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1. INTRODUCTION AND PRELIMINARIES

In this paper we study stochastic processes of the form
X)=[" o[ flxi %) M(dx)) - M(dx,),  teT, (L)

where M is a symmetric a-stable (S«S), 0 < a <2, independently scattered
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random measure on (R, #) with a Radon control measure m (i.¢c., m is finite
on compact subsets of R), and {f,,re T} is a family of real measurable
functions R” - R symmetric with respect to permutations of their
arguments and vanishing on the diagonals. Such processes can be regarded
as an extension of both SuS processes (to which they reduce when n=1),
and multiple Gaussian integrals, which corresponds to the case o= 2.

Stochastic processes of the form (1.1) can exhibit long range dependence
and high variability, and they are useful for modeling of various natural
phenomena (see Taqqu [Taq87] and references therein). It is therefore of
interest to study properties of their sample path. This paper is a first step
in that direction.

Multiple stable intergrals defining the stochastic process {X(¢), 7€ T}
have been a focus of many studies in recent years (see, for example,
[RW86, MT86, KW87, KS88b]). Samorodnitsky and Szulga [SS89]
proposed a series representation for multiple stable integrals, later
improved and generalized by Samorodnitsky and Taqqu [ST91, ST90].

Let M be a SaS random measure on (R, #) with a Radon control
measure m. The product random measure M ™ on (R”, #") is defined as the
product of the marginal random measures on measurable rectangles, and it
can be extended to an L”-valued, 0 < p <a, vector measure on symmetric
measurable subsets of R” which either do not intersect the diagonals, or
include them fully (see Krakowiak and Szulga [KS88b] and Samorod-
nitsky and Taqqu [ST91]). Let now f be a symmetric, vanishing on the
diagonals, separable Banach-space valued Borel function on R”. We sat
that f is M ™-integrable if there is a sequence of simple functions of the

type

N

fO=Y a,k) 14, (1.2)

i=1
where

1. A,(k), .., Ay, (k) are disjoint symmetric Borel subsets of R” with
finite m™=mxmx .- xm measure and which do not intersect the
diagonals;

2. the a/k)s are Banach-valued coefficients, such that f*’—f as
k — o0 in measure m™;

3. the sequence I,(f¥1.), k=1,2, .., converges in probability for
any symmetric Borel subset C of R” which does not intersect the diagonals,
where, as usual, for simple functions,

Ny

L{“1c)=} a,(k) M")(4,(k)n C).

i=1
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In this case we define

1,,(f):=j°° -.jw f(x,, -, X,) M(dx,) - M(dx,) = pim L(f®),  (1.3)

— — k— o

where plim denotes limit in probability. The integral I,(f) is uniquely
defined, i.e., the above limit does not depend on the choice of simple func-
tions satisfying 1-3. Because we have not found a proof of this fact in the
literature, we shall give an argument to that effect in the Appendix.

We now quote two results from Samorodnitsky and Szulga [SS89] and
Samorodnitsky and Tagqu [ST90] which play a major role in the present
work.

Let S be a real separable Banach space. S is said to be of the
Rademacher-type (R-type) p if the random series 3%, ;x; converges a.s.
for every sequence {x;}>, of elements of S satisfying 372, |x,]” < 0,
where ¢,, ¢, ... are iid. Rademacher random variables, ie., P(¢;=1)=
P(e;= —1)=14. Recall that every Banach space has R-type at least 1 and
no Banach space can have R-type p > 2; every Hilbert space is of R-type 2,
implying that R” equipped with the maximum norm, n < oo, is of R-type 2
as well, since the R-type does not change when the norm is replaced by an
equivalent one.

Given a separable Banach space S of R-type p, let 1 R" > S be a
symmetric, vanishing on the diagonals, strongly measurable function, and
let m be a Radon Borel measure on R. This ensures that m is o-finite. The
following notation will be used throughout the paper. We denote by  a
measurable function: R — (0, c0) satisfying:

. Jj: (x)* m(dx) =1, (14)

* &, &y, ..1s an iid. Rademacher sequence,

« I, TI,,..1s the sequence of jump times of a Poisson process with
unit rate,

« Y, Y,, .. are iid. real-valued random variables with common
distribution m(dx) = y(x)* m(dx).

All three sequences of random variables are always assumed independent.
For an x>0 we denote

in x_{lnx if x=1,
00 if x<l.
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THeoREM 1.1 (1) Let M be a SaS random measure on (R, #) with a
Radon control measure m, 0 <a < p. Suppose that the function { satisfies

f(x,, o x )1\ !
fRn H(x s o x)1* <1n* %—‘%) m(dx,)---m(dx,) < . (1.5)

Then the series

S,(=CY* 3 X &g L0 Trg(Y) 7
J1=1jn=1

xy(¥,) (Y, .. Y,) (1.6)

converges a.s., where
—1

Ca=(j x“"sinxdx) , (1.7)
0
the multiple integral

L= [ £ x,) Mdx) - Mdx,)

— O — 0

exists and

L(f) = S,(f).

(ii) If S=R, then I(f) exists if and only if S,(f) converges, and
L(f) £ S.(/)

Remarks. » By convergence of a multiple series PR

> 1 a(jy, s jn), We always mean that the limit limg_ . ¥5_, -

>R _1a(jys s Ja) EXiStS.

» Since p <2, the Gaussian case o =2 is explicitly excluded from the
theorem. In fact the series representation (1.6) does not hold when a=2
even if n=1.

+ Bold letters denote vectors. We write 7,(f) if f is real, and L,(f) if
fis a vector.

+ The function ¢ in (1.4) plays a double role in Theorem 1.1 and
throughout the paper. First, it effectively reduces a o-finite control measure
m to a probability measure m,(dx)=(x)* m(dx), from which we can
generate the random vectors needed in the series expansion (1.6). Second,
and more important: Note that for a given y condition (1.5) is only a suf-
ficient condition for existence of the integral I,(f) and for convergence of
the series S,(f). An appropriate choice of ¥ can weaken the restrictions on
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f even in the case where m is the Lebesgue measure on [0, 1]. It has been
demonstrated in Samorodnitsky and Taqqu [ST90] that in the case n=2
an appropriate choice of ¥ makes the sufficient condition (1.5) also
necessary; and the right choice of  depends on the function f!

To shorten the notation we will write

N,={1,2,..}",
[e]1=aj4a;,--a;,
(Y)=AY,,..7,)

for j=(J, - ju) Also, I,,(f):j'kn fdM™ and

S.(N=C* ¥ [&IL51 7 [Y(Y)1~ f(Y;).

ieN,

Thus, with a real-valued stochastic process {X(t),te T} as in (1.1), we
conclude immediately that

{X(1),1eT} £ (S, (/) teT}. (1.8)

We call {S,(f,), e T} the series representation of the stochastic process
{X(t), te T}. The series representation is very important in our study of
the sample path properties of the process {X(¢), te T} for it shows that the
properties of the integrands {f,(x,, .., x,), te T}, X, .., X, € R, as functions
on T, have impact on the sample path properties of {X(¢), 7€ T'}. This
phenomenon has been observed and studied by Rosinski [Ros86, Ros89]
in the case of stable and infinitely divisible processes; some of the ideas
used in the present paper originate from the papers of Rosinski.

In Section 2 we find conditions for a stochastic process of the form (1.1)
to have “smooth” sample paths, more generally, for the sample paths of the
process to belong to a given vector space. The case of bounded sample
paths is handled in Section 3, in which we also study the tail behavior of
the distribution of sup,.;|X(¢)| for bounded stochastic processes of the
form (1.1). Finally, Section 4 states zero—one laws for stochastic processes
of the form (1.1) with n = 2. These zero—one laws complement the results of
Section 2.

2. PROCESSES WITH SAMPLE PATHS IN A VECTOR SPACE
Let {X(¢), te T} be a stochastic process of the form (1.1) and let ¥ be a

vector space of real-valued functions on 7. We study, in this section,
whether {X(¢), e T} has a version with all sample paths belonging to V.
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This question is of interest because path properties can be typically
formulated in terms of vector subspaces ¥ of R”. Much is known in the
case of Gaussian and stable processes. Our results shed some light in the
case of multiple stable integrals (1.1).

In order to make our discussion meaningful and to avoid obvious
measurability problems, we introduce some assumptions.

From now on, the parameter space T is assumed to be a separable
metric space. We extend the notion of separable representation, introduced
by Rosinski [Ros89] to multiple stochastic integrals. Let m'™ =
mx --- xm. An integral representation (1.1) of {X(z), re T} is said to be
separable if there is a countable subset T, T and a Borel measurable
symmetric set N, < R” which does not include the diagonals, such that
m"™(N,)=0, and for every (x,, .., x,)¢ N, and for every te T, they is a
sequence {t;}72, T, such that fi(x,,..,x,)=lim,_  f (x, ., x,).
Separability of the integral representation (1.1), as pointed out in [Ros89]
for the case n=1, is an assumption which can always be made, although
at this point we shall have to allow the integrand to take values in the
extended real line R=Ru {—o0} U {+00}. Since the infinite values will
be taken on a set of measure 0 for each fixed e T, this will not change the
validity of the equality (1.1).

Indeed, m™, if restricted to the Borel subsets of the lower-triangular
space L"={(x;, ..., x,)eR" x;<x,< --- <x,} is a o-finite measure, so
letting /1™ be a probability measure on the Borel subsets of L", equivalent
to the measure m™, we may regard {f,,teT} as a stochastic process
indexed by T with /'™ as underlying probability measure. By Doob’s
theorem (see [Doo53, Theorem 2.4, Chap. I1]), there is a countable subset
T,< T, a measurable set M, L" with m")(M,)=0 (and, therefore, with
m™(M,)=0,) and a family of measurable functions {g,, 1€ T}, g,: L" >R
such that for every re T,

ML, vy X,) € Lyt £, vy X,) # 81X 1, oy X,)} =0, (21)

and for every treT and every (x,..x,)¢M, there is a sequence
{t;};2, < Ty such that

gxy, o x,)=lim g, (xy, .., x,);
Jj—=

g,, at this point, is defined only on L”. We further extend g, to the whole
of R” by setting g,(x;, .., X,) =8,(X(1), ., X(ny), Where x, .., X, is an
increasing rearrangement of x,,.., x, if the numbers x,,.., x, are all
different, otherwise we define g,(x,, ..., x,) =0. Then (2.1) extends to R", so
that we obtain

X(z)=fjo fw glXy, o x,) M(dx,)---M(dx,), teT. (22)
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The integral representation (2.2) is separable by construction, with
No={(x1, 0 X, )ER™ X, 2 X; if i# ], (X(1), wr X)) € Mo}

This completes the argument.

We may and will assume, therefore, that the integral representation (1.1)
is, to start with, separable.

As in [CR73, Ros89], we consider the following vector spaces V of
functions on T:

(a) space of bounded functions on T,

(b) space of continuous functions on 7,

(c) space of uniformly continuous functions on T,
(d) space of Lipschitz continuous functions on 7T,

and, if T=R,

(e) space of functions without oscillatory discontinuities on 7,
(f) space of functions of locally bounded variation on 7,

(g) space of absolutely continuous functions on 7,

(h) space of everywhere differentiable functions on 7.

This list can be continued. In fact, we consider any function space V
which satisfies the following condition:

Condition 2.1. There exists a linear measurable subspace ¥ of R® such
that for every separable stochastic process { Y(¢), te T}, there is an event
Q, with P(2,)=1, such that for the countable subset T, T in the
definition of separability,

{w: {Y(t), te T} eV} A{w: {Y(1),te T,} e V} < Q5.

For example, if T=[0, 1] and V =space of continuous functions on 7,
then we can take T,=rationals and ¥ =space of uniformly continuous
functions on T,. Cambanis and Rajput [CR73] showed that the function
spaces V in (a)-(h) all satisfy Condition 2.1.

We are now ready to state our first theorem. It gives necessary condi-
tions for a stochastic process of the type (1.1) to have a version with
sample paths in a function space.

THeEOREM 2.1 Let {X(t), te T} be a separable stochastic process with a
separable representation (1.1) and let V be one of the vector spaces (a)-(h)
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above (or any other vector space satisfying Condition 2.1). If there is an event
Q, with P(Q,) =1 such that, for every we 8,

{X(t,w), teT}eV,
then there is a Borel measurable set Sq< R” such that m"™(R™"\S,) =0 and
for every (x,, .., x,)€ Sy,
{f;‘(xl! e xn), le T} € V.

Proof. 1t is sufficient to suppose Condition 2.1 holds. We apply first this
condition to the stochastic process {X(¢),te T}. Setting Q,=02,nQ,,
we obtain P(Q,)=1 and for every weQ,, {X(t, w), 1€ Ty} € V. Using
Theorem 1.1, we conclude that

Z)= Y [ )1~ Yy, teT,,

jeNp
satisfies
Pw: {Z(t,w), te Ty} e V) =1, (2.3)

since X £ Z and T, is countable. Now let & = —¢,, &;=¢,, j= 2. Clearly,
{&};> is a Rademacher sequence independent of the sequences I'y, I, ..
and Y,, Y,, ... Therefore,

Z(n= Y [EIG]1 " IWY)] fAYy),  teT,,

ieN,
is a version of {Z(t), te Ty}, and hence
P(w: {Z(t,w), te Ty} e V)=1. (2.4)
Since V is a linear space, we conclude by (2.3) and (2.4) that
P(w: {Z(t,0)—Z(t,w), te Ty} e V)= 1.

But for each te T,

Z(N-ZM =27 (Y) " Y [1l51 7 ()]~

jeNn—1
Jiz2

xf(Y, Y, ..Y, )
Thus, with

zZ\(n= Y [ "))~ flY, Y, Y, ), teTy,

jeNy_;
Jiz2
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we obtain
P(w: {Z,(t, w), te To}el7)=1. (2.5)

Repeating the procedure which led us from (2.3) to (2.5) n—1 times, we
conclude

P(o: {fAY (@), Yy (@), ..., Y (@)), te To}eV)=1. (2.6)
Let
Sy ={(X1, . X,) ER™ { fi(x1, r X,), te T} €V}

Since each Y, has distribution m,, relation (2.6) implies m(’”(R"\S )=0
and thus

m™M(R™\S,) =0. 2.7)

We now apply Condition 2.1 to {f,(-), 1€ T} regarded as a separable
stochastic process on the probability space (R", 2", m‘,,j"). We may assume
without loss of generality, that the countable set T, here is the same as
before (take the union of the two sets, if necessary), and we replace, in this
case, 2, by S,. Set S;=S, N S,. Then m"™(R"\S,)=0, and since S, S,
we conclude that for every (xi, .., x,)€So, {fi(Xy, - X,), t€ T} € V. This
completes the proof of the theorem. |

Remarks. « Since f is symmetric and vanishes on diagonals, the
measurable set S, in Theorem 2.1 can always be chosen to be symmetric
and to include all the diagonals.

« In the case n=2 the statement of Theorem 2.1 remains true if we
replace the assumption P(2,)=1 by P(£2,)> 0, since our process satisfies
an appropriate zero—one law. See Section 4 for more details.

« Note the relation between the two notions of separability
appearing in Theorem 2.1. We should understand it as follows: {X (1), teT}
is separable, {X(¢), te T} = {I(f,), te T}, where the equality is in terms
of finite-dimensional distribution, and the integral representation defined
by the functions {f,, 1€ T} is separable.

Theorem 2.1 provides a necessary condition for a stochastic process of
the type (1.1) to have almost all sample paths in a vector space V. We now
focus on sufficient conditions and assume that the space V satisfies the
following:

Condition 2.2. V is a normed space of real-valued functions on T such
that all evaluations n,: ' — R defined by z,(x) = (x), are continuous.

The following result ensures that the multiple integral I,,(f) of a function
f taking values in ¥ may be regarded as the vector of the multiple integrals
of the evaluations I,(f,) of this function.

683/37/1-9
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PropPOSITION 2.1. Let f be a symmetric, vanishing on the diagonals,
measurable function from R” to a vector space V satisfving Condition 2.2 and
suppose that the multiple integral 1,(f) exists. Then for each te T the evalua-
tion f, :=n (f) is M"-integrable, and for each te T,

L(f)=@®), as, (2.8)
where (L,(f)), ==, (1,(f)) for each teT.

Proof. Suppose first that f is a simple function, i.e.,
N
f(xy, 0 x,) =3 a(i) 1((xy, . x,,) € 4,), (2.9)
i=1

where a(1), .., a(N)e V, and A4,, .., Ay are disjoint symmetric Borel sets in
R” with finite m'* measure and which do not include the diagonals. Then

L(f)=X (a(i)),M"”(A,-)=( )y a(i)M‘"’(A,-)) = (L(f))..

i=1 i=1

Thus (2.8) holds for simple functions f.

Now let f be M ™-integrable. Then, by definition, there is a sequence of
simple functions {f*'}_, as in (2.9) converging to f in measure m™, such
that {I(f*1.),k=1,2,..} converges to I,(fl.) in probability for each
symmetric Borel set C of R”.

Now, for every teT, m™{x:|f®(x)—f(x)ll,>¢e,}—0,Ve,, implies
mP{x: | f¥(x)~ fi(x)| >¢,} >0, Ve,, by Condition2.2, and hence the
sequence {fF} 2 | converges to f, in measure m™, Similarly, the sequence
{(L(f®1.)),, k=1, 2, ..} converges in probability to (I(fl.)),.

Since f*'1. is a simple function, (2.8) holds for each f*'1. and re T,
Letting k- co, we infer that for each teT, f, is M ™-integrable and

L(f)=(1,0) as. |

The following result gives sufficient conditions for a stochastic process of
the type (1.1) to have almost all its sample paths in a Banach space with
special properties.

THEOREM 2.2. Let V be a separable Banach space with norm | ||, of
R-type p satisfying Condition2.2, and let {X(t),te T} be a stochastic
process given in the form of a multiple SoS integral with a separable
representation (1.1), 0 <a < p. Suppose that there is a Borel measurable
set SocR” such that m"™(R"\Sg)=0, and for every (x,,.., x,)€So,
{fi(xy, .., x,), te T} €V, and that there is a function y as in (1.4) such that

I£Cx 1 o xa) e

n—1
dl dn ,
wxl)---«/x(xn)> () m(dxy) < 00

(2.10)

f [} (TP ] 2 (m +
-
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where

({)f,(xl, w X €T} i (i XD €S0, ) 4

otherwise.

f(x;, o x,,)={

Then there is a version of {X(t), te T} with all sample paths in V.

Proof. Let f be as in (2.11). Separability of V" and Condition 2.2 imply
that f=R”"—> V is a Borel measurable function (see [Ros86, p.6]).
Applying Theorem 1.1, we conclude that f is M -integrable. Therefore,
L,(f) is well defined and since f is V-valued, so is I,(f). Thus L,(f) is the
version we are looking for, since, by Proposition 2.1, {(L,(f)),,te T} is a
version of {X(t), te T} = {I,(f,), te T}. This completes the proof. |

Remarks. « The restriction that the space ¥V must be of R-type p,
0<a < p, disappears if 0 <a < 1, since every Banach space is of R-type 1.
On the other hand, if V is of R-type 1, then the theorem applies only when
0 <a < 1. Unfortunately, many Banach spaces of interest are of R-type 1.
This is the case for example of the Banach spaces that are among the
spaces (a)-(h) listed in the beginning of this section.

e The results of this section do not provide a condition which is
both necessary and sufficient for the sample paths of a process of type (1.1)
to belong to a vector space.

» There are many unsolved questions even in the case of single
stable integrals (i.e., n=1 in (1.1)). Although much is known for a <1,
general conditions for regularity are largely unknown when a > 1: one has
results only for specific /s and specific path properties. The multiple
integration case (ie, n>1 in (1.1)) which we are considering here, is
naturally even more complicated.

3. BOUNDEDNESS

Since the space of bounded functions is not separable (even on a
countable set), Theorem 2.2 cannot be used to study stochastic processes
of the type (1.1) with a.s. bounded sample paths. Nevertheless, one has

TuEOREM 3.1. Let {X(t),teT} be a separable stochastic process
represented in the form of a multiple SaS integral with a separable represen-
tation (1.1).

(i) Suppose that {X(t), te T} is a.s. bounded. Then
[ 720, s 2,7 mids) - m(dx,) < o, (3.1)
R"

Wheref*(xl9 et xn) = Suple T If!(xh seey xn)l‘
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(i) Let O0<ua< 1, and suppose that there is a function  satisfying
(1.4) such that

jwf*(x,, X)) <1n+ JT:;IT&))) mldyy) - mldy,) < 0. (3.2)

Then {X(t), te T} is a.s. bounded.

Proof. By the separability assumptions, we may and will assume that
the set 7 is countable. We identify it with the set of positive integers and
denote our process {X(k),k=1,2,..}.

(i) We know that sup, |X(k})| <o a.s. But we shall, at first, make a
stronger assumption, namely lim,_  X(A)=0 as. We view then X=
{X(k),k=1,2,..} as random vector in the separable Banach space ¢, of
sequences converging to zero, equipped with the supremum norm |-| .
Clearly, as m » oo X - X in ¢, a.s., where

X" = (X(1), .. X(m),0,0,..), m=12 ..
Obviously, X" =1 (f™), m=1, 2, .., where
f = (), o £0:0,0,0,.),  m=1,2, ..

is regarded as a c,-valued function.

It follows from [KS88a] that the random vectors X, m=1,2, ..
belong to the same Marcinkiewicz—Paley—Zygmund class, and so for this
sequence of random vectors, convergence in probability implies con-
vergence in L™ for every O <r<a. We conclude that for any O0<r<a,
lim,, ,o E[|X—X™)|7 =0 and E|X|’, <. Moreover, it follows by
Proposition 5.1(ii) of [KS88b] that for any m=1, 2, ..,

ria
BIXIL > Cy, ([ man 1751, 5yl mid) o)) (33)
R" i<m

where C,, is a positive constant depending only on « and r. Letting
m — o0, we obtain

ria
©> EIXI% > Cup ([ 140000 0 i) o)) 34

Let us now return to our original assumption sup, |X(k)! < oo a.s. and
drop the requirement lim, _, , X(k)=0a.s. Let {a,, k=1, 2, ..} belong to
co, and sup, |a,| <1. Then {a, X(k), k=1, 2, ...} belongs to cya.s., so (3.4)
gives
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E(sup [X,])" > E(sup [a, X,|)
k k

rje
>C. ([ suplanitr, o m )l mid) - miax))(35)
R" &

and we know also that
E(sup |la, X(k)|) < o0, Vre (0, a). (3.6)
k

By taking gq,=1 for k<N and 0 otherwise, and letting N — o, (3.5)
implies

rio
E(sup| X(k))'>C.., ( J S Cers o ) ) --m(dxn)) SNEN)

Now, (3.1) will follow if we establish E(sup, |X(k)|)" < co. Assume, to the
contrary, that for some 0 <r<ua, E(sup, |X(k)|) = o0. Choose 0 <K, <
K, < --- such that

E(max [X(K)))"2j, Jj=12,..
k<K

Choose now a, = j " if K, | <k <K, j=1,2,..,K, = 0. Then
E(max,  x, |a, X(k)|)" > j'/* for every j=1,2,.., so that E(sup, |a, X(k)|)"
= o0, contradicting (3.6). This proves that E(sup, |X(k)|)" < oo for every
0 <r<a, and thus the proof of part (i) is complete.

(i1) Let again {ax,k=1,2,..} belong to c,, and sup, |a,| <1. Set

{apfilxys o x,), k=1,2,.} if f*(x, .., x,) <o,
0 otherwise.

g(xy, . x,,)={
(3.8)

Clearly g is a measurable function R”—¢, and by (3.2), for every
k=1,2, .., ng)=a,fi m"™—almost everywhere. Since |g(x,, ..., X, )|l o, <
f*(xy, .., x,) for every (xq, ..., x,,), we obtain

”g(xla ey xn)”
T (x)¥(x,)

Theorem 1.1 applies since 0 < « < 1 and every Banach space is of
R-type p=1. Hence g is M integrable and 1,(g) is a well-defined
co-valued variable. By Proposition 2.1 we have {a,X(k),k=1,2,..} 2
{L(8),-k=1,2,..}, and it follows as in the proof of part (i) that
Esup, |a, X(k)|” < o for any 0 <r <a, and, thus, also E sup, |X(k)|" < 0.
Hence {X(k), k=1,2,..} is a.s. bounded. This completes the proof. |

n—1
J, Ve, )1 (1 ) e <o
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COROLLARY 3.1. Under the conditions of Theorem 3.1, Part (1), for every
O<r<a,

193
(Esup X)) =C,,, (j (s o X)) mdxy) ~-m(dx,,)> ,
R’l

teT
where C,, is a positive constant depending only on a and r.

Proof. Follows immediately from the proof of part(i) of
Theorem 3.1. |

Remark. In the same spirit, we may give asymptotic lower bounds
for the P(sup..r|X(#)| >4). Specifically, let {X(¢), te T} be a separable
stochastic process represented in the form of a multiple Sa.S integral with
a separable representation (1.1) satisfying the following property: there is a
function ¥ satisfying (1.4) such that, for every te T, (T, is the countable
subset of T appearing in the definition of a separable representation), we
have

x lfl(xh ooy xn)l not .
J 1t 5t (1, ) )ty <o, 39)
ifn=3, or
o U3 1, %)
Jy s 0 G S e Gy g ) ) <

(3.10)
if n=2. Then

o

A
lim inf ————
1221 Ay P(fl:g [X(2)f > 1)

=n(n!)*? oc"_lC:J S*(xys 0 x,)* midx,) - mldx,), (3.11)
RII

where C, is given by (1.7) and f* is defined as sup,.r|f(x;, .., X,)|.
Moreover, when 0 <a < 1, then

o

. A

=n(n!)“‘2a"_‘CZJ Ay s X,V mildx,) - - m(dx,). (3.12)

These statements follow firectly from Samorodnitsky and Taqqu {ST90].
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4. ZErRO-ONE Laws

Sample path properties of some stochastic processes can satisfy various
zero—one laws: see [Kal70] for Gaussian processes, [DK74] for stable
processes, and [Jan84] and [Ros90] for infinitely divisible processes. In
this section we establish some zero—one laws for stochastic processes of the
form (1.1) with n =2. We restrict ourselves to the case n =2 because we use
here a result of de Acosta [DeA76] on quadratic forms in Gaussian
vectors. We believe that similar zero—one laws hold for #n > 3.

THEOREM 4.1. Let {X(t), te T} be a separable stochastic process with a
separable representation (1.1) and with n=2. Let V be a vector space of
functions over T satisfying Condition 2.1. Then

P{{X(t),teT}eV}=0o0r1.

Before proving this theorem, we collect a number of facts which will be
used in the proof.

Focus first on the SaS random measure M in (1.1). We assume for sim-
plicity m((— o0, 0)) =0, and by denoting M(t) := M([0, t]), we may regard
M as a SaS process with independent increments on R*. (The case
m((— o0, 0)) >0 can be treated similarly, by considering M as consisting of
two independent components {M,(1)=M([0,]),7=>0} and {M,(r)=
M([—1,0)),t>0}.) It is well known that {M(¢), t=>0} has a version in
the separable space D[0, + o) equipped with the Skorokhod topology. It
follows from [LeP80, Kal73], that such a version is given in particular by
the series

M()=(6.C)'"? Y, GI7W(Y) ™ 1 q(Y), 120,  (41)

j=1

which converges uniformly in ¢ on finite intervals. Here the I'/s and Y’s
are as in Section 1, the G/s are iid. standard normal random variables
independent of the I'’s and Y/s and §,=(E|%,]|*) "

Thus, {M(t), >0} can be regarded as a random vector taking values in
the space D[0, + o) equipped with the Skorohod topology. Moreover,
all finite-dimensional projections of {M(z),1>0} are SaS. Therefore,
{M(t),t=0} is a SaS vector in D[0, +00), as the Skorohod Borel
o-algebra coincides with the cylindrical o-algebra.

Assume now that the random vector {M(#), >0} is defined on the
product of two probability spaces, (Q,, %, P,) and (Q2,, %, P,), and let
the Gaussian sequence G,, G,, ... live on (Q,, %, P,), while the sequences
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r,rI, . and Y, Y,, .. live on (Q,, #, P,). Arguing as above, we con-
clude that, for a fixed w,eQ,, {M(t), 1 >0} is a zero-mean Gaussian ran-
dom vector on D[0, + o), defined on the probability space (£2,, %, P,).

We will need the following extension of the above mentioned result of
deAcosta [DeA76].

LEMMA 4.1. Ler (E, #) be a measurable vector space, and let G be a
zero-mean Gaussian vector in E. Let {AYV,i=1,2,..}, be a sequence of
measurable bilinear forms on E? taking values in a topological vector space
E,. Let S be a measurable subspace of E,. Then

P(lim AY(G, G) exists and belongs to S)=0 or 1.

Proof. Mimic the proofs of Theorems 3.1 and 3.2 in [DeA76]. |}
Proof of Theorem 4.1. 1In view of Condition 2.1, we must prove

P({X(t),te Ty} eV)=0or L (4.2)

For each te T, there is a sequence {f'7,i=1,2,..} of simple symmetric
functions as described in Section 1 such that, as i — o0, (/) - X(¢) in
probability. As a matter of fact one can choose these functions to be sup-
ported by the finite unions of disjoint rectangles. Moreover, choosing, if
necessary, a subsequence, we may and will assume that I,(f7) - X(¢) a.s.
as | — oo for any te T,.

Now, each I,(f®) is, clearly, a measurable bilinear form in
{M(s), s=0}. Applying Lemma 4.1 with E; =R™ we conclude

P({X(t),teTy}eV|%)=00r1as. (4.3)

which is a zero-one law for the (conditional) Gaussian measures.
To establish (4.2), we must remove the conditioning. Set

A={w,eQy P{X(1), 1€ Ty} e V| FH)=1},
and observe that
P({X(t), te Ty} € V)= Py(A). (4.4)

We want to apply the Hewitt-Savage zero—one law to the event 4 in order
to show P,(4)=0 or 1. Recall that I',,l,,.. and Y, Y,,.. live on
(2,, %, P,). In fact, Aea((e,, Y,), (€3, Y>), ...), where e,, e,, ..., are ii.d.
exponential random variables such that I';=¢, +e,+ ---¢,. Let n be an
arbitrary permutation of the numbers {1, .., &} and
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k
M (1)=(%,C,)" Z Gi(en)+ -+ +e1z(j))_l/a l//(Yn(j))kl Lo, Yay)
=1

Jj=

+(&CH™ Y GI7VY(Y) ' 1y n(Y)
j=k+1

for t=0. For fixed w,e A, {M,(t),t=>0} is again a Gaussian vector on
D[0, + ), and it is easy to check that the laws of {M(¢),z>0} and
{M,(t),t>0} are equivalent. Therefore, P({lim,_ , I,(f{"),1eT,}€
V|%)=1implies P({lim,_, , I{(f D), 1 Ty} € V| %) =1, where IT(f")
is obtained by replacing {M(z),t=0} by {M,(¢), t>0} in the bilinear
form I( f("). Thus, the event A is invariant under the permutations = of the
above kind. By the Hewitt-Savage zero—one law, P,(4)=0 or 1, and hence
by (4.4),

P({X(t),te Ty} e V)=Py(A)=0or L.

This completes the proof. |

The following proposition complements a result of Krakowiak and
Szulga [KS88a, Theorem 2.11] about the equivalence of different modes of
convergence of sequences to a double SuS integral Its proof uses the
techniques developed in the proof of Theorem 4.1.

PROPOSITION 4.1. Let ™, m=1,2,.., be a sequence of symmetric,
vanishing on the diagonals, Banach space-valued simple functions as in (1.2),
and assume that

P(I,(f"), m=1, 2, ... converges) > 0.
Then
P(I,(f"), m=1, 2, ... converges) = 1.
Proof. Let m=1,2, ... be arbitrary. We can choose a sequence of simple
functions g"™*, k=1, 2, .., each one of the type sym (X, a;1((x,, x,) €
1Y x 1)), defined as in the proof of Theorem 4.1, such that L(g""*) -

I,(f") as. as k - co. Let now {k,,,m=1,2,..} be a sequence of positive
integers such that > °_, d,, < oo, where for m=1, 2, ..,

d,, = inf{e > 0: P(IL,(g"*") - L(f™)] > ¢) <¢}.
Then, by the Borel-Cantelli lemma,
P( lim |L(g" ) —L,(f*)| - 0)=1. (4.5)

m— oo

Now P(I,(f"™), m=1, 2, ... converges) >0 implies P(I,(g™*"), m=1,2, ..
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converges) > 0. But each I,(g""*"') is a measurable quadratic form in
{M(r),t20}. Applying Lemma4.l and arguing as in the proof of
Theorem 4.1, we conclude

P(I(g"™*"), m=1,2, .., converges) = l. (4.6)
Now (4.5) and (4.6) imply
P(I,(f"™), m=1, 2, .., converges) = 1,

proving the proposition. |

A. APPENDIX

As indicated in the introductory Section 1, we shall now show that I (f)
is umquely defined by (1.3). The argument, in the case S =R, is similar to
the one given in Dunford and Schwartz [DS538, Chap. IV.10], for the case
of Banach space-valued vector measures. Simply, we treat M as an
L9(Q)-valued vector measure, 0<g <o The fact that L) is not a
Banach space if g <1 is not relevant here, since all we need is the fact
which follows from Theorem 5.4 of Krakowiak and Szulga [KS88¢], that
the semivariation |M | defined by

q:II/q}

is finite for every symmetric Borel set C of finite m'") measure which does
not intersect the diagonals. The above supremum is taken over all possible
finite disjoint partitions {A4,}_, of R”, As being Borel symmetric sets, and
all real sequences {a;};_, with |a| <1, k>1. We are now ready to give the
proof of uniqueness of I,(f).

k
Y, aM (4, C)

j=1

M), (C)=sup {[E

Case S=R. Suppose that f *) and g*, k=1, 2, ..., satisfy conditions
1-3 of Section 1. Then as k — o0, A%’ — g®*) 5.0 in m"™ and I,(h*'1.) con-
verges in probability to some random variable X(C) for any symmetric set
C of R” which does not intersect the diagonals. We need to prove that
X(C)=0as. To this end we may assume that #*® -0, m™—ae. By
Egoroff’s theorem there is a partition Cy, C,, ... of the set C into symmetric
Borel sets of finite m™ measure which do not intersect the diagonals and
such that A*) - 0 uniformly on each C;,i>1, and m™(C,)=0. Since for
every simple function 2/*? and i> 1,

E

q11/q
] <IM®], () 1H91)

[ nwange
Ci
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and the right side tends to zero as k — oo, we get that X(C,) =0 for every
iz 1. On the other hand, by the Vitali-Hahn-Saks theorem X(C)=
720 X(C;) in LY(Q), hence X(C)= X(C,)=plim, _, ,, I,(h*'1)=0.

General case (S is a separable Banach space). Let h®)=f*) _ gk
where, as before, f*) and g’ are two sequences of simple functions satis-
fying conditions 1-3 of Section 1. Then, as above, we have h®) - 0 in m™
and 1,(h*1.) > X(C) in probability. Let x'e S". Then L ({x',h®>1.)=
(x Lh®10)> = (x', X(C)), and since <{x', h*’> 50 in m™ we obtain
by the case S =R that {x’, X(C)> =0a.s. Hence X(C)=0a.s. by the weak
* separability of .§" which concludes the proof.
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