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The asymptotic distribution of some test criteria for a covariance matrix are
derived under local alternatives. Except for the existence of some higher moments,
no assumption as to the form of the distribution function is made. As an illustra-
tion, a case of ¢ distribution included normal model is considered and the power of
the likelihood ratio test and Nagao’s test for sphericity, as described in Srivastava
and Khatri and Anderson, is computed. Also, the power is computed using the
bootstrap method. In the case of ¢ distribution, the bootstrap approximation does
not appear to be as good as the one obtained by the asymptotic expansion
method.  © 1992 Academic Press, Inc.

1. INTRODUCTION

Let px 1 vectors X, .., X be a random sample of size N on the vector
X having a continuous multivariate distribution function with pdf A(x),
mean vector u, and covariance matrix 2. Suppose we are interested in
testing the hypothesis H,: X e w against the alternative H,:2eQ-—w,
where € stands for the set of all p x p positive definite matrices and w is
a subset of @ with § p(p+1)—r(T) unknown parameters. This problem
contains many tests of problems hypotheses on the covariance matrix X
such as Hy: X'=1,, or H,: 2= 0211,, etc. For these problems, we consider
test statistics of the form

T,=nT(Sy), (1.1)

where
N

N
nSy=Y (X;—X)(X,—X), ¥=N"'Y X,and n=N—1. (1.2)

i=1 i=1
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For example, in the case of testing for sphericity £=¢I,, T, could be
taken as the likelihood ratio test or Nagao’s test for the normal model as
given in Srivastava and Khatri [13] or Anderson [1].

The asymptotic non-null distribution of T, for fixed alternative H, was
given by Chan and Srivastava [4] without assuming any form for the dis-
tribution function of the random vector X (except for the existence of some
higher moments). The first term of this asymptotic distribution is a normal
distribution. However, such asymptotic expansions do not provide good
approximation for alternatives close to the null hypothesis, as was shown
by Chan and Srivastava [4]. In this paper, we give an asymptotic distribu-
tion of T, under local alternatives, the first term of which can be expressed
as a weighted sum of independent noncentral y° variates. As an illustration,
we compute the power of the likelihood ratio test and Nagao’s test for
sphericity under local alternatives, assuming normality and ¢ distribution.
We also compute the power by the bootstrap method.

2. STOCHASTIC EXPANSION OF T, AND DISTRIBUTION OF
LOGARITHMIC TRANSFORMATION OF Sy

Without loss of generality, we can assume E(Sy)=2, =1+ (1/\/;) O, as
local alternatives, where @ is fixed symmetric matrix and the rank of @ is
r(T). To derive the asymptotic distribution, we assume

(i) TU)=0,
(ii) aT(I)/ds,, =0, (2.1)
(iii) F=(8*T(I)/0s,p 0s.4) is positive semi-definite

matrix with rank r(T).

In the above and in the rest of the paper the derivatives such as 67(S)/0s,5
evaluated at S=1I will be denoted by dT(1)/0s,4, etc. Let

Sy=Zexp (/2n Z) Z)7,

(2.2)
T,=nT(Sy),
where A2 is a symmetric matrix such that A= A4"24"2 Such a matrix
always exists for a positive semi-definite matrix. Expanding the exponential
term in Sy and Z/2=(J +(1/y/n) ©)'7, we find that, under assumptions
(i) and (ii), T, can be expanded as
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1
Ty=nT(Sy)= Z Z Ty call) (an +—= 9ab>
ash csd \/5

1

[ ) R L, BTt
SV AN ad+}0w>

1
N Z ab:cd: ef(I)
e<f

14
2 gl Hcaead>] +

x£

ofty 1

a<bh c<d

x<z +-1—9 )(z +—1——8 )
ab \/i ab cod \/5 cd
x(zef+j—_£0ef>}+0p(n"), (2.3)

where Z=(z,,) and © = (6,,). To obtain the asymptotic distribution of Z
which is a logarithmic transformation of Sy, ﬁrst we give an Edgeworth

expansion of the distribution of V= (v,,)=/n/2 (2> SyZ > —1I). The
characteristic function of v=(v;, ..., v,,, V52, ..y ) is given by

oo (i g, )

=1+1'E( Y ta,,u,,b>—%E<2 tabuab) —-—E( Y tabvab>

asbh agb asb

bp1.p

1 2
=1——5E<2 t,,bvab> - <Z tabvab) T (24)

asb a<bh

where t= (¢, sy, tizs o t,_1,) is a real vector and i’= —1. To
evaluate the above expressions, we need the following assumption on
moments of v, (or s,,), in addition to assumptions (i}-(iii) given above:

(IV) Evabvcd= cab:cd+ O(nvl)

2.5
Evabvcdvef =V 2/’1 dab : cd:ef+ O(n - 3/2)- ( )
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Then we have

cfon(r o)

1
=exp(——5 Z z tabtcdcab:cd>

agsb c<d

X{l—‘;/i/i Z Z 2 dab:rd:eftabtc'dt€f+0(n1)}' (26)

Rashb csd e<f

Thus the first term of the asymptotic distribution of v is a § p(p+1)
variate normal distribution with mean 0 and covariance matrix
C=(Cap: ca)-

In order to obtain the distribution of v having the above characteristic
function, let #4(v) be a distribution corresponding to the characteristic

function My(t)=exp(—3Xucs LecalavlcaCa: ca):

MO( Jexp< Z tabvab) O(U) n dvab' (27)

as<b a<h

Integrating by parts, we obtain

—itaMol)= [x0 (1 % tuvs )5 ho) T dows (28)

as b E]

Similarly, we have

ita,,zcdtefMo(t)zj.exp (i Z tabvab)<——a—w——) H U (29)

ash 004 004 00 ,) 2,
Now we have

63h0(”)
OV OV, OV ¢

= hy(v) {(gubmf)< )) g"”"””)

g<h

+(gcd:ef)( Z gab:ghvgh>+(gab:cd)( Z gqf:gh”gh)

g<h g<h

—(Z gah:gh”gk)(Z gcd:ghvgh)<z gef:ghvgh)}ﬂ
g<h gsh g<h

(2.10)
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with G=(g,,..«)= C ~'. Thus the asymptotic distribution of v is given by

ho(v)[l {/Z Y 2 duieie

Ragh csd e<f

X {( Z gub:gh”gh)( Z gcd:gh”gh)( Z gef:gh”gh)
g<h g<h gsh
'(gub:ef)( Z gc.}:ghvgh>—(g(-d:e/‘)( 2 gab:g/vvgh>

g<h g<h

_(gub:('d)(z gef:ghvgh)}-l'o(ngl)]- (211)

gsh

Since V= ./n/2(exp(\/2/n Z)—I), we have, as in Nagao [10],

) _ {IUJ <2>‘/’3 (exp(\/__ ni; )'exp(\/’- },))} exp(\/—/; tr Z),

aZ) A=A
2.12)
where A, is an eigenvalue of Z. Then we obtain
V) ﬁ
(p+VHtrZ+0(n'). (2.13)
aZ)y 2 /n
Since
Uup ab+ \/\/-_Z ZyaZ rxb+0( “1)
the asymptotic distribution of z=(zy,, ..., 2,,, Z12, .., Z, 1. ,) 18 given by

2 {1
ho(é)[l+J{2 (P‘}'])UZ"“ z Z Z Bab: cdZab € caad
ﬁ u<b csd a=1

1 2 Z dap:cd: o (( ) gubighzgh>

g<h

Z
2 gtd gh‘gh)( z gej:ghzgh)"(gub:qf)

g<sh

8ed: gh“gh) (g('d:ef)<z gab:ghzgh)—(gah:cd)

g<h

Z
2 el gh'glz)}ﬁ"o(nﬁl)}, (214)
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where ho(z) is a p(p +1)/2 variate normal distribution with mean 0 and
covariance matrix G~ ' =(gu..4) ' =

3. CHARACTERISTIC FUNCTION OF TEST CRITERIA T,
From Section 2, the first term of the characteristic function of T, say,
¢(t) is given by

c(t)=const-ICI_I/Zjexp[—%Z’C‘lz+(it) Yo X Tu.call)

asbh c<d
x(z +— ! 0, )( +—= L )] I 4
a C Za
b ﬁ d \/— i<h b
=|C| V2 |C~ ' =2itF| " exp [(it)2 o (C1—2itF)’1F0+£2{0’F9],

(3.1)

where 0=(0,;, .., 0,,,
T, and T, such that

T\ FV2C'2Ty = diag(\/A11s > v/ App> v/ A125 s A/ Are o5 05 o, 0)

D2 0
= = D?
(o o)

where Ay, = -+ 24,24, - 24 ,>0 and these are eigenvalues of
CY2FC'?. The (r*, s*) are some integers such that the number of positive
roots is #(T). We note that due to assumption (iii) that F is positive semi-
definite and thus F'? is well defined. We shall now simplify the expression
on the exponent of ¢(¢), namely,

(t)

6125 - 8,_.,)". Now there exist orthogonal matrices

(it)* O'F(C —' — 2itF)~' FO+—=-0'F0

= (i) @' F'*T DV*(I - 2itD) ™' DT, F”29+(2)6F1/2T’ T,F'29

= (it) 1’ diag(Ayy (1 = 20t41) ™", s Ave yo (1 = 2itAe0) "1, 0, ., 0) 7
(@)
+ 5 nn
, Aa (ir)
=) Y rfb—nﬁﬁ—,_— > N

a<sbd 2”1!117 a<h

1 (it) n2,
- N Wab 32
2 Z 1—-2ith,, (3.2)

ash
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where
n= ("11: s Npps N12s s Hp l,p)l

=T, F"9=T,F'2C\*T,T;,C~"*

DI 0 ,
=( 61 0> T’2C_1/20=(r’11,-"5 nr‘,s“’oy --'50)'

Also we have

|CI =12 |C ~1 = 2itF) = = |I - 2itC}2FC 2| =12

= |I-2itD| "2 = [] (1=2ith,)~ "2 (33)

asb

Thus the first term of the characteristic function is given by

e(t)=T] {(1 —2itd )" exp (—@ﬁ-‘l—-rw )} (3.4)

- oM ap
a<h 1—2ith,, '

where

/“_{/1[;,‘, Aap>0
@0, Ay =0.

Since we can regard z as a normal distribution with mean
v=/2(it)(C ' —2itF)~' F§ with 6=(6,y,.,0,,,0,..0,_,,) and
covariance matrix (C ~!—2itF)~!, we shall calculate the expectations of
other terms under the following assumption (v):

-1/2
Dll

v) C‘/2T2< 5

g) T, F'%0 =0, (3.5)

Under assumption (v), the mean v simplifies to

_ﬁ g (71—t (P07 O\
=" {c T, (I~ 2itD) S RS (3.6)

Then we note that n+(\/§/2)0 contains terms dependent only on
(1—2itA,)~". We now calculate the expectation:
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2 (1
E{1+\/;{2 (p+1)trZ—§ Z Z Z 8ub:cdZabZcaZqa

a<bhb ¢<d a=1

Z dab:cd:ef[( Z gab:ghzgh)
d e<sf

g<h

8ea: ghzgh)( Z gef:ghzgh) - (gab:ef)
g<h

g<h

X( Z gt’d:ghzgh)—(grd:ef)( Z gab:ghzgh)
g<h

g<h

—(gab:cd)<2 gef:ghzgh)]ﬂit){ XY Y TupcaelD

g<h ash c<sd esf
e, 8. g,
X (zab + \—/_;—><z“,+ \—/_§><zef+ \/%)

0 L 0
+ Tos.call) ( 2, +—“ﬂ) [( )
agb <‘§d o d( )< ’ \/5 1§1 \/E

x(zuf,+\6/“%> 29619,[,]}+0(n“)} (3.7)

We obtain some formulas,

E{\/i Zw} = { Z Aup: a1 = 2itheg) "' A7 = Bab} =Vaps (3.8)

csd

where (a,,..,)=C'?T, and

142 = {'labl/z’ Aap >0

ab =

0, A, =0.
Also the covariance matrix (o ,,..,)=(C ' —2itF)~' can be expressed as
Oob:cd™ z aab:efa('d:ef(l '_2”;14)“1' (39)
e f
Then

1
E{fzabzc>dzef} =vubo'cd:ef+ vt'daab:ef+ vqfaab:('d+ ivubvcdvef' (310)

Also for the terms containing (it) in the expectations, at first we have

\/i(it)E<Zab+:}—50(1b)_(lt) ab> (3.11)
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Where v;b=zc<daab dl+/2(l—2nicd) l Put vab_22c<daab ca’('1+/2)3
x {(1—2itd ;)" ' —1}; then we obtain

ﬁ(it)E(za,,-i-—\l[—an,,):v:‘b (3.12)

and

V2 E (za,, + :}_E Oab>(z“, + ﬁ 9M><zef+ % 9, )

1
=V dior T VedO b or T VO . z‘d+§ VI ViaVes (3.13)

4. AsyMPTOTIC EXPANSION OF THE DISTRIBUTION OF T,

Let the function #(u(r)) stand for the inverse transformation of
a characteristic function u(z). At first we consider the distribution
corresponding to c(¢). Then we have

L(elt)) = P(x) = ( » xabxm(/abnab)q) @1

as<b

where the r(T) random variables y [lj(labnab) are mutually independent
and have y? distribution with one degree of freedom and non-centrality
(A4n2,)/2. Also, all the y* variates appearing hereafter are mutually inde-
pendent with some degrees of freedom with some non-centrality.

Next we consider the terms of l/ﬁ, which consist of sum/product of
Ve, V3, and g, . ., With some weights. We give some formulas:

L) 3= T 5P )0 P (42)
where
pr<x)=P( X xabx%able,](azbni»sx), (43)
and

[ab|ef]={3 {a,b)=(e, /)

1 (a, B)# (e, f). (44)

Llclt)v¥)=3 Z acq. e/(A+/2) (P(x)— P(x)).
e<f

683/43/2-12
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Also we have

g(c(t) vtdaef:gh)) = Z Z acd:ijaef:klagh:kl'ly;/zpij:kl(x)

i<j k<!
~0.4 Y. ur. . 5 Py(X), (4.5)
i<j
where
Py )= P( T D212 <) (46)
and

5 (a,b)=(, j)=(k,])
Lablij:kl]=<3  (a b)=(i, j)or (a, b)=(k,])
0 otherwise.

Similarly, we have

"g(c(t) v:do—ef:gh)z% Z Z a(‘d:ij(’ll;/z)3

isj k<1
X aef:klagh:kl{Pij:kl(x)—PkI(x)}' (4.7)
Finally,
g(c(l) vcdvefvgh)

2 2 2
= Z Z Z acd:ijaef:klagh:mnii-;/ )”I‘&/ }"r:r{ Pij:kl:mn(x)

iI<j k<l m<n

_[gcd Z Z aef:l]'agh:k1+02f Z Z acd:ijagh:kl

i<j k<! i<j k<!
/29 42
+0 3, Y acd:ijaef:kl]'{ij A Py a(x)
i<j k<l

+ <9cd0ef Z agh:ij+06f0gh 2 acd:ij+0gh0('d Z aef:ij)

i<j i<j i<j

X }“;/ZPU(X) - GCdgefeghP(x)a

where

Pij:kl:mn(x):P( Z j'tzlvx%alzlij:l’d:mn](’]‘;—b"zzzb)<X> (49)

asb



TEST CRITERIA FOR A COVARIANCE MATRIX 341

and

(7 (a,b)=(,j)=(k,])=(m,n)

5 exactly two pairs of three pairs (i, ), (k, /),
(m, n) equal to (4, b)

3 exactly on pair of three pairs (i, j), (k, [),
(m, n) equal to (a, b)

\ 0 otherwise.

[ab]ij:kl:mn]=<

Z(c(t) Vfd"éf"éh)"% Z Z Z Ao ijQef ki%gh . mn

i<j k<i m<gn

X (l;/2)3 '{l:;/zlr::/z{Pij:kl:mn(x)_ Pk]:mn(x)}‘ (410)

n

Thus we have the following theorem:

THEOREM 4.1. Under local alternatives, the asymptotic distribution of the
test statistic T,=nT(Sy) under assumptions (i}—(v) can be expressed as a
weighted sum of r(T) independent non-central y* variates, where r(T) is the
rank of F.

5. ASYMPTOTIC DISTRIBUTION OF TEST STATISTIC UNDER A { DISTRIBUTION

In this section we consider a ¢ distribution, as distribution. In a
multivariate ¢ distribution with & degrees of freedom, we have

(5.1)

I,+1G 0
C':(Cab:cd):(CI P+ i )s

1
0 c1alpp 12

where /= 3(c, — 1) with ¢, = (k—2)/(k—4). Also I, and 1,(, _,, stand for
identity matrices of order p and p(p — 1)/2, respectively. Furthermore, G,
means a matrix with all entries one. For details of the ¢ distribution, we can
refer to DeGroot [5]. Also we note that in a case of a normal ¢, reduces
to 1 and C'Y?FC'? is idempotent for many statistics T, =nf(Sy) and
equals CF. In a multivariate ¢ distribution, d,, ..., in (2.5) is given by
dab cedief = %[5ab {(CZ - 3Cl + 2) 5cd 6ef+ (CZ — cl)(éce 5df

+ (Scf 6de)} + 6ac {(02 —C ) 6bd 6ef+ CZ(ébe 5df+ 6bf5de)}

+0,a{(c2—¢1) 84 Op+€2(0pe O p+ 04p0.0) }

+ 0, {(cr—¢1) Opp0.a+ €20 04+ 85401}

+ 5af{ (c2 - Cl) 5be 6c‘d + 62(617(' 66‘(1 + 6bd éc‘e) } ]’ (52)
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where

_ k-2p
T k4 k—6)

In this section, we treat the following hypothesis concerning a covariance
matrix; the null hypothesis Hy: X' =a°I,, where ¢ is unspecified positive
constant, against the alternative hypotheses H,: 2 # ¢°1,. For this problem
we consider two test criteria, namely the likelihood ratio (=LR) test and
Nagao’s test. These tests in a normal case are discussed in Anderson [1]
and Srivastava and Khatri [13]. The rejection regions of the LR test and
Nagao’s test are, respectively,

{Svln{plog(p~'tr Sy)—log|Sxl} >c,} (53)

and

2
%tr{SN(trSN)‘~p“11p}2>ca}. (54)

5

Then, by Chan and Srivastava [4], the matrices F and T, . 4. (1) of the
two tests are given as

1
I,— 0
F= (Tab:cd(l))= i P i . (55)

0 211’(11‘1)/2

Also for the LR test we have

2p*-1), a=b=c=d=e=f
2p~2 a=b=c=d#e=f
Tab:cd:ef(l)z ) a=b=c=e;£d=f (56)
0, otherwise;
and for Nagao’s test,
_6p‘1(1—p*1)’ a:b:c:d:e:f
—~2p7 Y1 =3p Y, a=b=c=d#e=
Tupocarg=4 22 U=% ) 7 (s7)
—4p~ a=b=c=e#d=f

0, otherwise.
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Then the eigenvalues of CF are ¢, with multiplicity f= p(p+1)/2—1 and
zero. Thus (3.4) reduces to

it 1
c(l)=(1—2itcl)f/2exp<1 l;;tc ) n§b>. (5.8)
— 2llcy

Ciach

Y acs 2 =n'n=0F0=tr © since tr & = 0. Therefore the limiting distribu-
tions of the LR test and Nagao’s test are the same and they are ¢ times
non-central y* distributions with f'= p(p + 1)/2 — 1 degrees of freedom with
non-centrality 62 = tr ?/(2c,). By this result we find these two test criteria
are robust test statistics. Next we give the 1 /ﬁ terms. Since Ez=
J2(it)(C ™ = 2itF) = FO and

(Gup.ca) =(C ™' =2itF)~!

L—(h+ 2ite)(1 + k)~ (G, /p) 0
=c(1—-2itey) ™ | o L ,
0 %Ip(p—l)ﬂ
(5.9)

where h=c,{2[c,(p+2)~p]~'—c; '}, we have

vy =0,,{(1 = 2itc,)" ' — 1} (5.10)

and

1
Oup:cd=C1 [5 (00c Opat 04a 04 )(1 = 2itcy) !

1 -1 oy
{0+ R) T = (1= ey }5“5(,0,]. (5.11)
Also the v, in (3.11) and v* in (3.12) are v,,=0,(1—2itc,)~! and
v¥, =0,{(1—2itc;)"* —1}/(2c,). At first we have
Z(e(1))=Pr(c, x;(8%) < x). (5.12)
We put Pr(c,x;(3%) < x)=P,(6%). Then
Z(c(t) Vcd)=ecd{Pf+2(52)_Pf(52)},

1
73("-’(3) Vi =50 L(c(t) v.a),
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L6l0) Ve ) = 18| 5 Oox B Br )Py a57) = P o57)
2 8yl a8 - [+ 1]
X P, () +(1+h)! Pf(éz)}],

1
g(c(t) v:daef: gh) =Z g(C([) vcdoef: gh)’

L(c(t) VoaVerVen) = 040,004 (Pr o(6%)— 3P, 4(6%)
+3P,,,(8%)— Pi(8%)),

1
L(c(t) viaverven) =5 L(c(t) VeuVerVen)- (5.13)
1
Therefore we have

THEOREM 5.1. Let p x p matrix X be a covariance matrix of a p-variate
t-distribution with k degrees of freedom. For testing the hypothesis
H,: £ =¢?I, against the alternatives H,: X # 61, where ¢” is unspecified
positive number, the distribution of the LR test A given by (5, 3) is expanded
as

Pr(/<x)= Py 52”—? tr(8/0?)} {(E—%— 1) Py, (6%

3¢, 2 &_ 2
_<;——4)P,+4(5) (c 6)Pf+z(5)

1 1

. (iz ) P,(az)} +0(n Y, (5.14)

where P;(87) is ¢, times noncentral y* distribution with f degrees of freedom
with noncentrality 8* and

_k=2 __ k=2 a_ b 2y2
CTE T 52 3. W(6/0)  (515)

In a normal case, ¢, and ¢, reduce to 1. The above result coincides with
Nagao’s on [9] in case of a normal for the sphericity test. Similarly,
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THEOREM 5.2. Under the same assumption and notation as in
Theorem 5.1, the distribution of Nagao’s test statistics is given by

1 —1
Pr(T < x) = P,(6?) +~;c‘7 tr(0/0?)* {f,—i P, 6(6%)
1

7

c c
(S 1) 3 (2 o)

91 1

—(%—3> Pf(éz)}-l-O(n’l). (5.16)

1

The result in a normal case given by Nagao [11] is included in the
above result. Also Hayakawa [6] derived the asymptotic distribution of
these test criteria under local alternatives for an elliptical distribution.
However, his results seem to be very complicated.

6. NUMERICAL EXAMPLES

In this section, we give some numerical powers for the sphericity test.
For a t-distribution with k degrees of freedom, we modify the LR test and
Nagao’s test T as

k-~ k—

/'L’—_—k-TXQCa, T'=E‘_—T>Ca- (6.1)

=N
E=N

[\
N

Numerical powers are calculated by two methods due to asymptotic expan-
sions and the bootstrap method used by Beran [3]. At first we explain the
bootstrap powers.

We shall mention how to calculate them under covariance matrix
2 =2, in a sphericity test. We construct vectors x; (i= 1, .., N) consisting
of having a multivariate ¢ distribution with k degrees of freedom, mean 0,
and covariance X ,. We note that when k = oo, this distribution reduces to
a multivariate normal distribution with mean 0 and covariance X' ,. Let, as
in Beran and Srivastava [2],

1/2 —1/2 -
yi=X TEx, (i=1,.,N),

where Xz, =(1/N)X)_, (x,— X)(x,—X) and F, means an empirical
distribution.
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From {y,, .., vy}, we choose N random vectors y§, .., y% with replace-
ment. Then they can be regarded as a random sample with mean

VY% and covariance matrix X,. For each sample x,, .., xy, we
draw samples from F, a great many of times and calculate the test
statistics. An approximation of the power is given by dividing the number
of rejection cases with the number B of bootstrap replications. In this place,
we set B= 500 and we repeat this procedure 100 times and we calculate an
average and the standard deviation. We call the averages the bootstrap
powers. The value in parenthesis in the tables are the standard deviations
of 100 trials. To find the power of the test, we have to obtain the critical
value ¢,. In order to obtain ¢,, we have a few methods such as those based
on exact distribution, asymptotic distribution, or empirical distribution.
The third method can be found in Beran [3]. In this paper, for a normal
case, we use critical values due to asymptotic distributions of test statistics
in Anderson [1] and Nagao [9]. Also for a ¢ distribution, critical values
are calculated by a limiting distribution which is a x? distribution with
f=p(p+1)/2—1 degrees of freedom as given by Muirhead and Waternaux
[8] in case of elliptical distribution.

Case 1. For testing the hypothesis H:X =g, against alternative
Y=(1—=p)I+pll’" with 1=(1,1,1)", we give the powers under a three-
dimensional normal and ¢ distribution with 10 degrees of freedom.

N =50 (normal distribution)

p LRT B-LRT Nagao B-Nagao
0.01 0.051 0.079(0.030) 0.055 0.066(0.025)
0.03 0.056 0.072(0.022) 0.061 0.062(0.020)
0.05 0.067 0.083(0.026) 0.072 0.071(0.023)
0.08 0.096 0.109(0.027) 0.104 0.100(0.025)
0.10 0.126 0.140(0.036) 0.136 0.129(0.034)

N =50 (¢ distribution)

p LRT B-LRT Nagao B-Nagao
0.01 0.050 0.048(0.035) 0.050 0.035(0.030)
0.03 0.054 0.057(0.052) 0.054 0.042(0.041)
0.05 0.062 0.063(0.051) 0.063 0.048(0.038)
0.08 0.084 0.082(0.065) 0.084 0.064(0.052)

0.10 0.105 0.099(0.048) 0.106 0.080(0.039)
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p LRT B-LRT Nagao B-Nagao
0.01 0.051 0.063(0.020) 0.054 0.056(0.019)
0.03 0.060 0.072(0.023) 0.063 0.066(0.023)
0.05 0.078 0.089(0.023) 0.082 0.084(0.022)
0.08 0.129 0.130(0.030) 0.134 0.127(0.028)
0.10 0.186 0.181(0.030) 0.189 0.182(0.029)

N =280 (¢ distribution)

p LRT B-LRT Nagao B-Nagao
0.01 0.051 0.041(0.028) 0.051 0.034(0.025)
0.03 0.057 0.049(0.030) 0.057 0.043(0.026)
0.05 0.070 0.067(0.042) 0.07t 0.059(0.037)
0.08 0.107 0.092(0.051) 0.107 0.085(0.046)
0.10 0.144 0.116(0.046) 0.145 0.111(0.042)

N =100 (normal distribution)

p LRT B-LRT Nagao B-Nagao
0.01 0.051 0.061(0.018) 0.054 0.055(0.017)
0.03 0.062 0.067(0.018) 0.065 0.063(0.017)
0.05 0.085 0.091(0.022) 0.089 0.087(0.021)
0.08 0.152 0.152(0.029) 0.157 0.150(0.028)
0.10 0.221 0.215(0.030) 0.228 0.220(0.028)

N =100 (¢ distribution)

p LRT B-LRT Nagao B-Nagao
0.01 0.051 0.054(0.042) 0.051 0.048(0.038)
0.03 0.059 0.059(0.034) 0.059 0.053(0.032)
0.05 0.076 0.076(0.059) 0.076 0.071(0.055)
0.08 0.123 0.111(0.040) 0.124 0.107(0.036)
0.10 0.172 0.148(0.050) 0.173 0.148(0.047)
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From these tables, we find that the bootstrap powers are good for a
normal distribution but not for a ¢ distribution.

Case 2. For testing the hypothesis H: X =g?I, against alternative

X =diag(a,, 1, a,), we give the powers under normal and ¢ distribution
with 10 degrees of freedom.

N =50 (normal distribution)

a, a, LRT B-LRT Nagao B-Nagao

0.9 0.9 0.058 0.076(0.036) 0.063 0.064(0.031)
0.8 0.9 0.079 0.095(0.028) 0.085 0.081(0.025)
0.8 0.8 0.092 0.108(0.036) 0.100 0.097(0.032)
0.9 1.1 0.073 0.092(0.027) 0.079 0.079(0.024)
0.8 1.1 0.113 0.122(0.034) 0.120 0.104(0.030)
0.8 1.2 0.157 0.165(0.035) 0.166 0.148(0.034)

N =50 (¢ distribution)

a, a, LRT B-LRT Nagao B-Nagao

0.9 0.9 0.056 0.061(0.054) 0.056 0.044(0.042)
0.8 0.9 0.071 0.063(0.038) 0.071 0.047(0.030)
0.8 0.8 0.081 0.082(0.041) 0.081 0.054(0.031)
0.9 1.1 0.067 0.068(0.043) 0.067 0.049(0.032)
0.8 1.1 0.095 0.089(0.043) 0.095 0.064(0.034)
0.8 1.2 0.127 0.106(0.043) 0.127 0.080(0.033)

N =80 (normal distribution)

a, a, LRT B-LRT Nagao B-Nagao

0.9 0.9 0.064 0.074(0.022) 0.067 0.068(0.020)
0.8 0.9 0.098 0.103(0.025) 0.102 0.095(0.023)
0.8 0.8 0.122 0.124(0.029) 0.127 0.119(0.028)
0.9 1.1 0.088 0.098(0.024) 0.092 0.092(0.022)
0.8 1.1 0.157 0.168(0.028) 0.163 0.149(0.028)
0.8 12 0.236 0.242(0.030) 0.243 0.224(0.030)
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N =280 (¢ distribution)

a, a, LRT B-LRT Nagao B-Nagao

09 09  0.060 0.054(0.037) 0.060 0.045(0.032)
08 09  0.085 0.086(0.062) 0.085 0.072(0.056)
08 08  0.102 0.097(0.054) 0.102 0.085(0.046)
09 11 0078 0.077(0.054) 0.078 0.065(0.050)
08 L1 0127 0.114(0.051) 0.126 0.095(0.049)
08 12 0182 0.160(0.069) 0.182 0.140(0.065)

N =100 (normal distribution)

a, a, LRT B-LRT Nagao B-Nagao

0.9 0.9 0.067 0.074(0.020) 0.070 0.069(0.020)
0.8 0.9 0.112 0.116(0.026) 0.115 0.108(0.025)
0.8 0.8 0.143 0.149(0.029) 0.148 0.145(0.028)
0.9 L1 0.099 0.104(0.021) 0.102 0.095(0.019)
0.8 1.1 0.189 0.200(0.028) 0.194 0.180(0.028)
0.8 1.2 0.292 0.291(0.031) 0.300 0.277(0.031)

N =100 (¢ distriution)

a;, a, LRT B-LRT Nagao B-Nagao

0.9 0.9 0.063 0.056(0.029) 0.063 0.049(0.026)
0.8 0.9 0.095 0.085(0.039) 0.095 0.074(0.035)
0.8 0.8 0.117 0.098(0.043) 0.117 0.091(0.040)
0.9 1.1 0.085 0.073(0.036) 0.085 0.064(0.032)
0.8 1.1 0.149 0.129(0.048) 0.149 0.111(0.046)
0.8 12 0.222 0.196(0.060) 0.222 0.174(0.057)

In a normal case, the values in asymptotic expansions show that Nagao’s
test 1s better than LRT. This fact indicates that Nagao’s test is locally best
invariant test as shown by John [7] and Sugiura [14]. Also Nagao [12]
in the normal case has considered another property. However, from
Cases 1 and 2, we may say that the bootstrap approximations are not good
for a ¢ distribution. Whereas the asymptotic expansions seem to give
reasonable values for even a ¢ distribution.
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