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We discuss rates of convergence for the distribution of normalized sample
extremes to the appropriate limit distribution. We show that the rate of
convergence depends on that of the corresponding dependence functions and that
of the marginals. The univariate results are well known by now, so we restrict our
attention to dependence functions (Sections 2 and 3). In the final section of the
paper we obtain a Berry—Esséen type result for multivariate extremes. © 1991
Academic Press, Inc.

1. INTRODUCTION

Let X,=(X,,X,2, ... X,4), n=1,2, .., denote a sequence of inde-
pendent random vectors (r.v.’s) in R* with a common distribution function
(df) F. Define the sample maxima as M,=(M, , M, ,, .., M, ), where
M, ,=max{X,, ;. 1<m<n} for each i=1,2, ..,k For many df’s there
exist normalizing constants a, ;>0 and b,,€R (i=1, 2, .., k) such that

Mn-bn __~<Mn,l_bn,l Mn,k—bn,k) =d>Y

s nes
a, a",l a, k

(1.1)
where Y= (Y, .., Y,) is a r.v. with nondegenerate marginals. The d.f. H of
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Y is a so-called max-extreme value d.f. Its marginal H; must be one of the
three extreme-value types o¢,(x}=exp(—x"%) (x>0, a>0), ¥,.(x)=
¢ (—x"') or A(x)=@,(e”*). The necessary and sufficient conditions on F
for the convergence in (1.1) are well known, see, e.g., [9, 12, 13, 14].

The uniform rate of convergence in the univariate case of (1.1) was
considered by Fisher and Tippet [7], Anderson [1], Hall and Wellner
[10], Smith [21], Davis [6], Cohen [4, 5], Resnick [19], Balkema and
deHaan [2]. For other related results we refer to [9, 11, 16, 17]. The
common feature of all estimates obtained by the above authors is that they
are precise up to an O-term. We shall only quote the following result from
the seminal paper of Smith [21]: suppose g is regularly varying with index
p>1, and

lim sup g(x) [F(x) = @(x)| <0,

X = O

then

4, :=sup |P(M,/n<x)—@(x)| = O(n/g(n)).

xeR

Zolotarev [22] and Zolotarev and Rachev [23] used the theory of
probability metrics to obtain the exact form of the O-term in the Smith
theorem. Using the Bergstrom [3] convolution method adapted for the
maxima of ii.d. random variables Zolotarev and Rachev [23] obtained the
estimate

4,<Cmax(pg, p,, p}/" " n' =7, 1<r<2,

where C is an absolute constant depending only on r, p, :=p,(F, @) =
SUp,.o X" |F(x)—o,(x)| is the Kolmogorov weighted semimetric. Omey
and Rachev [15] extended the above estimate for r>2 and considered
asymptotic expansions for P(M,/n < x), see further Lemma 1.4.

.The present paper deals with the (uniform) rate of convergence in (1.1}
and we extend the univariate results of [15, 23] to the multivariate case.
In order to formulate our results, recall the following definition of a
dependence function, due to Fréchet [8].

DeriNTION 1.1, Let F(x) be a k-dimensional d.f. with marginals
Fy, F,, .., F, and let D(x) be a k-dimensional d.f. on the unit cube [0, 1]*
and with uniformly distributed marginals. The function D (or D) is called
a dependence function if

F(x)=D(F(x,), .., Fi(xz))  forall xeR*
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If F has continuous marginals, then F has a unique dependence function.
The following classical result motivates the use of dependence functions in
the present context.

THEOREM 1.2 [9, Theorem 4.2.3]. Suppose Y is a nondegenerate r.v.
with df. H. Then (1.1) holds if and only if each marginal in (1.1) converges
(in distribution) to a nondegenerate r.v. and for each ue [0, 1],

lim D"(u)", u¥", ..., uy)=D y(uy, ..., u), (1.2)

n— o

where D denotes a dependence function of F and D, the dependence function
of H. Moreover, Dy satisfies D5, (u}", ... uy*)= Dy (uy, ..., u;) for all s>0.

In order to investigate the rate of convergence in (1.1) wesplit the
problem into two independent parts. Note that, first, the rate of convergence
(1.1) depends on that of the convergence of all marginals. Second,
it depends on the rate of convergence in (1.2). To see that we prove
the following estimates in terms of the uniform metric p(U, V) :=
sup, . gt |[Fu(x)— Fy(x)|, where F\; is the d.f. of U.

Lemma 1.3
M, —-b k M,.—b,,;
O ylg i Oni oy
p ( an ) ,';1 p < an,i {)
+ sup [D"(ul”, .., ui")—Dyluy, .., u)l.

ue[0,13*

Proof. Using the definition of D and D, we have

k p—
P{ ﬂ {M<xi}}—H(X)
i=1

an,i

=D"(Fy(a, X+ b, 1), s Fila, g x5+ b, 1)) — Dy (Hy(xy), . H,(x)).

Hence, by the triangle inequality we have

M,—-b
p( "a ",Y)s sup | D"(u)”, s u)")— Dy(uy, oy uy)]

n ue[O,l]k

+ Sup |DH(F;1(an,1xl + bn,1)5 eeey FI':(an,kxn + bn,k))

xe Rk

—~Dy(H(x,), ..., H{x,))l.
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Since D, has uniform marginals, the second term in the above inequality
is not greater than sup __g >._, |F(a,;x;+b,.)— H,(x;)|. This proves
the lemma. |

The rate of convergence in univariate extreme value theory has been
studied extensively. Smith [21] relates uniform rates of convergence to
slow variation with remainder. In his paper he considers domain of attraction
of ¢,(x) and ¥ ,(x). Balkema and de Haan [2] obtain uniform rates of
convergence to the limit d.f. A(x). A typical result is the following:

LEmMMA 1.4. Suppose that X, X,, .., X, are i.i.d. random variables and Y
has df. @,(x)=exp(—x~"') (x=0). Let M, =max(X,, .., X,). (i) For each
r>1, p,(X,, Y)<oo if and only if limsum,_  n'~" p(n 'M,, Y)< o,
where p, (U, V) :=sup, |x|" |Fy(x)—F,(x)|. (ii)) If 1<r<2, then there
exists a constant C = C(r) < 682, such that p(n—'M,, Y)< Cmax{p(X,, Y),
p, (X1, Y), [p (X1, V)1V~ D30 =" for all n>2.

Proof. (i) This is [15, Corollary 2.2]. (ii) This is [23, Theorem 2]. |

Lemma 1.4 (ii) may be viewed as the analogue of the Berry—Esséen
theorem in the extreme-value setting. For corresponding results in the
summation-setting we refer to [207] and the references there. The paper is
organized as follows. In Section 2 we restrict attention to rates of
convergence for dependence functions. In Section 3 some examples are
given. In Section 4 we generalize Lemma 1.4 to dimension & > 2 and to all
values of r> 1.

2. RATES oF CONVERGENCE FOR DEPENDENCE FUNCTION

From Lemma 1.3 we see that it will be useful to estimate the rate of
convergence to zero of

roi=sup |DMu)" ., u")— D gy, )|

uef0, 13F

In order to formulate our results we require r, in a more suitable form.
Recall that the marginals of D, and D are uniformly distributed. By using
the transformation x = —1/log u for each of the marginals we can rewrite
r, as

fo= SUp  [K"(nx,, oy 1) — G(X1, s %), (2.1)

x € [0,00)k

where each of the marginals of K and G has the df ¢,(x)=¢" ' (x>0)
and G is simple max-stable (cf. [12]). In estimating r, we shall formulate
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the results in terms of the metric p, which is defined below. Let V and W
denote two nonnegative r.v. in R* and let : [0, 0 )* — [0, o) denote a
continuous function, increasing to infinity in each component. We define
the weighted Kolomogorov metric,

P./,(V, W)= sup Y(x)|[Fy(x)— Fw(x)|.

x e [0,00)F

Let @(x) = ¥(x, x, .., x), [x]| = min(x;, ... x,) and p,(V, W) =
SUP o1 @UIX[) 1 Fy(x) — Fw(x) < py(V, W). We shall often refer to the
following inequalities. For a, b >0

nla—b| min(a” !, b" )< |a" — b"| <n(a—b)max(a" "L, b" ). (2.2)
If Fis a d.f with marginals F,(x)=¢,(x), then automatically
F(x) < o,(lIx]})- (2.3)

For the function ¢(x) defined above denote g(a) :=sup,, (¢ (xa)/o(x)),
az0. If gla)y<oo for all a>0 we define R(n):=ng(l/(n—1)) (n=2).
Finally, let V be a r.v. with d.f. K and W a r.v. with df. G (cf. (2.1)). In the
next theorem we give a sharp estimate for r, in (2.1).

THEOREM 2.1. (i) Assume p,(V, W) <o, then for each n>2 we have
ra<R(n) py(V,W). (ii) If p,(V,W)<oo, then for each n>=2, we have
ra<R(n) p (V, W).

Proof. We only prove (i), (ii) can be proved in a similar way. Using
(22) and G(x)=G"(nx) we have |K"(nx)— G(x)| <n|K(nx)— G(nx)|
max(K"~'(nx), G"'(nx)). Using (2.3) for K and G we have

K7(n%) — G(x)| <n|K(nx) — G(nx)| @~ '(nx]) (24)
Hence
|K"(nx) — G(x)] < Y (nx) | K(nx) — G(nx)| n 9(751_”—’1")3 / W(nx)
or(nlx])

1
<py(V, Win—— /(p(HIIXH)Sw(V, W)ng(*—)-

1 n—1

This proves the theorem. [

If, for example, @(x)=x", (r > 1), then g(a)=a" B(r), where B(r) = (r/e)".
If, more generally, ¢(x)e RV,, r=1, we have g(1/n)~ B(r)(1/e(n)) as
n— oo [15]. Obviously, Theorem 2.1 is only useful if lim, _, ,, (¢(x)/x)= c0.
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The next theorem shows that the conditions imposed in Theorem 2.1 are
almost necessary.

THEOREM 2.2. Assume that e RV,, r=1 and that lim, , . (o(x)/x)
= o0. Then

(i) p (V,W)< oo holds if and only if limsup, , . (@(n)/n)r,< oo,
and

(i) hm .. e(x]) | K(x) — Gx)| =0 if and only if
lim, _, (o(n)/n)r,=0.

Proof. (1) If p,(V, W) < o, the result follows as in Theorem 2.1. To
prove the “if” part we use (2.2) to obtain n|K(x)— G(x)| min(K"~!(x),
G" !(x))<r,. Now suppose |x||>N; choose n such that n< x| <
n+1. Obviously K" '(x)=K""Y|x|1)=K""Ynl) and G" '(x)=
G"~'(n1), where 1=(1,..,1)eR* Since lim,_ . r,=0 it follows that
lim,_, , K" !'(nl)=lim,_ ., G"~'(n1)=G(1)> 0. Hence

o(n+1) g(n)r, 1
o(n) n min(K" '(nl), G*~'(nl))’

o(lIx]) [K(x)— G(x)| <

Since @ € RV,, we have @(n+ 1)~ ¢(n) (n > o). Hence sup, > » @(IIX])
|K(x) — G(x)| < oo and consequently p,(V, W) < o0.

(i) Iflim,_ . (@(n)/n)r,=0 it follows as in the proof of part (i) that
lim S o @(lIx]|) |K(x) — G(x)| =0. To prove the “only if” part, choose N
such that ¢(||x||) |K(x)—G(x)| <¢ for all ||x|| > N. Now proceed as in the
proof of Theorem 2.1. If njx| > N, from (2.4) we obtain

1
|IK"(nx) — G(x)| <& ng <nT1> (2.5)

On the other hand, if n||x|| <A we use (2.3) to see that |[K"(nx)—
G"(nx)| <2¢7 7 '(|x||n) < 2¢,(4/(n — 1)). Combining the two estimates we
find that

lim sup ‘p—:'—) r, <& B(r) + lim sup 2 (wl (n’%]» (@(n)/n).

n— oC n— oo

Since ¢(x)e RV, and since ¢,(1/n) tends to zero exponentially fast we
obtain lim sup,, _, ., (¢(n)/n)r,<e B(r). Now let £ 0 to obtain the desired
result. |

Remark. Theorem 2.1 is also applicable for O-regularly varying functions
¢ (ie., functions for which lim sup, _, ., (@(xt)/@(1)) < oo for all x>0). Also
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exponential types of functions p{x) are allowed. If, for example, (x)=x"
exp(cx®) (s,c¢>0) then it can be proved that g(1/n) is of the form
n*exp(—nf) (0<f<1), [15, p. 604].

3. EXAMPLES

In this section we illustrate the previous results for some well known
bivariate d.f.

3.1. Morgenstern-type distributions. Here F(x, y)=F,(x) Fy(y)
(1 +a(1—F(x)) (1= Fy»))), where F, and F, are (nondegenerate) d.f. in
R and O0<a < 1. Obviously Dg(u, v) =uv(l + a(l —u)(1 —v)) and D (u, v)
=uv. Moreover, |D(u, v) — uv| <o(1 — u)(1 —v). An appeal to Theorem 2.1
shows that Y(x, y)=xp, p,(V, W)<a. Since o(x)=x? it follows that
r,<n"'B(2) p,(V, W).

3.2. Marshall-Olkin distribution. Let F(x,y)=1—e¢ "—e "+
e = ¥~* max(x, y) (A>0). It is easily seen that D(u,v)=u+v—1+
(1 —u)(1 —v)(1 —max(u, v))*. Again D (u,v)=uv and py(V, W) <oo,
where y(x, y)=xy. It follows that r,<n~'B(2) p,(V, W).

33. Let (X,Z) denote a random vector with Z= —X. Then
Flx,z)=P{X<x, Z<z}=Fy(x)—Fy(—z) and F\(x)=Fy(x), F)(z)=
1 —F,(—z). Hence F(x, y)=F,(x)+ F,(y)—1 so that D(u,v)=u+v—1.
It easily follows that also here Dy(u,v)=uv and that r,<n"'B(2)
py(V, W) wih y(x, y) = xy.

4. BERRY-ESSEEN-TYPE OF RESULT FOR THE MAX-SCHEME

As we announced in the Introduction, we prove a general Berry-Esséen-
type result for the max-scheme, hereby generalizing Lemma 1.4(ii) to
dimension k>2 and all r>1. Let Y denote a r.v. in R* and supose the d.f.
H of Y is simple stable, ie., each marginal H;(x) is equal to ¢,(x)=
exp —x~! (x>0). In the sequel we frequently use properties of the
probability metrics v,, p,, and L defined below.

Define v, (X, X")=sup,.oh" p(X'vhY, X"v hY), where X'vY
denotes a r.v. with d.f. Fx(x)-Fy(x). Also define p, (X', X")=sup, [x|i
|Fy (x)— Fy-(x)| where, as before, ||x|| =min(|x,], ..., |x,|). Finally, the Lévy
metric L(X’, X") is defined as usual: L(X’, X")=inf{e>0: Fx.(x —¢el)—
e<Fx(x+el)+e}, where 1=(1,1, .., 1)e R*, We summarize some of the
properties of these metrics. In the lemma below, Y and Y’ are ii.d. simple
max-stable r.v. independent of the non-negative r.v.’s X' and X".
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LemMa 4.1. (i) For any 6>0, r>0 we have

p(X' v Y, X" vaY)<s (X, X"), (4.1)
p(X v Y, X" v Y)<B(r)6~"p, (X, X"), (4.2)
v (X", X")< B(r) p,(X', X"), (4.3)

where B(r)=(r/e)".
(i1) For any X we have p(X, Y)< (1 +kB(2)) L(X, Y).
(ili) For any 6>0 we have L(X', Y")<p(X’' v Y, X" v §Y)+kd.
(iv) For any 6>0, p(X, Y)<c,p(X' voY,Y v Y)+c,d, where
¢;:=14+kB(2) and c,=c k.
(v) If Z and W are independent of X' and X", then

p(X'VZ,X vZ)<p(Z W) p(X,X")+p(X' vW,X"vW). (44)

(vi) For any ¢>0, v (cX',cX")<cv, (X', X"), and p.(cX', cX")<
c"p, (X', X").

Remarks. (1) It is not difficult to see that v, and p, are max-ideal
metric of order r, ie, v, X'VZ X"vZ)<v(X,X") and v, is
homogeneous of order r.

(2) The result of Lemma 4.1(iv) is often called the max-smoothing
inequality. The problem of extending it to max-stable sequences is open
(cf. [11]).

(3) Expression (v) is a type of “convolution” inequality for the max-
scheme. The convolution method goes back to Bergstrém [3].

(4) Since Y is concentrated on R, there is no loss of generality in
assuming X', X”, are nonnegative r.v.’s, see further the statement of
Theorem 4.2.

Proof. (i) Inequality (4.1) follows immediately from the definition of v,.
As to (4.2) note that [Fy. , ;y(X) — Fx-, 54(X)] <|Fx.(x) — Fy.(x)] Fy(x/3).
Since Fy(x/0) < Fy,(IIx]I/6) < B(r)(x]l/6)", we obtain |Fy.  ;y(x)—
Fyo, sy(X) < B(r) 6 "p, (X', X") and (4.2) follows. Finally, (4.3) follows
from (4.2) and the definition of v,.

(ii) Since all marginals of Y have he same d.f. ¢;(x), we have
(X, Y)<(1+ksup, ¢i(x)) L(X,Y). Since ¢i{x)< B(2), we obtain the
proof of (ii).

(iii) Let L(X’, X")>y, then there exists xo€ R such that |Fy.(x)—
Fy.(x)| >y for xo<x<x,+7y1. It follows that p(X'vdY,X"viY)>
|[Fx(xo + y1) — Fy.(xo + y1)| Fsy(x + 1) = yF;y(xo + 1) = yFy(y1/3).
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Using Fréchet’s inequality we obtain p(X'vJY, X"vdY)x=y
max(0, X¥_, Fy (y/6)—k+1). Since Fy(x)=e ""=1-1/x, we have
p(X'vdY, X"véY')y=y max(0,1—kd/y). Hence y < p(X'v oY,
X” v 6Y)+kd. Now let y T L to obtain the proof of the desired result.
(iv) Combine parts (ii) and (iii).
(v) For any xeR* we have Fy , z(x)—Fx., z(x)=(Fyx(x)—
Fy. (X)) (Fz(x) — Fy(x)) + Fw(x)(Fx.(x) — Fx.(x)) and the result follows.
(vi) Use the definition of v, and p,. |

We are now ready for the proof of the main theorem of this section.

THEOREM 4.2. Assume X,, X,, .., X,, is a sequence of iid. rv. in R% and
assume that Y is simple stable and independent of the X,. If p,(X,, Y) <
for some r>1, then there exists a constant A such that p(n"*M,, Y)<
An' =" for all n= 1, where M, =X, v X, v -+ v X,. Here A depends on r,
kv, (X, Y), p.(X,.Y), p(X,,Y) and will be determined in the course of the

proof.

Proof. Let Y,Y,,Y,,..,Y, beiid. simple max-stable random vectors
and let N,=\/7_, Y,. Then N, Z nY and using Lemma 4.1(iii) we obtain
that

p(n~'M,, Y)=p(n"'M,,n"'N,)

<epn M, voéY,n !N, vdéY)+c,d (4.5)

for any 6 > 0. The next proposition is crucial in the proof of the theorem.

PrOPOSITION 1. For each 6 >0, we have p(n~'M, v 8Y, n " 'N, v 3Y)
<34, 1, where

I, ;=p<n—1 \ X,-,n‘lY,) p(n 'X, vdY,n 'Y, v3Y)
i=2
m+1 n n
12 = Z p(nAl \/ Xian71 \/ Yl)
j=2 i=j+1 i= i1

j—1 j
p(n‘1 VY, ve X, veY,n '\ Y, v 5Y>
i=1 [

i=1

m+1 n n
I;:=) ,o(n‘van‘1 V Y,n'Y,ve !t/ Y,-)
j=1 i=m+2 i=m+2
m+ 1 n m+1 n
14:=p<n‘1 VYvat \/ X,nn'\/ Y,val \/ Yj>‘
j=1 j=m+2 j=1 j=m+2

Here, 1 <m<n—1 and \/]‘.’=1 Z,:=0.
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Proof of Proposition 1. The representation

F;'{(nx)—Fg',(nx)=mZJrl (F"~7~Ynx) G’ '(nx) — G’(nx) F"~/(x))

j=1

+ F"~"=Y(nx) G™* {(nx) — G"(nx),
implies that

p(n"'M, v3Y, YVY,)

m+1 Jj—1 n
<y p<n‘l VYve 'Y X vy,
j=1 i=1 i=j
Vi n
nmt\/ Y,vat \/ X,-véY)
i=1 i=j+1

m+1 n
+p(n‘l V Y, va~t \/ X, vy,
j=1

j=m+2
m-+1 n
nmt N\ Y,vatt Yjv5Y>=:T1+T2.
j=1 j=m+2

Using (4.4) with Z:=n""V/]_, X, and W:=n""V]_, Y, we readily
obtain that

m+1 ji—1 n
T, <Ii+15,+ ) p(n_1 VY vai!X,va=' \/ Y, véy,
i=1 i=1 i=j+1
n~t\/ vn ' \/ Y,-véY).
j=1 i=j+1
Since
n j—1 n m+1 n
VY=VYv V Y=V YVv V Y,
i=1 i=1 i=j+1 i=] i=m+2
it i*j
we obtain
m+1 n n
T, <Li+15,+ Y, p(n“van‘l V Y,n 'Y, vt/ Y,->
J=1 i=m+2 f=m+2

or T, < I, +1I,+ ;. Finally, it is easy to see that T, </,, which proves the
proposition. ||

In the next proposition we estimate /5 and I,. We shall use Proposition 1
with m = [n/2], the integer part of n/2.
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PROPOSITION 2. For all n>3, I, < 4% (X,Y)n'" and I, <
2v,(X,, Y)n' "

Proof of Proposition 2. (i) Obviously,
m+1 —m—1 —m—1
=Y p <n“‘Xj vy oy, l—Y).
=1

Using (4.1}, we obtain

m+1 _ _1 —r
L<Y <&> v, (0~ "X, n 1Y)

j=1 n
Using Lemma 4.1(vi) and m= [r/2], we arrive at
L<43v(X,,Y,)n' "
(1) Obviously,

L=p ( vV Xv Y va+1Y>

j=m+2 J=m+2

m+1

Using (4.1) we obtain

m+1 —r _ n _ n
I,,S(T) v,(n Y Xentt Yj)
j=m+2 j=m+2

Since v, is max-ideal of order + we obtain I,<(m+1)"" (n—m—1)
v,(X,,Y,). Hence I, <2'n' ~"v,(X,, Y,).

We are now able to prove the theorem in the case where 1 <r <2.

Proof of Theorem 4.2 in the Case Where 1 <r<2. We prove the result by
induction. Suppose we know that

k
<k 1\/X,,k 1\/Y,-><Ak1’, k=12,..,n-1,n23, (46)

i=1 i=1

where A4 will be determined later. We have to prove that (4.6) also holds
for k=n. In order to do so, we first estimate /, and I, and we choose
8=Bn"!, where B will be determined later. First consider /,. Using
(4.6) and (4.2) we obtain I, <A(n—1)'"" 6~"v,(n"'X,, n'Y,). Using
Lemma 4.1(vi) and the choice of §, we obtain

I <SAB™'(3) viUX,, Y)n' ™", (4.7)
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As to I, we have

m+1 n n
L=} P(”1 Vo X,nmt Yi)
j=2

i=j+1 i=j+1

— 1 i— 1
-p (n‘IXj v <J—~n——+5> Y, n 'Y, v (j—+6> Y).
: n

Using (4.6) and (4.1) again, we obtain I, < X7 A(n—j)' " ((j—1)/n+8)~"
v,(n~'X;,n"'Y,). Hence, , < A4 'v (X, Y )n' "X  (j—1+B) " and
this implies that

A4r71vr(xl, Yl)nl_,

B (r—1) *8)

L <

Now combine the estimates (4.7), (4.8) and those of Proposition 2 to
obtain p(n™'M,, v Y, n7!N, v 8Y)< C,n' ", where

ARy a4t
C1=< B’ +Br71(r_

2

TR (§> + 2'> v,(X,, Y).

Using (4.5) we obtain p(n'M,,Y)<c,Cin'~"+c,Bn~! and hence
(1<r<2),

p(n"'™M,,Y)<(c,;,C,+¢,B3 " *)n' . 4.9)

Now we shall choose 4 and B to ensure (4.6) remains valid for k=n.
Obviously, k=1 and k=2 in (4.6) show that A4>=p(X,,Y,) and
A=2"p(X,,Y,). A close examination of (4.9) shows that ¢, C+c,B3 2=
aA/B"+PA/B ' +y+1B, wherea=c,(3) v,(X,,Y,), B=c, (4"~ v, (X,,Y,)
(r—1)), y=¢,(4"3+2") v,(X,,Y,), and n=c¢,3""2 Now choose B
sufficiently large to ensure that o/B"— f/B"~'< 1. Then choose A large
enough so that 4 >max(2'p(X,, Y,) 2(y + 2B). It follows from (4.9) that
(4.6) holds for k =n.

Remark. Since 1<r<2 we have a/B"+ /B ~'<(a+ B)/B"~'. Now
choose B=(2(a+ §))""~". It is easy to see that B=w(v,(X,, Y,))"* 1,
where o depends only on r and k. As for 4 we can take

A=A*=max(2p(X,, Y, ), 0,v,(X,, Yy) + 0,9 VX, YY), (410)

where w,, w, only depend on r and k. It follows that 4 < C max(p(X,, Y,),
v.(X,, Y)), v/ (X,, Y,)), where C only depends on r and k.

Proof of Theorem 4.2 in Case r>2. 1Ifr>2, then p,(X,, Y) < oo implies

683/38/1-4
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that p,(X,, Y)<max(p,(X,,Y), p(X,, Y))< oo and (4.6) holds with r=2,
all k=1, with 4= A4* (cf. (4.10)):

p(n~'M,,Y)<A4*n~', n>1. (4.11)
Choose m so that 1 <m <n- 1. Obviously we have
Fy, (nx) — Fy(nx) = (Fx, "(nx) — Fy~ "(nx)}(FY (nx) — Fg(nx))
+ FY M(nx((Fy, (nx) — F3(nx)) 4 Fg'(nx)(Fy ™~ "(nx) — F3~"(nx)).

Using [Fx, — Fy|<m|Fx, —Fy| and (cf. (2.3)) Fy(nx)=Fy((n/k)|x])) <
B(r)(n"/k")||x||", we obtain that

p(n M, Y)< ( \/X,,n”n\/m )
P(n_l\/xia” l\m/ )
+B(r)p,(x,,Y1)((n—_"lr;1—);+”;—,'">. “412)

fm={n/2], n=2, (4.12) and (4.11) show that

*

A
p(n‘an,Y)Sp(m“Mm,Y);+B(r)pr((xnY1)3’n"’)- (4.13)
Let N >3 denote an integer to be determined later. Using (4.11) we have
A*
plk M, Y)<—]E—<A*N"2k“’, k=1,2,..,N. 4.14)

Now we prove the result of the theorem by induction. Suppose that
ok~ ™M, Y)Y Kk' ", k=12,..,n—1Ln=N, (4.15)

where K will be determined later. We have to show that (4.15) also holds
for k =n. Using (4.13) and (4.15),we obtain

A*
p(n'M,, Y) < Km! ";+B(r) pX,,Y)3n' "

<Kn1—,{6"1A* B(r)p,(xn,YB'}

[v2] * K
2.6 A% B(r) p, Xy, YO
N=2 K

<Kn"’{ } (4.16)
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Now choose N sufficiently large to ensure that N>3 and 4.6"7'4*<
N—2;ie., take N=[4-6""'4*]+ 3. Next choose K such that (cf. (4.14))
K> A*N"~? and (cf. (4.16)) K>2B(r) p,(X,, Y)3". These choices show
that in (4.16) we have p(n'M,, Y)<Kn'~"; ie, (4.15) holds also for
k=n |}

Summarizing our findings for the constant 4 in Theorem 4.2 we have

COROLLARY 4.3. In Theorem 4.2 we can toke

e A*=Cmax(p(X,,Y), v,(X;, Y), v/ =DX ) Y) if 1<rg2
Cmax(4* ', p(X,,Y)) o if r>2,

where C is a constant which depends only on r and k.
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