. If the
dendrite arm spacing can be established in this manner, a
comprehensive set of models would exist allowing for an informed
choice of processing parameters during solidification, homogeni-
zation, and y-quenching in U-Mo alloy castings of arbitrary di-
mensions; ensuring uniformity and inhibiting formation of the
detrimental a-phase. Thermal models based upon computational
fluid dynamics and thermodynamic data can provide spatially
specific temperature profiles during solidification for U-Mo [21],
from which dendrite arm spacing and solute segregation could then
be derived. From this known microstructure, homogenization holds
[12—15] and/or cooling rates necessary to quench in the y-phase
through the eutectoid without forming equilibrium [5, 6] or
metastable phases [7] can be predicted.

4. Conclusions

The Brody-Fleming model, which accounts for limited diffusion
in the solid phase, is able to replicate experimental solute segre-
gation profiles that cannot be modeled by the simpler case of Scheil
cooling. This model can be used to make informed choices
considering the effects of cooling rate on solute segregation and to
help predict the necessary length of subsequent homogenization
processes. The findings highlight the need for further studies
establishing the relationship between dendrite size, composition,
and cooling rate in the U-Mo system. With a complementary model
for dendrite formation, the solute segregation model allows for a
complete prediction of the microstructure at each volume element
as a function of cooling rate and composition.
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Appendix A. Converting compositional maps to solute
segregation profiles

Data relating to solute segregation is typically presented as a
concentration map. In order to convert this map into a solute
segregation profile as a function of solidification, it must first be
converted into a cumulative distribution function (CDF) of areal
fraction as a function of composition. In the case of U-Mo, it is most
convenient to place Mo concentration in decreasing order along the
abscissa, with the ordinate axis being the fraction of the concen-
tration map area at or above that concentration (so that the CDF
rises from O to 1). As volume elements with less solute will always
have solidified later in the freezing process, if the CDF is con-
structed in this manner all that is necessary to produce a solute
segregation profile is to flip the two axes and relabel the cumulative
percentage as the solidified fraction.

If an original data file for the concentration map is not available,
but the map is obtainable in image form, it is still possible to
manually construct a CDF in order to compute the solute segrega-
tion profile. If presented as a color map or grayscale image there are
numerous image analysis software packages available that allow for
the number of pixels within a defined color/intensity range to be
counted (e.g. color thresholding in freeware Image] [22]). From
these pixel counts (which scale to areal fraction) a CDF can be
constructed. If the concentration map is available only in the format
of contoured lines, such as Ref. [7], we advise that an image editor
be used to fill each contour level in with a unique color value; after
which the contour map can be analyzed in a similar fashion to a
color map.
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