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statistical conclusions. Under Lorenz ordering it is shown that Shannon entropy and
its multivariate analogues proposed here appear to be more informative than the
Gini-Simpson index. The nested subset monotonicity prospect along with subgroup
decomposability of some proposed measures are exploited. The usual jackknifing (or
bootstrapping) methods may not work out well for HDLSS constrained models. Hence, we
consider a permutation method incorporating the union-intersection (UI) principle and
Chen-Stein Theorem to formulate suitable statistical hypothesis testing procedures for
gene classification. Some applications are included as illustration.
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Union-intersection principle

1. Introduction

In genomic studies, as will be illustrated later with the SARSCoV data model [1], one encounters very high-dimensional
purely qualitative categorical data models resting on complex multi-dimensional multinomial models without any ordering
of categories. Although a genuine discrete multivariate analysis approach may appear to be tempting, there are some basic
hurdles. The primary impasse arises due to an enormous number of parameters and a significantly smaller sample size.
On top of that, it is very unlikely that the coordinate responses (attributes), in such high dimensions, are stochastically
independent, even approximately. On the same count, the homogeneity of the marginal multinomial laws may not be
generally tenable. Further, underlying restraints on the parameters (or probability laws) are persistent and often difficult to
put in a simple form wherein standard constrained statistical inference [2] procedures can be readily incorporated. In such
a curse of dimensionality under constrained environment, conventional statistical modeling and analysis tools may be of very
little help.

For simple (one-dimensional) multinomial models, the Gini-Simpson (GS) index [3,4] is a useful measure of (qualitative)
diversity, and this has been used in biodiversity, genetic variation and in other contexts too. The Shannon [5] entropy is
also very appropriate in this setup. To use either of these measures in the multi-dimensional case, the complexities of joint
probabilities (parameters) may create genuine hurdles for simpler models or statistical inference. The complexity accelerates
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fast as the dimension increases, typically the case in high-dimension low-sample size (HDLSS) genomic models. Primarily due
to this awkward feature, several researchers have used the Hamming distance, a natural extension of the GS index in a
pseudo-marginal setup, for HDLSS genomic problems [6-8,1]. In Section 2, it is shown that the Shannon entropy is more
informative than the GS index in the sense of the Lorenz ordering. As such, parallel to the GS index, the extension of the
Shannon entropy in a Hamming type pseudo-marginal setup is explored.

For HDLSS genomic models, we suspect that the information might not be fully captured in a pseudo-marginal setup.
To capture greater information, some new genuine multivariate analogues of Shannon entropy are proposed in Section 3.
The nested subset monotonicity prospect along with subgroup decomposability of the proposed new measures are also
exploited in the same section. Section 4 is mainly devoted to large sample size models, albeit in a possibly high-dimensional
setup. These results may provide useful tools for genes classification in the HDLSS genomic models. Section 5 explores the
role of the Chen-Stein Theorem in the HDLSS setup. Section 6 is devoted to statistical inference problems under possibly
constrained setups. For the HDLSS genomic models, the usual jackknife variance estimators (of these measures) are not
stable [1]. Hence, we consider a modified method to construct more appropriate jackknife procedures. By the property of
nested subset monotonicity and subgroup decomposability, it is easy to see that the proposed new Hamming-Shannon
pooled measures are more informative than the pseudo-marginal type Hamming-Shannon measures. As such, the testing
procedure proposed by Sen et al. [1] for statistical comparison of different groups is further improved. Some new testing
procedures for gene classification are proposed in this section. The difficulties of HDLSS asymptotics in this HDLSS genomic
context are assessed and suitable permutation procedures are appraised along with. Specifically, the relative performance
of UI tests and conventional global alternative tests in HDLSS setups are highlighted, and the Chen-Stein methodology is
thoroughly exploited. In the final section, the disease genes for the SARSCoV dataset are identified by the methods proposed
in Sections 4-6 with the help of Chen-Stein Theorem, respectively.

2. Preliminary notion and the Lorenz ordering

For motivation, we start with a simple multinomial model relating to C (>2) (unordered) qualitative categories, labeled
as1,...,C.Letmy, ..., mc denote the respective cell probabilities, and we denote by = = (71, ..., 7¢)'. Note that & belongs
to the (C — 1)-simplex Sc_; = {x € [0, 1] : x'1 = 1}. Thus, we have a constrained parameter space. Unfortunately, Sc_; is
not very regular in the sense that it does not have rotation or other invariance properties, nor it is a positively homogeneous
cone. Usual measures of dispersion are therefore not appropriate in this context.

In the context of measuring biodiversity, Simpson [4], apparently unaware of the work of Gini [3], defined an index Igs (1)
that is known in the literature as the GS index. It is defined as

c
Igs(m) = ch(l —m)=1-n'n (M
c=1

sothat 0 < Igs(w) < (C — 1)/C,Vr € Sc_1, where the lower point is attained when 7 is on one of the C vertices (with
no diversity) and the upper bound is attained when ® = C~'1, i.e., the diversity is a maximum. A standardized GS index is
defined as If5 () = C(C — 1)~ 'Igs(m) with the natural range (0, 1), thus qualifying it as a measure of diversity.

For the same multinomial law, the Shannon entropy measure is defined as

C
lp(m) = — ) mclogme, meSci. 2)

c=1

It is easy to express Ig(m) as ) ., r1 Zf=1 (1 —m) =)o, r~1H,(m), where the H, () are all nonnegative (over
T € Sc—1), Hi(x) > Hy(x) > --- > H,(w) > ---, and H{(xw) = Igs(m). Thus, [g(7) attains the minimum value 0 when
7 is on one of the C vertices (no diversity) and maximum value log C at the centroid C~'1. Thus, a standardized entropy
measure is If (i) = Ig(w)/logC = (—1/logC) 25:1 7. log . with the natural range (0, 1). Leta = (C — 1) /C. Noting that
fory € (0, 1), —log(1 —ay) is convex in y (for every 0 < a < 1), and the fact that H{ (&) = (Zle w.(1—m))" < Hy(m) =
Zle (1 —m)", Vr > 1,itis easy to show that

I:(m) > log(1 — alis(m)/log(1 — @), VY € Sc_1,

where the right hand side is a convex function of I& (), and it assumes the value 0 and 1 according as Is(w) = 0 and 1.
Note further that

C
H(m)/Hi (1) = ) wc(m)(1— )", (3)
c=1
where o (1) = m.(1 — m.)/Hq(7); Zgzl wc(1) = 1, we obtain that H, () < Hy(m)(1 — C" 1)1, Vr > 1, so that

* 1 1 r—1
;(m) < m Z ?H1(n)a

r>1
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Fig. 1. The Lorenz curve of I} (m) with respect to I¢s ().

_ Hi(m) 1 1.
T —log(l—a)zra}

r>1

= Hi(m)/a = I (m). (4)

This leads us to Fig. 1 depicting a Lorenz ordering of I} (x) with respect to I{s ().

Looking at the nested monotonicity property established in Sections 3.1-3.3 [viz., (11)-(31)], we notice that a finite
projection will also be a convex function relative to the GS index. However, that curve will lie above the I} curve and below
the diagonal line, the difference of the two curves depict the extent of loss of the degree of convexity due to a finite-term
representation.

Side by side, we also consider the Kullback and Leibler [9] entropy measure which is more general in the spirit of the log-
likelihood ratio measure. Let t° = C~'1, the centroid of Sc_, be the maximum diversity point (as the entropy [F (%) =1).
Then the Kullback-Leibler information I(rt, °) is defined as

C C
> log(me/nl) =logC+ Y e logme = log C — Ig(m) = log C{1 — I (m)}, (5)
c=1 c=1

and thus the standardized Kullback-Leibler information is directly related (and complementary) to the standardized entropy
measure [} (). Thus, the Lorenz ordering also applies to the Kullback-Leibler information.

3. Nested subset monotonicity and subgroup decomposability

One of the basic properties of the GS index is its subgroup decomposability. Basically, if we have G (>2) probability

vectors T, ..., g and we define a pooled vector * = Zgzl wg Ty, Where the w, are nonnegative weights adding up to
1, then
G [
les(m) = ) wglas () + Y Y we(mge — 77, (6)
g=1 c=1 g=1

where the first term on the right hand side of (6) represents the within population component while the second one
represent the between population component. Both are nonnegative and resembles the classical ANOVA decomposition.
In the same setup, let us examine the entropy measure. Note that

G C

C G
(") = — Z wllogn) = Z wglg (1) + Z Wy Z Tge 108 (g /7Y)
c=1 g=1 g=1 c=1

G G
D wgle(mg) + Y wgl (g, ). ™)
g=1 g=1
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Next note that for x € (0, 1), xlogx is convex, so that by the Jensen inequality, foreveryc : 1 <c < C,

G
> wyrg log(mge /7)) > 0, 8)
g=1
where the equality sign holds only when all the 7 are equal to 7. Thus, the entropy measure also satisfies the subgroup
decomposability property. Using the expansion that —xlogx = —xlog(1 — (1 —x)) = >_,., r~1x(1 — x)", it follows from
routine computations that the between group component in (7) can be expressed as B

G C G
Z Wg Z(ngc - 7TC*)2 + Z Z wg[Hr(ng) — Hy(n")]. (9)

g=1 c=1 r>2 g=1

Again, provoking convexity, it can be shown that Zg’:l wgH; (mg) > Hy(x*), Vr > 2, where the equality sign holds when
all the w, are the same. This extra nonnegative set of terms explains why the entropy measure may have advantages over
the GS index.

Let us now examine the situation for multi-dimensional models. With G (>2) groups, each having K (>>1) positions, and
at each position there is a categorical response with possibly C (>2) unordered categories, we may denote the K x C matrix

of the probabilities by I, = ((mg)), forg = 1, ..., G. We construct a vec form of these matrices, and denote them by
g, g = 1,...,G,all being then CK-vectors. As such, we may define the entropy in the same way as before, and consider
the subgroup decomposability as in there. Thus, letting ¢ = (cy, ..., cx)®, with each ¢, assuming the labels 1, ..., C, we
have a set Gy of CX possible realization of ¢. Thus, we may let
£(mg) = — Y my(€)logmy(€), Mgz €Sx4, g=1,...,G. (10)
ceCk

Note that the m, are CX-vectors, defined on Sck_;, with centroid C*1, so that 0 < Iz(m,) < K log C, where the upper
bound is attained at the centroid. Thus, as an index of diversity, a standardized version would be I} (1y) = (K log O~ g (mg),
where range would be [0, 1]. Even so, for large K, there is a need to incorporate underlying structural complexities for
dimensional reduction in order to have simpler statistical resolutions. Nested subset monotonicity prospect along with
subgroup decomposability are therefore exploited in this context.

3.1. Nested subgroup decomposability
Let § be the class of 2¢ possible subsets of {1, 2, . .., G}, and consider any sequence {4, r > 0} of nested subsets of § so
that
=60<§1<S---C4 <---C4. (11)

Define Ig(mg) as in (10) and then as in (6), let Iz (§,) be the within §, pooled entropy, for r > 0. Since I¢(§o) = 0, then
provoking the convexity of x log x for Vx > 0, it follows that for a nested sequence {4, r > 0}

0=1(%0) <Ie(§1) <+ <Ig(Gr) < --- < 1e(9), (12)
where
£(§r) = — Y mg,(0) logmg, (), mg, €S ;. a=1,....G, (13)
ceCyk

where a is the cardinality of the set 4,. Further, as in (7), we have for every r > 0,

[E(g’r) = IEW(gr) + IEB(gr)a (14)
representing the ‘within’ and ‘between’ group components. Using (6)-(9) and (12), it follows then
Ig(§r) = 0= I(§s) =0, VO<s<r. (15)

3.2. Nested subset decomposability
A more pertinent nested subset decomposability property related to the K positions. Let X be the set of 2 subsets of
{1,2,...,K},sothat
K={Kg=1{ki,....kg} :1<ks <--- <ky <K;q <K}. (16)
Partition ¢ = (cy, ..., cx)" as (¢ ,cfxc), where ¢} = (ck,, ..., Ck,) and ¢’ is the complementary set, for all ¢ € C. Let
S4q q Sq q Kq
then
Cx, =f{Cx, : Kg € K}, 0=<qg=K. (17)

q
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For a given X, C X, we let ngq = ((7r{(cx,))) and 73 (cy,) be the corresponding vec form, where

g (Cx,) = Z me(€), Vex, € Cx,. (18)
cxg EC’KS
Then by definition,
mg(Cx,) = mg(€), Ve € Cx, (19)
and by (18) and (19),
E(m(c,)) = — Y mo(ex,) logmy(€x,)
Cxq€Cxq
=— ) m(0)logm(cx,). (20)
cxeCx
and as a result,
0 _ 0
I£(mg) — I (M (cx,)) = D 7(0) log{my (cx,) /g (€)} = 0. (21)
cxeCx
Thus, for any nested sequence {.Ks, s > 0} for which¥ = Ky C K; C --- C K; C --- C K, we have

Ip(mg(cx,)) < lp(ny(cx,)), Vs <s. (22)

3.3. Compound nested subset-subgroup decomposability

If we pool the m; over the subset g € §,(C §4), and consider a subset J;(C X), we denote the pooled entropy by
Ig(r, Ks), forr, s > 0. Then proceeding as in before we write

I£(Gr, Ks) = lew (Grs Ks) + (G, Ks), Vr,s =0, (23)
where both the ‘within’ and ‘between’ components are nonnegative. Further using (22) and (23), we have forallr > 1',s > ¢
Iew (§r> Ky) < lew (Grs Ks), (24)
Ieg(§r, Ky) < lgp(Gr, Ks). (25)

Let Ig(4r, k) and Ig5(4;, k) be respectively the pooled and between group measures for the kth marginal laws ngk, g €
g,,k=1,...,K.Then by (24) and (25),

I > I k
e(Gr, Kk) = [max E(Gr. k)

1 K
> 2> Je(Gr ) = U (G, say, (26)
k=1

Igg(§r, Kx) = max Igg(Gr, k)

1<k<K

\

1 K
> 2> Tes(Gr k) = U (6, say. (27)
k=1

Similarly, letting I¢($;, K¢) and Ig (4, K;) be the pooled and between group entropy measures for the g-dimensional
multinomials with k4, . . ., kq positions,

Ig(Gr, Kx) = max (4, Kg)

1<ki<--<kq<K

K\’
> (q) Z IE(ngKq)

1<kq=<--=<kg<K

U?g,), say, (28)
max  Igg(§r, Kq)

1=<ky=<--=<kq<K

K\ '
= < > Z IEB(gra Kq)

q 1<ki<--<kq<K

Ugh (§r), say: Vr = 0;q > 0. (29)

Ieg(Grs Ki)

v
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It follows by similar arguments that

U <UP g <--- < U@, (30)
UGS G < U2 < --- < UR (g0, (31)

forall r > 0. These are termed nested subset monotonicity and subgroup decomposability property, which provides rationality
of a stepdown procedure, useful in multiple hypotheses testing problems.

Let
HE (§,) = U 0. 2 0; (32)
HE" () = Ugp (6) — Uiy "(§n). gz 2.1 2 0. (33)

Then note that Uél) (1) = U;:‘}?) (41) and HEg) (41) is the average over the K marginal Shannon entropy measures. Similarly,

HE;") (g,) is termed the gth order Hamming entropy measure for §,, ¢ > 1.In many high-dimensional models, for dimension
reduction, often, it is tacitly assumed that

HEY (§,) =0, q=>3,r>0, (34)

thus effectively using HE,(;) (9r) and HEI(;Z) (4,) for statistical modeling and analysis, retaining only the marginal and pairwise
bivariate distributions.

Finally, we may remark that the same hierarchy of decomposition applies to the GS index in the CX-contingency table
setup, where the first order term yields the classical Hamming distance [10,1]. This interpretation and link of GS index and
Hamming distance, albeit quite intuitive, apparently has not been presented in the literature. The simplicity prevailing in
the GS index case in somewhat lost in the present case, and it will be illustrated in the next section.

4. Sample measures and gene classification

There is a basic difference between the sample counterparts of GS index and Shannon entropy; the former admits
(optimal) unbiased nonparametric estimators while the latter matches the same goal only for large n. Though we are
primarily interested in (large) multi-dimensional models, it will be illustrative to discuss this salient point first for the uni-
dimensional case.

Let (nq, ..., nc) have a multinomial (n, &) law with T € Sc_1, wheren = Zf=1 nc. Let Xy, ..., X, be n independent
and identically distributed (i.i.d.) random vectors where X; = (Xi, ..., Xic)" with X; = 1 or 0, according as the ith
observation belongs to the jth cell or not, forj = 1,...,C,i > 1. Then Xfl =1,Vi> 1land Z?:l Xi = (nq,...,n0)k
Let p(Xi, X)) = Zle 1(Xic # Xjc) be a (symmetric) kernel of degree 2. It follows that

C
0 =6€pXi,X) =Y m(1—m)=1-n'n, (35)
c=1

the GS index. Thus the U-statistic
n -1
U= (3) X ¢®X)

1<i<j<n

C
=Y nc(n—no)/In(n— 1] (36)

c=1

is an optimal (unbiased) nonparametric estimator of 6, the GS index [11]. On the other hand, the Shannon entropy
— Zle 7. log . does not have a kernel of finite degree, for which the corresponding U-statistic would be optimal. A related
(biased) estimator (von Mises functional)

C
Vo =— Y (nc/n)log(n./n) (37)

c=1

is, of course, asymptotically (as n — o0) optimal, albeit for small n, the optimality property is not generally true. Further,
for n not adequately large, estimator of the sampling error of V,, poses additional complications.
Using the notation in (2)-(3), we write foranm > 1,

1
() = 3 ~Hr(m) +Rn(m),  say, (38)

1<r<m
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where H, (%) = Zle 7m.(1 — m.)" forevery & € Sc_1,

C 1\"

O0<Rpy(m)<—(1—=] . (39)
m C

Thus Ry, (1t) converges to 0, exponentially in m (— oo) and uniformly in € Sc_;. Consequently, let m = m,, ~ logn, we

can make Ry, (7) = o(n2) as n — oo. Further, each H, (i) admits a U-statistic, which is unbiased and optimal,

C
Unr = ch(n - nc)[r]/n[r+l]’ r>1, (40)

c=1

where n™ =n(n—1)---(n—m+ 1) form < n, and for m > n, n™ = 0 with probability one. However, in this way, we
end up with m, such U-statistics, where m, ~ 2C log n. Thus when n is large, we may have to deal with a set of U-statistics
and that would increase the variability of the estimator of Iz (1) based on the first term on the right hand side of (38).

This asymptotic representation along with the fact that all the U, are reversed martingale with respect to a common
sigma subfield imply that not only jackknifing can be used to reduce the bias of the estimator V,, but also the pseudovalues
generated by jackknifing provides a (strongly) consistent variance estimator [12]. This feature enables us to make use of
standard jackknife procedures to draw statistical conclusions (whenever n is large) based on V,, in (37) and its pseudovalues.

Based on the subgroup/subset decomposability perspective studied in Section 3, we proceed now to the general case of
K-dimensional tables relating to G groups, thus putting more emphasis on the HEél)(gr) and HEEZ)(g,r). We may note that
the estimates of these measures have possibly unequal variability (i.e., heteroscedasticity) and non-normal distributions.
Even asymptotic normality does not preclude heteroscedasticity. As such, even in an asymptotic setup (when n — oc0), we
need to estimate the mean squared errors of the estimates of HE,(;)(gr), HEéz)(gr). Following that standard inference tools
can be used to draw statistical conclusions. The situation is quite different when the n, are not all large, and K > n. This
environment is commonly encountered in genomic studies. In the rest of this study we confine ourselves to this K > n
environment.

Let g4 denote the cth cell probability for the kth marginal law g of groupg (1 <c < C,1 <g <G,1 <k <K),
and let ng, be the cell frequencies for the kth marginal table corresponding to the gth group, so that the MLE of g is

Tgke = Ngie/Ng, 1 < ¢ < C, where ng = Zle Ngic, the same for every k (=1, ...,K). Let Ty = (Tagk1s - - - » Tgkc)"
fork = 1,...,K,1 < g < G. Note that the 'ﬁgk (for a given g) for k = 1,...,K are not necessarily stochastically
independent nor they are identically distributed. Suppose that X; « takes on the label 1, ..., C and we denote the (random)
label associated with Xy by Cgi, 1 < i < ng;g = 1,...,G k = 1,...,K. Thus, X, corresponds to the vector
Csi = (Cgtis - - - » Caii)", and if 8, = 1 or 0, according as a = b or not, then

g
D e =nge» c=1,....,Cck=1,....K,g=1,...,G.
i=1

In the following, we study the jackknife estimator of Shannon entropy I¢ (g ). The jackknife estimator is less biased than
that of based on the U-statistics, Uy,,. To proceed i, first consider the plug-in estimator based on the MLE of g

c
Ngj Ngj

~ gkc gkc

g(mg) = — E — log —,
— e ng

c
= ng’] {nglogng —ankclogngkc}, g=1,...,G k=1,...,K, (41)

c=1

where the natural assumption that x logx = 0 if x = 0 is adopted in this article, and then find out the jackknife estimator of
Ig (g) based on I (Tgy). To proceed it, deleting the ith observation in the gth group and kth position, we then get

C
5" (Rge) = (ng — 7" {(ng —Dlog(ng — 1) = Y (Mgic — Sc.cqy) 108(Mgke — c.cy.) (42)
c=1
fori=1,..., ng. Thus, the corresponding pseudovalues are

Ie i (Rge) = Ngle(Tg) — (g — DI (Rgt)
c
= nglogng, — (ng — 1) log(ng — 1) — ankc log ngc

c=1

C
+ Z(ngkc - ac,cgki) 1Og(ngkc - SC,Cgkj)a 1 = i =< ng- (43)
c=1
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Therefore, the jackknife estimator of Iz (1) based on the plug-in estimator I¢ (?Egk) is of the form

- TS, -
[Ej(ngk) = ; Z]E,i(ngk)

g =1

1 C
= nglogny — (ng — Dlog(n — 1) = — 3 nate{ (g — Mgic) l0g Mgec

& c=1
— (Ngke — Dlog(nge — 1}, g=1,...,G k=1,...,K. (44)
And hence, its corresponding jackknife variance estimator is
~2 1 Mg 2
U]gk = Z 7[ngkc lOg Ngke — (ngkc - 1) IOg(ngkc - 1)]
ng— 14 ng
c 2
Ngkc
— (Z . [Ngke log Ngre — (Ngke — 1) log(ngre — 1)]) } g=1,...,Gk=1,...,K. (45)
i=1 '8

Withn = Zgzl ng and Z§:1 Ngic replacing ng and ngy in (41)-(44), respectively, then we can also find the jackknife
estimator I () of I (x}) and its corresponding jackknife variance estimator. For the between group entropy defined in

(7) by Igg(m) = Z§=1 Wy Zf=1 Tgke 10g(7Tgke /701), the plug-in estimator of Igz (7} will be biased. As such, we consider the
jackknife estimator of the between group entropy

G
Tig = Ig(Rp) — > wely (Rg), k=1,....K, (46)
g=1
where Tt} = 22:1 weRgkand wy = ng/n, g =1,...,G.
One of the scientific foci is to classify the K genes into two subsets of disease genes and non-disease genes. For each gene,
we set a hypothesis testing problem Hg vs. Hyx, k = 1, ..., K. In this marginal formulation, we have a set of K hypotheses

corresponding to K genes. The entropy Ty is a real valued statistic and is bounded between 0 and Glog C. We use test
statistic Typ for testing Hoy vs. Hyx. Under the alternatives, its distribution tilts towards the upper endpoint, equivalently the
right-hand sided p-values. But the distribution of Ty, even under the null hypothesis, may not be the same for each k. These
distributions are discrete ones, and hence there are a set of discrete mass points, ties among the Tz cannot be neglected
with probability one. Hence the assumption that the p-values have uniform (0, 1) distribution under null hypothesis may
not be appropriate. On the other hand, using a level of significance for each marginal hypothesis testing problem, no matter
how small it is chosen, when K is indefinitely large, the family wise error rate (FWER) could be large. Thus, controlling the
FWER when K is very large may generally entail unduly conservativeness of multiple hypotheses testing schemes. As such,
we formulate some alternative procedures.

5. Chen-Stein Theorem in a Ul perspective

A multiple hypotheses testing problem, possibly in a constrained inference setup, where the component hypotheses test
statistics are unlikely to be independent is confronted here. We let

K K
Hy = mHOk and H, = UH]k, (47)

k=1 k=1
where Hy, and Hy, refer to the kth gene and Hy, may as well be a restricted alternative hypothesis, fork = 1, ..., K; the test

statistics for Hox vs. Hyx, 1 < k < K are denoted by T, (say), 1 < k < K, and these are generally not stochastically
independent, even under Hy. Further, under Hy, the distribution of T,;, may not be the same for all k, while the non-
null distributions may be even more heterogeneous. Our contention is to exploit the union-intersection (UI) principle
of Roy [13] in this complex setup, and in this respect, we incorporate a version of Chen-Stein [14] Theorem in a more
general dependence pattern [ 15] which suits HDLSS problems better. In the next section, the use of Hamming distance type
construction [6] will be further explored.

Arratia et al. [16] provided an updated version of the Chen-Stein Theorem. When K is large, by the results of bivariate
extreme statistics [15,17], it can be further simplified as in the following.

Theorem (Chen-Stein). Let 4 be an index set with cardinality K. For each i € J, let & be an indicator (i.e., zero-one valued)
random variable such that P{&; = 1} =1 —P{§; =0} = pxi, 1 <i <K.Foreachi € {,let §; be asubset of { such that & and
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&,j € gi are possibly dependent, and let gf be the complementary subset (of g;) so that & and &;,j € g; are independent. Let
Wy = lele E’( and )\K = ZL(:] Pk = g(WK) Further, let

bix = Z ZPKiPKj, (48)
ied jegi
and
b =Y Y. EG&). (49)
ied j#ed;
Finally, let Zx be a random variable having Poisson distribution with parameter Ax. Then

1—e
sup [P{Wy < x} — P{Zx < x}| < 2(bix + bZK)}L7~ (50)

x>0 K

We may also remark that (1 — e™)/A, 1 > 0is \ in A with values 1 at A = 0 and 0 as A — oo. Further,
(1—e™*)/A < min(1, A7), A > 0. Thus, the Chen-Stein Poisson distributional approximation holds whenever

lim 205y + by (1 = € /i =0, (51)

where A need not be small for large K.
In order to incorporate the Chen-Stein Theorem in the contemplated multiple hypotheses testing problem, let us consider
the indicator variables

ke = 1Tk > Crkar), 1=k <K, (52)

where the critical level cgy o+ is so chosen that Py, {Tox > Cgio+} = ¥, i.e., pre = E&§ = o* and A = Zf:] pre = Ka*. In
the most simple setup, we choose a* such that

PufZx>1l=1—e* =1—e K" = ¢, (53)
0

where o (0 < o < 1) is the overall significance level. Thus, if K is large, typically, o* will be much smaller compared to
a(asa* = j—g log(1 —a) = % Zf:ol «!/1). This may still result in a less powerful multiple hypotheses testing procedures.
Thus, following Sen [15], we conceive of a positive integer, say ry, such that

PugdZc =y =1—e ™ —o —e Q0D )1 = a. (54)

This will result in a larger value of Ay, i.e., @*. The interplay of rx and power (as well as false discovery rate (FDR)) will be
illustrated later on.

The multiple hypotheses testing procedure may be formulated as follows. Consider the observed values of the test
statistics Ty, 1 < k < K and compute the &g and Wy as in (52). If

Wy <r¢ — 1, accept Hy (i.e., all the Hyy), (55)
and if
WK > Ty, rejeCt Ho, (56)

in favor of those Hyy, for which the &, are equal to one. Thus, when Hy is rejected, there will be at least ry genes for which
Hyy is accepted, and the number of rejection is random (>ry). When Hj is accepted, though up to ry — 1 (>0) &y may be
equal to 1, those Hyy are not accepted.

The crux of the problem is therefore the choice of the Ty, 1 < k < K and their critical values cg o+. Excepting when
the distribution of Ty, under Hy is specified, the choice of the ck o+ may be analytically harder. We shall explore suitable
permutation procedures to prescribe alternative statistical approaches. Along with the case of the Hamming distance type
of statistics, this is discussed in the next section.

6. Hamming-Shannon pooled measure and Ul test

For SARSCoV sequences, observed several different demographic strata (countries), Sen et al. [ 1] based on the Hamming
distance statistics to study the scientific focus: The statistical comparison of different strata with a view toward coordinating
plausible differences to pertinent environmental factors. In this section, we further improve their method for the above
mentioned scientific focus. In the meanwhile, we develop new testing procedures for another scientific focus: Gene
classification.
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6.1. The comparison of different groups

In passing, note that IT; = ((7rg(c), ¢ € Cx)), 1 < g < G, the Hamming distance based on the measures incorporating
the Igs(mgy) is defined as

K
les(Mg) =K' Y les(mg), g=1,...,G, (57)

k=1
where 7 is the kth marginal probability vector corresponding to I, k =1, ...,K,g = 1, ..., G. In this formulation, we

allow the marginals g to be possibly different (for different k), and in that way, IT to be adaptable to heterogeneity as well
as dependence of the marginal measures. The idea of using the Hamming distance is to address the curse of dimensionality
problem through a marginal approach. A full K-variate approach when K > ng, 1 < g < G is infeasible. Moreover, the
dependence pattern of the K responses is neither well structured nor can be totally ignored. Further, the heterogeneity of
the responses from one position to another cannot be ruled out. The Hamming distance provides an average measure that
does not ignore dependence or possible heterogeneity. Any single measure for a K-variate response model involves loss of
information. But, realizing that the total information is not extractable statistically, this is a natural way of using pseudo-
measures that are more sensitive to group divergence. For the consistency of terminologies, we may refer to the Hamming
distance as the Hamming-GS measure in this article.

As we have shown that there is a Lorenz ordering of the two standardized measures in Section 2, and this makes it more
appealing to consider the Shannon entropy. Similar aggregations of the entropies are considered in this study, we define a
Hamming-Shannon measure as

K
(M) =K' ) lg(ng). g=1,....GC. (58)
k=1

These are the average of the marginal Shannon [5] entropies, which is equivalent to Ué” (,) defined in expression (26)

when r = 1. We may refer to Ué”(g,r), r > 2 as the Hamming-Shannon pooled measure. Similarly, the Hamming-GS
pooled measure is defined with I (7g) being replaced by Igs(mg), V1 < g < G; 1 <k <K.

In genomic studies, it has been (at least empirically) observed that the Hamming-GS measure may vary according to the
HIV positivity status of the sequences with positivity level increasing Hamming-GS measure may also increase, through
remaining bounded by (C — 1)/C from above [6,7]. Studies made with SARSCoV genome suggest a similar pattern [18].
Parallel to the case of Homming-GS measure, we frame the null hypothesis

Ho : [g(I11) = --- = [g(I1g)
against (59)
Hy i [g(ITy) < -+ < Ig(Ilg),

with at least one strict inequality sign being true. The parameter space (Scx_)¢ (for Iy, ..., II;) is denoted by ©. The
parameter spaces, under Hq as well as Hy, in this formulation, are even more nonregular, complex compared to the one based
on the Hamming-GS measure, and are not positively homogeneous cones (subspaces) of ®. Therefore standard constrained
statistical inference (CSI) based on the likelihood approach prospects are bleak. In later section, we illustrate how Roy’s Ul
principle based CSI methodology, developed in [19], can be more conveniently incorporated in this highly nonstandard CSI
problem. That approach does not presume that n, >> K and the findings remain applicable in genomics as long as n, is not
small, irrespective of K > n,, 1 < g < Gornot.

The CSI problem in (59) requires efficient estimators of the Hamming-Shannon measure related to functionals on
the simplex Sqx_; (not a single point on it), and hence, first we incorporate the jackknife methodology to obtain the
nonparametric estimators and their standard errors. Recall that we do not restrict ourselves to independent positions, nor
necessarily to the case of large ng. In the current SARSCoV data, all the ng are small, and hence, we intend to emphasize also
on the case where K > n, withsmallng, 1 <g <G.

First, we consider the jackknife estimator of Hamming-Shannon measure I (Il,) based on the plug-in estimators Ig (Tg).
As we have seen that the usual jackknifing variance estimator may not work out well in HDLSS setups [1], we propose a
modified method of jackknifing. Following the results of (41)-(44), the corresponding jackknife estimator of I¢(Ilg) based
on the plug-in estimators I¢(Tg) is of the form

~ 18
Ig(Ig) = K ZIE](ngk)
=1

1

K C
= nglogng — (1, — Dlog(ng — )+ 2= > > {ngee (ngee — 1) logligee — 1)
& k=1 c=1

- (ng - ngkc)ngkc IOg ngkc}v g = 1,...,G. (60)
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Table 1
The stability of modified jackknife variance estimator ZK.
Q=6 Q=12 Q=24 Q =148 Q =96 Q=144 Q =192
Taiwan 0.0109 0.0111 0.0111 0.0111 0.0112 0.0112 0.0112
Singapore 0.0169 0.0175 0.0178 0.0179 0.0181 0.0181 0.0181
Hong Kong 0.0560 0.0574 0.0586 0.0589 0.0591 0.0593 0.0592
Beijing 0.0976 0.0976 0.0977 0.0978 0.0975 0.0976 0.0976

Denote the frequency of the cell (c, d) corresponding to the genes (k, q) by ngq,c¢ and denote the corresponding indicator
variableg by 8C,Cgkl. apd Sd,dgq,- respectively. Moreover, for k # q, (55,%, 3d,dgq,-) can assume the values (1, 1), (1, 0), (0, 1) and
(0, 0) with respective frequencies Ngq cd, Ngkc — Mgkq,cd> Nggd — Ngkq,cd ANA Ng — Ngke — Ngqd + Ngkq ca- Therefore, for k # g, the
covariance term is

NgjcN

gkctgqd

1 E E {ngkq cd — } UgkcUgqd -
g (”g -1 g

c=1 d=1

Thus, the jackknife variance estimator of I¢ (Il) is

C C
~2 NgicNgqd
T 900 D) 0 M L Ll PR S 1)
g

1 g=1 c=1 d=1

where uge = Ngic 108 Ngke — (Ngke — 1) log(ngee — 1), 1 < g < G;1 < k < K;1 < ¢ < C.In passing we may remark
that xlogx = 0 for x = 0, or 1, and hence, whenever ng is 0 or 1, the corresponding term does not show up in the above
expression.

Note that while the genes are not necessarily independent, we assume that the G groups are independent. As such, we may
construct the Ul test for hypothesis testing problem (59) based on the jackknife estimators in (60) and their corresponding
jackknife variance estimators in (61). Since the Shannon entropy is more informative than the GS index, the Ul test based
on Hamming-Shannon measure should perform better than the corresponding one based on Hamming-GS measure for the
statistical comparison of different groups.

The jackknife variance estimator in (61) is based on the conventional jackknifing, eliminating one observation at a time,
from the gth sample (1 < g < G). If the K genes (positions) were independent and identically distributed, one would have
employed jackknifing across the K positions, resulting in a more precise variance estimation. However, such an independent
and identically distributed clause may not be tenable in the genomic context. As such, we do not consider the detalls of such
double Jackkmfmg However, in the independent case, the order of the variance of IE](I'[g) would have been K™, so that
AKg = Ko, ajg would behave steadily for large K. We perform the following Monte Carlo simulation study to appraise the
stability of the variance estimator for random sets (Q out of K genes), for Q = 6, 12, 24, 48, 96, 192. The jackknife variance
estimator (in (61)) for each subset, based on 10,000 replications, for each group, is presented in Table 1.

The jackknife variance estimator for each group seems to be fairly stable, thus suggesting the adaptability of double
jackknifing across the genes. However, we may not need this additional stability assumption, particularly when we
incorporate the Chen-Stein methodology.

We also intend to incorporate the underlying structural complexities for dimensional reduction. Let 9,; ={1,...,gl,g=
1, ..., G. By the property of nested subset monotonicity and subgroup decomposability discussed in Section 3, it is easy to

note that the Hamming-Shannon pooled measure IE(H%), which is a special case of Ug)(g,r), r > 2 defined in (26), is
more informative than the Hamming-Shannon measure I¢ (Ily). As such, we may reformulate the problem (59) in terms of

IE(H%), g = 1,...,G. For these Hamming-Shannon pooled measures IE(H%), g = 1,...,G, it automatically forms the
simple ordering relationship: Ig (H%) <. < IE(H%). Thus, we have no more interest in the problem of testing against
the global alternative. Instead, we may consider the hypothesis problem of testing
S . —_ . = *
Hp i le(Tgx) = - - = (M)
against (62)

Hy s lp(gr) < -+ < (T e),
with at least one strict inequality sign being true. To find out the test statistic for it, let
Tg:g—l = IE] (Hg,g) - [EJ(H%,])

1 K
=< l;‘ng(ngg,) —lg(®g: Il g=2.....G. (63)

where Ig (iggk) is defined the same as in (44) with the pooled samples of groups 1, ..., g instead. Note that the right hand
side of expression (63) is the jackknife estimator of I (IT %) —Ig (1'19;71 ). However, due to the different sample sizes of pooled
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groups 9,; and 9;,"_1, the corresponding jackknife covariance estimators will be more complex to write in a compact form. As
the null hypothesis relates to the homogeneity of the G groups, we take advantage of the resulting permutation invariance
structure. Therefore, we proceed with this extended permutation-jackknife methodology. Let Y; = (To.1, ..., Teg—1)"
and Y; be the (i — 1)th corresponding permutation of Y;,i = 2, ..., Ny. Consider the corresponding covariance matrix
Sy, = (N — 17! Zf;(Y,» —Y)(Y; — Y)!, where Y = N; ! ngl Y. letg ={1,...,G—1},and foreverya: ¥ C a C 4, let
a be its complement and |q its cardinality, there being 26~ subsets for which 0 < |a| < G — 1.Foreacha: ¥ C a C ¢, we
partition (following possible rearrangement) Y; and Sy, as

vi=(ye) and s = (G ). ©
and write

Yieo = Yia — SNlaa’sN wa Yids (65)

SNyaa:d’ = SNjaa — SNlaa/Slgla,a,SNla/a. (66)

Proceeding as in [19], we obtain that the Ul test for testing Hy vs. H; in (62) based on the test statistic

Q=Y YiSy e Yiea 1V > 0,8, Yier <0} (67)
2cac§
i=1,..., Ny, where 1(-) denotes the indicator function. Based on the results of Qiz, i=1,..., N;,wecanthen find out the

corresponding permutation p-value for the CSI problem (62).
Similarly, let 9; ={g,G},g =1,...,G— 1.We may be interested in the hypothesis problem of testing
Hg +1e(Tly) = Ig(Tgp)
against (68)
Hi : (M) <Ie(Mgp). g=1,....G—1,
with at least one strict inequality sign being true. Let FES = {(I4,..., HG)‘|IE(1'[9»;) < ... < IE(H%)} and FET =
{(q, ..., O (T < IE(H%), g=1,...,G— 1}. We may still refer to FES and FET as the simple ordering set and the

simple tree ordering set, respectively. However, we may also note that FES is no longer a proper subset of FET. To consider
the test statistic for problem (68), let

Tee = Iy (ﬁgg) — g (ﬁg)

L
= ¢ (@) —lg @], g=1,....G—1. (69)

k=1
AlsoletZ; = (T¢.1, ..., Te.g—1)', and perform the procedures mentioned above with Z; replacing Y;. Then, we can find the

permutation p-value for hypothesis testing problem (68).

6.2. Gene classification (revisited)

The global test based on Ty defined in (46) for gene classification is introduced in Section 4. Here, we would like to
incorporate the structural information into the construction of new testing procedures for gene classification. We refer to
IE(n ) (orlg (ng )) as the Shannon pooled measure for each k, 1 < k < K. And similarly, refer to lcs(ﬂ T ) (or Igs(mrgx ,))

g
as the GS pooled measure. To proceed it, we explain the procedure based on IE(ngg) in the following, and the others can be
similarly performed. Note that I (7 rk) is more informative than I (g ). For each k (=1, ..., K), we consider the statistics
g

Togk = IEj(iggk) —lg(Mg), g=1,...,6—1, (70)

and let Zy; = (Tg:1ks - - - » Te:o—1.4)". Then we proceed the Ul-test statistic mentioned above specifically for the kth gene,
and denote it by Ly, for k = 1, ..., K. As such, we need to find a way to compute the right hand side tail probabilities of
Ln, under Hyy for each k. For this, we consider all possible equally likely permutations of the observations for each k, each
having the same conditional probability % where N = n!/ HgG=1 ng!. This enable us to find a value, say cgy o+ such that the

proportion of permuted values of L, above cy o+ is justless than o™ = K~ 'o, namely Phg ALnk > Crier} = a*, k=1,...,K.
In practice, to overcome the difficulty that N is too large we may choose N1, which is sufficiently large but Ny < N, instead.
Next, generate a set of (N; — 1) permutations and let Zy;be the (i — 1)th corresponding permutation of Z;1,i = 2, ..., Ny. For
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this construction, we use the permutation distribution generated by the set of all possible permutations among themselves.

For each k (=1, ..., K), we denote the observed ordered values by lyj1} < ly2) < -+ < lynya—a®)) < -+ < Iy Also let
c,‘ia* = lyn;(1—am), kK = 1, ..., K. Then, with Ly and its corresponding critical value c,?kya*, the multiple hypotheses testing
problem Hgy vs. Hig, k = 1, ..., K considered can then be performed. If the observed value L, is greater than c,?k o WE

then reject the null hypothesis Hox and classify the kth gene as the disease gene, k = 1 < k < K. For gene classification,
some simulation studies between the Ul test and the global test proposed in Section 4 are presented in the last section.

In passing, we may also note that the choice of o* is crucial. Generally, we may take «* = «/K for a given level of
significance «. This is referred to as the one obtained by Bonferroni type method in the literature. As shown in Section 5,
the a* obtained by Bonferroni type method is less than that of by the more structured Chen-Stein method with ry = 1. We
also expect that the procedure based on «* obtained by the Chen-Stein method with ry = 2 is more powerful than that of
with rg = 1. Some numerical studies for SARSCoV RNA genomic dataset will be presented in the last section.

7. Data analysis

After multiple sequence alignment of SARS genome sequence, Sen et al. [ 1] found many of the deposited SARS genomes
were incomplete or large deletion. To set all the SARS genome sequences in equal position for comparison, they ended up
using 25 sequences, 12 (=n;) from Taiwan, 4 (=n,) from Singapore, 3 (=n3) from Hong Kong and 6 (=n,4) from Beijing for
data analysis, with four groups: g = 1, 2, 3, 4 which represent four different geographic regions “Taiwan, Singapore, Hong
Kong and Beijing” respectively. Moreover, we have C = 4 and K = 192. Let 05 = (Igs(IT), .. ., Igs(IIg))t, and denoted
by FGSS = {0gs|lgs(IT1) < --- < Igs(I14)}, which is referred to as the simple ordering set in the literature. Also denoted by
FGTS = {0gsllgs(Ty) < Igs(M4), g = 1,2, 3} which is called the simple tree ordering set in the literature, and the global
alternative set FGGS = {0¢slles(Iy), g = 1, 2, 3, 4, are all not equal}. Note that the set FGSS is a proper subset of the set FGTS.
Sen et al. [1] concluded that the most likely alternative is the one of the set IS among all 24 simple ordered alternatives, 4
different simple tree ordered alternatives and the global alternative. Numerical value of I (ﬁg) ismuch larger than that of the
corresponding IGs(ﬁg), 1 < g < G, the details are omitted here. Although the Hamming-Shannon measure I¢(Ilg) is more
informative than the Hamming-GS measure Igs(Il), the same conclusion can be made based on the Hamming-Shannon
measure I¢(ITg) for this SARSCoV dataset.

In passing, we may note that the new Hamming-Shannon pooled measures both IE(H%) and IE(H%) are more

informative than the Hamming-Shannon measure I¢(Ilg). For the new Hamming-Shannon pooled measure IE(H%)

developed in this paper, the most basic hypothesis testing problem is the one of testing H(S) against Hf in (62). We appeal
to the same permutation subset of 99,999 without replacement data sets. For each permutation data set, we construct the
new table of ng, and then calculate the corresponding Q7. Arrange these 100,000 numerical values of Q?, we find that the
one (le) calculated from the original data set is the 8th largest one among these 100,000 values. The obtained permutation
p-value is 0.00008. Thus, for the SARSCoV dataset we may conclude that the new Hamming-Shannon pooled measure of
four different geographic regions rejects the null hypothesis Hg . Next, consider the problem of testing Hg against H]T in (68).
Similar arguments as in the simple ordered alternative case, arranging those 100,000 numerical values of Q?, we find that the
one (Q]Z) calculated from the original data set is the largest one among these 100,000 values. Thus, the obtained permutation
p-value is 0.00001, which is less than that of for the problem of testing Hg against H1T. And hence, we may conclude that the
dataset supports this simple tree ordered alternative FET ={(My,..., 1'[4)‘|[E(1'Ig) < IE(Hgg),g =1,2,3}.

Furthermore, for this SARSCoV dataset, we would also like to identify the disease genes by the global test and the Ul
test, respectively. As mentioned in the previous section, the choice of «* is important for a given level of significance «.
Hence, we study the performance of the global tests and Ul tests for different kinds of o* obtained via the Bonferroni type
method and the Chen-Stein method, respectively. By applying the Bonferroni type method, we have «* = « /K for a given
level of significance «. First, by applying the global test statistics Tyg, k = 1, ..., K in (46), we calculate the value of Tig
obtained from real data set and the other 99,999 additional permutation values for each k by adopting the Shannon pooled

measure and the GS pooled measure (i.e., let IGS(ng) = !1 — Zle %] ,k=1,...,K;g = 1,...,G, and with

Ics(igk) and Igs () replacing Iy (?Egk) and I (T;) in Typ), respectively. The values of test statistics based on Shannon pooled
measure are larger than those of corresponding test statistics based on GS pooled measure. Note that for « = 0.05, we have
o® = 0.000260 and for « = 0.1, «* = 0.000521. Table 2 relates to corresponding gene selection outcomes. Basically, for
the global tests as well as Ul tests, the GS and Shannon pooled measures yield similar results.

Using the Chen-Stein Theorem: (i) ry = 1, i.e, a* = —171 log(1 — o) and (ii) ry = 2,ie,1—a = (1 + Ka*)e k™
with @ = 0.05. For (i), the results are the same as those in Table 2. For (ii), for the global alternative as well as restricted
alternative case, the Shannon pooled measure based procedure performs better than the GS pooled method. The results are
presented in Table 3. The same differential picture holds for « = 0.10.

For this SARSCoV dataset, K = 192 is only moderate large. With the help of Chen-Stein Theorem, the Ul test based on
GS pooled measure identifies the disease genes, and the Ul test based on Shannon pooled measure makes no more further
improvement. However, for the other datasets, with larger K, the Ul test based on Shannon pooled measure may perform
better than the GS pooled measure.
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Table 2
The relative performance of conventional global tests and UI tests.
Tests Detected genes when « = 0.05 Detected genes when o = 0.1
Global test: GS None k =130, 183
Global test: Shannon None k =130, 183
Ul test: GS k =130, 151, 183, 185 k =130, 151, 183, 185
Ul test: Shannon k = 130, 151, 183, 185 k = 130, 151, 183, 185
Table 3
Exploitation of the Chen-Stein Theorem.
Tests Detected genes when o = 0.05 withry =2
Global test: GS k = 130, 178, 183
Global test: Shannon k =130, 151, 178, 183, 185
Ul test: GS k = 65, 83, 87, 120, 121, 130, 147, 151, 178, 183, 185
Ul test: Shannon k = 65, 83, 87, 120, 121, 130, 147, 151, 178, 183, 185

Acknowledgments

The authors thank the two reviewers for their helpful comments. The authors also thank Chien-Chih Huang for carrying
out the numerical works reported in this paper. This work was partly supported by the Grants from National Science Council
of Republic of China under Contract No. NSC 96-2628-M-001-024 and the Cary C. Boshamer Foundation at the University of
North Carolina.

Appendix

We derive the Egs. (45) and (61) in the followings. Let then

ng,i = lE,i(igk) - [E] (igk)

C
1
= Z (ngkc - Sc,cgk,-) lOg(ngkc - Sc,cgki) - ;[ngl<c(ngkc - 1) lOg(ngkc - 1) - (ng - ngkc)ngkc lOg ngkc]
c=1 g

fori =1,..., ng. Then the corresponding jackknife variance estimator of I (1) is

a\jék = ng (n 1) £ Z[IE z(ngk IE](igk)]z,

= Z, , =1,...,Gk=1,...,K Al
ng(ng—l)z Z ktc Z gk, ic gkld g ( )

i=1 c=1 1<c#d<C

where Zg i is the cth term in Zg ;. Recall that ng of the ‘Sc,cgki are equal to 1 while the remaining n, — ng. are zeros. Also
simultaneously, 8c e and 84, dyg (for ¢ # d) cannot be equal to 1; their possible values are (1, 0), (0, 1) and (0, 0) with
respective frequencies gy, Ngkg and ng — Nge — Ngig. Thus

C

1 ’ 1 2
Z Z gk,ic — Z Ngkc {(ngkc - 1) lOg(ngkC - 1) - nugkc} + (ng - ngkc) {ngkc lOg Ngke — ngugkc}

i=1 c=1 c=1 g

< ngkc (ng - ngkc) 2
1
Z n gke>
c=1 g
where g = Ngic 108 Ngke — (Ngke — 1) 10g(Ngee — 1), 1 < g < G; 1 <k <K;1 < c < C.Similarly,

Ngkcn

gkcItgkd

E Lok icZgkid = — E Ugkc Ugkd
1<c#£d<C c#d g

c 2 c
1 1 2 9
= _',T 2 :ngkfugkc + ni 2 :ngkcugkc'
g \c=1 g c=1

Therefore we have

C C

~ 1 Ngkc Ngkc
U]§k = 2 : 2 u;kc - 2 : 2 Ugkc
ng —1 n n

c=1 g c=1 g
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c
Tl
Z ngkc log Ngke — (ngkc -1 lOg(ngkc - 1)]2
i=1 ng
c 2
{
— Z :“ [Ngkc 10g Ngke — (Ngke — 1) log(ngre — 1)] , g=1,...,Gk=1,... K. (A.2)
=1 g

Moreover, for k # q, (5c,cg,<,~, (Sd,dgq,.) can be assumed the values (1, 1), (1, 0), (0, 1) and (0, 0) with respective frequencies
Ngkq,cd> Nake — Mgkq,cd> Nggd — Ngkg,cd AN Ng — Ngke — Ngqq + Ngiq.ca- Therefore, for k # g, the covariance term is

NgkcNgqd
_grergqa
§ E [ngkq cd — ng } UgkcUgqd -

ng(ng c=1 d=1

Thus, the jackknife variance estimator of I (Il) is

C C
~2 ngkcnqu
% = hg(ng — 1)1<z ZZZZ {ng"q’“d - n} Ugkcllggs, &=1,...,G, (A3)
g

k=1 q=1 c=1 d=1

where the ug, are defined as before.
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