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1. Introduction

Let T:={zeC:|z]=1}and D := {z € C : |z| < 1} be the unit circle and the closed unit disk, in C, respectively. For
d € N, a d-variate ARMA (autoregressive moving-average) process {X : k € Z} is a C?-valued, centered, weakly stationary
process with spectral density w of the form

w(e?) = h(e®)hEe?y, 0 e[-m, m), (1)
where h: T — C9*¢ satisfies the following condition:

the entries of h(z) are rational functions in z that have no poles in D, and det h(z) has no zeros in D. (2)
The finite predictor coefficients ¢, ; € cixd je{1,...,n}, of {X,} are defined by

Pion—11Xo = ¢n1X-1+ - + PnnXon, 3)

where, for n € N, P_, _1}Xo stands for the best linear predictor of the future value X, based on the finite past
{X_n, ..., X_1} (see Section 2 for the precise definition). The finite predictor coefficients ¢, ; are among the most basic
quantities in the prediction theory for {X}.

The main aim of this paper is to derive a closed-form expression for the finite predictor coefficients ¢, ; of a multivariate
ARMA process. More precisely, in the main result of this paper, i.e.,, Theorem 6, we show that the finite predictor
coefficients ¢, j can be expressed in terms of several explicit matrices to be introduced in Section 4, which are of fixed sizes
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independent of n, unlike, e.g., the matrices that appear in the Yule-Walker equations for ¢, ;. See Example 5 that illustrates
this point. The significance of the closed-form expression for ¢, ; is that it provides us with a linear-time algorithm to
compute ¢n 1, ..., Pnn (See Remark 6).

The closed-form expression for ¢, ; also provides us with a powerful tool to study problems concerning the asymptotic
behavior of ¢, ;. Among such problems, we show a result on the asymptotic behavior of the sum Z;'Z] lpn; — ¢l as
n — oo, where ¢; are the infinite predictor coefficients; see (18). This sum appears, for example, in proving the consistency
of the autoregressive model fitting process and the corresponding autoregressive spectral density estimator (see Berk [3]),
and in proving the validity of autoregressive sieve bootstrap (see, e.g., Bithimann [6] and Kreiss et al. [13]). Because of
difficulties in finding the asymptotic behavior of Z}; lon; — @;ll itself, Baxter’s inequality

n o0
D lignj =l <K D ligyl, K €(0, 00),
j=1 j=n+1

in [2] has been used instead. Under a mild condition on the multivariate ARMA process, the closed-form expression for
¢nj now enables us to determine the precise asymptotic behavior of Z]';] lpn;j — @jll as n — oo (see Theorem 8). It turns
out that Baxter’s inequality gives an asymptotically optimal bound of ij’:l l¢n; — &;ll in the sense that

n
. Zj:l ||¢n,j - ¢]||
nooo Y gl

holds (see Corollary 9).

The proof of the closed-form expression for ¢,; is long. One important ingredient of the proof is the explicit
representation of ¢,; (see the proof of Theorem 6 in Appendix D), which was obtained recently in Inoue et al. [11],
extending the earlier univariate result in Inoue and Kasahara [8]; see also Inoue et al. [10] and Inoue and Kasahara [9] for
related work. To explain another important ingredient of the proof of the closed-form expression for ¢, j, we recall that,
for h : T — C9%¢ satisfying (1) and (2), there exists hy: T — x4 that satisfies (2) and

w(e”) = h(e”n(e” )" = hy(e”Vhy(e”), 6 €[-m, 7), “

€ (0, 00)

and that h; is unique up to a constant unitary factor (see, e.g., [11]). We may take h; = h for the univariate case d = 1 but
not so for d > 2. We show, in Theorem 2, that hﬁ’1 has the same poles with the same multiplicities as h~!. This is a key
finding in deriving the closed-form expression for ¢, ; when d > 2. We remark, however, that the closed-form expression
for ¢, itself, i.e., Theorem 6, is new even for univariate (d = 1) ARMA processes.

We explain the difference between the explicit representation of ¢, in [11], i.e., Theorem 5.4 in [11], and the closed-
form expression of ¢, ; in this paper. The representation in [11] holds both for long and short memory processes, and
has several applications such as the proof of Baxter’s inequality for multivariate long-memory processes in [11]. The
representation of ¢, ; in [11] is, however, not a closed-form expression since it involves infinite series. In this paper, for
multivariate ARMA processes, we transform the representation in [11] to a closed-form expression for ¢, ;. The advantage
of the latter is clear from the fact that it can be viewed as a linear-time algorithm to compute ¢y 1, ..., ¢nn, as stated
above.

This paper is organized as follows. In Section 2, we give preliminary definitions and basic facts. In Section 3, we
prove the correspondence between the poles of h~! and h; ! In Section 4, we introduce several matrices which are to
become building blocks for the closed-form expression of ¢, ;. In Section 5, we present the main result, i.e., the closed-
form expression for ¢, ;. In Section 6, we apply the closed-form expression for ¢, ; to derive the asymptotic behavior of
Z;'zl l¢n; — @il as n — oo. Finally, the Appendix contains the omitted proofs.

2. Preliminaries

Let D := {z € C : |z| < 1} denote the open unit disk in C. Let C™" be the set of all complex m x n matrices; we
write C? for C4*1. We write I, for the n x n unit matrix. For a € C™*", a' denotes the transpose of a, and @ and a* the
complex and Hermitian conjugates of a, respectively; thus, in particular, a* := a'. For a € C%*¢, we write |a|| for the
norm [la|| := Sup,ccd < laul, where |u| = e |ui[*)!/2 denotes the Euclidean norm of u = (u!, ..., u%)T e C¢. We
denote by ngrd the space of C%*¢-valued sequences {ar}p2, such that Z,fio llakll?> < oo. For r € [1, 00), we write L.(T) for
the Lebesgue space of measurable functions f : T — C such that ||f||; < oo, where ||f||; := {ffﬂ [f(eie)|rd9/(2n)}1/r. Let
L™ ™(T) be the space of C™*"-valued functions on T whose entries belong to L.(T).

For d € N, let {X;} = {Xi : k € Z} be a C%-valued, centered, weakly stationary process, defined on a probability space
(82, F, P), which we shall simply call a d-variate stationary process. If there exists a positive d x d Hermitian matrix-valued
function w on T, satisfying w € L*(T) and E[XyX;] = [”_e"{m="¥y(el)dg /(2rr), n, m € Z, then we call w the spectral
density of {X,}. Here and throughout this paper, we assume that {X;} is a d-variate ARMA process in the sense that {X}
satisfies the following condition:

{Xk} is a d-variate stationary process that has spectral density w satisfying (1) with (2). (5)
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Remark 1. Suppose that {X} is a d-variate, causal and invertible ARMA process in the sense of [5], that is, a C¢-valued,
centered, weakly stationary process described by the ARMA equation
@(B)X, = ¥(B)Z,, nez,
where, for r,s e NU {0} and &;, ¥; € C¥¥4,ie {1,...,r},je{l,...,s},
Dz2)=lj—2P1—---— 2D, U(2)=Ilj—z¥ — - — 2’

are C%“_valued polynomials satisfying det ®(z) # 0 and det ¥(z) # 0 on D, B is the backward shift operator defined by
BXm = Xm—1, and {Z : k € Z} is a d-variate white noise, that is, a d-variate, centered process such that E[Z,Z;] = 6nn X for
some positive-definite X € C?*¢. Then, {X,} is a d-variate ARMA process satisfying (1) with (2) for h(z) = ®(z)~'w(z)X1/2.
Conversely, we can show that any d-variate ARMA process {Xy} satisfying (1) with (2) is described by the above type of
ARMA equation.

Write X, = (X!, ..., X!)T, and let V be the complex Hilbert space spanned by all the entries (X : k € Z, j € {1,...,d}}

in [2(£2, F, P), which has inner product (x,y)y := E[xy] and norm ||x|y = (x, x)‘l/z. For | C Z such as {n}, (—oo,n] =
{n,n—1,...},[n,00) ={n,n+1,...},and [m, n] .= {m, ..., n} with m < n, we write V]X for the closed linear span of
{X;:je{1,...,d}, keJ}yinV.Let (V)" be the orthogonal complement of V) in V, and let P; and P} be the orthogonal

projection operators of V onto V;* and (V/*)*, respectively.

Let V¢ be the space of C%valued random variables on (£2, 7, P) whose entries belong to V. The norm x|« of
x = (' ....x)7" € Vis given by [|x[lya = (Xo, [X2)2. For ] C Z and x = (x',...,x)T € V9 we write Pjx for
(Px!, ..., ijd)T. We define P]lx in a similar way. Forn e Nandj € {1, ..., n}, the finite predictor coefficients ¢, ; € cixd
of {Xi} are defined by (3). For x = (x',...,x))T andy = (y',...,y)" in V4, (x,y) == E[xy*] = ((x, ¥ )v J1<ij<a € C¢
stands for the Gram matrix of x and y.

For K € N, let py, ..., px be distinct points in D \ {0}. For u € {1,...,K} and i € N, we define p,,; : NU {0} — C by

Pu.i(k) = (i l{ ])pl;t*"“, k € NU {0}. (6)

Notice that p,,i(0) = (,°,)p; ™! = ;1. Take m, € N for u € {1,..., K} and let

K
M = Zmﬂ. (7
n=1

The next proposition will be used in Section 3 and Appendix B.

Proposition 1. For N € N U {0}, the M vectors p,; € C"M, e {1,...,K}, i€ {1,...,m,}, defined by
Pui= (pu,i(NL pu,i(N + 1), e pu.i(N +M — 1))

are linearly independent.
3. Correspondence between the poles of h™' and h;’

In this section, we assume that {X} satisfies (5). Let h and h; be as in (1) and (4), respectively, both satisfying (2).
Since h™! also satisfies (2), we can write h~!(z) in the form

K my mg
_ 1 .
Wz '=—po— D > ———puj— Y Zpoj. (8)
—1 j=1 (1—p,zy i—1
p=1j= =
where

K € NU {0},

p.€D\{0}, wmwefl,....K}, p.#Dpw, HFEV,

m,eN, pefl, ... K}, my € NU {0}, (9)

Puj €C™4 pefo,... K}, je{l,...,m.),  poeC™
Pp,my, 7& 0, JZRS {O, .. .,K}.

In fact, we can obtain the expression (8) from the partial fraction decompositions of the entries of h(z)~!; see Example 2.
We remark that the convention 22:1 = 0 is adopted in the sums on the right-hand side of (8).

The next theorem shows that h;’ ! of a multivariate ARMA process has the same mg and the same poles with the same
multiplicities as h~ 1.
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Theorem 2. For my, K and (py, my), ..., (px, mg) in (8) with (9), h;l has the form

K my mg
1 .
hZilz—n—E E 7,11‘—22] t‘, 10
#(2) Lo Pt a —ﬁul)’p’“ j_] Lo j (10)

where
p;}. eC™, pefo0,....K}, je{l,..., m,}, pg e x4,
{,o/’i!mM #0, pnef0,...,K}.
Moreover, we have
Prum, () = hPW) Pfy s €0, K} (12)
The first half of Theorem 2 is a key ingredient of the proof of Theorem 6, while the relations (12) play an important

role in the proof of Theorem 8.

Example 2. For p € D, let

1 0
h(z) = (1/(1 —P2) 1)'

Then h satisfies (2). For this h, we can take

1—1Ipl? 1
hy(z) =r 1—1|p)? 1 ,
g PR e L
1—pz 1—pz
where 1 := 1/y/1 — |p|> + |p|* (see Example 3 in [11]). We have
1
—|p|2+ — -1
1 0 1-—
hez) ' = ( _ ) hz) ' =r bz :
—-1/(1—pz) 1 1—|p| 2
1-— T35, 1—|p|

sothat K =1, mg =0, m; = 1, p; = p, and

_ (10 _(0 0 s _ . (IpP 1 c _.( -1 0
=70 1) A=A o) AT o —1igpp) P T - o)

4. Building block matrices

In this section, we introduce and study some matrices that serve as building blocks for the closed-form expression of
¢nj. We assume that (X} satisfies (5). Let h and hy; be as in (1) and (4), respectively, both satisfying (2). We also assume
that K > 1 for K in (8). This assumption implies that {X,} is a d-variate ARMA process that is not an AR process; see
Remark 3. For my, ..., mg in (8), we define M by (7).

Forpe{1,...,K},ie{1,...,m,}, and n € NU {0}, we define

pu.i(n) = pu,i(n)ld € CdXd (13)

using p, i(n) in (6). For n € NU {0}, we also define p, € C™xd by the following block representation:

Pr = (P1,1(0), ..o, Prmy (1) | P21(0), -, Pamy () | -+ | Proa(n), -, Prom ()T (14)
Notice that
Po=(4,0,...,0[Ig,0,...,0] -+ | I4,0,...,0)" e C™*< (15)
We define A € CIMxM py
o0
A= Zpgpz‘. (16)
=0
For u,v € {1,2,...,K}, we define A*" e C%Mu*dmv by the block representation
A1, 1) Av(1,2) - ARY(1,m,y)
ARY(2,1)  ARM(2,2) - ARY(2,m,)
AV = ) . . .

’

AVY(m,, 1) AY(mg,2) oo AY(my,m,y)



A. Inoue / Journal of Multivariate Analysis 176 (2020) 104578 5

where, forie {1,...,m,},je{1,...,m,},
j—1 . . . j—r—1=i—r—1
. i—1\[(i+j—r—-2\ P.7p, dxd
AV ) = — ;e C™
7 Z< r )< i-1 )(1—pﬂpu>l+fﬂ ‘

Here is a closed-form expression of A.

Lemma 3. The matrix A has the following block representation:

A],] A1,2 A1,K
AZ,,] A2,2 . AZ,K
A =
Ak'l Ak,Z . AI.(,K
We define
h(z) = {hy(2)}". (17)

Then h satisfies (2). We define, respectively, the forward MA and AR coefficients c, and a; of {X;} by

o0 o0
z) = ZZ"ck, —h(z) ' = szak, z €D,
k=0 k=0

and the backward MA and AR coefficients ¢, and a, of {X,} by

o0
h(z) = Zz"&k, —h(z)~ Zz dx, zeD.
k=0

All of {cy}, {ax}, {C} and {a,} are (CdXd-valued sequences that decay exponentially fast to zero, and we have cyag = Colg =
—I4. We have the AR representation ZZ: an_Xk+&n = 0 and the infinite prediction formula P_ _11Xo = Z,fil kX ks
where

¢ = ot € CY keN. (18)
We call ¢ the infinite predictor coefficients of {X}.

Remark 3 If K in (9) satisfies K = 0, then ap = po, ax = pox (1 < k < mp) and a, = 0 (k > mp + 1). In particular, we
have Z o Xn—k + €, = 0 for n € Z. This implies that P_, _1\Xo = ¢1X_1 + - - - + ¢y X_m, for n > max(mg, 1) and ¢y
in (18). Therefore, the finite predictor coefficients ¢, ; in (3) are trivially obtained. By this reason, we assume K > 1 in
Sections 4-6.

For h in (17), we see from Theorem 2 that

K my

h(z)~ 1——00—22 1_p s Zzpo], (19)

n=1 j=1
where

Po=(pe).  Puj=(p, ), wel0,... K} je(l,....m.}.

Proposition 4. We have

My
n+j
o = zz( I o nzmotn, 20)

n=1 j=1
: Zi("ﬂ )p"b o nzm 1)
n s 1 nl’mn.g» = .
Moreover, if mg > 1, then we have
K my 1
an—p0n+zz<n+]_ >7Z'0M" nef{l,...,m}, (22)
n=1 j=1

n+j—1 -
dy —p0n+ZZ< )pﬁpu.j, nefl,....m). (23)

n=1 j=1
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Proof. Since

é—i nt+j—1 nz" zeD, jeN (24)
(1_qz)i_n:0 ]_.1 q ’ q7 5] ’
(19) gives
D1 0
R O DM (I LN
n=0 n=1 j=1 j=1

Thus, (21) and (23) follow. Similarly, we obtain (20) and (22) from (8) and (24). O

For n € N, we define v,, ¥, € C¥M*xd by

[o]
Up == ZPNnH,
£=0
[e]
f)n = Zﬁlan+l~
=0
To give closed expressions for v, and v,, we introduce some matrices. For n € N and u,v € {1,2,...,K}, we define
iV e cdmexdmy by the block representation
Tlpﬁv(lal) #’U(lvz) #Yv(lsmv)
22 2N2,2) e &(2,my)
(o —
gl = ,
#,U(muv‘l) g#,v(mﬂ, 2) #,v(m/u mv)
where, forn e N,ie {1,...,m,},j {1, m,}, E7(i, j) € €% is defined by

£10(1,j) = i nHEA (T2 LA S
2 i—1 )= pap

For n € N, we define =, € C™M*dM phy

s 52 g
53,1 E}%l E#'K
(=) .
Ey =
35,1 E}fl E#’K

We also define p € C™*4 and p e C™*? by the block representations

T T T T T T T
= (pl,p--wpl.m] | P15+ Pamy [~ Pk 1 ~--»)0K,m,<)
and
=T T =T ~T ~T T T
P = (;01,1, ce P1myg | P2.15 -5 Pamy [ -] p1<,1,~~a91<,m1()
S — EE—
f # f f i i
:01,17 ---,,01,m1 | :02’17 ""102.m2 | | pK,p ---»PK,mK> P
respectively.

Here are closed-form expressions for v, and v,,.

Lemma 5. We have

6]

<

npP, n>mp+1, (25)
n0s M =mo+ 1. (26)

n

Cl
Il
|

Moreover, if myg > 1, then we have
mo—n

o+ Y Peponse.  ne{l....mg), (27)
=0

6]

Un
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mp—n

Un = Enp + Pebontes  ne{l,...,mo} (28)
=0

We define
h(z) .= h(1/z)* (29)
Forpe{0,1,...,K},je{1,...,m,}, we put
1 dmu
0, = — lim {(z = p)™hy(2)hf(z)"'} e ™, (30)

Z=Pu (mu =) dzmii

where pg := 0. We define the block-diagonal matrix ® € C™Mx*M py

& 0 -~ 0
0 © --- 0
e = . . . . I (31)
0 0 --- 6
where, for € {1,...,K}, ©, € Cimwxdmu s defined by
G/L,l 0;4,2 e e;t,mu—l 9;4,111“
9M~2 911,3 T Gu.mu
O, = : : (32)

Qﬂ,m,ﬁl Qu,mﬂ

um, 0

using 6, in (30) with (29).
For n € N U {0}, we define the block-diagonal matrix IT, € CiM*M by

Ty 0 . 0
0 I, - 0
11, .= . . s (33)
0 0 ceo T
where, for u € {1,...,K}andn e NU {0}, [T, » € Cmexdmy is defined by
pu.,l(n) p/L,Z(n) p//.,3(n) e P/L,m,t(n)
pu,l(n) pu,Z(n) e pu,mu—l(n)
Iyn = (34)

pu,Z(n)

O pu.1(n)

using p,i(n) in (13).
5. Closed-form expression for finite predictor coefficients

In this section, we assume that {X}, h and h; are as in Section 4. Thus {X,} is a d-variate ARMA process satisfying (5)
and K > 1 for K in (8). Recall the finite predictor coefficients ¢y € x4 of the d-variate ARMA process {X;} from (3).
For n € N U {0}, we define G,, G, € CIM* py

G, = M,O0A, (35)
G, = (IT,0) A, (36)

Here is the main theorem of this paper, which gives a closed-form expression for ¢, ;.

Theorem 6. For n > max(mg, 1) and j € {1, ..., n}, we have
bnj = Cotj + coPg (Uam — GuG) " T, OV {AT IT,0v; + Tpji1}. (37)

Recall the assumption for Theorem 6 from the beginning of this section; {X;} in Theorem 6 is a general d-variate ARMA
process that is not an AR process (see Remark 3). We remark that, from Lemma 19, Iz — G,G, is invertible for n > mg.
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Corollary 7. If mg = O, then, forn > 1andj € {1, ..., n}, we have
¢nj = Co; + CoPg (lam — GnGn) ™ (ITh @) {AT 1,0 Ejp + En_js17). (38)

Proof. The corollary follows immediately from Theorem 6 and Lemma 5. O

The matrices aj, po, /T,, and @ in (37) are given by the closed-form expressions (20) and (22), (15), (33) with (34),
and (31) with (32), respectively. The closed-form expressions of A, v, and v, are given by Lemmas 3 and 5, and those
of G, and G, by (35) and (36), respectively. Moreover, the matrix co is given by ¢y = h(0) = —{po + Z Z ot
Therefore, (37) gives a complete closed-form expression for ¢, ;. Notice that the sizes of all the matrices are ﬁxed and
independent of n.

Remark 4. Notice that coa; = ¢; in (37) is the infinite predictor coefficient.

Example 5. Suppose that m,, =1, u € {1,...,K} and mg = 0, that is,

K K
. 1
h(Z)lz—po—Zil_p Pt M@ =—pl— Z] pw
"

n=1

Then, Corollary 7 holds with a; = Zﬁzl ﬁlﬂ’u,l forj>1,p) =g, ..., la) € CK,

p1hy(p1)eT 0 e 0
0 p2hy(p2)os, - 0
O = . . . € QaKxdK
0 0 <+ prhe(pe)eg 4
1 1 1
1-p1p1 la 1-p1p3 la 1-p1pk la
1 1 1
7,1(1 — Id .. — =1y
1-papy 1-pap> 1-pabg
A= e CdkxdK
_1 1 .1
1-pkp1 la 1-pk P2 la 1-pg Pk la
Pla 0 .- 0
0 pig --- 0
m, = - . . e Ckxdk n> 0,
0 0 p?(Id
P P Pk
1-p1p1 la 1-p1p2 la 1-p1pk la
P I, P Iy Pk Iy
—_ 1-papy 1-p2p2 1-p2pk dK xdK
E, = e ¢, n>1,
Py P Pk
1-pkp1 la 1-pk P2 la 1-pg Pk la
J— — T
_ ( T T T )T c (Cdl(xd ~ f ft it c (CdKXd
P =P1,1, P21 -5 Px1 ) P =\P115P215 -5 Pg 1

and G, = [T,0 A, G, = (IT,O)* AT e CikxdK,

Remark 6. We define the block-diagonal matrix | € C™*d py

J;, 0 --- 0
0 b - 0

o o ---. Jx
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where, for v € {1, ..., K}, J, € Cim >4 is defined by
Pola o O
pla 4
b= , my > 2, ::Euldv m, = 1.
o
O ﬁvld
Then it is easy to see that =,,; = Z,J for n € N. By this recursion, we can compute &4, ..., &, in O(n) arithmetic

operations. The other matrices in (37) and (38) can also be computed in O(n) operations. Therefore, we see that the
complexity of the algorithm to compute ¢n 1, ..., ¢ that is provided by Theorem 6 or Corollary 7 is only O(n), which
is the best possible. Notice that (¢n.n, $nn_1.-., ¢n 1) is the solution to the Yule-Walker equation

(Dnns Pnn—ts - - @) Tn(w) = (y(=n), y(—n+ 1), ..., y(=1))

or

To(w)(Pn,n, Pun-1s---» ¢n¢1)* =(y(-=n),y(-=n+1),...,y(=1))",

where T,(w) is the truncated block Toeplitz matrix defined by

y(0) y(=1) - y(=n+1)
y(1) v(0) <o y(=n+2)
Th(w) = . . . : e Cdnxdn
yin—1) y(n—=2) -  (0)

Also notice that the multivariate Durbin-Levinson recursion solves the Yule-Walker equation in O(n?) time (see,
e.g., Brockwell and Davis [5]). Algorithms for Toeplitz linear systems that run faster than O(n?) are called superfast; see
Xi et al. [19] and the references therein.

Remark 7. From the discussions in Remark 6, we are naturally led to the problem of finding linear-time algorithms to
compute the solution x € C4*¢ of the general block Toeplitz system T,(w)x = b for b € C¥*4 and w satisfying (1) with
(2). This problem will be solved in [7].

Remark 8. One possible application of Theorem 6 is model fitting. More precisely, suppose that we are given a dataset
X1,...,Xxy as a realization of the underlying process {X}. Then, for suitable n, we search for the parameters of the
ARMA model that minimize the least squares error Z’;:n 1 1Xm — Zzzl ¢n,ka—.k|2. using Theorem 6.. In this way, we
simultaneously fit the ARMA model to the data and estimate the predictor coefficients ¢y 1, ..., ¢n.n, without estimating
the autocovariance function y. The validity of this method will be discussed in future work.

6. Application

We continue to assume that {X;} is a d-variate ARMA process satisfying (5) and K > 1 for K in (8). In this section, we
further assume

Ip1l > max{|p,|: n €{2,....K}}, (39)

and apply Theorem 6 to determine the asymptotic behavior of Z}L] lpnj — @jll as n — oco. We write s, ~ t; as n — oo
to mean that lim,_ Sp/t, = 1.

Theorem 8. We assume (39). Then

n
G _
> lignj— il ~ ———=n"""p1|" asn— oo, (40)
= (m; —1)!
where C; is a positive constant given by C; .= sz; ||coh(p1)*pfqm1Hf)k|| with H := (I3, 0, ..., 0) € C4xM,

Proof. First we show that the constant C; is in (0, oo). We define Cy = ||c0h(p1)*pf‘m1Hf)k|| for k € N, so that
C1 =) 4o, C1x holds. Then, the sum converges since C; x decays exponentially fast as k — oo. Therefore, it is enough to



10 A. Inoue / Journal of Multivariate Analysis 176 (2020) 104578

show that C; x > O for k large enough. By Lemma 5, we have, for k > mg + 1,

my
Crk = llcoh(p1)* 5 HE KB = | coh(p1)*p5 ZZsk (1, )0} )*
v=1 j=1
K my )
—Lv . —
DN & (L icohpr) pf (05 )* | = KM Ipa KA — By
v=1 j=1
where
— _1=1,1
A= R E A mocoh(17 o5, (0],
_ 11, .
Bei=| > (k™7 pi)TE (1, eoh(pr) o}, (0 )°

(v.)#A(1,mq)

The main term in

mp—1 my—r_k+mq—1-r
—1.1 k+my—1\p;' p
B (m)=Y_ ( >71 1
s r (1= Ipsl*)m

. - _ . _ =11 _
is (3 PA(1 — Ip1[?) Mg for r = my — 1 and we have limy (K™ ~"|p1|*)7', (1, my) = {(my — D1 — |p1 ")} a,
so that limy_, .o Ay = A, Where Ay, := {(m; — 1)!(1 — |p1|2)}‘1||coh(p1)*pfyml(p]tyml)*||. Since cph(py)* is invertible and
,o1 m1(p1 m, )" 7 0, we have A, > 0.0n the other hand, (39) implies limk_m(kml‘wp]|")‘1§;'v(1,j) = 0for (v, ) # (1, m).
Hence limy_ o By = 0. Combining, we see that C; > 0 for k large enough, as desired.

Next we prove (40). Recall p, j(n) and p, i(n) from (6) and (13), respectively. Since (39) implies

1 1 I ’ = 15 i = 3
lim pum)={ & A= I=
n—00 Py m, (1) 0, otherwise,

we have limy_, oo(1/p1,m, (1)1, = A, where A € C™* s defined by

A, 0 .- 0 0 -~ 0 Iy
A=|. . | a=]. .| e cdmxdmi

Hence, by Theorem 6 and the dominated convergence theorem, we get

Z ) — ¢ill = Z llcopg (amt — GaGa) ™' (ITa® ) { AT I1,0) + T 1}
|P1 m1 — | 1( _
* [ee)
= Z coPg (fam — GaGn) ™' (p (n)n"@> (ATHOva i+ | = D llcopg (AO)Till, n— oo.
k=1 1,my k=1

By simple calculations, we have

(P hs(p1)P}yy O -o- O
0 0o --- 0

A = G(CdMXdM,
0 0o --- 0

so that p, T(AO)* = (p1)™ p1,m,hs(p1)*H. However, (12) implies that py m, h:(p1)* = h(pﬂ*pf’m]. Hence, we see that
Y i lcopg (A®) oy || = Cy. Thus (40) follows. [
Corollary 9. We assume (39). Then

i llgni =il (1= ;)G
lim = = .
n—oo Y7 iy lekll Ip1l - llcop1.my |l
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Proof. By (18), Proposition 4 and (39), we have

k+j—1\_ k4+m;—1
el = llcoall = ZZ( o )pﬁcopﬂ, ~ ||co,o1,m1||< i )|p1|", k - oo.
o

n=1 j=1
[eS) o] k+mq—1 k
Hence, Y07 1 Il ~ coptm 1D penis ( A )Ip1l* as n — oo. From

= (k+my -1\, 1 d\™M7! /xrm
Z X =— |+ —, x| < 1,
4 m;—1 (mqy — 1) \dx 1—x

k=n+1
and Leibniz’s rule, we have, as k — oo,

i <k+m1 - 1>|p [k (”+m1> 1™ n™ = py
1 ~ ~ .
G\ Ml mi—1)1—Ipl  (m =11 —|pl)

||CO/01, Il
Z el ~ ™ py ™ > oo (42)
=, (- )"

The assertion (41) follows from (42) and Theorem 8. O

Thus

Remark 9. To explain the assumption (39), we consider two parameters p; = X1 + iy, and p, = x, + iy, belonging to
the space A := {(p1,p2) € (D \ {0})? : |p1| = |p2|}. Then, the arrangement |p;| > |p,| is generic in the sense that the
complement

{(p1.p2) €A Ipil = p2l} = {(p1, p2) €A x5 +¥5 = %5 +y5)

forms a hypersurface, hence its 4-dimensional Lebesgue measure is zero. In the same sense, the arrangement of
(p1, ..., px) given by (39) is generic. For, without loss of generality, we may assume |p;| > max{|p,| : p = 2,...,K}.
Then, if (p1, ..., px) does not satisfy (39), then we have |p;| = |p,| for some p € {2, ..., K}. Here, it should be noticed
that the special choice of p; in (39) is just for the sake of simplicity; an analogue of Theorem 8, hence Corollary 9, still
holds even if we replace (39) by, e.g.,

Ipk| > max{|p,|: pne{1,....,K— 1}}.

Still, it will be interesting to pursue analogues of Theorem 8 and Corollary 9 when (39) fails to hold, hence oscillations of
the type kip’ + k(1) occur as n — oo.
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Appendix A. Proof of Proposition 1

Forf :NU{0} - Cand u € {1,2,...,K}, we define D,f : NU {0} — C by
D.f(k) == f(k+ 1) — p,f(k), k € NU {0}.

Proposition 10. For u,v € {1,2,...,K},i e Nand k € NU {0},
Dyppi(k) = (b — Po)Dp,i(k) + ppi-1(k), (A1)

where p,, 0 = 0.

Proof. Since

k+1

Dypyua(k) = pi — pupl, = (P — Po)Pua(k),
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(A.1) holds for i = 1. If i > 2, then, Pascal's rule (**]) = (.*,) + (.,) implies that

k+1\ ,_: k
Dypy,i(k) = (1 B 1)1)11 "2 (l. )pvpﬂi = (pu = PoIPi(k) + Ppuic (k).

Thus (A.1) follows. O

my

Proof of Proposition 1. Let y,; € C, n € {1,...,K}, i € {1,...,m,} and suppose that Zﬁ:1 ity Vuibuilk) = 0,
ke {N,...,N+ M — 1}. By Proposition 10, we have

my K
0=|Dy" D52 ’”KZZn,pu, )= yimp} [ [(or = pa)™.
n=1 i=1 n=2
Hence y1,m, = 0. Repeating this procedure, we find that y,,; =0, u € {1,...,K},i € {1,...,m,}. Thus p, 's are linearly

independent. O
Appendix B. Proof of Theorem 2

As in Section 3, we assume that {X;} satisfies (5). Let h and h; be as in (1) and (4), respectively, both satisfying (2).
We consider the unitary matrix valued function h*h; 1= h’lh§ on T, called the phase function of {X;} (see p. 428 in
Peller [15]). We define a sequence {Bk};2_., as the (minus of the) Fourier coefficients of h*ht_1 = h*1h§:

T ) ) do T . 0., do
Bi=— f e_’keh(e'e)*hn(e’g)_lz— =- / e"kgh(e'e)_lhj(e'e)*z—, ke Z. (B.1)
- T - T
From (B.1), we have
d do T ‘ , do
Bi = —/ e’ {hy(e” )"} 'h(e "’)271 = —/ e"‘"hj(e'f)){h(e’e)*}‘lg, keZ. (B.2)

The proof of Theorem 2 is based on the calculations of B in two different ways.
Recall ht from (29). From (8), we have

hi(z)™' = —p§ — ZZ p)lpl” Zz‘prJ (B.3)

n=1 j=1
Since h(e??)* = hf(e'”), we see from (B.2) that

T ; o, dO
ﬂ;: = _/ elké)hn(el(?)h}‘(elﬁ)—l277 keZ (B4)
_ T

T

Notice that the entries of hy(z)hf(z)~! are rational functions of z € C.
Recall 6, ; from (30).

Proposition 11. The matrix function h,(z)h'(z)™" has the form

hy(z)h ZZ py,” Zz i6y; — R(2),

n=1 j=1
where R(z) is a d x d matrix function whose entries are rational functions of z with no poles in D. Moreover, we have

_ )™ he(p)pgym, # 0, € {1, KD,
o h4(0)0g 1, # 0. w=0.

Proof. From (B.3), we have

—hy(2)hT(z) 7" = hy z)po—i-zz zhﬁ(z pm—i—ZZ Thy(2)pg; = ZZ ,+Zz 100,5+R(2),

u=1 j=1 j=1 pu=1 j=1 j=1

where R(z) is a d x d matrix valued function whose entries are rational functions of z with no poles in D. In particular,
we have 6y ,, = hn(O)pg"mO and 6, m, = (p.)™ hj(p,t)p;,mll, w e {1,...,K}. Since pgm, # 0 and hy(0) is invertible, we
see that g, # 0. Similarly, 6, m, #0, n € {1,...,K}. O
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Proposition 12. We have g, , = Zﬁ:1 Z;l"l (jfl)pZ‘f+19M,j + Y 8ni1460, for n € N U {0} In particular, B}, =
K my —i
> i (_"1)1311 19, j for n > my.

Proof. By (B.4), Proposition 11 and Cauchy’s formula, we have, for n € NU {0},

my
n T 175 n n
i == [ ehom () 22[5 Wm,t, z/; s+ [ RO
K my

=2 (7 s
j=1

n=1 j=1
Thus, the proposition follows. 0O

Proof of Theorem 2. As in (8) with (9), we can write hﬁ(z)*1 in the form

hﬁ( B —00—22 1—TZ)/ Opuj ZZO‘OJ,

u=1 j=1
where
L e NU {0},
r, eD\{0}, pmefl,...,L}, Ty #ETy, WFEV,
n,eN, pefl,..., L}, ng € NU {0},
o, €C™ welo,... L}, je{l,...,n),  opeCP
Oy # 0, ue{O,...,L}.

We put ry := 0 and hT( z) = {hy(1/z)}*. We follow the argument in the proof of Proposition 12 by using B; =

— [7, e"{hy(e” )} h(e G )d6 /(27) instead of By = — [T e*h,(e?){h(e”*}~d6 /(27) to calculate B} ;. Then,
o
Pria = Z Z (, > I b+ ) erheg,  mENU(O), (B.6)
n=1 j=1 j=1
where
. 1 dm gty —1 dxd :
b= Jim e {(z—ru) “hi(z) h(z)] eC™  pe{o,.... L}, je(l,....n).
w1

We also obtain

r, )™ r 0, ef{l,...,L},
My = (r )" oy o, h(r) # 0, e } 67)
GO,HO ( ) # 0! I’L = 0
From Proposition 12 and (B.6), we have
K mu o ng
<; ) T+ Z3n+11901 = Z > C ) M+ Y Sweijhej,  meNU(O)
n= 1] 1 n=1 j=1 j=1
In particular, Y5 Z ()P, = PO P (;2)ri 7" ayy for n > max(mo, no). This and Proposition 1
yield K = L, p, = rf(u), m, = ngy and 0,; = Agy, for u € {1,...,K},j € {1,...,m,} and some bijection

f{1,...,K} — {1,...,K}. We now have } % 8nt1j60; = Z;'jl 8nt+1,jroj for n € N U {0}, and this gives mg = ng
(as well as 6p; = Aoj, j € {1,...,mp}). Thus, (10) and (11) hold with pg = op and pﬁﬂj = ofwj 4 € {0,...,K},

je{1,...,my}. Finally, we obtain (12) from 6, m, = Af(u)m,. (B.5) and (B.7). O
Appendix C. Proofs of Lemmas 3 and 5

To prove Lemma 3, we use the next proposition.
Proposition 13. Fori,j,n € NU {0} and x,y € D, we have

i a(ctn XLyt ]Z ni\ (i+j-r\ ATy
— \i j —\ r i (1 — xy)titi-r’

£=0 r=0
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Proof. Leti,j,n € NU{0}and x,y € D. Since y"/(1 —xy) = > ;= x'y""¢, we have

1 d i 2 i yn :i ¥4 n+¢ Xl_iyn+l_j
it \ ay ax) 1—xy = \i j '

On the other hand, since (1/r!)(d/dy)y"" = (*')y"*~" and

1 N 1 (it Pl i+ X .
G-ni\oy) =y ~\j-r Ju—xyr T 0 Ja—gyeee =0

we have

1oV /a\ y 1Y oy
it \ay ) <&>1—w‘ﬁ<@ (1—xy)it
AN (2N el [0 (2N 1
—\rJ\r r! \ 9y Y (j—r)!(é)y (1 —xy)+t

n4+i\ [i+j—r\ ¥ Tyrir
— r i (1 _ xy)iﬂ“*r :

Comparing, we obtain the proposition. O

Il
M\

— |l

Remark 10. Notice that Proposition 13 with n = 0 implies

i i\[(i+j—r ATy _Xi: N(i+j—r ATy
—\r i (1 — xy)H+1-r = —\r j (1 — xy)H+1-r’

0
Also, notice that (’)('ﬂ, ") = (Jr) (i+§_r).

Proof of Lemma 3. The proof is immediate from (16) and Proposition 13 with n = 0, and i and j replaced by i — 1 and
j— 1, respectively. O

Proof of Lemma 5. If n > mg + 1, then Proposition 13 yields, for u € {1,...,K},ie {1,...,m,},

s o ¢ n+€+j =1\ 4 ifione O Vi i
i t4+n = . . v vj = n »J)Pv j
zp O =33 AS (L) (T e o= e

v=1 j=1 =0 v=1 j=1

and
00 K my o] .
_ - l n+£€4+j—1\_
Zpusf(g)a“” = Z Z (i _ 1)( ji—1 >plZ l+1p5+l Pvj = Z ZSn (1, 1)Pv,j-
=0 v=1 j=1 L¢=0 v=1 j=1

Thus, (25) and (26) follow. If my > 1 and 1 < n < my, then, similarly, we have (27) and (28). O
Appendix D. Proof of Theorem 6

To prove Theorem 6, we first prepare some propositions and lemmas. Recall p,, from (14).
Proposition 14. For N € N U {0}, the matrix (Py, PN+1, - - - » PNami—1) € CM*M s invertible.

Proof. For k € N U {0}, we define p(k) € C” by
p(k) = (pra(K). - . ., Prom, (K)IP2.1(K), - - - Pamy (R - Pk a(K), - ., Py (KDY
Then, by the definition of determinant, we have

det(py, P41, - -, Pum—1) = {det(p(N), p(N + 1), ..., p(N + M — 1))}¢.
Since Proposition 1 implies that det(p(N), p(N + 1), ..., p(N +M — 1)) # 0, the assertion follows. O

The next proposition will be used in the proof of Lemma 19.

Proposition 15. The matrix A is positive definite. In particular, A is invertible.
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Proof. Clearly, A is a Hermitian matrix. Suppose that vAv* = 0 for v € C'*M, Since vpeP; v = vpe(vpe)* = 0, we see
that vp, = O for any £ € N U {0}. This implies v(po, p1, . .., Pu—1) = 0. Since (Po, P1, - . ., Pu—1) € CM*M s invertible
by Proposition 14, we have v = 0. Thus, A is positive definite. O

Let X, = ffﬂ e~*p(dp), k € Z, be the spectral representation of {X;}, where 7 is a C¢-valued random spectral measure.
We define a d-variate stationary process {g : k € Z}, called the forward innovation process of {X,}, by

o = / ! e ne®y"ydo), keZ.
Then, {e;} satisfies (e, em) = Snmlg and V(X_OO’H] = Vf_oo,n] for n € Z, hence
WV om) =Visioop NEL (D.1)
We also define the backward innovation process {&i : k € Z} of {Xi} by
F= f i e (hy(e”)*} " 'n(dh), ke
-
Then, {&;} satisfies (£,, &) = Spmly and V[’in,oo) = fooo’n] for n € Z, hence

(VE hoe)™ = Vii1.00 nez. (D.2)

For n € NU {0}, we define #, : (V{*,, )" = (VX _y)" by

Hax =Pl % xe V)
and - (Vo _)" = (Vo))" DY
HpX = P[L_nqoo)X, Xe (V(_oo,—u)L

We denote by ||H,|| (resp., |Hx|l) the operator norm of H, (resp., Hn).
Proposition 16. For n € N U {0}, we have || H,|| = |Hall < 1.

Proof. Let {X, : k € Z} be the dual process of {Xi}, which is a d-variate stationary process characterized by the
biorthogonality relation (Xj,X,Q) = djklg; see Masani [14] and Section 5 in [11]. The process {X;} admits the two MA
representations X, = — > " afens and X', = — Y72 @k&nyx for n € Z. Moreover, for the spectral density w of {X;},
{X;} has the spectral density w~!. Forn >0, let

pn = sUp{(x. Y| x € Vo i V€V lIxlly < 1, lylly < 1)

be the cosine of angle between V( so—n—1 and 'V, [0 ~ (see, e.g, Treil and Volberg [17,18], Pourahmadi [16], and
Bingham [4]). Since both w and w~! are continuous, hence bounded, on T, w~! satisfies the matrix Muckenhoupt condition

1 B 1/2 1 1/2
(m /, v "’") (mf, “"”")

where m is the normalized (m(T) = 1) Lebesgue measure on T and the supremum is taken over all subarcs I of T.
Therefore, by Treil and Volberg [17] (see also Peller []5], Arov and Dym [1], and Bingham [4]), we have p, < 1 for n > 0.
Since both —Zk Oz ay = {h(z) )71 and — Zk 0Z &k = hy(z)~! are outer (see, e.g., Katsnelson and Kirstein []2] and
Section 2 in [11]), we see from (D.1) and (D.2) that V[’éoo = Vpoo) = (V so._1))" and that V o1 = Ve

sup
I

< 00,

[n+1,00) —
(VX,.00)) " Therefore,
_ . X i X 1 _ — T
pn = sup{|(x, Y| s x € (V5 o) ¥y € (Vo i) h Xy < 1, [Iyllv < 1) = [ Hall = [Hal
(see Remark 11 for the second and third equalities), so that || H,|| = |||l < 1 for n > 0, as desired. O

Remark 11. For two closed subspaces A and B of a Hilbert space L, let P4 : L — A be the orthogonal projection operator
and Py4|p the restriction of P4 to B. Then we have sup{|(x,y)| : x € A, y € B, |x|| <1, |lyll < 1} = ||Palsll.

The next lemma plays a key role in the arguments below.

Lemma 17. For n > mg and k, £ € NU {0}, we have By, ., | = pZHn@pk, hence Bniite41 = P(UIThO)P,.
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Proof. We have

. /n+k+0\ ek ) n ! k Ny n o
Z( g )x’ U= (142" = (14 )51+ 01 +x) =Z{Z(’,_]_r> <s)<r—s>}XI1

j=1 j=1

SIS )

where we have used the substitutions i = r+1 and g = s+ 1. Hence
p, T I1,0p; = p, T IT, x O@py, this and Proposition 12 yield, for n > my,

(]kl) 2221 (qf])(i_"q) for j € N. Since

my my
n k .
Tmep =33 z PR T R e D o] B
n=1 i=1 = j=i

LEEILCN

u=1j=1 | i=1

my,
Z n+k+¢ +
( + Kk + ) n+4+k+1 Jg i = ﬂ: k+0+1°

n=1 j=1

as desired. O

For n € NU {0}, we define H, : {(V},, )"} = (V¥ ;)" by
Hox = (Hax', ..., HaxD)T, x=" o x)T e (VE, 0)h

and Hy : (VY o _ )14 — (VX o) )H ) by

Hox = (Hux', o Hax)T, x = x0T e (o))
Then, by Lemma 4.2 in [11], we have, for {s;} € Egid,
o0 o0 o0 oo
b, (2 ) S (2 ﬂ) wd A, (2) S (z ﬁ) frsr. (03)
£=0 j=0 =i {=0 j=0 £=0
Proposition 18. For n > my and v € CM*4,
o0 o0
Ha (Z(vaz)émH) =-Y (' ATm,0p), (D.4)
=0 j=0
o0 o0
Hy (Z(vam) =—Y (0 AULO)B)enyjir. (D.5)
=0 j=0

Proof. First, we see from Lemma 17 that, for n > mg and j € N U {0},

o0 o0
Z UT525:+;‘+4+1 =v' (ZP@PZ) I1,0p; = UTATHn@Pj-

=0 =0
This and the first equality in (D.3) yield (D.4). Next, we see from Lemma 17 that, for n > mg and j € NU {0},

o0 o0
Z VI PeBnijrer = v (Z pzpj) (MO)p; = UTA(H"!@)*E“
=0

¢=0
This and the second equality in (D.3) give (D.5). O

Here is a key lemma.

Lemma 19. For n > my, both I3, — anGn and Igy — an;n are invertible and we have Z,fio(@,,Gn)k = (Igy — f;nGn)‘1 and
Zk GnGn = (Iam — GnGn)71v where (Gncn)o = (Gncn)o = lam.
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Proof. We assume n > my. It is enough for us to show that both Z;";O(E;ncn)" and Z,ZO(G,,E;H ¥ converge. We see from
Proposition 18 that, for k € N and v € C¥M*¢,

(HyHn)" (Z(Nm)w) =Y (0" AGiGa) ' Cal T, Oy,
=0 Jj=0

hence, for k € N and u, v € C¥Mxd
o0 o0 o0
<(1—1an)" (Z v pe)e ) Z u'pe > v A(GpGp )G T, 0 ijpj‘ 1 =v" A(G,Gn)u,
=0 j=0 Jj=0

and similarly for k = 0. Since (HpHn)*x = (HaHn)X', ..., (HaFHn)xDT for x = (x, ..., x)7T € {(VX
from Proposition 16 that

N N
ZvTA(E:nGn)"u=<Z HaHy )t (Z(v po)e ) Z(u p))e >
k=0 k=0

converges as N — oo, for any u, v € C™>*? By choosing u;, v; € C™*4 (i = 1,...,d)so that (uy, ..., ug) = (v1, ..., vg) =
Igv, we find that Zk —0 GnGn) converges. Since A is invertible by Proposmon 15, Zk O(GnGn ¥ also converges. Finally,

from 3"} 1(GaGn)* = Gy {Z GG)}G for N € N, 32 ,(GaGy)¥ converges, too. O

_”)i}d, it follows

For n € N and k € NU {0}, the two sequences {bnj 2 EdXd and {bﬁ] J"O Zgid are defined by the recursions

o0

0 _ ¢ . 2%-+1 _ 2k ) 2k+2 2k+1

bn,j = 30,11dv bn,j - Z bn,zﬁn+j+l+1a b Z b n+]+£+1
=0

and

o0
70 T2k+1 72k+2 72k+1
by ; = 0 jla. by Z b2 Briisn b= Z by Brtjtet1s
=0
respectively (see Section 4 in []l]).

Lemma 20. For n > max(mg, 1), k € N and j € N U {0}, we have

bt = pg (GoGn) (T, )Py, (D6)
b =p (c;ncn)’< 1G,I1,0p;, (D.7)
7 = p3 (GG o, (D)
b2 = p§ (GuGn) ' Ga(IT, @)D (D.9)

Proof. We assume n > max(img, 1), and prove (D.6) and (D.7) by induction. First, from Lemma 17, b;,j = Bnpjr1 =
pOT(Hn@)*ﬁj. Next, for k € N, we assume (D.6). Then, by Lemma 17,

by = sz" Brisen = Zpo (GaGn) (I ® )" Pep; TaOP; = Py (GaGa) ™ (T, 0)* (Z PP, ) ,0p;
=0 =0

=Py (GnGn)k_](Hn@)*ATnn@pj = pg(ancn)k_lénnn@l)j

or (D.7). From this as well as Lemma 17,

bﬁi‘ﬂ an eBretire+1 —Po(GnGn)k G 11,6 (ZP@P@) (I1,0)p (GnGn)k 1G 1,0 AT, O ) p;
=0 =0
N k *=
= Py (GuGn) " (ITh O )Py

or (D.6) with k replaced by k + 1. Thus (D.6) and (D.7) follow. We can prove (D.8) and (D.9) by induction similarly; we
omit the details. O

We are now ready to prove Theorem 6.

Proof of Theorem 6. By Theorem 5.4 in [11], we have ¢y = Y 12o{p2 + @75} forn € N, j € {1....,n}, where

B2k = co Yoo b2, aie and @25 = co Y02 b2 @i, for n € Nand k. j € NU{0}. Since b ; = 8o jl4, we have ¢2; = coa;,
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Pnj = Cotj + e (92 + $2*~1 3. By Lemma 20, we have, for n > max(mo, 1), k e Nandj € {1,...,n},

n,n—j+1

¢ = copg (GaGn) ' GuIT, O vj = copg (GaGn) (T, @) AT 1,00,

nj =

B2 q = cobg (GuGa) (ITh O ) Tpjp1.

Therefore, thanks to Lemma 19, we obtain the theorem. O
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