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The geometrical convergence of the Gibbs sampler for simulating a probability
distribution in RY is proved. The distribution has a density which is a bounded
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1. INTRODUCTION

Stochastic relaxation is a powerful idea used extensively for sampling
probability distributions in high-dimensional spaces. The convergence of
the stochastic relaxation to the equilibrium and the rate of convergence are
important issues remained to be settled in general.

The Gibbs sampler and the Metropolis algorithm are among the best
known examples of stochastic relaxations commonly used in applications
[9]. Their behaviors are far from well understood [2, 5, 6, 7, 12, 15]. In
this paper we shall consider the Gibbs sampler in the Euclidean space.

For the Gaussian case the Gibbs sample has a specific representation
[3]. We show that a similar representation holds under our conditions.
And this result demonstrates the intrinsic difference between these two
types of algorithms. Note that the Metropolis algorithm in the Euclidean
space is a perturbation of the gradient dynamics [8, 14]. Another main
result is the exponential convergence of the Gibbs sampler. Related works
for the Metropolis algorithm can be found in [12, 15].

First we mention some known results on the convergence for the Gibbs
sampler. Exponential convergence in variational norm for the deterministic
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and random updating strategies in the Gaussian case are obtained in [3].
The rates of convergence for these two strategies are also compared. In
[ 1], the exponential convergence of the Gibbs sampler for bounded pertur-
bations of Gaussian densities is proved.

For simplicity we assume that the given distribution has a log-concave
density which is proportional to exp(— ¥(x)). The main results continue to
hold under slightly general conditions, see Section 2 and the remark after
Theorem 3.5. We apply some powerful results from the theory of Harris
recurrent Markov chain [13] to establish the convergence of the Gibbs
sampler and obtain the exponential rate of convergence.

It is known that the Markov chain generated by the Gibbs sampler is
Harris recurrent if the probability density is continuous and positive.
Therefore,

1P (x, ) = ()l var =0, 11— 00,

where P” is the n-step transition probabilities, u(-) is the given distribution
and |- ||,,, 1s the variational norm of measures. Moreover, if the Markov
chain is geometrically recurrent, then P"(x, -) converges to u(-) exponen-
tially for almost all x. These results and some related notions are presented
in the Appendix.

Under suitable conditions, we show that the Markov chain generated is
geometrically recurrent. Furthermore we deduce that it converges exponen-
tially to the equilibrium for an initial point.

The main ingredient of our approach comes from the following observa-
tion. Denote the Markov chain in R? generated by the Gibbs sampler as
XO x» x@  and

XM= (x, ZM),  xWeR  ZMeRIL,
then there are maps ¥, ¢,
Y: R RIT!
¢: R*"'>R
such that

X+ — @(Z(")) + ,7("),

¢
D= .
(7
¥ is shown to satisfy the property that ¥, the mth iteration of ¥, is a
contraction map. Note that for the Gibbs sampler the transition from X
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to X®+D is done by updating the coordinates one by one. Now compare
this updating scheme with a deterministic one. ¢ here is the argument in
the first coordinate which minimizes V with other coordinates fixed. @ is
defined similarity by performing the same minimization procedure
throughout the other coordinates. #™ is the resulting error. Details of this
approach will be spelled out later.

Note that the above formulation is very similar to that in the nonlinear
autoregressive (NLAR) time series [4, 16, 17] where the innovations 7™
are i.i.d. However, in the current setup the innovations are not ii.d. in
general. Instead we establish that there are >0, ¢ >0 such that

Elexp(B ™) | X™] <c,

for all n. This will be sufficient to deduce the geometrical convergence of
the dynamics.

It is very tempting to use the NLAR formulation, i.e., by applying a
deterministic dynamic to the current state plus an innovation as the updat-
ing scheme to generate the Monte Carlo Markov chain. The difficulty lies
in finding feasible dynamics and innovations in practice. But if we consider
a similar situation in the continuous time setup, —VJ} and Brownian
motion may be used as the deterministic dynamics and innovations respec-
tively [ 10]. However, the discrete time approximation of this diffusion has
a different limiting distribution.

The paper is arranged as follows. The main results are presented in Sec-
tion 3. Assumptions, definitions, and some elementary properties are
presented in Section 2. Some relevant results of Harris recurrent Markov
chains are in the Appendix, e.g., the Gibbs sampler for a positive con-
tinuous density is Harris recurrent. This very result was announced in [ 11]
without a complete proof.

2. ASSUMPTIONS AND PRELIMINARY RESULTS

Let 4 be a probability distribution on R? with density (still denoted by
i) given by

1
H(X) =~ exp(— VX)),

where M is the normalizing constant and ¥V{(-) is assumed to satisfy the
following condition.
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(A) V(-) is smooth, strictly convex and there are «;, a, > 0 such that

82
oc1<< r (Aﬁ><o¢2 VXeR“
0x; 0x;

The inequalities are meant for nonnegative definite matrices. Our main
results still hold under conditions slightly more general than (A). (See the
remark after Theorem 3.5.) Under (A), V(-) has a unique minimum and,
without loss of generality, we assume

V(0) =min V.

The following lemmas are easily obtained.
Lemma 2.1, Joy [X]P< V(X) < 3o, | X2

Lemma 2.2. oy | X|<|VV(X)| <a, |X|. Here VV is the gradient of V.

Now we introduce the Gibbs sampler. Let X' =(xy, ..., X;), Y=(V1, «r V)
be in R? Denote

W(k)z(yl,..., Vie—1> Xk 15 - Xa)s (2.1)

k
Y( )Z(yls---a YVieo Xic415 -5 xd),

and

Pr(yi| W®) = exp(— V(Y1)

1
Z, (W)
with
Z(W®) = [ exp(—V(Y*) dy,..

The Gibbs sampler we consider is a Markov chain with transition density
P(X, Y) given by

P(X, Y)=Pi(y] W(l)) Py(y, | W(Z))“'Pd(yd| W(d))~ (2.2)

The following property is easily verified,

J,u(X) P(X, Y)dX=u(Y).
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Namely, the Gibbs sampler has u(-) as its invariant measure. Moreover, by
the ergodic property established in the Appendix, u(-) is the unique
invariant measure.

The following maps are essential. For each k, k=1,2,..,d, and
We R?~!, there uniquely exists a point ¢,(w) in R satisfying

V(Wla s Wie— 15 ¢k( W)) Wiy wens M}d—l) = min V(M}l) weos Wie— 15 Vs Wies oo M/d—l)'
' (2.3)

Then, the following mapping from R?~! to R is well defined.
Vk( W) =V(Wis s Wie— 15 G (W), Wiy ooy Wy 1) (24)
LemMA 2.3. 3Jc;, ¢, >0 such that
¢y exp(— Vk( W) < Z (W®)

< ey exp(— Vi (W®)).

Proof. 1t is easy to see

%0(1 (Ve — (W) <V(YH) — Vk( W)

< %“2()% — P (W2,

The result follows by taking

2n 2n
Clz ; C2= ;.
2 1

LEMMA 2.4. There is ¢ >0 such that
IVé|<c  Vk.
Proof. Since

ov

ai (Wla s Wee 15 ¢k(W)’ Wi e Wd*l) = 09
Xk

we differentiate this with respect to w; to get

PV PV og,
ox;x;,  0x 20w,

0 if j<k—1,
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and

PV BVop,
0x; 410X, Ox, 20w,

0 if j>k

Here the functions are evaluated at the point (w, .., wi_1, ¢ (W), wy, ...,
wga_1). It is easy to deduce the result from these by using condition (A).

Let XY@, XM x@  be the Markov chain in R generated by the Gibbs
sampler. For each n, let W"® be the random vectors in R?~! defined by
(2.1) with X= X, y= x+D,

LEMMA 2.5. The random variables & defined by
X = gy (W) 40

have the following property: There are f, ¢ >0 such that

E [P 10

| #.]1<c
for all X and n. F, is the o-algebra generated by X9, ..., X,
Proof. We only consider k= 1. The rest are similar.

(n),2 1 — (n, 1)y2 (m, 1)
E [P 7 :7feﬁlx G2, —V(x, WD) g
X[ | n] ZI(W(YI,I))

This integral is smaller than

1 J B 1x— ¢ (W D)2, — Vi, WD) 4 V(g (W D), D)) o

(31

Si JeﬁIx—¢1(W<"’“)Ize—(1/2)a1 =y (W D)2 g
31

<c

for some ¢ >0 if f<ia,, as asserted.

3. GEOMETRICAL CONVERGENCE OF THE GIBBS SAMPLER

We shall show the geometrical convergence of the Gibbs sampler starting
from any initial point. Let X, XM X®_  be the Markov chain in R?
with transition (2.2). Denote Z(®, ZM, Z®) to be the random vectors

70 = (), . ) e RIY,
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where X™ =(x{", ..., x!""). And define the following mappings, for Z=
(23, o 2g) € R4,

Vo Z)=¢5(d1(2), 23, s 2)s
lp:%(Z) = ¢3(¢1(Z)’ lp2(z)’ Z4s ey Zd)’

Va(Z)=¢(01(Z2), Y2(Z), s Y a_1(2)),
V=2, Va)
For ¢4, ..., ¢4, see (2.3).

THEOREM 3.1. We have
XD = 9y (Z7) + £
Zn+1) ‘P(Z(")) + ,7(n).
Here, ', 'V, ... are random vectors in R*~" satisfying
E[eﬂln(”’P | 7Z]<c

Sor all n for some B and ¢>0, FZ is the g-algebra generated by Z©®, Z™,
VAS AL

This is a direct consequence of Lemmas 2.4 and 2.5. We omit its proof.
In the following, we denote ¥ on R“~! by V(-)=V,(-). That is,

N(Z)=V($(2), Z)
=min V(x, Z).

LemMa 3.2. 1o, |Z]2<V(Z2) <10, | Z|2
Proof. By Lemma 2.1,

nz)

V(¢:1(2), 2)
> 30, (41(2)* +1Z1?)
>ty |Z]2
On the other hand,
(Z)<V(0, Z)
o, | 2],

N
NI

as asserted.
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LeMMA 3.3, sup,.o (V(P(2)/V(Z)=y<]1.

The proof will be given at the end of this section.

COROLLARY 3.4. dm >0 integer such that
|P(z) <3121
Proof. V(¥™(Z))<y™V(Z). This implies
300 P22 <y 30, | Z),

ie.,
o
(PNZ)P <2y |20
1

From this, |%"(Z)| <1 |Z| if m is large. This completes the proof.

We now state the main result.

THEOREM 3.5. Let g be large enough
S,=inf{n>1;]Z"| <q}.
Then there is >0 such that

sup E [efS] < .
1Zl<q

This implies that the Markov chain is of geometrical recurrence. Hence it
converges to the equilibrium exponentially.

Proof. We shall show that, for 4 small e*’@™)+" is supermartingale
before S,. Assume |Z®| > g. By

I}(z(n+l)) — V(¢1(Z(n+l)), Z(n+1)

9
= V(¢ (P(Z™)), V(Z™) + 3 % (2 (P(Z™)), P(Z™)) "

j=2 J

+0(17"1?)

, G
=V(V(Z")+ % (61 (P(Z™)), P(Z™) 0™ + O(In ™),
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we have

E[eAV(Z("“)) | 372]
n

AV(W(ZM)) 2 LoV
Sce fexp —alnl*+ 4 Z g(X)ﬂj diny - dny,
j=2

J

where X = (¢, (W(Z™)), Y(Z™) and « is some positive number. From this,
by simple calculus, we have

E[e/W(Z(”“’) | g,fnz] < C,1e/117(SF’(Z‘")))6(12/4062) IVV(X)IZ'

But

12

AV(W(Z™)) +b IVV(X)2< A1 + k) P(#(Z™))
<M1 +cd) yP(Z™)
=IV(Z™) = A1 — (1 +c)y) V(Z™).
Choose 4 such that
(1+cd)y<l.
Then choose ¢ large enough such that
ML= (14+cd)y) V(Z™)>1+ (nc,
if | Z™| > ¢. This implies

E[eW(z("+1))+(n+1) | gyz] <elV(Z<"’)+n
n 9

as asserted. From the last result, we deduce

E[eW(z(Sq)qu | /flz] < eW(z(l>)+1

when |Z®| > ¢. This implies the geometrical recurrence.

We shall next prove the geometrical convergence of the Markov chain
with any initial point.

According to Corollary Al4,

[P*(X, ) = u(-)llvar < M(X) p”
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for some M(-)eL'(n), 0<p<1,
1PN, ) — - )”Var\J P(X,dY) [P*(Y, ) —pu(*)lvar
<p"jP(X, dY) M(Y). (3.1)
The transition density P(X, Y) defined by (2.2) satisfies,

P(X, Y)<c"exp< i (V(Y®) — V(fz(k)»)

Y(k) = (yls ooy Vieo Xpg 15 oo xd)s
Vi(k
Y( )= (yla v YVie—15 ¢k(y19 o Vie—15 X 15 o005 xd)a X 15 o xd)~

Observing,

V(YE=Dy> (7R, k=2, .4,

we then have
P(X,Y)<c%exp(—(V(Y)— V(YD)
=c?exp(V,(x,, ..., x;)) exp(— V(Y)). (3.2)
Plugging (3.2) in (3.1), we obtain

PO+ DX, ) = () lvar < ¢ exp(V1 (X2, oy X)) f M(Y) u(dY) p

This completes the proof.

Remark. Assume u(-) has the property
dy

o< wdy)

Uo(dY)

for some ¢;, ¢, >0 and p,(-) satisfies the condition (A). Then Lemma 2.5,
hence Theorem 3.5, still holds.

<0y

Proof of Lemma 3.3. It is easy to see, by the strict convexity of V(-),
that V(¥(Z)) < V(Z) for any Z # 0. Therefore it is enough to consider the
case where |Z| is large.

Fix 6 >0 and small. Assume

Vo

<617 (3.3)
axt+1
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holds for XP=(¢,(Z), Y2(Z), . Wi(Z), Z; 415w zq) and i=1,..,d—1.
Then, by using

oV ov

— (X)) — —— (X'*D
axH_l( ) 5xi+l( )
1 an (i) (i+1) @) X
=1, 52 (X UKD = XNz 1 =Y (2) d
i+
aiV(X(l+1))=0
0x;41 ’

and the condition (A), we deduce
1
1Ziv1 =¥ (D) <—0d |Z].
31
for i=1, ..,d— 1. This further implies

) 1
X0 — XD < (i=1)—5 |7
9

1
<d—9J1|Z|.
51

Then

ov (XM)
0x; 41

1
<<l+cd>5|Z|
o

1

for i=1, ..,d—1, since 0V/0x, ., is Lipschitz. We conclude,
(1) !
IVI(X'\")| <d 1+cd& o\Z|,

which contradicts Lemma 2.2 if J is small enough.
We now fix such a J. By the above result, there is an i such that

87V (X(i))

=0 |Z|. (34)
0X; 11
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Using the following relation,

oV ov ov

(X(z+1))

X)) di(zi 1

X(l) X(t)
6x ( )= 8x,+1( )= 8x
1 92y ) )
X0+ 4 x® _
=J, a,, A
we obtain
1
Zisi— Vi (L) =2— 9 |Z].
%)
Then

V(XD)— V(X0+D)
101 92y
ZJ J (X(’Jrl)—i—},u( X _
axt+l

1
2*0‘1( Zit1 lpz+1( ))

2
implies

V(X(i)) _ V(X(” 1)) >

We conclude

X)) Ldp dilz; 4

1 o \?
Sy (2 1212
zcxl(az) Z

NZ)—V(¥(2)=V(XD) = V(XD

=—o

Finally, from this and Lemma 3.2,

5 2
1 <> 2z
[2%)

M#2) al<5>2=5
PZ) = oy \ay °
ie.,
Wz |
"z 0

This completes the proof.

33

—V¥i1(2)),

—¥i1(2))?
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APPENDIX

The purpose of this section is to give a brief review of some relevant
results taken from the theory of Harris recurrent Markov chains. Defini-
tions and results, except for A.15 and A.16, can be found in [13].

Let P be a transition probability on a measurable space (E, ¢) and ¢ be
a o-finite measure on (E, ¢).

DerFINITION Al. P is ¢-irreducible if for all xe E, ¢(A4) >0, there exists
an n such that P"(x, 4) > 0.

P is irreducible if P is ¢-irreducible for some ¢. In this case, ¢ is called
an irreducible measure for P.

An irreducible measure { for P is called maximal if every irreducible
measure for P is absolutely continuous with respect to .

PROPOSITION A2. Assume P is irreducible. Then

(1) there exists a maximal irreducible measure for P,
(1)  is maximal irreducible iff Yy P <<.

Now fix a maximal irreducible measure i for P and denote

¢+ ={f >0 and measurable, (/) >0}

M * = {/ nonnegative measure on (E, ¢), A(E) > 0}.
DEFINITION A3. Assume See¢™, ve M ™ are such that
P™(x, A) = BS(x)[n]v(A4), VxekE, Aee

for some m, and f>0. Then S is called a small function and v is called a
small measure.

THEOREM A4. If P is irreducible, then there exist a small function and a
small measure.

DerFINITION AS5. P is recurrent if Ay >0 everywhere, Ay =1 y-a.e. for
Bee™.

P is Harris recurrent if 45 = 1. Here hiy(x) =P {X™eBio.}, X, X1,
X®@, .., is the Markov chain generated by P.
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THEOREM A6. Assume P is irreducible and recurrent and
P™(x, )= S(x) v(-).

Then there exists a unique invariant measure g such that mg(S)=1.

DerFINITION A7.  Assume that P is irreducible and recurrent with a
unique invariant measure g given in Theorem A6. We call P positive
recurrent if 7 g(E) < oo. Otherwise P is null recurrent.

THEOREM AS8. P is Harris recurrent iff P.{S-< oo} =1 for all x e C for
some small set C.

If sup, E,.Sc< oo for some small set C (ie., I is small), then P is
positive recurrent. Here Sc=inf{n>1; X" e C}.

THEOREM A9. Assume that P is positive Harris recurrent and aperiodic
with the unique invariant distribution n. Then

|AP" — 7| yar = O as n— oo
for any initial distribution A. Here ||y is the variational norm for
measures.

The following define the aperiodicity of P.

DerFiniTION A10. The disjoint sets E,, Ei,.., E,_; in & are called
m-cycle (for P) if for xekE;, i=0,1,.,m—1, j=i+1 (mod m),
P(x, E;)=1.

DeFINITION All. Assume that S is a small function and v is a small
measure, such that v(S)>0 and P™(x,-) > S(x) v(-). It is easy to see that
the set {m=>1, P"(x,-)>f,,S(x)v(-) for some f,>0} is closed under
addition. The greatest common divisor of this set is independent of the
choice of S and v and is called the period of P. P is aperiodic if its period
is 1.

THEOREM A12. Let d be the period. Then

(1) If there is a m-cycle, then d divides m,
(1) There is a d-cycle.
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DerFiNniTION A13. P is irreducible and Harris recurrent. Then P is
geometrically recurrent if for some small set C and y > 1

sup E [rS¢] < .

xeC

THEOREM Al4. Assume that P is aperiodic, geometrically recurrent.
Then there are M(-)e L' (n), p <1 such that

HPn(x’ ) - n”Var < M(X) pn'
Now assume on R%
uldx) = f(x) dx,

and f is positive and continuous. Let P be the transition density of the
Gibbs sample for u defined in Section 2. Then it is easy to see that P is
irreducible with Lebesque measure as a maximal irreducible measure.
Remark that y is an invariant measure for P. The following can be proved
using an argument in [ 18, pp. 235-241].

THEOREM Al5. Let K be a compact set in RY with nonempty interior.
Then

hg(x)=1 Vx, VK
or
hg(x)=0 Vx, VK
ProposiTioN A16. P is Harris recurrent. Therefore
|AP" —ptllyar =0 a5 n— o0

for any initial distribution A.
Proof. See [18, p.242]. Let h'g(x) =P, {x" e K for some n>m}. Then
he(x) | hg(x). Since h'%g(x) = P™(x, K) and
u(K) = [ P"(x, K) p(clx)

<[ hptee) ),
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we have

0 <u(K) < [ hg(x) u(dx).

Therefore we can not have iy =0, ie,, iy =1 and P is Harris recurrent.

10.

11.

12.

13.

14.

15.

16.

17.

18.
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