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1. Introduction

Let S be a p x p random matrix having a Wishart distribution W), (n, n~'X). It is assumed that n > p. We consider the
problem of testing

Hy: ¥ = X¥(§) against H;: X # X(§),
where & € E. Here, £ is an open subset of R?. We assume the following.
Al. All the elements of X (&) are known C*-class functions on Z, and the Jacobian matrix of X (&) is of full rank.

(%) is a smooth subsurface in RPP*+1D/2 with coordinates § = (£7, ..., £9)’. The hypothesis Hy represents various
covariance structures as special cases.

We consider a class of test statistics via minimization of the following divergence measure from S to X (&). Let h be a
C*-function on (0, oo) satisfying

A2.h(1) =0, h; = 0,and hy = 1,
A3.h(A) > Oforany A # 1,
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where h, denotes the rth derivative of h at A = 1. For arbitrary two matrices X; and ¥, we define a distance measure from
XY to X, by

p
pn(Z1, Z3) =Y h(u),

i=1

where A;’s are the eigenvalues of 2122’]. Note that p, (X1, ¥3) > 0 with equality if and only if ¥; = ¥, because of A3.
However, in general, py, is not symmetric and does not satisfy the triangle law.
Wakaki et al. [17] suggested a class of test statistics

Ty = ninf pu(S. T(§) = npi(S. 2(®), (1.1)

where é is the minimizing point. For example, using h(%;) = —logX; + A; — 1, p, is the Kullback divergence and the
corresponding statistic Ty is just based on the log-likelihood ratio criterion. Another typical example is h(A;) = (A; — 1)2/2.

It may be noted that the asymptotic expansions of the null distributions of Tj,’s in some special cases have been obtained
by many authors (e.g., [1,7,11], etc.). Kollo and von Rosen [5], and Magnus and Neudecker [6] are also useful for deriving
asymptotic expansion formulas for random matrices. An emphasis in [17] is put on an asymptotic expansion of the null
distribution of T, in a general case. Many authors also gave the asymptotic expansions of the non-null distributions of
Ty’s in some special cases (e.g., [3,8,12], etc.). This paper gives an asymptotic expansion of the non-null distribution of T,
in a general case under a sequence of alternatives converging to the null hypothesis with the rate of convergence n='/2.
Sequences of local alternatives have often been considered in comparisons of tests. One simple question is about the rate
of the convergence. We choose n~'/? because the powers of test statistics converge to a constant which is greater than
the significant level. An interesting result was given by Sugiura and Nagao [13] who compared a modified likelihood ratio
test with the asymptotically UMP invariant test for testing homogeneity of several variances. They investigated the limiting
distributions under sequences of alternatives with arbitrary rate of convergence. In Section 2 we give stochastic expansions
of é as well as Ty,. In Section 3 we obtain an asymptotic expansion of the non-null distribution of T, under the local alternatives
up to the order n~/2. In Section 4 we derive the power, and compare the power asymptotically in the class. Especially we
consider the power of the sphericity tests.

2. Stochastic expansion of T,
We consider a sequence of alternative hypotheses

1
Hy: X = X(&) + EZ@O)”ZAE(EO)W

for ¥ ¢ ¥(Z), where A is a symmetric matrix and &, € . For simplicity, let us denote as ¥, = X¥(&;) and > = E(é). We
shall expand T}, in terms of

V=+vnx s - x)x 12 (2.1)
which is 0,(1).
First we summarize the notations used in this paper. Let
a

=5 [y 2O, 5

e =

FE
]abm = 2(1)/2 [aaab T E(E)_l]g:E Z‘(1)/2’
V=1ynx2s-x)x 2

Sq = —%tr(IaV), (a=1,...,9,
and
G = (8aw). &a» = Elsasp] = %tr(’a’b), (ab=1,....9.
It follows from A1 that G is nonsingular. Let g% be the (a, b) element of G~'. As another version of J,, let

1
Jiab) =Jap — Elcgajtr(’d]ab)y

with Einstein’s summation convention. When an index variable appears twice in a single term, once in an upper (superscript)
and once in a lower (subscript) position, it implies that we are summing over all of its possible values. For example, J.g
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means Zle J.g% since ‘c’ appears twice as a superscript and a subscript. The summation convention is used throughout
this paper.
Considering the Taylor expansion of h around A; = 1, we have

on(S, %) = tr|:;(SE_1 -’ + %hg(sr1 -’ + %m(sz—1 - Ip)“} +o(tr{sZ" —1)*}) (2.2)

whenS — X.Let

A= iz, 2T — )z} (2.3)

Then we obtain an expansion of Ty,

Th [ A*+ 3'[h3A3+h4A]+op(n_l). (2.4)

In order to obtain an explicit expansion of Ty, it is necessary to obtain an expansion of A. It is shown similarly as in [ 14] that
E' = VnE - &)

is asymptotically normal and hence 0,(1). The Taylor expansion of 3" around &, is given by

VB (ET = BN 5 = JE + ——JucEE + 0, (7). (25)
2[

Using (2.1),

s=1x)? {1 + 7(v +A)+ - (VA + AV)} =24+ 0,(n73?). (2.6)
Then using (2.5) and (2.6), (2.3) is expanded as

- 1 1 - _ - 1

A=V +A+]Jpb + 7 {Elbcé"’éf + (V + A)Jp&d + E(VA + AV)} +0p(n7"). (2.7)

In order to obtain an explicit expansion of A, it is necessary to obtain an expansion of £°. The estimates é“, (a=1,...,9),

satisfy the system of equations

[0ap(S, D)]_; =0, (a=1,....09.
Using (2.2) it can be seen that é”'s satisfy

ae 1 e

tr [S[Baz_l]s_g {sz e ShsS% - Ip)z}] =0,(n7%?),
or equivalently

tr Hlp f(v + A)}]a(A + fthz)] =0,(n"). (2.8)
Substituting (2.7) and
Lo+ 0,0
J/n

into (2.8), it is seen that £%'s satisfy

ja =Ju+

b 1 N =b\2 1 sbsc
tr[Ja(V + A +J,E"] + ﬁtr|:hda(v + A+ 1E") + 1 (Eﬁw _.’lxlc> 1343

+la(V + A +JE)E +JGVA} =0,(n), (a=1,....9, (29)
where E3 =1+ %h3. The solution of £% in (2.9) can be found in an expanded form

ie“ +0,(n7 . (2.10)

Jn

éa:Ka_l_
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In fact, substituting (2.10) into (2.9), we obtain
KP=e"48% &= —%g“btr oM + Joc W (e€ + 5],
where
et = g%s,, 8 = —%g"btr(]bA), W=Ww+Ww;, W =V +Jpe,
Ws = A+J,8°,  M=hW?+ (%ch —Juo) @ + 8% (e + 5f> +VA.
Hence, from (2.4), (2.7) and (2.11), we obtain an expansion of T, given by

1 ~ 1
Ty = itr(wz) + =TV + 0p(n7 "),

7

where

T(V)——labt M W + 68 w L. w
(V) = —-¢ I [JuM +Jos W (e” + 8°) | tr(Jy W) + tr o —Julc

b by (¢ c rTAYR b ) 1 173
x (€74 87)(e" +6°) +tr(yW?)(e” 4 8°) + tr(VAW) + 6h3tr(W )-

3. Asymptotic expansion of the non-null distribution of T, under the local alternative

We can write the characteristic function of T, as

¢(t) = E[exp(itT,)] = E Hetr (;9ﬁ/2> } T(V)] +o0(n™h,
where

1
0 =it, T(V)=1+ —6T,(V),
V) +ﬁ 1(V)

with the expression T; (V) in (2.13). The probability density function (pdf) of V is expressed as (see e.g., [11, p. 160])

fFV) = f/o(V)QV) + 0>,
where
1
fo(V) = ayetr <_sz> . @y = g PPED/AYTPeED/A
1
Jn

1 1
QW) = —2(p+ Dur(V) + gtr(v3),

1
QW) =1+ —QV) + HQ:(V),

Q) = 1{Q Wy — L @p*+3p—1)+ 1( + Dtr(V?) — 1tr(v4>
R 24P\ P TP 2P 8 :
Therefore, we have

P(t) = /ap :etr (—%v2 + %HVNVZ) } QW)T(V)AV + 0(n™ ),

where dV = dvndvlz s dvpfl,pdp,p.
We prepare some lemmas useful for reductions of (3.5). Note that G~! = (g?) exists. Let

1
et = —Eg"”tr(lbv), U=—Je', and W=V-U,
and similarly

1
8 = _Egabtr(IbA), Us = —J,8°, and W; = A —Us.

1083

(2.11)

(2.12)

(2.13)

(3.4)
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Further, let
M = (vec*(J1), ..., vec*(Jy)),

where for any p x p symmetric matrix A = (ay),

/
aiq a
vec*(A) = (ﬁ’ ches %, ai, ..., ap—l.ﬂ) .

Note that {vec*(A)} vec*(B) = %tr(AB). We obtain the following lemmas.

Lemma 3.1. Let Pyy = M(M'M)~'M'. Then,

e=(e',..., e = —(M'M)”'Mvec*(V),
§=(",...,89 = —(M'M)" 'M'vec*(A),
vec*(U) = Pyvec*(V),

vec*(Us) = Pyvec™(A),

vec" (W) = (Iyp+1)2 — Pu)vec™ (V),
vec"(Ws) = (Iyp+1)/2 — Pu)vec™ (A).

Lemma 3.2. Let 6 be any complex number whose real part is smaller than —%. Let g(V, U, W) be a function of V, U, and W.
Then,

1 1
/etr {—sz + Ee(w + wa)z} x g(V, U, W)dV

=(1-20)"2 x exp [9(1 —20)7! {;tr(wg)” X / (—lv2> g(V, U, W)dv, (3.8)

wherer = p(p+1)/2 —q, V = U + (1 — 26)"2W + 26(1 — 26)"'W;,
W = (1-20)"">W +26(1 —20)"'w;.

Proof. We shall show that (3.8) is obtained by considering the transformation V. — V, where
V=U+(1-20)"*W —20(1—20)""*w;. (3.9)
Using Lemma 3.1, we have
vec* (V) = {Py + (1= 20)"2 (112 — Pw) | {vec* (V) — 20(1 — 26)~'vec* (Wy)} .
This implies that the inverse transformation is
vec* (V) = {Py + (1 — 20)"(Lyps1y/2 — Pu) } vec* (V) + 20(1 — 20)~ 'vec* (Wj).
It is equivalent to
V=U+(1-20)""*W+20(1—20)"'W;,
where U = %]ag”btr(lbﬁ), and W = V — U. Therefore, the Jacobian of the transformation (3.9) is
J(V = V) =[Py + (1= 20)" (1) — Pu)| = (1—20)772,

since the characteristic roots of Py are one or zero and rank(Py) = q. Further, it holds that U = 17, and W =
(1—=20)""2W +26(1 — 20)~'Wj, since vec* (U) = Pyvec* (V) = vec*(U),and W = (1 —26)"?W —20(1 — 26)"/2w;.
These complete the proof. O

Lemma 3.3. Let V be a p x p symmetric random matrix with pdf fo(V) in (3.3). Let e*, U, and W be the random variables defined
by (3.5). Then

(1) e= (e', ..., e%) and W are independent,
(2) eis distributed as Ny(0, G™),
(3) vec*(U) and vec* (W) are independently distributed as Ny41)/2(0, Py) and Nyp41)/2(0, Ip1)2 — Pu), respectively.
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Proof. The results are easily obtained by using Lemma 3.1 and the fact that vec*(V) is distributed as Nppi1))2
(o, Ip(p+1)/2)- o

Using Lemmas 3.2 and 3.3, we can write the characteristic function (3.5) as
1 . .
o) = (1—20)""exp [9(1 —20)7! {Etr(w;)” x E[QWMTW)]+ 0™, (3.10)

where V is given by Lemma 3.2.
Here the expectation in (3.10) is taken with respect to the distribution of U (or e) and W given in Lemma 3.3. After
calculation of these expectations, we obtain

1 18 .
B() = (1—20) " exp [0(1 ~20)" {tr(w§>” e Ly a9 1 oa, 3.1
2 N
where the coefficients ¢;’s are given by

1 1 1 1
Co = (8" + 8% Kans — 5 (8% + 8"8" Kiams — 5 Kos28" + 5K,

1 ab agh 1 ab_lab _1" 1 a_l
C1 4(g + 8% )I((ab)5 + 4h3g 25 87 ) Kups 2h3(p + DK;s + 2Ka528 21(53, (3.12)

1~ b 1 1~
€ = Shs {(P+ DKs — gKaw} — —hsKis, &5 = =hals.

Here we use the following notations:
Kops = tr(Jods W), Kapys = tr(JanyWs), Ky = tr(Wy),

and so on. The formulas needed for calculating expectations are given in Appendix A. By inverting the characteristic function
term by term, we obtain an expansion of the non-null distribution of T, under the local alternative as in the following
theorem.

Theorem 3.1. Let Ty, be the test statistic given by (1.1) with a function h satisfying A2 and A3. Suppose that a given covariance

structure X = X(&) satisfies A1. Then under the local alternative hypothesis H,, the distribution of T, can be expanded for large
nas

NP

wherer =p(p+1)/2—q, 7 = tr(Wsz)/Z, Gi(+; ©) is the noncentral x? distribution function with k degrees of freedom and the
noncentrality parameter t, and the coefficients ¢;’s are given by (3.12).

1 3
P(Th =% =G 67+ —= > " €Graaj(x: T) +0(n7Y), (3.13)
j=0

4. Applications

4.1. Power comparisons

Wakaki et al. [ 17] gave an asymptotic expansion of the null distribution of T, in a general case as

1 3
P(Ty < XlHo) = Gr(0) + — 3 aiGry(9) + 00", (4.1)
j=0

where G (+) is the x? distribution function with k degrees of freedom, the coefficients aj’s are given by

1 1
G = ——{=3p(" +3p — 1) — 98" Kapea + 8" Kave.aer} + 158”8 {#iavtca — Kiaviea) + 2Kiaven}

~2 ~
a, = —(i)z—f— hs3 C — (h4 — 6)B + h_:D, (42)
a; = —h3 (A + C) + (h4 — 6)3 — h3D,

as = h~32A,
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and the coefficients A, . .., D are given by

1
A= = {6p(4p2 +9p+7) — 36q(3p + 4) — 9(p* + 2p + 3)g’K,

+ 6(p + 1)gab6dl(abc,d + 18gadeKabcd - gadeefI(abc,def } 5

= g (P07 450 +5) — 4a2 + 3) — 28"Ka + 8" Kapea}
1 b ycd b cd (43)
C = {p@p® +9p +7) = 1200 + 1) — 38" Kaea — 28”88 Kacepar } .
1 2 1 ab 1 ab cd
D= —cp@”+3p+4) +q@p+3) + Jg"Kap — (0 + Dg"g Kac.a

1 1 1 1
- EgadeKabcd + ggﬂbmf Kape,der — Z(P + g™ Kian + ZgabngK[ab]cd-

Here we use the following notations:

abcd Zgab cd abcdef _ Zgab cdef Kape... = tr(dule -+ ),
[3] [5]

Kiabiea = trJiandcda), Kape,der = KapcKer

and so on.
Let t, be the upper 100« percent point of the null distribution of T, and X(f be the upper 100« percent point of the x?
distribution with r degrees of freedom. By the Cornish-Fisher expansion, we obtain

W=k, gw)ZaJ Grigg(X2) | +00™2) = x2 +0(n™"). (4.4)
"\ Aq

Using (3.13), (4.1) and (4.4), we can calculate the power B,
3
Br=P(Th > tulH1) = 1= Gr(x2: 7) — Z GGriai(x2: T) + 0(n™"). (45)
j=0

We use useful formulas for reductions of (4.5). Noncentral x? distribution function and x? distribution can be expanded
as (seee.g., [7])

e (11)
k! ’
Gr2(%) = —28r12(%) + G, (%), (4.7)

respectively, where g (-) is the pdf of the x? distribution with k degrees of freedom. Using (4.6) and (4.7), we can obtain

o0
Gr(%:7) = Y PGrian(x), where P = (4.6)

3 00
D GG (X2 T) = (1 + 2+ 03+ ca) ) PiGria(x2) — 2(c1 + ¢ + ¢3)
j=0 k=0

o0 o0 o0
X Z Pegriokt2(x2) — 2(c2 + ¢3) Z Pigriak+a(x2) — 2c3 Z Pigriak+6(X2)s (4.8)
k=0 =0 =0

where coefficients ¢;’s are given by (3.12). After calculating (4.8), we can rewrite (4.5) as

1~ 1
Br = ﬁhg [{(p + DKs — 8Kaps } gr1a(x2; T) + ngangrs(xﬁ; r)] + B+ 0™, (4.9)

where g (-; 7) is the pdf of the noncentral x?2 distribution with k degrees of freedom and the noncentrality parameter t and
Brr is the power of the likelihood ratio statistic. The formula (4.9) gives us some information about the superiority of tests
in our class of tests. If we have some prior information about the covariance matrix, we may be able to choose a test by
calculating (4.9).
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4.2. Linear structures

We consider the structure: X is a linear combination of matrices,
ZE) =£'6G+E6+-- +£G,
where G,’s are given p x p symmetric matrices which are linearly independent, satisfying that

and £%’s are unknown such that X' (£) is positive definite. We note that this structure includes sphericity structure, intraclass

correlation structure, and so on.
We can easily calculate J, and K5, K,; in this case as

Jo=—-Gi, Ks=0, Kups=0. (4.10)

Hence we can write the power (4.9) as

Br = —=h3Ky3gr16(x2: T) + fir + O(n ™).

1
3./n

It is equivalent to

1~
V(B — Br) — §h3Ka3gr+6(X§§ ) (n— 00). (4.11)

This shows that LR statistic has greater power than statistics with negative values of h~3 if K3 > 0.
In a special case that ¢ = 1, this structure is the sphericity structure. Since we can choose an arbitrary parameterization,
we use X (§) = {exp(¢")} I, then,

p
Ji=-L  Kg=)» (-9 (4.12)

i=1

where v;’s are the eigenvalues of A and v = ; f’ ;1 vi. From (4.11) and (4.12), when Kg3 # 0, power comparisons of
sphericity test in the class depend on a kind of skewness of A’s eigenvalues. When Kj3 = 0, we cannot compare the power
asymptotically in the class on order n~'/2. So we consider an asymptotic expansion of the non-null distribution of T;, under

the local alternatives up to the order n~! taking focus on h; and hy4, we have

1

1 -
P(Ty <x) = G (x; T) + % ZC Griaj(x; T) + — [ZdGHZJ(X 7)

j=0

4
+ ) fiGrajx: T) + bGr(x: r)} +0(n*?), (4.13)
j=1
where b does not depend on h3 and hy, the coefficients ¢;s, d;'s, f;'s and the formulas needed for calculating expectations are
given in Appendix A.

Using (3.13), (4.13), (4.6) and (4.7) with noting (4.4), we can also calculate the power B as

1T 2,2

Br = - |:Z eigr2(xa: T) + {(h3 + 4h3)E + h3D} r(rL)gr(onﬁ 77):|
=

(x2)?

|:Zgjgr+2]()(a, T) — 2hyB——"— " +2)

g (x2: r)} +c40(n*?), (4.14)

where ¢ which does not depend on h3 and hy4, and E are given by

2. 1 2. 1 Xj
c=1-Glg® =~ (b6 giD),  E=5(C— et
and the coefficients e;’s, gj’s are given in Appendix B, the coefficients A, ..., D are given by (4.3). The difference of local
powers among the class is complex. We can examine the difference numerically for specified values of p, « and A.
Hayakawa [4], Pillai and Jayachandran [10] also gave the numerical examples about the power of T, in some special cases.
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5. Concluding remarks

We have shown that the difference of the asymptotic power in our class of the test for linear structures which depend
on only Kj3. Other important covariance structures arise when we treat covariance structure analysis (system of equation
model) (see e.g., [ 18]). In this case, we have to consider nonlinear covariance structures. Sometimes the domain = of X (%)
is not an open set. If the minimizing point lies on the boundary, the asymptotic expansion formulas derived in this paper
are not applied. The problems of deriving asymptotic expansion formulas in such cases are left for the future.

Yuan and Bentler [18] introduced several models considered in structural equation modeling. One of general models
is Np(w(§), X(8)). In this model both the mean vector and the covariance matrix have a structure with the coordinate
parameter &. The asymptotic distribution of the maximum likelihood estimator of & can be found in [6, Sec. 10]. Recently
Ogasawara [9] derived an asymptotic expansion of the distribution of the parameter estimator which is given by

A

&= arg;nin Frs

Fir = {8~ n@)YZ® &~ 1®) —log|SEE ™| +tr{SEE) " —1,}.
Our class of test statistics can be generalized as follows.

Tin = nslg Penl (X, 8), (&), Z(&)],

p
Prnl(y, Z1), (i, Z)1 =Y {k(di) + h(A)},
i=1

where (u, — u2)’22_1/2 = (dy, ..., dp) and A;’s are the eigenvalues of X, E;‘ with smooth functions k and h which satisfy
some appropriate conditions.

Other related problems are deriving asymptotic expansions of the distributions of test statistics under non-normality,
and under high-dimensional setup.

By using an asymptotic expansion of the joint distribution of sample mean vector and sample covariance matrix from an
elliptical population given by Wakaki [15] instead of (3.3), we can derive asymptotic expansions for our test statistics.

Recently asymptotic expansions of distributions of several statistics were derived under a high-dimensional setup:
p/n — ¢ € (0, 1). However results on asymptotic expansions under alternative hypotheses are very few (e.g. [16]) as
far as the authors know. It will be very difficult to derive asymptotic expansion formulas for our test statistics under high-
dimensional setup. Recent developments on high-dimensional approximations can be found in [2].
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Appendix A. Formulas of expectations

Let V be a p x p symmetric random matrix normal with pdf fo(V) in (3.3). Lete = (e, ..., e%)’ and W be the random
vector and matrix defined by (3.6). Then, it holds that any p x p matrices A and B,

E[e%"] = g®, E[eebecel] = g, E[eePeceletel ] = gcde
E[tr(AW)tr(BW)] = 2tr(AB) — g®tr(A])tr (BJ,),
E[tr(AWBW)] = trAtrB' + tr(AB') — g®tr(AJ.BJ;),
E[tr(AW?)tr(BW?)] = 4tr(AB) + (p* + 2p + 1)trAtrB — (p + 1)g{trAtr(BJJ})
+ tBtr(Aldy)} — 8¢ tr(AJBJy) + g™ tr(Aly)tr (Bl o),

E[tr(AW)trW>] = 6(p + 1trA — 6g°tr(A)dy) — 3(p + 1)gtr(AJo) Ky + g tr(AJKpeq).,
EIW*] = p(2p* +5p + 5) — 492p + 3) — 28"Kap + 8" Kapea,
EL(W®)’] = 6p(4p” + 9p +7) — 24q(2p + 3) — 128 (2p + 3)Ka, — 38 (3p* + 6p + 1)K p

+6(p + 1g Ky ped + 188 Kapea — 8" Kabe def »
where A = %(A + A’). The expectations are obtained by using Lemma 3.3 and the fact that vec*(V) is distributed as
Npw+1)/2(0, I 41)/2). The calculations can be simplified by using the properties such as

E[trW2trW?] = E[tr(W2W?) + 2tr(WW)tr(WW)],

where W is a symmetric random matrix having the same distribution W and being independent of W.
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Appendix B. Coefficients

The coefficients b and ¢;s, d;s, f;'s are given by

- 1 - -
Co = 5?1(52, 1 = —C,
fi=—tg  h=i@-g). fe= G@-g) fi=-
1= Zgz, 2—2g2 83), 3—2 3 — 84), 4—2g4,
1 1 1 1 1
di = ——ey, d, = —(e; —e3), d; = —(e3 — ey), dy = —(eqg —e3), ds =
1 562 2 2(2 3) 3 2(3 4) 4 2(4 s) 5=3

1 1
b=E [Qz(vl) +6Q (V) (WiK) + 67 {tr(WiMy) ) + 2tr(M%)} :
where Q;(-) and Q(-) are given by (3.4), and the coefficients ¢;’s, g;'s, Vi, Wy, M; are given by

1
e =~ I5(4p’ +9p" — 13p — 12+ 4p™") + hspKiz,

1 1 1 1
e3 = _Zhg(p +2—-2p HKz + Eh;pﬁ((;zk@z - 5h3K54 + m(h§ + 4h3)(6p° + 18p* — 24p — 72+ 96p™ 1),

1 1
€4 = *(hg + 4h3)K52 — *thazl,

4 8

1
es = g(hg + 4h3)(Ksa — p~'K5Ky2),

1 3 2 —1
o = £h4(2p +5p2 —7p—12+12p7 1,

1 _ 1
g3 = Eh4(2p +3—-6p 1)1(52, 84 = ﬂh4l{64

Vi=U+(1—20)"2W +20(1 — 26)"'W;,
W, = (1—20)"2W + (1 —260)"'W;,
M; = —p H{ouW)H} L, — p~H {tr(V14)} (¢! + 8D,

—p oWy} (' + 8D, + (' + 8DV, — (e + 8H)(Vi + A) + %(le + AV)).
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