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HIGHLIGHTS

Many kernel-based learning algorithms have the computational load.

The Nystrom low-rank approximation is designed for reducing the computation.
We propose the spectrum decomposition condition with a theoretical justification.
Asymptotic error bounds on eigenvalues and eigenvectors are derived.

Numerical experiments are provided for covariance kernel and Wishart matrix.
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1. Introduction

Due to the fast advancement of information technology, kernel-based learning algorithms have become popular
nowadays and they play an important role in machine learning with ample applications in statistics, biostatistics, medical
science, image analysis, pattern recognition, engineering, etc. (See, e.g., [4,5,20,1,12].) Kernel functions are flexible building
blocks for modeling complex and nonlinear data structures. The value of a kernel function K (x, y) represents a dot product in
a kernel-induced Hilbert space, often high-dimensional or even infinite dimensional, and can be interpreted as the similarity
measure between the two points, x and y.
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full kernel: K (X, Xp,) reduced kernel: K(X,, X,,) Nystrom approximation matrix
— e o N1
K,~ K, (K(Xn, Xn)> KT,
full kernel: K, := K(X,, X,,),
reduced kernel: ?n = K(X",X\").
Fig. 1. Reduced kernel and Nystrom approximation.
A
R CUR matrix approximation
— I
Apxq = CUR,
” c R,y q: random rows from A,

Cpxc: random columns from A,

core: U := (CTC) ™ CTAR" (RR") ™.

Fig. 2. CUR decomposition.

Many kernel-based learning algorithms have computational load scaled with the sample size n of data collection
{Xi, ..., Xy}. This article considers the Nystrém low-rank approximation to kernel-based Gram matrix and provides it with
a theoretical justification. Asymptotic error bounds on eigenvalues and eigenvectors are derived for the Nystrém low-rank
approximation matrix. The lack of intuition for the approximation of eigenvectors creates a great surprise on numerical
results of asymptotic error. However, to our best knowledge, there is no other existing article mathematically exploring the
convergence or error bound of eigenvectors for Nystrom approximation matrix. The Nystrom method is an easy and yet
efficient approach for low-rank approximation, which dramatically cuts down the computational load and memory usage.
See, for instance, Lee and Mangasarian [16], Williams and Seeger [23], Drineas and Mahoney [9], Lee and Huang [15] for
studies of Nystrom low-rank approximation for kernel matrices.

The underlying kernel function K (x, y) in this article is assumed continuous, symmetric, nonnegative definite, and defined
on X x X.Let X be a random variable having continuous distribution F on X C RP. Let X,, be the data matrix (random)
consisting of i.i.d. copies of X, i.e., X, :== (X1, ..., Xn)", which is of size n x p; and let K, := KX, X») = [K(X;, Xj)]}fj=] be
the full kernel matrix. The key idea of Nystrém approximation is to employ a reduced kernel. It randomly selects a portion
of data set to generate a thin rectangular kernel matrix, called reduced kernel and denoted by K, := K(X,,, X,,), where X,, is
a data subset matrix formed by a subset of {X1, ..., X;}. Then, it uses this much smaller rectangular kernel matrix to replace
or to generate an approximation to the full kernel matrix. See Fig. 1 for graphical illustration.

The technique of using a reduced kernel matrix has been successfully applied to other kernel-based learning algorithms,
such as least squares support vector machine [21,22], proximal support vector machine [11], Lagrangian support vector
machine [18], active set support vector regression [19], smooth e-support vector regression [14], kernel sliced-inverse
regression [24] and robust kernel PCA [13], among others.

The random subsample {K (-, X;,)}}-_; is used as a basis subset to replace the full-sample basis set {K (-, X;)}!_;.Ina training

A~

phase of a kernel algorithm, the thin reduced kernel matrix K, = K(X,, 5(\,1) is used as data inputs, where X,, consists of
{Xi, }r—,. Notice that the number of observations (the column size of K,,) is not reduced, it is the number of basis functions
(the row size of K,) that has been cut down. This uniform random subset for kernel basis selection has a link to the popular
uniform design, which is a space filling design. Space filling designs are known to be robust against the worst possible
scenario [10]. Of course, there is always a random luck issue in every random sampling scheme. To improve the quality of
the random subsample used as partial kernel basis, a stratified random subset is suggested. For classification problem, the
random sampling has to be stratified over classes. For regression problem, the random sampling has to be stratified over the
regression responses. Furthermore, the low-rank approximation matrix actually adopts a model with less model complexity,
thus a larger penalty is suggested to enforce better data fidelity. See Lee and Huang [15] for more detailed discussion and
suggestions for practical implementation.

The idea of using a random subset can also be found in a series of works of CUR matrix decompositions ([6-8,17], and
references therein). See Fig. 2 for illustration of a CUR decomposition.

In addition to being continuous, symmetric and nonnegative definite, the kernel function K is assumed square-integrable

f K2(x, y)dF (x)dF (y) = ¢ < o0, (M
XXX
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£)
ey
‘“‘(\
Lemma 4
Lemma 2 .
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based on M, )

based on M™

Fig. 3. Connection diagram. The correspondences among variables, lemmas and theorems can be viewed in this diagram. The major goal is to connect

{Ank, Un} (with full kernel matrix) to {/):fl',:”, ﬁf{,:')} (with reduced-rank approximation matrix).

has the following spectrum decomposition

KX, y) =Y m(Ome(y), where / M) (X)dF (X) = 8y, (2)
k=1 X

and is of trace type, i.e.,

o0
A < Q. (3)
k=1

For simplicity, we assume eigenvalues of K are strictly positive, distinct, and arranged in descending order
M>Ay>A3> > A >--->0. (4)

(Notice that the method is designed to work for symmetric nonnegative definite kernels, not for others (see the second
example in Section 4). The number of positive eigenvalues of the kernel needs to be greater than n for n x n data kernel
matrices defined below. If the eigenvalues are not distinct, the corresponding eigenspaces of non-distinct eigenvalues are
of more than one dimension. Thus, the convergence result for eigenvalues still holds, but the convergence for eigenvectors
need to be modified in terms of eigenspaces.) Consider the n x n kernel data matrix (scaled by n~!)

M, :=n"'KXy, X)) =n"' [KX:, X)], ., =n"'K, (5)

n

ij=1
with eigenvalues A;; > Ay > Apz > --- > App > 0 and corresponding unit eigenvectors up, k = 1,2,...,n.
Matrices K, and M,, are both called a full kernel matrix. The eigenvalue decomposition problem for a full kernel matrix
M, is computationally costly. An alternative is to resort to a reduced kernel by random subset. Since data are i.i.d. copies of

X, without loss of generality, we may assume that the random subset, denoted by 5(\,5"1) ,is formed by {X1, ..., X;;} for some
m < n. Consider the partition of M, as

M. — M1 My, m
TT| My My n—-m . (6)
m n—m

The following rank-m approximation matrix is called Nystréom approximation to M,
= M — My, M,
M™ = | M My My = = : 7
n |:M21 11 [ 11 12] M21 Mz]MnlM]z ( )
This approximation is based on a reduced kernel %K(X,,,)A(n(m)) = [M]T], MZT]]T, which is of size n x m. Denote the kth

eigenvalue and its associated eigenvector of M™ by 3:,(1',?) and a1

.k - The aims of this article are

’X(m) =(m)

(i) to study the asymptotic orders of magnitude for the full kernel {An, )} and the reduced kernel {A, ", u, "}, as

compared to the ideal ones {kk, %nk(xn)}, where 7, (X;) is an n-vector given by n,(X,) = (nk(Xl), e nk(Xn))T;
and R R
(ii) to find the asymptotic bounds for M;, — n(m) in terms of their eigenvalues and eigenvectors, where M;, — n(m) is the

difference between the full kernel matrix and the reduced-rank approximation matrix.

Results established in this article are summarized in Fig. 3. The 1.\%, ") and M, in the diagram are intermediate variables
defined later in the paragraph of Eq. (17) to prove our main results. Notice that, two opposite directions can be chosen for an
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eigenvector. For convenience, the directions of the eigenvectors, uyy, ﬁf{,?) ﬁ,(fk) are chosen toward the direction of 7, (X,) for
each k. The rest of the article is organized as follows. Main results of eigenvalues and eigenvectors error bounds for Nystrém
approximation matrix are given in Section 2. Technical lemmas and proofs are placed in Section 3. Two numerical examples
are displayed in Section 4. A list of notation usage is appended at the end of the article.

2. Main results

General assumptions. Throughout the rest of this article, we assume that X is a random variable with continuous distribution
Fon X C 9P, and that the kernel function K is continuous, symmetric, nonnegative definite and satisfies conditions (1)-(4).
Further assume that EK?** (X, X) < oo for some t > 0. (For bounded kernel, e.g., Gaussian kernel, T can be any positive
number.)

Theorem 1. Let s = n® with0 < o < m. Then, for any o, v witha < v < 25— — «, we have
S

Z()‘-k - )‘-nk)z = Op(fn,s) + Op (Sniv) s (8)

k=1
where

2
-l (o] oo )
k=s+1 k=s+1

Furthermore, for any fixed k, we have

hnke = M+ Op (Vems) + 0p ( sn—“) , (9)

1
U = ﬁ n(Xn) + 01(3’-2) (\/ 6n,s) + O;()LZ) (‘ Snfzv) . (10)

Remark 1. For a bounded kernel K, we can set t to be any fixed but arbitrarily large number. Since 0 < v —a < ﬁ — 2,
when T — oo, we can take v — o to be very close to 3 — 2« (say v — a = 1 — 2 — & for small positive §). Thus, v/sn—" =

1 o 1, 3a
n~200 — p=3+et38 and /sn2 = "+ = n~2+3 5 Assume that A, has a polynomial decay, i.e., Ay = O(k#) for
some 8 > 1.Then,

(s ) &
€ns = E ( Z Ak) + kz ki =0 (5_2’3+1) =0 (n—a(Zﬂ—l)) )

k=s+1 =s+1

To balance the order of /€, and +/sn=", we take o = iﬁ’%. Then,
1,125 .8
Veéns =0 («/sn‘“) =0 (n 4+4ﬂ+2+2)

1 1
which is very close to O (n7+m) when § is close to 0. If the underlying kernel K has a faster eigenvalue decay (larger
or an exponential decay), then it leads to faster convergence rates for A, and u.

Theorem 2. Let s,;, = m* with0 < a < m, and let
-l o0 2 [ee]
2
= () + 2
k=sm+1 k=sm+1
2 Im 2 o)

n—m 1 n—m
€mn = — €msy +Smm~ ") + A | + ,
o (52 [ () o T 055

where {I,}_; is an integer sequence satisfying

Im 1 2 00
lim (ZA> (€msm +smm™") + Y Ji| =0. (11)

r=1"T k=Im+1
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T
4+21

Xn:(;\nk ’X“m) = 0, ). (12)

k=1

Then, for any a, v witha < v < — «a, we have

Furthermore, for any fixed k, we have
=k + 0p (Vema) (13)
A =y + 00 (m) (14)

Remark 2. The s in Eq. (11) come from MH (in Eq. (7) for the Nystrém approximation). They amplify the error term,

€msy + SmM ™" 1n our estimation approach, so smaller I, makes better convergence for the first term of Eq. (11). However,
as m goes to infinity, making the second term Z;:i,m 41 Mk convergent faster to zero requires that I, tends to infinity with
faster rate. Thus, to obtain the optimal convergence rate for €, ,, we choose I,;, such that

(2 vsa-o(

r=1 k=Im+1

(see the example of next remark).

Remark 3. Assume that A, has a polynomial decay, i.e, Ay = O(k™#) for some 8 > 1. Then, €mn = O(lﬁqﬁ+2 X

(sfnzﬁ+1 —I— Smm~") + 17ﬁ+]) Similar to Remark 1, when t can be arbitrarily large, by taking v — o = % — 2a — § and

o = =2 for some small positive §, we can get spm~" = 0 ( zﬂH) Therefore, €y, = O (l,zn’sﬂs;lzﬁﬂ + I;‘Hl). Now let

4,3+2
242 zﬁH and I,]ﬁH, we take b = 26=1 Thus, we get

I, be the largest integer less than or equal to s . Again to balance I, 3T

B-D2B-1
€mn =0 (m;(yjm(zﬂm(lm)) .
1 . )
When 8 — oo, the convergence rate can be as close to the rate of O (m_é) as possible by taking § close to 0.

Remark 4. In practice, the size of the subsample m is chosen to be much smaller than the sample size n, but according to
- 1\ .. . .
the rate of €, ,, even for the fastest rate of O (m’€> discussed in Remark 3, m has to be chosen big enough to make the

approximation error small. From the numerical experiments in Section 4, the convergence rate, in fact, can be faster than
the upper bound rate O(é, ). Thus, this upper bound is not tight. Nevertheless, our results in Theorem 2 are enough to show
that the errors converge to zero as both n, m tend to infinity. We will further discuss the issue below in technical lemmas.
Also to our best knowledge, there is no other existing article mathematically exploring the convergence or error bound of
eigenvectors for Nystrém approximation.

3. Technical lemmas

Before moving into the mathematical details in this section, let us overview the connection between the following four
lemmas and two theorems. As in Fig. 3, Theorem 1 will be proved using Lemma 2 and Lemma 3, and Lemma 1 will be used
to prove Lemma 3. To prove Theorem 2 we will need Lemma 4 together with Theorem 1.

All the technical lemmas are derived under the General assumptions stated in Section 2. Define

1
Vi i= = (1 k). ma k) ms(Ka). (o)

which is an n x s matrix, and define A(s) V(S)TV(S) [a,]]” |- We have the following lemma, which basically says that
these n-vectors {n‘”znk()(n)}k:1 are nearly orthonormal, when n is large.

T
4421

Lemma 1. Let s = n“ with0 < o < —5-. Then, forany0 < v < — «a, we have

4+2

A1(13) — IS + OI(JOO) (nfl)) ,
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where the order Offo)(-) is in the sense of being in probability and under the entrywise L, matrix norm, i.e., in uniform sense.

Moreover, if s = n* with0 < a < then foranya < v < 4+’21 — o, we have

T
2@+an)’
—1/2 — “(v—
(AP} =L+ 05 (sn") =L+ 05 ().
(Note that A® has faster rate than {A}~1/2 in convergence to I.)

Proof. The (k, )th entry in A is given by ay = LX) m(Xa) = 230 me(X)mi(X;). For a fixed ¢ > 0, consider the
truncation

Ve = JmeX),if X < cn/@+o),
“ 0, otherwise.

Letﬁk, = %

Y1 YuaYi and Zy (X)) = [YiYis — E(YiYi) |- Note that, for j > 2, we have
EZ)00} < var(Z,00) (s*n @) = 0 ((¢2n2/ @0y 2), o)
and for j < 2, we have E{Z},(X)} = 0(1). Since E[n(X)|***" < 0o, we have for any fixed ¢ > 0,
P (X)) # Yig, Yk, i < n} < 0P {Ine00)| = ¢n"/C*0}
s HPOE (I QOI I (Imk0] = snV )} — 0, asn— oo.

IA

Thus, n?P{ni(X;) # Yi} — O for any fixed k, i < n.
Let &y be the Kronecker delta. Assume that s is even (otherwise replace s by s — 1). We have, for ¢, ¢ > 0 and small
enough,

p {rknlaxlakz — 8ul > 8} <P {Iknlax [ — Sl > 8} + P{me(X) # Yii, k, i < n}
SIS LI<s

N -1 n
< Z P !n Z(Ykiyli — 8| > 5] +o(1)
k,I=1 i=1
J 1< e 1| e
< D P D s — EQaYi))| = =t +P L= Y D (EMaYi) — )| > = { +o0(1)
k=1 M= 2 i3 2
S
LoneNTS | &
= (5) B (e — Eiai) | +P {IEGaYin — sul > =} + oD,
k,I=1 2 i=1 2

Now, when n is large enough, |E (YY) — Sul < % Therefore, the second term above is zero; and since s is even, we have

N
ne —s S n
p hnla;g lay — du| > 8} < (7> Z E <Z(Ykiyli - E(Ykiyli))> +0+o0(1)

k,I=1 i=1
r i
ey —s S s!TT E(YaYis — E(YuaYi))
t=1
_(?> ZZ Z ) Z il +o(D.
kI=11<r<s 1<jj<--<jr<n iq+-+ir=s . r
i1semir =1
Since E(YkiY,i — E(Yk,-Yl,-)) = 0, we can only consider the indices withi; > 2 fori = 1,2,...,r. Thus the index r is now

considered to be less than s/2. Using the fact E(YyY; — E(YkiY,,-))i[ < E{Z}{(Xy)}, for i > 2 and Eq. (16), we obtain

(%8)72 )IED DD SEZ ) EE ) o)

il
KI=11<r<s/2 1<jj<-<jr<n ij+-—tir=s AR
i eensir =2

S, /ne\s n’
2 (5) X e o
k=1 r

1<r<s/2 " °

IA

P {max |ak, — 5kl| > 8}
k,I<s

IA

IA

S 2\ % s
> (ﬁ) n*(Sfr)f/(ZH)%_L' + o(1)
Ki=1 1<r<s/2 \ € gt r

IA

Cg s 875n275‘r/(4+2f) 4 O(l),
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where

_ Z (2?’)5 §25—4r - (ZT)S S_25—4r - Z 2s S_25
1<r<s/2 r! B 1<r<s/2 eV 2re"rT B 1<r<s/2 ev 2

ka’s’, for some constants x and a

s'(e/sh)

IA

= xa’n®,
Therefore, by choosing ¢ = bn™", we have
p {rkn’ax |aw — Sutl > g} < K(a/b)Sn=s®/@+20-e=+2 4 (1) — 0,
JI<s
asn — oo, sinces = n® and 7 /(4 + 2t) — o — v > 0. This gives us the first equation. For the second equation, we will use
the equivalent property of ||A|l; = sup{||Au/|; : ||ull, = 1} and ||A||cc = max;;|a;l, i.e.,
lAllco < lAll2 < 5||Allco, whereAisans x s matrix.
Let AY = P"diag(6, 6,, . .., 6;)P, where PTP = I,. Then,
1A = Lll2 = | diag(®s, ..., 65) — ksll> = max|6; — 1] < s|A;” = Klloc,

and then
)" <t = [(4)" 1] = max |\~ 1]
< max |6 — 1| < s|AY — I .
1

)—1/2

Therefore, (A} =1+ 0 (sn7). O

For an integer s < n, let K® (x, y) be the truncated kernel at s components and let I\N/I,SS) be its corresponding kernel data
matrix scaled by n, i.e.,

S

KO, y) =Y Mmm), (17)
k=1
YRR I0) o _ 12
MY = - (K (xi,xj)]l.’jz] = El(n . (18)
Denote the leading s eigenvalues of IVIH(S) by F)t,(f]) > X;S; > e > Xffg > 0 and corresponding unit eigenvectors
ﬁffk) k=1,2,...,s Notethat K (x, y) is the best rank-s approximation, in the sense of minimal L,-norm, to the underlying

kernel function K (x, y).

Lemma 2. For any s < n, we have

1 ~a\ 2

Z ()Lnk - )Lr(lsk)) = Op(enys), (19)

k=1
where 2 = 0for k > s, and €5 = (X0, )" + Y00, A2 Furthermore, for any fixed k and s = n® with
0 < a < 37755, we have

3@+20)
x,(fk) = Ank + Op (»\/ 6n,s) s (20)
) = e + 0 (Véns) + 02 (Von ). (21)

Proof. Note that the condition EK?(X, X) < oo implies that Enﬁ(X) < 00. By Lemma 2.3 of Bai [3], we have

n

~ 2
> (= 7)

k=1

tr (M, — M)?

IA

-l o0 n n
= YYD ke m D X)) e (). (22)

M =41 i1 j=1
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Let (X nw X nk (X)) nw (X;) = D. Then, by simple calculation, we get

En (X0), ifk =K, i=j,
Eng Xome (X)) = 1, ifk=K,i%#j,

ED)y={ 5 " , y . ,.#. (23)
EnXome Xi) < \JEn (X Eng(Xi), ifk#k,i=],
EneX)me X)Ene(Xj)mie (X) = 0, ifk#K,i#]j.

Therefore, the expectation of the R.H.S. of (22) can be bounded by

- Z JZEnt ) + - Z A2 Z Mchey/ EECO L End (X).

k=s+1 k=s+1 kK =s+1
kK

Since Enj (X) is uniformly bounded and )" . | A# = o (), we have

E;(Ank—x,fg) <<Z Ak\/EWW) +7 Z 2.

k=s+1 k=s+1

o\ 2 ~ 2
Hence, Y )_, (Ank - kffk)) <tr (M,ES) — Mn) = 0y (€ns)-
Next, for a fixed k,

||M£S)un,k - Mnun.k”% =< ”M,ES) - Mn”g = Op(em,n)~
Thus, we have
M,ES)un,k = Myu, . + OLZ («/ em,n) = AnkUnk + OLZ («/ em,n) .

Now, let tty, = Y1 ol where 3", o2 = 1. Then, M u,;, = Y1, o 1) . Therefore, we have
Zal()\nk )L(S) (S) = Anklnk — M( )unl = O < (\/ gm,n) ,

which implies, by estimating its L, norm, that Z - az(knk F)t,(fi))z = 0p(em,n). Note that, by Egs. (19) and (24),! we have
(Ak — Ank)? = Op(€mn) + Op(sn™") and therefore

n n n
D Ou— 1) <3 Ou— A +3 ) & e — A7) + 3 Z(A“) Ok
i=1 i=1 i=1
= 3(A — )\nk)z + Op(€m,n) + Op(sn_v)
= Op(€mn) + Op(sn").
Then, for a fixed k, because of the distinctness assumption of A;’s (see Eq. (4)), these «;'s must satisfy

D =0p(mn) +0p(sn™") and o =1+ Op(emn) + Op(sn™).
i#k

IA

Without loss of generality, we can assume that o > 0, so that oy = 1+ Op(€in,n) + Op(sn™"). (Note that each eigenvector
has two directions so we can always choose the appropriate direction of u,;, to make o > 0.) Thus, we have

IS5, — wnell3 = (1 —c)* + D o7 = Oplemn) + Oplsn™),
ik
and we obtain Eq. (21). O

Lemma 3. Let s = n* with0 < a < m. Then, forany a« < v < £5- — «, we have
S
> (e =79) =0, (). (24)

k=1

1 Although Eq. (24) is in Lemma 3, the proof of the equation does not require Lemma 2.
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Furthermore, for a fixed k, we have

T = k0, (VAT), -
~ 1
uy = \/ﬁnk(xn) + 07 (Véns) + 02 (\/sn*Z'f) ) (26)

Proof. From Lemma 1, when n~®~%® is small enough, we may assume that (z‘l(s))l/2 is nonsingular. Thus, let W,Es) =

) (A(s))_l/ ? and then WS is an n x s orthogonal matrix, i.e, W TW,® = I. Note that M® = VYAV, so the
kernel of M{® contains (span{V,})~. Therefore, the first s eigenvalues of My 0o are the same as those of W"ME'W® =
(AS))”ZAS(AS’)”Z, where A, = diag(h1, A, .. ., As). By Lemma 2.3 of Bai [3],

S
Z (kk — )\,(1,{)) <tr (As _ (A;S))]/zAS(A,(,S))UZ)Z .
k=1

. 2 . .
Denote the entries of A and (A,(f))l/ by a;; and by, respectively, i.e.,

AD = (@), and (49)" =B = (b)),

Therefore, we have, by simple calculation,

S
> (- Aﬁf,}) < tr (A — BA,B)?

k=1
= Z}\z -2 Z Lidgbl, + Z My (Z bktbk’>

i,k= k,k'=1

T

2 25: 222 i Airib?, + Z M@y — 2)\2
i=1 i,k=1

k,k'=1

S N
=2 Aihe(bly — 8|+ | D Aidaal — 8i)

=
k=1 i1
. 2
ij ij i=1
=0, (sn").

Next, let us first consider the following expressions:

~ 1
MY - — n(Xy)

/i

1
VOAVOT . 7 Nk (Xn)
A1 Ak

o |29 ®) T
=V | =0 Ak 0T 8]

n
s
where § = 0, (n") by Lemma 1. Let w = V;” &. Then, still by Lemma 1, we have
Iwl; = (V6. V,78) = (ADE. §) < €15 + (&' (A — In) €]

S sn~Y S
~ o0, (nT) +0,( =) =0, (nT) .

Therefore,

MO X)) = A = pe(X,) + 00 S 27
) = e ) +0) () @7
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Now let —nk(Xn) =y 1a,u(s) Then,

~ 1 n ~
M - — ne(Xa) = Y iy WY (28)

Jn

Due to Eq. (27), we have

~ S
Za,w Oy = f(kaxxn)—M“)nk(x ») = 0§ (,/nh)

which implies, by estimating its L, norm, that Y"1 a?(h — A0)? = 0, (sn™2"). Similar to the proof of Lemma 2, by
Egs. (19) and (24), we have

n n n
Y@= At £ 3) k= A +3 ) O — A7) + 3 Z(x“) 0%
i=1 i=1 i=1
= Op(€m,n) + Op(sn").
Then, for a fixed k, because of the distinctness assumption of A;’s (see Eq. (4)), these «;'s must satisfy

Zaiz = Op(€n,s) + Op (Snizv) ’
ey (29)

ap =1+ O0p(ens) + 0, (sn™2").

IA

Without loss of generality, we can assume that ¢, > 0, by choosing an appropriate direction of ﬁ,(fk) soar =14 0p(ens) +
Op (sn™2"). Thus, we have

2

_(1—ak)2+Zoe = Op(€ns) + 0p (sn™?") .
i#k

affk) —nk(Xn)

f

Hence, we obtain Eq. (26). O

Proof of Theorem 1. This theorem can be obtained by combining Lemmas 2 and 3. O

Next, recall the partition (6) and its rank-m approximation (7):

_ M Mp =am _ (Mun M
Mn_[Mﬂ My | M=y, MM ' My )

Note that

My,

1 00
=3 XM me XM’
n k=1

-1 o0
Mz = = 3 X",
k=1

My,

l 00
=3 e XMy (Xy™)T
n
k=1
] o0
Moo = = 3 dane X kXS,

where nk(X(m)) (X1, ..., meX)]T, and nk(X("\m)) [7Xins1), - - ., nX)]T. Denote the m leading eigenvalues of
M™ by A, A > >0 and the correspondmg unit eigenvectors by 'y, k = 1,2, .
Now, as expected the term, M11 , in M, M™ is the key to make this approximation work, but it is also the most difficult

term to be controlled because of its large eigenvalues. To break through this puzzle, the only place we can possibly connect
with seems to be {A, 19(X,)}. In Theorem 1, we have established the connection between {An, e} and {Ay, 7i(Xy)}.

We will then use this connection to handle the eigenvalue problem of M;]. The key idea is to first truncate My, and M
so that we can have matrix decompositions (see (30)) and then to bring A;’s of M, and M, appearing in M21M]_]1M12 to
balance with the large eigenvalues of Mf]l.
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Next, in order to use matrix operation, define the following two truncated matrices

ng (m.l ~ ~(m,l
M ( M“l) My ;) and MO — < N<I“1 ( lMl(rzn ) ( 1))
n =\ pp(m, ng (m. ’ n T \ agmD  pEpmDpy—1px(m, ’
M;; M, M, M, "M M,

1< ~ 1<

Nl |

M = e X M = S 6" Xy
k=1 k=1

~ 1<
N
My = =3 b " (")
k=1

Notice that

1 &
M E Z )Lkr/k(xfm))nk(xfm))T Omx(n—m)

k=I+1 ’

O(n—m)xm O(n—m)x(n—m)

T (m.D)
n

= 1\7115’) +

where 0;,; is ani X j zero matrix. Since 1\71,51) is nonnegative definite and
1 o0
T
= XM xy™)
k=I+1

is positive definite, the matrix M i,m "is nonnegative definite. Using the fact that if A is an m-square positive definite matrix,

then
A BT
B BA'BT
)

=
is nonnegative definite for any (n — m) x m matrix B (see Eq. (6.9) in [25]), the matrix M,, is also nonnegative definite. Also

EN0)
note that M, has an interpretation as the difference of an unconditional covariance matrix minus a conditional covariance
matrix, and hence, is nonnegative definite.”

o . .- . [0} V(D
Let V,” in (15) be partitioned into V,” = | 1 |, where

v

v = (™). ™)

T Un v IR

1

o . (n\m) (n\m)
v .:—( XMy ) .

2 «/ﬁ 771( ) ) ni( ) ) (-l

Thus,

M7 =vOA VST MM =AY, MO = v AT (30)

Now, express My; as follows:
m .
My = ; Un dlag()hml, )\m27 cees )\mm) U,E»

where Uy, = (Um1, Uma, - . ., Um,;m) consists of m orthogonal eigenvectors of %Mn with corresponding eigenvalues Ap,; >
Am2 > -+ > Amm. Thus, Ul U, = I,.. Define C as follows: let

ny Dy —1 97 (m, 1 ! nT n . 1.
MMM = v Av T, — diag(x 1l

ml> *m2> -

— ) 1
AruIvO AT

= VZ(I)C(I)VZ(I)T,

Zn Zn

2 Suppose (X1, X2) has a multivariate normal distribution with covariance matrix ¥ = |: o1 T

i|. The covariance of X, conditional on X; is given by

Ty =T — T ¥ Zha.

X1\ _ X ‘ _[Zn Z| |0 0 |[_|Zn Zn
Cov([xzi|> Cov([xz] X )= Zn Xn 0 Zpi| [Za ZnZi'Zn =0

See, e.g., Anderson [2].
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where €? is an | x | matrix given by

A uTvOA,. 31

m1> *m2>

n
= — Av""u, diag(h; !, 1)
m

The (i, j)th entry of C? is given by
m
Cij = AiAj Z)»;;Qki%,
k=1

where qy; is the (k, j)th entry of the matrix \/g U; V](l) .

It is well known that M > MM 'MJ"" for any m, n, I with m < n (see Theorem 6.13 in [25]). Therefore,
V" (A — €)VT > 0 for any m, n, [ with m < n. Now, by Lemma 1, V,""V\" is invertible infinitely often as n tends
to infinity and A; — C? is independent of V.”, so we have A; — € > 0. Thus,

Ai = el-TAle,- > e,-TC(’)ei = Cjj

for all i, where e; is an l-vector with jth element &; ;.

Lemma 4. We have the following bounds for entries in C®, where C® is defined in (31).

Crir, = ﬁ {OP (M) + OP (V smm—")} ° (32)

Crr = Ar + %r {Op (Vemsn) + Op (V smm—">} 8 (33)

where ry # 5.

Proof. We have the following inequality for c;:

m 2 m m
—-1/2 —-1/2 — _
C; = (Z A.mk/ )‘iqki)‘mk/ kjgkj) < ka;klzqﬁl X Z)“mll)‘quij = GiiGj < AiAj. (34)
k=1 k=1 k=1

However, for any fixed integer r > 0,

h

v

2912 2 : —1)242
Cr = A AL qr + Ak At Qier
ke{1,2,....m}\{r}

v

29 —-12
)“r)‘mrqrr

1 1
=M+;%(@ED+;%Q&mﬂ) (35)
r r

where s,; = m* with0 < o <
Theorem 1.) This implies that

Cr,=,\r+%r[0p(«/%)+op(\/5m?>}

m and @ < v < 7/(4 4 2t) — . (Note that from the second line to third line, we use

and

_ 1
i, = = {00 (Vamsn) + 0 (Vo ™) |
ke{1,2,,m)\{r} r

Moreover, for fixed positive integers ry, 1o,
m
—1
Cr1r2 = krl)\rz E )"mqurlqkrz
k=1

= )‘-rl}\rz)‘-;n:l qrir1Griry + )\rl }‘-rz)\r;,!ZQrzn Aryry + }\rl)‘-rz Z )»,?I;ril qkr, -
ke{1,2,...,m}\{rq,r2}

Next, by replacing r by rq in Eq. (35), we can obtain

-1 -1
)‘Tl)‘mrl Qryry = qrm ’
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so that the first term can be bounded as shown below:

)‘Tl)‘rz)‘;rll QrirGrir, = }‘rzqurzqr_111 =0p (\/ em-,sm) +0p (V smm—“) .

Similarly, the second term

)\rz)w])\;r]ZQrzrqurl = OP (M) + OP (\/Sm?) '

Now for the third term, we can again use Cauchy-Schwarz inequality as (35) and obtain

1

)‘Tl )"TZ Z )‘-;;qkn riz = —F— {Op (Em,sm) + Op (5m

ke{1,2,...,m}\{ry,ra} }‘Tl)‘rz

1

¢ :7{0 E€m,sm —|—O( sm—”)}. O
rry m P ( m,s; ) P m
Proof of Theorem 2.

n
> (=)
k=1

I /\

o0

=1 ky K] ko k=1

X iy Kim4-) My Kimi) My K1) 11, K1) -

~o 02 _
tr (Mn - M,ﬁ'")) = My, — MM My, |I7

m™")}.

Hence, we have the following bound for fixed positive integers r; and r;:

1 n—m
72 Z § ()\‘k] 81{1 ko — Ck]kz ) ()"k/l 6k/l ’k/Z - Ck/l ,l(/z)

Let G = ny, (Xm+i)77k’1 Xm+i) Mk, (Xm+j)nk/2 (Xm4). Since sup Enﬁ(X) is bounded by M, we can obtain |E(G)| < Mifi = j.

Furthermore,

B = |1 il k) = (K, k), i<,
0. if (ki ko) # (K Ky, i
Therefore,

n—m o0

lz Z Z (Aky Oty

E (IMy; — Moy My, My |I2|XT)

ij=1 <1,k’],k2,k’2:1
< h+D,
where
2 (o)
n—m .
L = ( > Z My Sky ey — Chyky)® (for i # j)
n kq,ky=1
and

n—m 0 2
2= n2 M < Z Oty Sy hy — Ck]kz)) (fori =j).

kq,kp=1

Now we write I; = I1; + I1 + I13, where

n—
111 = < ) § ()\Iq 8’(1 ky — Ck]kz) )
k1 kp=1
n—m 5
Iy = E (A Sty ky = Ciyiey) s
n ey lg=l+1

i3 =2 ( ) Z Z(}\klakl ky — Ck]kz) .

k1=l+1ky=1

- Cklkz)()“k’1 3kq,k’2 - qu,k’z)E(G)

(36)
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By Eq. (32) in Lemma 4, the first term

= () (2 ;r>2 (00 (ens) 0y sum™)}.

For the second term, since

o o0 o0
Z ey Skl — Chyy)” < 4( Z M Stk + Z Cfﬂq)

k1,kp=I+1 kq,kp=I4+1 kq,ky=I4+1

2 e
and i < AiAj,

n—m 2 o0 [} 2
I < 22 X
w=(0) | 2 (2
k=I+1 k=I+1
For the third term,
2 o0 1 2 o0 1
n—m 3 n—m
m=2(") Y Yy =2(T) 2 Y
ki=I+1ky=1 ki=Il+1ky=1

() (B (5 )

Therefore, by Egs. (37)-(39), we have

I = (n —n ”7)2 (Z_’; ;)2 (0p (€msn) + Op (swm™)) +0 ( i Ak)

k=I+1

Now let us consider I.

| 2
n—m .
L= ) M (ll_lfn Z (Aky Oty ko _Cklkz)) .

> k1,kp=1

For any integer | > 0, the finite sum
I
D Gk, = Claky) = (1,1, DA =€), 1, D
kq,kp=1
Since A; > €?, we have
| 00
0= Y Gty — Caky) <2(1L 1, ., DAL T, ., DT <2) o
k1,kp=1 i=1
Thus,

n—m n—m
12§2MHZZA,~=O( - )

i=1

Together with Egs. (40) and (41), we obtain

\2 Loq)’
E<||M22—M21M51M12||%|x;")=(” m) (Zk> (0p (€misn) + Op (smm™))

r=1"T

> n—m
+O<E )\,{) —i—O( ) )
k=111

115

(37)

(39)

(40)
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Note that, we can choose | = I; as a function of m which tends to infinity slow enough as m — oo such that

Im 1 2 o0
a, (Zx> (Emsa +smm ™) & D, b | =0

r=1"T k=Im+1

Hence, we obtain

n

o\ 2 ~ .
D (i =2) < 1My = M2 = 0.

i=1

This gives us Eqs. (12) and (13).
Next, let us first consider, for a fixed k,

IM{™ g — Myt |5 < IM™ — My |7 = Op (Emn)-

Thus, we have
Mrgm)unk = Mnunk + O;Z (V gmn) = )"nkunk + OIL;Z (\/ Gmn) .

Similar to the deviation of Eq. (10), we let ty = Y\, oiitly;. Then, M™u,, = >, a; A™ %,;. Therefore, we have

ni
n —~ o~
Zai()‘-nk - )\,(,T))uni = AnkUnk — Mr(,m)unk = Oéz <\/%) s

i=1

which implies, by estimating its L, norm, that ', o?(Ak — Ani)* = Op(€m.n)- Note that, by Theorem 1 and Eq. (13), we have

e = A = 2 — i + 0p (éns) + Oy («/sn‘“) +0, (,/ém,n) .
Then, for a fixed k, these «;’s must satisfy

> o =0,@Emn) and af =1+ 0p(Emn).

ik
Without loss the generality, we can again assume that «y > 0, by choosing an appropriate direction of uy, so that
o = 1+ Op(€ém.n). Thus, we have

e — il = (1= )® + Y o = Op(Emn),

ik

and we obtain Eq. (14). O

4. Examples and numerical study

Example 1. Consider the covariance kernel of the Brownian motion K(t,s) := t A s, for t,s € [0, 1] under uniform
o0

distribution U (0, 1). By the Fourier theory, {«/5 sin [(k + %) nt] }k . forms a complete and orthonormal basis for the family

of L, ([0, 1]) functions. Thus, the indicator function B

1 —i 4 k ! i k 1 t
oo = a m cos |:( + 5) nu] - Sin |:<<+ 5);—; :|,

k=0

which converges in the sense of L, ([0, 1]). Thus, we have the following spectral decomposition of the kernel K (s, t):

A fﬂ (W)L W)d i 8 in| (k+2) e | -sin| (k+ 2
S = u u)au = ———— SIn K — | T - SIn — | TS].
, OO0 2k + 1)272 2 2

k=0
This equation shows that the eigenvalues for the kernel function, K(t,s) =t A s, are Ay = m and the corresponding

eigenfunctions are 1 (t) = +/2sin [(k + 1) 7t]. In Theorem 2, we have obtained that the error of Nystrom approximation
goes to zero as m, n tend to infinity through an upper bound with rate of O(é;, ,). However, €, , does not reflect the actual
rate of convergence as seen in the numerical experiment with Fig. 4. In this figure, we compute, for each (m, n), the absolute
error of the largest eigenvalue and the L, error (Euclidean distance) of the corresponding unit eigenvector. The middle panel
of the figure shows the rapid convergence of the largest eigenvalue and it corresponding eigenvector for the case of m = /n.
By log-linear regression estimate (linear regression estimate for logarithmic errors), the error rate is about of 0(n=%%), but
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3
error VSm errorvsn upper error bound 0 (n” 1#0) VS n
(fixn = 500) (take m = y/n) (take m = )
0.05 10" 10"
—©— eigenvalue error —©— eigenvalue error analytic upper error bound
0.04 *+— eigenvector error *— eigenvector error - (up to a constant coefficient)
5
o
= -2
5 5 10 § 10
5 5 15
[}
Q
o
=]
-3
e T ) . . 10 .
0 50
25 36 49 100 400 729 10 10
m n n

Fig. 4. Kernel K(t, s) := t A s. The Nystrom approximation errors of largest eigenvalues and their corresponding eigenvectors are plotted, respectively, by
black circle and blue star. The left panel shows the fast decay of the errors as m increases toward the fixed n = 500. The middle panel is the log-log plot
of error versus n and shows the errors tend to zeros as n, m tend to infinity with m = /n. The right panel is the log-log plot and shows the slow decay of
the analytic upper error bound.

errorVSm errorVSn errorVSn
(fixn = 500) (take m = /n) (take m = n/2)
1.4 1.6 0.7
12 M 14 0.6
L

1 1.2 0.5
. 08 - L1 _ 04

e —O©— eigenvalue error g —©— eigenvalue error e —©— eigenvalue error

® 06 * eigenvector error ® 08 —k— eigenvector error ® 03 —¥— eigenvector error
04 M . o

0.2 .

011 oo -0

0 0
0 20 40 60 80 100 0 200 400 600 800
m n n

Fig. 5. Wishart matrix. The Nystrom approximation errors of largest eigenvalues and their corresponding eigenvectors are plotted by black circle and blue
star. The left panel shows the slow decay of the errors as m increases toward the fixed n = 500. The middle and right panel show the errors do not converge
to zero when m, n tend to infinity with m = /nand m = n/2.

by the formula of Remark 3, the upper bound rate &, , = O (m_%“_z‘”) =0 (n_%“_z‘”) which is much slower than the

numerical experiment as we can see in the right panel of the figure. (Notice that in this example, 8 = 2 [i.e., A, = 0(k™?)],
T can be arbitrarily large and § can be arbitrarily small.) The left panel shows that given n = 500 fixed, the errors evanesce
as m is greater than 20. Thus, taking m = /n might be quite appropriate for this example.

Example 2. Not all symmetric, positive definite, random matrices can have a set of fixed underlying spectrums as the basic
assumption of this paper. Let us consider the Wishart random matrix (scaled by %) as follows:

1 T
M, = - X,X|,
n

where X, is an n x n matrix with i.i.d. standard normal random entries. When n tends to infinity, by Marchenko-Pastur
law, the empirical distribution of the eigenvalues of M,, becomes dense in an interval. We can see in Fig. 5 that the Nystrém
method does not work, since these Wishart matrices are not derived, as in Eq. (5), from an underlying continuous kernel
which has a discrete spectral decomposition (Eq. (2)).

Notation

S

(s)
* Ay = [aif]i,j:1
o €0 = AVTM VO A € 0, where V) = - [nl(xf’“)), ™y, ]

o 0X™) = X0, - -, meX)]T, and XS = [ Kt 1)s - - - )17
o [ is the identity matrix with size s x s.

o KO(x,y) == 35, Mm(®)mi(y), the truncated kernel at s components.
K = [KO X, X)];

— VY.

mxl'

i=1"
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Ak, Nk(x): the kth eigenvalue and associated eigenfunction of K (x, y).

Anks Uni: the kth eigenvalue and associated eigenvector of Mn

A %™ the kth eigenvalue and associated eigenvector of M\™.

P ~(S) : the kth eigenvalue and associated eigenvector of M.

As = dlag()q, v, hg) € NS,

oM, = lK()(n,)(n) =1 [K(XI,X)]” | = 1K, Sometimes M, is further partitioned into M, = [%; zz] where
Mi;; € X™ My, 6 RMXA=M and My, € RO—Mx—m),
° IlA/Ir(,m) = [ﬁ“] 1 ! [M1; My,], which is a Nystrém rank-m approximation to M,,.
o MY = 1 [K(‘) X, Xf)]i,j:1 = %K,?), an n x n matrix with rank at most s.
T (“fl(; [
My My,
o M5 5 Y b X " T, MG = M
M = 157 ™) )T
=(s m,s,
b M;) = <g§r}15) M(m sg\:,;z 13\/1('" 5))
o VY = ﬁ(m(x,,), 12(Xn), . ... ns(X)), which is an n x s matrix consisting of leading s eigenfunctions evaluated at

(s)
data points X, and scaled by 1/,/n. Sometimes V,fs) is further partitioned into 2 sub-matrices: Vn(s) = |: (S)] where

VP e ™S and VS e pnmms,
e X, = [Xi,...,Xa]", which is the data design matrix. Sometimes this data design matrix is partitioned into two sub-

(m)
matrices X, = | "\ |, where XM= Xy, X]T € WP and XSV = [Xyq, . X T € ROCXP,
X,
nxp
° X(m) a data subset matrix of size m x p formed by a random subset of size m from {X1, ..., X,;}. Since Xy, ..., X; are i.i.d.

copies from X, without loss of generality, we may assume that X, xm Xl(m).
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