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1. Introduction

In the analysis of manifold-valued data there are two different approaches — intrinsic and extrinsic. Intrinsic methods
solely rely on intrinsic properties of the manifold, e.g. the Riemannian curvature tensor, the exponential map or the
Levi-Cevita connection. Those methods often work locally like moving least squares [10], multiscale methods [20] or
subdivision schemes [25]. Other intrinsic approaches make use of function systems that are adapted to the geometry of
the manifold, e.g. diffusion maps [5] or the eigenfunctions of the manifold Laplacian [11,12,14,15,19].

On the other hand, extrinsic methods rely on an embedding of the manifold into some higher dimensional vector
space [2,7,22]. The advantage of embedding-based methods, compared to intrinsic methods, is that they often are straight
forward generalizations of the corresponding linear methods. The central challenges for applying an embedding-based
method to a specific manifold M are

1. Find a suitable embedding £: M — R? of the manifold M that approximately preserves distances and has moderate
dimension.

2. Find an efficient algorithm for the projection Py,:U — M from some neighborhood U O &(M) back to the
manifold.

In our paper we are concerned with the specific case when the manifold M is the quotient SO(3)/S = {[R]s: R € SO(3)}
of the rotational group SO(3) with respect to some finite symmetry group S < SO(3). Here the cosets in the quotient space
are defined by [R]s := {RO | O € S}. As a finite subgroup of SO(3) the symmetry group S is isomorphic to one of the
following: the cyclic groups C; for k € {1, 2, ...}, the dihedral groups Dy for k € {2, 3, ...}, the tetrahedral group T, the
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octahedral group O and the icosahedral group Y. Since the group SO(3) is simple, the quotient SO(3)/S is not a group for
all S # C; but forms a homogeneous space with canonical left action of the Lie group SO(3).

To give the reader an idea about the quotient SO(3)/S we consider the representation of a rotation R = R, ()R, (B)R,(y)
as the composition of rotations about the axes z, y, z and Euler angles «, y € [0, 2], 8 € [0, r]. Let us furthermore assume
that the subgroup Cj is represented by the rotations R,(£ 27”), ¢ € Z about the z-axis. Then C; enforces a periodicity of
27 /k on the last Euler angle y and the cosets in SO(3)/C are of the form

[R()Ry(BIR(¥ ), = {Ro()Ry(BIR:(y + 2F) [ £ =0...k—1}.

Nice geometrical visualizations of these coset spaces can be found in [16].

The analysis of data that are cosets [R]s € SO(3)/S in the homogeneous space SO(3)/S is of central importance
in various scientific areas. For instance, they are used to describe the alignment of crystals in crystallography, material
science and geology [1,4,8], the alignment of molecules and proteins in biochemistry [3] or movements in robotics [26]
and motion tracking [21].

Since, locally, the quotient manifolds SO(3)/S are isometric to the rotation group SO(3) itself all intrinsic methods
for the rotation group can be easily adapted to work on the quotients as well. Unfortunately, this is not true for
embedding based-methods, e.g. for the interpolation methods described in [9]. Explicit embeddings for the quotient
manifolds SO(3)/S have been investigated first by R. Arnold, P. Jupp and H. Schaeben in [2]. Our paper aims to extend their
results by developing a general framework for the construction of embeddings of the quotient manifolds SO(3)/S that
include the embeddings described in [2]. Our embeddings pose several nice properties, e.g. they are all SO(3)-equivariant
(see Definition 3), their images are contained in a sphere and the image measure po£~! induced by the rotational invariant
measure ;. on SO(3) is centered in RY, i.e., has zero mean. Furthermore, we find within our framework locally isometric
embeddings of SO(3)/S for all finite symmetry groups S and provide an efficient numerical method for the projection P .
The practical advantage of isometric embeddings is that locally isotropic methods in R¢ translates into locally isotropic
methods on SO(3)/S.

Our paper is organized as follows. In Section 2.1 we introduce the generic embeddings and prove in Theorem 4 and
Corollary 5 that they are SO(3)-equivariant maps that map the quotient manifold into a subsphere of an Euclidean vector
space. Furthermore, we provide in Table 1 the parameters such that our embeddings coincide with the embeddings found
in [2]. In Section 2.2 we investigate rotational invariant subspaces of R and show in Theorem 9 that the embeddings can
be centered such that their image is contained in a linear subspace of R? which allows us to reduce the effective dimension
of the embedding. In Section 2.3 we consider the rotational invariant Haar measure p on SO(3) and generalize it to a left
invariant measure /s on SO(3)/S. Together with an embedding £: SO(3)/S — R¢ this induces an image measure on RY.
In Theorem 10 we show that the centered embeddings from Section 2.3 result in centered image measures. Finally, we
propose in Section 2.4 an iterative algorithm for the numerical computation of the projection P, of an arbitrary point
in some neighborhood of the manifold back to the manifold. To this end, we derive in Theorem 12 the gradient of the
distance functional.

In Section 3 we are interested in the discrepancy between the geodesic distance on the quotient manifold and the
Euclidean distance in the embedding. A smooth embedding into R?, such that the pull back of the Euclidean metric
tensor coincides with the metric tensor of the manifold, is called isometric. According to the Nash embedding theorem
[18], there exists for every m-dimensional Riemannian manifold an isometric embedding into R™G™+11/2_ As all our
quotient manifolds are three-dimensional the result guaranties the existence of an isometric embedding into the space
R3°. It turns out that our embeddings are sufficiently general to include locally isometric embeddings for the quotient
manifolds SO(3)/S modulo all crystallographic symmetry groups S. This result is proven separately for the different types
of symmetry groups in Theorems 15, 18, 19, 20, 21, 22. The corresponding parameters as well as the dimension of the
linear space are summarized in Table 2. The dimensions of the locally isometric embeddings vary from 8 to 32 depending
on the symmetry group.

In Section 3.2 we investigate the global relationship between the geodesic distance on SO(3)/S and the Euclidean
distance in the embedding. According to [24] it is possible to construct for each smooth and compact manifold M an
embedding £: M — R? such that the geodesic distance on the manifold and the Euclidean distance in the embedding
differ only by a given ¢ > 0, i.e.,

(1= &)dm(my, my) < d(£(my), £(my)) < (14 &) dpg(my, my). (1)

However, the dimension d of the vector space required for such an embedding is much too large for numerical applications.
In Table 3 we provide similar bounds to those in (1) for the locally isometric embeddings defined in this paper. It turns
out that locally isometric embeddings do not necessarily lead to globally optimal bounds. Parameters for our embeddings
optimized with respect to global preservation of distances are provided in Table 4.

2. Embeddings of the rotation group
2.1. General framework

The group of rotations SO(3) interpreted as a matrix group has a canonical embedding £: SO(3) — R® given by

E(R) = (Re1,Re2,Re3) (2)
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where ey, e,, e; are the standard bases in R3. Replacing the basis vectors ey, e, e; by any other list of vectors uy, u,, . .., u,
will always result in an embedding as long as at least two of the vectors are linearly independent. Unfortunately, this
approach is not applicable to quotients SO(3)/S since well definedness requires that £([RS]s) = £([R]s) for all symmetry

operations S € S. For that reason, we generalize the embedding (2) to tensor products of vectors uy, u, ..., u,. In the
next definition we will make use of the following notation. Let & = (7, ..., ®,) € N" be a multi-index. Then R3" is
defined as the linear space

R = xI, (®*R%) = RO 3%) 3)
Definition 1. Letn € N, @ = (@1, ..., ;) € N* be a multi-index and u = (u4, ..., u,) € R**" be a list of n directions

u; € R®. Then we define the mapping £2: SO(3) — R*" as
EY(R) = (®"'Ruy, ..., @""Ruy,) .

In order to define mappings that are invariant with respect to a finite subgroup S < SO(3) we utilize the averaging
idea.

Definition 2. Let S < SO(3) be a finite subgroup and £5:S0(3) — R3" as defined in Definition 1. Then we denote by

£85150(3)/8 — R¥,  &24([0]s) = Zs“ (0S), [0]s= {OR | R € S} € SO(3)/S
SES

its symmetrized version.

In order to examine the properties of & s we consider both, the quotient SO(3)/S and the vector space R3 of
dimension Z?:l 3% as SO(3) manifolds equipped with the left group actions

R>[0]s = [ROls, Rvv=(8"R)v,

where R € SO(3), [0]s € SO(3)/S and v = (v', ..., v") € R, The multiplication of tensor product ®*R with the tensor
v € R*" is defined component-wise by (®*R)v = ((®“R) vi)f:] and

3 3
E § i
k1€1 e Rko(igai U[] ..... eui .

Mappings that intertwine with such group actions are called equivariant.

[n],

kq,..

Definition 3. Let G be a group that acts on two sets X,Y viagrxandgry, g € G,x € X,y € Y. Amapping f: X — Y
is said to be an G-equivariant map if it intertwines with the group action, i.e.,

flgex)=gvf(x) forall geG,xeX.

It turns out that the embeddings from Definitions 1 and 2 are indeed SO(3)-equivariant maps between the quotients
SO(3)/S and Euclidean vector spaces R,

Theorem 4. The mapping & 5:SO0(3)/S — R3" is an SO(3)-equivariant map, i.e.,
&ns(R>1[0ls) =R &, 5([0]s)
for all R € SO(3) and [0]s € SO(3)/S.

Proof. Let R € SO(3) and [0]s € SO(3)/S. Then straightforward computation reveals

& s(Ro>[0]s) = Zs Z(®“1R05u1, ..., ®"ROSu,) = R 5([0]s). O

SeS

A direct consequence of & s being a SO(3)-equivariant map is that Hé‘,‘;‘,s([R]S)H is independent of [R]s € SO(3)/S.

Corollary 5. The image &y 5(SO(3)/S) C R3" is contained in a sphere with radius rs, i.e., it exists a constant rg > 0 such
that for all [R]s € SO(3)/S,

||55,S([R]s)|| =Ts.
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Proof. Let R € SO(3) be an arbitrary rotation and I € SO(3) the identity. Then we have by Theorem 4 and the fact that
the Kronecker product of orthogonal matrices is again an orthogonal matrix that

e (RIS = (£5 (R Ts), &5 (RNs)) = (R &5 (1), Re &5 5(1M1s)

= (@ R)&g o(l1s), (@R s(INs)) = [N O
2.2. Rotationally invariant subspaces

In order to prove further properties of the embeddings £ 3 we continue by investigating subspaces of R3* that are
invariant with respect to the group action . More precisely, we search for tensors M, € R3", such that R > M, = M,.
For « = 1 and v € R3 this means Rv = v has to hold for all R € SO(3). This is only fulfilled for v = 0 and, hence, the
subspace of rotational invariant vectors in the R is just the trivial one. In the case &« = 2 we have forv =1 ¢ R that
®%R 1 = RIR" =1 and, hence, M, = I spans a rotational invariant subspace of R¥. Indeed, we find a one-dimensional
rotational invariant subspace for all even «.

Lemma 6. Let o = (o), be a multi-index. Then the tensor M,, € R3" defined by

/2

2
(Mai)flstai = symm(®“/*I) Z 1_[ o (2k—1)sJor(2K)*

.GEZ‘D( k=1

if aj is even and My, = 0 € ®“R? if o; is odd, is SO(3) invariant, i.e, R>M, = M,, R € SO(3).

Proof. For odd «; there is nothing to prove. For R = (RU)3 € SO(3) and even @ € Ny we have

i,j=1
3
o
R>Mo);, iy = (®"R)Mo)i, iy = Y (Ma)jy_jRiyjiRij, - Rigs,
J1seeen Ja=1
1 < :
= § : Sja(zk—l)sja(zk) Rijjy Riyjy - - - Rigj,
Jeeda= 0Ty k=1
1 < §
= ! 2 : HSJG(zk 1)Jo(2k) anm
" jlaemja=1 \0€Zy k=1
1 L
= a l_[ 8ja(2}<—1)»ja(Zk)Ria(Zk—1)ja(21<—1)Rizr(2I<)ja(2k)

1 5 3
=07 l_[ Z Ria(Zk—‘l)jn(Zk—‘l)RiJ(Zk)in(Zk)'

oeXy k=1j1,....ja=1

All the sums and products are finite, so we can interchange them. Using the orthogonality of R we obtain

3 5
Z l_[Rid(Zk—l)ia(Zk—l)Ria(Zk}ia(Zk) = (Rfa(qu)’ Ria(Zk)) =

{0, if igar—1) 7 Io(21)s
Jo(2k—1)=1k=1

1, ifiyok—1) = lo(2k)

=~

and eventually,

1 5
R>My)i, i, = ] Z l_[5i{,(2k,1),i{,(2k) =(My)i....iq-

€%y k=1

=

Applying this argument element-wise for all « € {o;}}L,, yields the assertion. O
For example in the case o = 4, the tensor M4 can be written as
1, ifji =j2=Jj3=]a
(M4, jpizia = %, if pair-wise two indices are equal, but not all, i.e.j; =j, = 1,j3 = j; = 2,
0, otherwise.
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Since, & s is an SO(3)-equivariant map, any rotationally invariant subspace is orthogonal to the image of the embedding
&n s(50(3)). More precisely, we have the following result:

Lemma 7. Leto € Nand R € SO(3) be an arbitrary rotation. Then the inner product between £;(R) and M, computes to

(Ex(R), M) = 1.

Proof. We can rewrite the definition of M, for even « to

1 1 a (O
Me= 01 D Siatrio  Siosyiotey " ot 1oty = =32 (5)’ (i1 s S + ) - (4)

oeXy

(¢—1)(@—3)---1 summands
The product of the § is 1 only, if pairwise two j; are equal. Hence, we obtain the following for the scalar product if

v=(v1,v2,v3)" =Ru

(EX(R). My) = (@ (Ru). Mo) = Y ali.j. k)i 3
2i+2§"i§k=u

with coefficients a(i, j, k). These coefficients have to be determined:

. 1 o /a a)fa—2i\[({a—2i—-2j
= — hl J|

ati.j. k) a!zz(z)'<2i>( 2j )( 2k )
—————

factor in (4) number of entries

x 2i—1)2i—3)-1-(2—1)2j—3)---1-(2k—1)2k —3)---1

number of summands unequal to 0 in (4)
_(a>'2i(2i—l)(2i—3)~--1 202j —1)2j—3)---1 2@k — )2k —3)---1 _(a)' 1T (3
N ’ (2i)! (2j)! (2k)! N i,j, k)

2

2/ ittt

with the multinomial theorem it follows that (®”v, My) = (vi +v3 +v)* =1. O

The previous lemma states that the embedded manifold is contained in the affine subspace of all x € R3* with
(x, M,) = 1. Next we want to shift the embedding into the corresponding linear subspace. To this end we need to
compute the Frobenius norms ||[M, || of the invariant tensors M,,.

Lemma 8. Let o € 2N. Then the Frobenius norm of the tensor M, satisfies

IMy |2 = (Mg, M,) = a + 1.

Proof. We use the formulation for the tensor M,, from Eq. (4). Let iy, iy, i3 € {0, 1,2, ..., §} with iy + i, + i3 = § such
that
Jtsevndoip = 1,
j2i1+1! s aj2i1+2i2 = 2:
J2ig42ip 415 + « > J2iy+2ip+2i3 = 3.

The corresponding entry in M, is

1 o/ . . . . . .
(Mg )jy...ju = =22 (§>!(211 = 1)(2i; —3)---1(2ip — 1)(2i3 — 3) -+ - 1(2i3 — 1)(2i3 — 3)--- 1
(

ol

1 a 9)1(2i)! (2i5)! (2i3)!
(0% ) @iy @i iy = BRI R

ol 11,12, 13 (){!11“2!13!

5
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The values in M,, are equal, no matter which j; are 1 and similarly for i, and i3. Hence, there are (21.1 272 21,3)
in M,. Overall we obtain

o

M, |2 i o (5)1(2i1)!(2i2)! (2i5)!
«lF 2i],2i2,2i3 0(!1]!12!13.

such entries

i1.ip.i3=0
i]+i2+i3:%
a
_ Z al (%)'2(2:1 '2(212)'2(213)>
o (2i1)!1(2i2)! (2i3)! al2i;120,12 312
i1+i2+i3:%
§

_ Z <(‘§)'2(2u)(212)'(213)>_ 1 Z <2i1)<2i2>(2i3>
- 17,127,127,12 [« . . . .
113 730 (02N FRaN HRRR kY (%) i1.i7 720 51 ) 13

ir+igHi3=3 i+ H=¢

With Lemma 24 follows the assertion. O

The previous lemmata motivate to shift the embeddings for even « by a multiple of M,, to reduce the dimension of
the embedding space.

Theorem 9. Let & 5:S0(3)/S — R3" be the embedding defined in Definition 2. Then the image of the centered embedding

- 1 1
&¥ o([0]s) = &2 ([0]s) — | ——M,,,..., ———M
u,S([ ]S) u,S([ ]S) (O[] + 1 o o + 1 an>
is contained in a linear subspace of R of dimension
n

Z(ai;2>—2(ai+1mod2).

i=1 i=1

Proof. By Definition 1 all components'Tf e RV of the embedding T = (T',...,T") = €%R) of an arbitrary rotation

R € SO(3) are symmetric tensors, i.e., Tj. <<<<< oy = Tjo(il) <<<<< olieg) for any permutatlon oof {1,..., a5}

The linear space S*(R3) of the symmetric a-tensors has the dimension (‘”2) cf. [6, 3.4]. Thus the images £5(SO(3)) are
contained in a subspace of R3* with dimension Z (""*2) For even o the image £7(SO(3)) is orthogonal to M,, since
for R € SO(3)

- 1 1
<83(R)7Ma) = (53(R)— —M,, M, > (53(R)7Mot> - <MasM ) 0.
a+1 o+1

Hence, the image £%(SO(3)) is contained in a hyperplane of the symmetric tensors in R3" for every even component.
Thus, we can reduce the dimension of every component with even o by 1. The symmetrization with the symmetry group
S does not change the dimensions. Hence, the images & 5(SO(3)/S) have dimension

+2 -

Z(“' )- D+ imed2. o
i=1

In [2] the authors were especially interested in embeddings of the rotation group modulo crystallographic point groups.
These consist of the cyclic groups G, and the dihedral groups D, with k € {1, 2, 3, 4, 6}, the tetrahedral group T and
the octahedral group O. For all the corresponding quotients Table 1 lists specific choices of the parameters @ € R" and
uq, ..., u,; € R such that the generic embeddings &, s coincide with the embeddings reported in Table 2 of [2]. Here we
assume the major rotational axis in Cy, D, and Y to be parallel to e;. For O, T the three-fold axis is assumed to be parallel

o(1,1,1)7.

It is important to note that at this point we have not yet proven that the mappings & w.s are indeed embeddings,

i.e., that they are injective. This will be done in Section 3.1, where we shall prove that with some modifications they are
even local isometries.

2.3. Centered measure

Since SO(3) is a Lie group it can be equipped with an unique left invariant Haar measure w. In order to define a
corresponding left invariant measure on the homogeneous space SO(3)/S we consider the quotient mapping

7:5S0(3) — SO(3)/S, n(R)=[R]s
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Table 1
Choices of the vectors u and the parameter & such that the embeddings é,”,"s: S0(3)/s —

R3 as defined in Theorem 9 coincides with the embeddings reported in Table 2 of [2]
for all finite subgroups S of the rotation group SO(3).

S u o Dimension

G (e1, ez, €3) (1,1,1) 9

G (e1,ez) (1,2) 8

Co (a even, > 4) (e, €) (1, ) e Detl) 4 o
Cy (o 0dd, o > 3) (e1,e3) (1, @) (“*2)2&4,3
D, (e1. ) (22) 10

D, (a even, o > 4) e; « (o(+2)2(or+1) _1
Dy (a odd, o > 3) e o (u+2)2<u+1)

0 e 4 14

T e 3 10

Y e 10 66

that maps every rotation R € SO(3) onto its coset [R]s € SO(3)/S. Together with the Haar measure the quotient mapping
defines a left invariant measure ps on the quotient SO(3)/S via

ws(A) = u(r~1(A)), for any measurable set A C SO(3)/S.
Accordingly, any embedding &:SO(3)/S — R3" defines a push forward measure € o s on R via

£ons(B) = ns(€7Y(B)), for any measurable set B C R
In the following theorem we prove that for the centered embedding 5,‘}‘1 s([0]s) the push forward measure f,‘j" s([0]ls)ops
is centered in R3".
Theorem 10. Let & s: SO(3)~/S — R be the embedding defined in Definition 2 and let ;1 be the Haar measure on SO(3).
Then the centered embedding & 5([0]s) is an SO(3)-equivariant map with

€ s([0s)Il = const, [0]s € SO(3)/S
and satisfies that the push forward measure 53, s O s is centered as well, i.e., its first moment satisfies

EgiSO/;LSZO.

Proof. The SO(3)-equivariant-map-property follows from Theorem 4 together with Lemma 6. For R € SO(3) and
0 € SO(3)/S there holds

&us(R>[0]s) = & (R [0]s) — Mo = R> & 5([0ls) — R>My = R & 5([0]s).

Assume R to be distributed according to the Haar measure on SO(3). Then Ru is distributed according to the spherical
Borel measure o normalized to o(S?) = 1 for any u € S2. For the inner products with any vector v € S* we calculate

if
(£ vy do () = {0’1 ifer odd,

(E(®“Ru), ®*v) = E(®"Ru, ®*v) = E((Ru) v)* = / kS
a+1’

s2 if o even.

If « is odd, the assertion follows directly, because M, = 0 in this case. By Lemma 7 we have for even «

- 1 1 1
(BE(R), ©v) = (E(©"(Ru) ~ ——M,), €"v) = E(®" (Ru) ~ ——— M, ®"v) = E ((Rw) v)) ~ —— =

Thanks to the rotational invariance of the tensors M, the image of centered embedding is also contained in a sphere. O

2.4. Projection onto the embedding

A central operation of embedding-based methods is projecting a point of the vector space back onto the manifold. For
our embeddings £: SO(3)/S — R3" this means that for an arbitrary tensor T € R3" we ask for the rotation [R*]s € S0(3)/s
with minimum distance |£(R*) — T|| in the embedding. This problem has a unique solution whenever T is sufficiently
close to the submanifold, cf. [17].

Since, by Corollary 5, the submanifold & 5(SO(3)/S) C R3" is contained in a sphere, i.e., has constant norm, the above
minimization problem is equivalent to the maximization problem

[R*]s = argmax J(R), J(R) = (€% (R). T). (5)
RESO(3)/S
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For the symmetry group Ci, i.e. no symmetry, u = (41, ...,u;), «a=(1,...,1)eR*and T = (T4,...,T,) € R>*" the
functional J: SO(3) — R simplifies to

n

JR)=") " (Ru;, T).

i=1

An explicit formula for its maximum is known as the Kabsch Algorithm [13].

Lemma 11. Letuq, ..., u,, vy, ..., v, € R® be two lists of vectors. Then the solution of the maximization problem

n
> (Ru;, v;) - max, R €S0(3)

i=1

is given by
10 0
R=Vv |0 1 0 u’,
0 0 detvU’

where USVT = H is the singular value decomposition of the 3 x 3-matrix H = Z?:l u @ v;.

In the case of arbitrary symmetry groups and a general embedding &y s we are not able to give such a closed form
solution. For this reason, we propose to solve the maximization problem in (5) numerically using a manifold gradient
method [23]. The next theorem provides an explicit formula for the required gradient of J.

Theorem 12. Let T € R, R € SO(3), s be an arbitrary skew-symmetric matrix and hence, SR € TgSO(3) a tangential vector
at R. Then the gradient of | in direction sR is given by the inner product

VseJ(R)=a (s>1 (R>E), T)

where E = £;(I) € R3" denotes the embedding of the identity matrix and -, denotes the multiplication of the matrix s with a
tensor T € R>" with respect to the first dimension of T, i.e.,

Proof. First of all we note that by Theorem 4 the functional J can be written as
J(R)=(R=E,T), R €S0(3).
Considering now a tangential vector SR € TgSO(3) the corresponding directional derivative is
Ve (R) = lim % (((R 4 hsR)>E,T) — (R>E, T)) = lim %<(®°‘(R +hsR) — @“R)E, T>.
In the difference of the tensor products only the terms with h' remain, as all terms with higher power of h converge to

zero. Since the tensor E is symmetric the derivative simplifies further to

a—1
Vi) R)=) ((®R®sR®*'"'R)E,T)=a (s> (R>E),T). O

Il
<)

Remark. In the theorem above, we considered only the case @ € R, i.e. n = 1. For the case with multiple components,
we have to sum over all components in the function

n
JR) =" (&i(R), Ti),
i=1
as well as in the gradient

n

Vel (R) =Y ai(se1 (R (1)), Ti).

i=1
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3. Distance preservation

In this section we are going to investigate how well the embeddings defined in Section 2.1 preserve the geodesic
distance between any two rotations. While the rotation group SO(3) as a submanifold of R3*3 inherits a canonical
Riemannian structure it differs by the factor +/2 from the commonly used geodesic distance

d(04, 0y) = arccos (% (-1+ tr(OlTOz))> (6)

on the rotation group, which has the nice interpretation of being the angle of rotation between the two rotations
04, 0, € SO(3). For cosets [04]s, [02]s € SO(3)/S the geodesic distance (6) becomes

d([01]s, [02]5) = gleig d(OiR, 0,), (7)

i.e., the minimum geodesic distance between any elements of the cosets [01]s and [0,]s. We first analyze this problem
locally.

3.1. Locally isometric embeddings

Let us recall that a differentiable embedding £: M — R is locally isometric if its differential d&: T, M — Te(m)E(M)
at each point m € M is an isometry between vector spaces. Since in our setting in both spaces, SO(3)/S and R**, the
metric is invariant with respect to the action > of SO(3) and the embedding is an SO(3)-equivariant map, it suffices to
prove isometry at the identity [I]s € SO(3)/S only.

In order to identify locally isometric embeddings within our framework we need to generalize it slightly by multiplying
the components by different weights 8 = (81, ..., Bn) € R", i.e,, we define

cB(R) = (81 @ Ruy, ..., fn ® Ruy)
together with its symmetrization
erBiso(3)/s — R, A101s) = 5 Zs“ﬂ (0S). (8)
Ses

Choosing the weights g8 carefully will allow us to explicitly define locally isometric embeddings for the quotients SO(3)/S
of SO(3) with respect to all crystallographic symmetry groups.

We shall analyze the derivative ds,‘f:g([l]s)s(") of the embedding with respect to the following orthogonal basis of the
tangential space T;SO(3) given by the skew-symmetric matrices

00 O 00 -1 0 -1 0
sV=[o 0o -1), s®=(o 0o 0}, s®=(1 o of.
01 0 10 0 0 0 0

The basis vectors stV, s?), s are normalized to +/2, which is exactly the factor between the geodesic distance defined
in (6) and the geodesic distance induced by the canonical embedding. Hence, we obtain the following characterization on
local isometry.

Lemma 13. The mapping 53""2: SO(3)/S — R as defined in (8) is locally isometric if and only if the vectors dsz,’g([l]s)s(k)
are orthonormal in R3",

Proof. The mapping dgl‘i’g([l]s) is linear and {s"}3_, is a basis in T;SO(3). Hence, El‘fg is locally isometric if and only if
the vectors dsﬁ.’g([l 1s)s% are orthonormal in the tangent space Tg(yR>". O

For the differential of the mapping & 's we have the following lemma.

Lemma 14. Let « € N, u € S? be an arbitrary direction and s € T;SO(3) be an arbitrary skew-symmetric matrix. Then
a—1
degs =) (Q'u) @ su® (8 'u).
i=0

Proof. Let y(t) be a curve in SO(3) such that y(0) = s and y(0) = I. The image of the map dgi’g([l]s) of s is given by

vs = L (@ (0.
ded(s = P (®% (y(t)-w)

t=0
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Table 2
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Choices of the vectors u and the parameters &, 8 for important finite subgroups S of the
rotation group SO(3) such that the embeddings 5:_‘§:SO(3)/3 — R as defined in (8)
are locally isometric. Parameters different from the embeddings defined in Table 2 of [2]
are highlighted in magenta.

S u o B Dimension
G (e1, €, €3) (1,1,1) (%;%»%) 9
G (e1. e, e3) (1,2,2) (%,;,%) 13
G (er.e2) (1.3) (V&) 13
Ca (e, €2) (1,4) (%, %) 17
G (e, €2) (1.6) (& 2f) 30
D, (e1, e, e3) (2,2,2) (3:3.3) 15
Ds €1, &) 2.3) (\/% £) 15
Dy (e1, €2) 2,4) (1.%) 19
De (e1, &) 2,6) (ﬁ %) 2
e 4 % 14
e; 3 % 10
e; 10 % 66

With the chain rule it follows

a—1

deg(Ds =) (S (r(1) - w) @ p(Ou ® (' y(t)w)

i=0

a—1

= Z (®u) @su® (& 'u).

i=0

O

t=0

In the following we will find locally isometric embeddings for all crystallographic symmetry groups. Therefore, we will
proceed as follows. First we consider the cyclic groups G, k € N, followed by the dihedral groups Dy, k € N and finally
the tetrahedral group T, the octahedral group O and the icosahedral group Y. The parameters for these locally isometric
embeddings are summarized in Table 2. The differences to the embeddings in [2] are marked in magenta. For the cyclic
and the dihedral groups we assume the major rotational axis to be aligned in e;-direction and the two-fold axis parallel

to e;.

For the symmetry group C; the canonical embedding (2) of SO(3) in R3*3 is by definition locally isometric, up to the

o . -1 . . .
factor +/2, so multiplication of all components with /2 leads to local isometry. The symmetry group C, is a special
case, because in contrast to Ci for k > 2 the vectors Oe; for O € C;, do not span the plane orthogonal to e;. For this reason
we need to add an additional component in contrast to the embedding in [2].

Theorem 15. Letu = (e;, ey, e3), a =(1,2,2)and f = (%, 5. 3)- Then £5°C is a locally isometric embedding.

Proof. There holds

(Mg,)s™ = (m (
[+ (

deyt ([lc,)s) = (ﬂl (

dexp

u,Cz

dex?

u,Gy

(U]e,)s?

0 0
0) , B2 (0
0 0
0 0
0) - (o
1 0
0 0
]) , B2 (—1
0 0

OO O0 —~ OO

0 0
1>,,g3 (0
0 0
0
)
0

-1 0
0 0) 7:33
0

0

0
0
-1

0 0
)
-1 0

0 -1

0 o ))

0 O

0 0 O
(O 0 0)) .
0 0 O

These three vectors are orthogonal. To normalize them, we have to solve
26, +2B5 = BT +2P5 = BT + 265 = 1,

which yields g; = % B2 =Ps

_ 1
=3 0O

For the symmetry groups Cy for k > 2 we first show the orthogonality of the tangent vectors d&y . ([I1c,).

Lemma 16. Let k € N with k > 2, u = (eq, e;) and o = (1, k). Then the vectors dS,‘j"Ck are orthogonal.

10
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Proof. For the rank one component delP (Ug,) of de*? ([I¢,) orthogonality follows from

e1,Ck u,Cj
deg e (Mg )sV =0, de, L (e )s? = pres.  de, 1 (Mg )s) = pren. 9)
For the rank k component dgfzﬂczk([l]ck) we use Lemma 14 and define for ¢ € {1, 2, 3}
k—1 i—1
B, = 82 e [I]Ck Z L Z v, ®s(“v ® (®k_i_1vj), (10)
i=0 j=0

where the vectors v; = (0, cos 21 sin 2 )T result from applying all symmetries from Cj to e,. The inner products between

k k
these rank k tensors By, £ € {1, 2, 3} are

k—1 k—1 k—1 k-1

k -1 2 1
_ £1) . ) (€2 1)y, &l2)y.
(B, Byy) = ZZ le’vlz Wy, v, ) (8, vy,) + @ ZZ vjl,vjz v, 5“2, ). (11)
j1=0j2=0 j1=0j2=0
Using
0 2 —sin 2 — cos 2!
3(1)vj — | —SIn == , S(Z)Uj — 0 , 3(3)1)]‘ — 0 ,
cos % 0 0

we observe for all ji,j, and ¢ € {2, 3} the orthogonality (s“)vjl, vjz) = 0 and hence, the first double sum in (11) is zero
whenever ¢ # £;.

In the second double sum we have < sy, s “2)1)]-2) = 0 for all £; # ¢, except for the pair £, £, € {2, 3}. For this
specific case we use the calculation in (B.1) and get

k=1 k=1
(B,, B3) = Z (v;,, v]2> (s(z)v, ,sP,) = Z cosk™! ZUL=R) gin 21 cos 22 — 0. I
Jj1,J2=0 J1,J2=0

In order to prove Hds:q’g(([l]ck )5t H = 1 we continue by calculating ||B;||*> = (B, B;) for £ € {1, 2, 3}.

Lemma 17. For the tensors B, defined in Eq. (10) we have
2

2I< 1’

L if k is odd,

B> = [Bs]* = { 2,
1B, = 1B {w (2 (5). ifkis even

1B 1%

Proof. By Eq. (11) and the calculations in (B.2) we obtain
-1 k— k=1 k-1

2 (s (s 1 (s, sV
Jw”}z s ”Jw%)s Y55 Vjy kZZ"wvjz s vj;, S ”J)

j1=0j2=0 J1=0j2=0
k—1 k—

_ (k=1 2n(j1 —j2)\ . 5 (27(1 —J2)
= ZZ (T) sin <7k )

J1=0j2=0

k—1 k-1 . . . .
1 k1 [ 27 (1 —Ja2) 27 (j1 — Jj2)
+ p E E cos (7’< cos | ————

= 2I<—1
Next we investigate the tensor Bs;. With the calculations in (B.3) in the Appendix we get the following.

1B 1* =

k—1 k-1 k—1 k-1

1 127G —J2) 27j; 27j,
IBs1* = ]ZZ v“,vj2 s(3)v“,s( M) = EZZCOSk ]<k cos | == | cos | ==

J1=0j2=0 j1=0j2=0
e if k is odd,
T <2 + (g)) , if kis even.

11
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For the norm ||B||> we only have to change some signs in the previous calculation and receive in the end |B,|*> =
IBs[%. O

Summarizing these lemmata we find weights 8 for all crystallographic symmetry groups S such that the corresponding
embeddings are isometries.

Theorem 18. Let k € N with k > 2, u = (eq, e;) and o = (1, k). Then the embeddings 5“ ﬂ with the factors

;
IB,|I> 1

B= - .
I1B:1?" 1Byl

with the norms from Lemma 17 are locally isometric embeddings. The concrete factors for k = 3, 4, 6 are listed in Table 2.

Proof. We use Eq. (9) for the rank 1 tensor. To normalize the vectors dSu G (¢, )59 for £ = 1, 2, 3 we have to solve for
every k equations of the form

B3 IBil> = B3 + B3 IIB:II* = B7 + B3 IIBs|I> =
which always has a solution since ||B;|| = ||Bs||. We receive the positive solution by

g 1 MBl® 1
IB111?° 1B ]|

For the symmetry groups Dy the case k = 2 is a special case for the same reasons as C;.

Theorem 19. Let u = (ej, e;, €), o =(2,2,2)and B= (3,1, 3). Then 51‘52 is an locally isometric embedding.

Proof. The second and third components are the same as in the case C,. Analogously to this case we have to solve
281 +28; =28 +2p =1,
which yields 81 = 8, = B3 = % O

Theorem 20. Let k € N with k > 2, u = (eq,e;) and a« = (2, k). Then there exist factors 8, such that 55_’0,( is a locally
isometric embedding.

Proof. As in the case C; we get the same second components Bq, B, and Bs. Only the first component is now a 3 x 3-
matrix and not just a vector. The three vectors dS([I]Dk)s“) are again orthogonal. For the normalization we have to
solve

B3 IBilI> =287 + B3 1Bz =287 + B3 |IBs|*> = 1,
which yields the same solutions for 8, as in the case Ci, but for §; we have to divide the solution from C; by V2. O

For the cubic symmetry group the locally isometric embedding requires only a single vector. More precisely, we have
the following result.

Theorem 21. letu—=e, e« =4 and B = f Then 5 ‘o is a locally isometric embedding.

Proof. The vectors Re; for R € O are in the set {+-e;, e, te3}. Since ®*x = ®*(—x), we only have to consider the three
vectors v; = e; for i € {1, 2, 3}. With respect to the skew-symmetric basis s¥), k € {1, 2, 3} we obtain

s(”vl =0, S(U'Dz = es3, 5(1)1)3 = —€y,
3(2)01 = e3, S(z)vz =0, 8(2)1)3 = —eq,
sPy; = ey, Gy, = —e, @y = 0.

By Lemma 14 the scalar products in the embedding are

3 3 3 3
(dEu oS 21)’ dEf:gs(b)> = % Z Z (1)]'1 ’ vj2>2 <s(€1)vj1’ vjz><s(£2)v]'2’ vjl) + % Z Z (vh ’ vj2>3 <S(€1) S(ZZ)vD)

J1=1j2=1 J1=1j2=1

L4 E 4 S 8
(£1) (’) (01)). (€2)y.\ —
2§ slv s2)y 322 (slv],SZv])_éégMz.

12

I
_
I
N
g
&
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Hence, the tangential vectors are orthogonal and normalized for 8; = |

3
2/2°
The tetrahedral symmetry T also requires only one component, so we have the following result.

1

Theorem 22. letu = % (1) a=3and B = f Then 8 't is a locally isometric embedding.
1

Proof. The vectors Ru; for R € T are

1 {1 1 (71 1 (1 1 (1
ST RIT It

and satisfy (v;, vj) = —% for i # j. By Lemma 14 we have

4 2
LY @) esys (s )

j=1 i=0

and hence, the scalar products of the basis vectors are

4 4
(dE:i st dEa s(ﬁz Z Z Vj1» vjz v]w vjz>(‘("(£2)vj27 vjl)

R w
[+
-
-
<=

=

K

N

R
——

»

&

m/\
<

N

r

Using the symmetry of vectors v; and s( J;

(1) 1 (0 (1) 1 (0 (1) 1 (9 (1) 1 (0
s’y =—1[-1]), sy =—|-1], sis=—1(1], sy =—|[ 1
! «/§ 1 2 \[3 -1 } 3 \1 ﬁ -1
1 -1 1 1
1 1 1 1
@, _ @, _ @, _ @
svy=—1( 0 |, s, =—|( 0 |, sy — 1 0], v — 10
] V3 ( 1 ) ’ V3 <—1> ’ 3 <—1> ) V3 <1>
-1 1 -1 1
1 1 1 1
v ( ; ) =75 <_1>’ n=7 <_1>’ =7 (1>
0 0 0 0

it is sufficient to consider the scalar products forly = 1,, =2and [y =L = 1:

4

3 1
(oo = 3 Y~ 60 ) =0
HE
(dee s, dee V) = 2 i s ) (800 )+ 2 iz + 2 Z (s, sy )
u,T > =T - S 3 J1° "2 120 "I 8 6 42 iy §° 0
J1d=1 j1=1 J12= 1
J1#h2 J1#h2

3164 3 4.2 3 1 —16

8
“8'3 188 6 #£9 6 9
Hence, with 8, = the proposed embedding is locally isometric. O

Finally, we consider icosahedral symmetry Y.

0
Theorem 23. Letu = (1

), where @ = 1+[ is the golden ratio, « = 10 and B = ﬁ. Then Eﬂ‘f is a locally isometric
> :

embedding.

Proof. This proof is similar to the proof of the tetrahedral symmetry T. The vectors v; € {Ru;}goy are

0 +1 +o
+o 0 +1

13
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(g) Symmetry Group Dy (h) Symmetry Group Dg

Fig. 1. Relation between the geodesic distance on the manifold and the Euclidean distance in the embedding for the embeddings reported in [2].

and satisfy [(v;, vj)| = 5-1/2 for i # j. Since « is even, we have ®(x) = ®*(—x) and do not have to consider —x, if we use

x. Hence, we only need six vectors v;. Again, with Lemma 14 we can calculate d&;, and the scalar products of these. We

omit these calculations here, as they are similar to the case for the tetrahedral symmetry T, but with higher-dimensional
tensors. [

3.2. Global inequalities

Although the embeddings found in the previous section are locally isometric they obviously do not preserve the metric
globally. In this section we are interested in inequalities of the form

Cmin d([01]s, [02]s) < d(E5([01]5), Es([02]5)) < Cmax d([01]s, [02]5) (12)

that relate the Euclidean distance in R3* and the geodesic distance from Eq. (7).
The situation is easiest for S = (i, i.e., we just look at SO(3). In this case the Euclidean distance in the embedding is
directly related to the geodesic distance on the manifold via

d(&c,(R1), £c,(R2)) = v/2 /1 — cos(d(R1, Ry))

14
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Fig. 2. Relation between the geodesic distance on the manifold and the Euclidean distance in the embedding for the locally isometric embeddings

summarized in Table 2.
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Table 3

Global lower and upper bounds cpin, Cmax for the distance in the embedding
d(&s([04]s), £s5([02]s)) with respect to the geodesic distance d([04]s, [02]s) on SO(3)/S, cf.
(12), for the locally isometric embeddings from Table 2 and all crystallographic symmetry

groups S.
S Cmin Cmax Cn‘lax/cmin
G 0.452 1 2.21
(& 0.583 1 1.72
Cy 0.452 1 2.21
Ce 0.186 1 5.36
D, 0.590 1 1.70
D3 0.581 1 1.72
Dy 0.546 1 1.83
Dg 0.443 1 2.26
0 0.604 1 1.66
T 0.609 1 1.64

Table 4

Parameters B for the embeddings 5,‘;‘1‘2: SO(3)/S — R3" as defined in (8) that minimize
the fraction cpin/Cmax between the upper and lower bound in (12) for some symmetry

groups S.
S ﬂ Cmax/Cmin
G (1,05,0.5) 1.92
G (1,0.67) 1.68
G (1,0.6) 1.91
Co (1,0.93) 2.15
Ds (1,1.03) 1.72
Ds (1, 1.11) 1.80
Dg (1, 1.65) 1.95

and we have Cpin = 2 and cpax = 1.

For higher symmetries there is no such one to one relationship. In order to illustrate the dependency between the
geodesic distance on the manifold and the Euclidean distance in the embedding for higher symmetries we have visualized
the regions of suitable combinations in Figs. 1 and 2. While Fig. 1 illustrates the embeddings from [2], Fig. 2 visualizes
the locally isometric embeddings from Table 2.

In Table 3 the upper and lower bounds ¢y, and cnax are listed for locally isometric embeddings from Table 2. We
would like to stress that non-locally-isometric embeddings might very well lead to better global bounds. Indeed, Table 4

provides alternative coefficients for the embeddings S,‘fg which have better upper and lower bounds.
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Appendix A. A binomial identity
For the calculation of |M,| in Lemma 8 we need the following nice lemma for binomial coefficients.

Lemma 24. Let o € 2N be an even integer. Then we have the equality

o) 5 EEE)

i1.ip,i3=0
ij+p+iz=5

n(n—1)

Proof. With the general definition of the binomial coefficient (}) = =1t~ for k > 0 we obtain

@)-cre(()
n n

16
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With this equation and the Chu-Vandermonde-identity it follows that

o o

2 i i i 2 1 _1 1
Z (2}1)(2}2) (2.13) _ Z (—1)it+iatis gh+iz+is ( 2 ( .2> ( .2)
inigp=0 M 2/\1B i1.i2.i3=0 h 2 I3
i1+ +i3=5 ity +i3=%

Il
S~
|
—_
—~
NIR
Iy
nIR
-
|
R
v
|
N =
N—
5 |
=
N—

"11;2:"33;0%
=<—u%4%<—3>:(_ng4;(—3(—3—1) (—;—(;—1»)
2 (5)!

a8 (§(§+1)~-(§+(“—1))>
(5)!
¢ (357 @+D £(2)1-3:5:7-@—1)
= 22 - (Ol + .1) >
( ()" ) (¢)2
=w+n<®.m
2

Appendix B. Some trigonometrical sums

Here we calculate some trigonometric sums of the proofs in Section 3. For the proof of Lemma 16 we need

k—1 k—1
§ cosk—1 277(/1 —i2) sin 277}1 cos 27;{]2 _ § cosk—1 2”()}:]2) (sin 2”0}{—12) +sin 271(1}{+12))
J1:42=0 f1 12*0
2 2 2
E cosk1 211t (sm L 4 sin ’,’(12) =0. (B.1)
J1 J2=0

For the proof of Lemma 17 we need the following calculations. Using
-1

Z 2ziin k, nez,
0, otherwise,

=0
we COmpUte
k—1 k—1 k=1 k
27 1 i —2mij\ 1 K\ 4xije
k _ pat] - _ :

2 cos (T)‘ﬁz(““’ ) szZ()e
j=0 Jj=0 j=0 ¢=0

1 < (k) ko 2mij(20) : zkk_l s if k odd

= — e k =
k Z 1 ((k
2=\ S o <(§) k + 2k> if k even

k—1 . k—1 —1 k=2
27j 1 2ij —2mij \ k—2 1 k—2\ 2zieer2)
k—2 _ = ==z _ sxietrs)
2 cos (T)‘zk—Z (7 +e) =y Z( ¢ )e '
j=0 (=0
< ) Z 2ni2442) 0, if k odd,
= = k k—2 .
— (k -). if k even.

We use this for the following calculations.

k—1 k

) A 27(h —02)\ . 5 (2761 =)\ | 1 sms oy (2761 — o) 27(j1 — ja)
(#) sin? <%> + ZZCOSk 1 ( ]k 2 )cos ( ]k 2 )

j1=0j2=0 j1=0j2=0

L 27j 27j =1 27
k—2 ) k
—(k—1) jEZO cos” (k) sin (k) + jEZO cos (T)
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L 27 L 2mj
—(k—1 =2 (=) 4k k(==
( )gcos ( X )+ ;}:cos p

2 .
z,'f—l, if k, odd, k2 52)
=1 _ k=1 2 (k . =0 B.2
SMED(E2) + 5 (B +2), ifkeven, T 2T
Also for the proof of Lemma 17 we calculate the following.
k=1 k—1 . . .
Z Z o 27 (j1 — ja) cos [ 21 cos (272
k k k k
J1=0j2=0
k1 kot zm(,1 —ip) 2mij1=ip) \ k=1 / 2mij; 27ijy 27ijy 27ijy
= - 3 k Tk k Tk
2k+122( +e ) (e te )(e te )
j1=0j,=0
k=1 k—1 k—1
2”'01+12) _2”"(/"1(+J'2) zmu}< —i) zmo%—j]) k— 1\ 2xiG _J’?)(zrm
—k2k+122( te te +e )Z ;e
j1=0j2=0 =0
k—1 k=1 k—1
1 k—1 27i((j4 JzJ(21+1)+J1+12) 27i((j1 =2 )2H1)—j1—j2) 27i(j1 —jp )(21+2) 2mij1 —jp)(21)
= g | >(e +e ; e T e )
1=0 j1=0j,=0
k-1 k=1 k-1 . . . o Lo
1 k—1 27i(jq (214+2)—2ljp) 27i(2lj1 —jp(21+2)) 2mi(j1 —jp (2142) 2mi(jg —jp )(21)
= okt I ZZ(e F te F te k +e F )
= J1=0j2=
k-1 k—1 k o
k <k — 1) 2rii2l+2) . 22 Sk if k is odd,
= e e =
k+1 k k—1 k—1 ep
k2t L [ ST (2 + ( K )+ (%71) , if kis even,
5 if k is odd,
= o B.3
ot (2 + (§)> , if kis even. (B.3)
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