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Abstract

We introduce so-called single-index copulas. They are semi-parametric conditional copulas whose parameter is
an unknown link function of a univariate index only. We propose estimates of this link function and of the finite-
dimensional unknown parameter. The asymptotic properties of the latter estimates are stated. Thanks to some
properties of conditional Kendall’s tau, we illustrate our technical conditions with several usual copula families.
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1. Introduction

Since Sklar’s theorem [41], copula modeling has emerged as a very active field of theoretical and applied
research. Applications in finance, insurance, biology, medicine, hydrology, etc., are legions. The origin of this
success is the ability to split specification/inference/testing of a (complex) multivariate model into two separate
simpler problems: the management of marginal distributions on one hand, and the modeling of the dependence
structure (copula) on the other. See, e.g., the books of Joe [24] or Nelsen [30] for an introduction to the field.

In practice, multivariate models often involve explanatory variables (also called covariates), particularly in
econometrics and financial risk management. To study the effect of these covariates on the underlying copulas,
we immediately need the concept of conditional copula [33]. Conditional copulas are a natural way of linking
conditional marginal distributions to get a multivariate conditional law and they have been applied extensively
[34, 35]. Recently, the rise of vine models [1] has extended the scope and the importance of conditional copulas.

Until now, most conditional copula models were parametric. They might specify, say, a functional link between
the copula parameters and an index 87 z, z being the underlying vector of covariates; see, e.g., [6, 25, 33, 38]. A
fully nonparametric approach has also been proposed in [16, 18], which relies on kernel smoothing, local polyno-
mials or other functional estimation tools. As the number of covariates increases, however, such methods suffer
from the well-know curse of dimensionality, and they become unfeasible in practice.

In this paper, we propose an intermediate solution through a single-index assumption on the underlying copula
parameter. Therefore, only a finite-dimensional parameter and a univariate link function must be estimated, avoid-
ing the curse of dimensionality. Note that Acar et al. [3, 4] and Abegaz et al. [2] have proposed another alternative
through local linear approximations of the link function between covariates and copula parameters. Nonetheless,
the latter approach is based on a linearization (thus approximative) procedure and the number of unknown param-
eters rises very quickly with the dimension of z. Moreover, Sabeti et al. [39] have recently introduced additive
models for copula, and have adapted the Bayesian-type estimation procedure proposed by Craiu and Sabeti [7].
Inference for single-index copula models has been recently studied in [28] in a Bayesian framework.

1.1. The framework of single-index dependence functions

To fix ideas and notation, let us consider an iid sample of observations (X, Z),...,(X,,Z,) in R x R drawn
from the law of (X, Z). The vector X represents the endogenous vector, and Z is the vector of covariates. We
are interested in the evaluation of the law of X conditional on Z = z, for arbitrary vectors z. This conditional
CDF is denoted F(-|z). For each k € {1,...,d}, the (marginal) law of X; given Z = z is denoted F(-|z); these
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marginal distributions are assumed to be continuous, for convenience. We introduce the unobserved random vector
U; =U,z,...,Uyz), where Uy z = Fi(Xi|z) for each k € {1,...,d}. To simplify notation, and when there is no
ambiguity, Uz will often be denoted U. By definition, the law of Uz knowing Z = z is the conditional copula of X
knowing Z = z, denoted C(:|z).

First, we consider a parametric framework. A natural model specification would be to assume that, for any
u € [0,1]% and any z € R?, C(u|z) = Cyz(u), where 6 : R — R? maps the vector of covariates to the (true)
parameter of the conditional copula knowing Z = z, and C = {Cy : § € ® C R?} denotes a parametric family of
copulas. The copula density of Cy is assumed to exist and is denoted cy. To simplify, this density is assumed to be
continuous for every 6 € 0, and O is taken to be a compact subset.

Second, since the single-index assumption is related to the dependence function among the components of X,
given the covariates, this means there exists an unknown function ¢ such that

6(z) = ¥(Bo. B} 2), (1)

where the true parameter 5y € B, a compact subset in R™. The single-index relation (1) is assumed to be fulfilled
in the whole paper. To identify the parameter 5y, let us assume that the first component of 8y, i.e., By, is equal
to 1, and the estimate of 3y ; is always 1, obviously. Note that it is necessary to indicate the dependency of 6(z) on
Bo explicitly in (1). Indeed, given Z = z, we need to know the parameter value to be able to compute the index,
and then to evaluate the underlying conditional copula. Then, under Assumption (1), C(:|z) depends on (8, 8" z) if
the underlying parameter is assumed to be 3. This function will equivalently be denoted Cs(-|8" 2).

Example 1. Assume that the conditional copula of X given Z = z is a d-dimensional Gaussian copula Cs. Knowing
the true parameter value is Sy, its associated correlation matrix is

X =[G = j) + 10 # Ph(Bo, By Dhi<ij<ds

for some unknown function 4 : R™*! — (=1/(d - 1), 1).

We stress that Assumption (1) does not mean that C(:|z), the conditional copula of X knowing Z = z, is equal
to the conditional copula of X knowing 8] Z = f3;z, denoted C‘(wg z). Indeed, in the former case, the relevant
margins are the CDFs F(:|2),..., F4(-|z) and in the latti:r case, we need to congider the CDFs Fkg-l,Bgz) DX B
Pr(X; < xkl,ng). To avoid any confusion, let us denote Ug = (F (X, |[3TZ~), e Fa(XylB72Z)), and C(-|BTZ = y) is
the copula of Ug knowing BTZ = y. The conditional copulas C(:|z) and C (-Iﬁg z) are identical only when Z yields
the same information as ,BJZ to explain every margin Xy, i.e., when F(:|z) = F k('lﬁg z) a.e. for every k [16].

Our single-index copula assumption (1) is relevant theoretically and empirically. Indeed, in general, covariates
have a different influence on the conditional margins and on the underlying conditional copula. See [4] for a
discussion, and empirical illustrations. Mainly for practical reasons, some authors assume that the conditional
copula of X given Z = z does not depend on z. This particular case is the so-called “simplifying assumption” (see,
e.g., [10]), commonly used in vine models.

1.2. The M-estimate criterion

Single-index models are well-known in the world of semiparametric statistics. The theory of M-estimators
was initiated by the seminal papers of Klein and Spady [27] in the case of the so-called binary response model,
and Ichimura [22] for the general single-index regression model. Sherman [43] and Delecroix and Hristache [8]
extended this approach. Hirdle et al. [19] and Delecroix et al. [9] discussed the choice of the bandwidth for the
nonparametric estimation of the link function. As an alternative, the so-called average derivative method was
developed in parallel by Stoker [44], Powell et al. [36], Hédrdle and Stoker [20], among others.

In this paper, we rely on M-estimators of single-index models, but related to the parameter of the underlying
copula only. If we were able to observe a sample of the random vector U, say Uy,...,U,, then our “naive”
estimator of Sy could be

n
Braive = arg max Z:‘ Incypprz,) (U,
P

for some function ¢ that estimates ¢ consistently.



Since we do not observe realizations of U, we have to replace the unknown vectors U; by some estimates U;,

given Z;, providing a so-called pseudo-sample U Lyenns ﬁn. Then, a natural idea is to define our estimator by
B = arg max Z Wi Incgigpmz) (U, @

i=1

for some sequence of trimming functions @;,. Typically, they are of the type @;, = l(fli € &,Z; € 2), for
some non decreasing sequence of subsets &, in [0, 11, and some Z c R”. Such trimming functions are usually
necessary to approximate U; by U i» uniformly for all i € {1,...,n}. For technical reasons (see the remark below),
we choose strictly increasing trimmings on the U-side such that U,&, = (0, 1)?. This choice makes it necessary
to control explicitly the behavior of U close to the boundary of [0, 1]¢. This pretty delicate task requires several
regularity assumptions but the challenge has already been met in the literature; see, e.g., [45]. Moreover, we set a
fixed trimming for Z (i.e., Z C R? strictly), because we need uniformity with respect to the Z;, too. This will not
create any bias, because the law of the U knowing Z € Z is just cyg, ﬁgz)(u)l(z € 2)/Pr(Z € ). Thus, this law
depends on the true parameter 8y. See Assumption 1.

Remark 1. Actually, fixed trimming functions for U ; could be chosen instead, i.e., &, = & C [a, | — a]? for some
a > 0 and every n. They would induce consistent estimates without having to impose regularity conditions on the
copula density close to the frontier of [0, 1]7. But the asymptotic behavior of 3 would be more complex. Typically,
it would be asymptotically normal, but after removing an annoying bias that cannot be evaluated easily. Moreover,
apart from a small loss of efficiency, this would preclude modeling the tail dependence behavior, a feature that is
important in many applications. That is why we have chosen 3, as defined by (2).

The consistency and the asymptotic normality of our estimate /3 are established in Sections 2 and 3, respectively.
To be able to check some of our technical assumptions, we provide some useful results about conditional Kendall’s
tau in Appendix C. The paper concludes with a short simulation study reported in Section 4.

2. Consistency of the estimators

2.1. The convergence of single-index estimators
The first assumption is related to the trimming functions.

Assumption 1. Let us set &, = [v,, | —v,]¢ for some positive sequence (vy,), v, € (0,1/2), v, = 0. Moreover, Z
is a compact subset in RP. The trimming functions are w,, : [0, 1¢xRP - [0,1], w,2) — 1w € &,z € 2).

We set @;,, = wn(U i» Z;). For the sake of completeness, we introduce w;,, = w,(U;, Z;), the trimming function
when U, is known, and w; = w; = 1(Z; € Z). Typically, Z is chosen so that the density of Z with respect to
the Lebesgue measure exists and is bounded away from zero, i.e., infzez f7(z) = fo > 0. This will be assumed
hereafter, even if this is not mandatory at this stage.

Assumption 2. The parameter f3 is identifiable, i.e., two different parameters induce two different laws of Uz,
knowing Z € Z. The function M : B — R, 8+ E{ln Clﬁ(ﬂ,ﬁTz)(UZ) | Z € Z} is continuous and uniquely maximized
at B = By. There exists a measurable function h and « > 1 such that, for every z € Z,

sup [ Incyppryy Uz < h(Uz,2), withE{h*(Uyz,Z)(Z € Z)} < . 3)
peB

The latter assumption is usual for maximum likelihood estimation (MLE) purposes. In particular, the identifia-
bility of 8 implies that the particular case of a constant ¢ function is not possible in our framework. In other words,
6(z) is varying with z by assumption.

The limiting objective function (when n — o0) is here

M(@B) = E{lncygprzy(U) | Z; € Z},

which is maximized at 8 = By. Obviously, all expectations E(-) have to be understood with respect to the true law
of (X, Z) that depends on S, only. When the true parameter is 8, we denote expectations by Eg(). Note that, due
to our trimming functions, we are dealing with a M-estimator of 8 instead of a usual MLE formally, at the cost of
a (small) loss of efficiency. The next assumption imposes the uniform weak (resp. strong) consistency of i (resp.
ﬁi), our chosen estimator of  (resp. U;).



Assumption 3.

sup sup [J (8,87 2) — (B, BT 2)| = op(1). (4)
ZeZ peB
Moreover, the pseudo-observation U,-)k belongs to (0,1) forall k € {1,...,d}and i € {1,...,n}, and there exists a

deterministic sequence (8,,), 6, = o(v,), such that

limsup max |U; - U/|1(Z; € 2)/6, <1 a.e. (5)

n—oo i€f{l,...,n}

for any particular single-index model and for any particular estimate of the marginal CDFs.

Now, we recall the definition of reproducing U-shaped functions, as introduced in Tsukahara [45]. This concept
is usual for the semi-parametric inference of copula models. Here, it will be necessary to obtain the consistency of
,@ (Theorem 1).

Definition 1.  a) A function f : (0,1) — (0, ) is called U-shaped if it is symmetric about 1/2 and decreasing
on (0,1/2].

b) For B € (0,1) and a U-shaped function r, define

(B if0<u<1/2,
Vﬁ(u)—{ r{1-B( —w} ifl1/2<u<l.

If, for every B > 0 in a neighborhood of 0, there exists a constant Ag such that rg < Agr on (0,1), then r is
called a reproducing U-shaped function.

c) We denote by R the set of univariate reproducing U-shaped functions. The set Ry is the set of functions
r: (0,1 5 R, r(u) = H,[le rx(up), and ry € R for every k. Moreover, rg(u) = HZ=1 7 p(Uk).

Typically, the usual functions in R are of the type (u) = C,u"%(1 — u)™¢, for some positive constants a and C,.

Assumption 4. There exist functions r, 71, . .., 7q in Ry such that, for every u € (0, 1)4,

sup Vg Incy(w)| < r(w), E{r(Uz)I(Z € )} < oo,
0O

Yiell,...dy Sup |auk In ce(u)| < F(m), max E{Ui(1 - UpHUZz)(Z € 2)} < oo.
0O kell,....d}

The latter conditions on moments are easily satisfied for most copula models. They are close to those of
Assumption (A.1) in [45]. The following result is proved in Appendix B.1.

Theorem 1. Under Assumptions 14, the estimator 3 given by (2) tends to By in probability when n — oo.

Until now, we have not specified how we estimate the link function ¢ and the pseudo-observations U;. This
will be the subject of the next two subsections.

2.2. Estimation of the link function

For inference purposes, we need a relationship between the link function ¢ and some quantities that can be
estimated empirically. Typically, there are two possibilities in practice: for any (8,z) € R” x Z and for some
known “explicit” functional ¥,

W(B.B"2) = P{Cs(1B D)}, (6)
¥(B.B"z) = P{H(B"2)}, (M

where Hg(-[y) denotes the CDF of (X, Z) conditional on 87 Z = y and given 3. These relations define two classes of
functions . In this paper, we assume that » belongs to one of the two latter classes of functions, called (A1) and
(A2). Note that (A1) is a subset of (A2), due to Sklar’s theorem. Both situations are distinguished for pedagogical
reasons (see the discussion about Kendall’s tau below).



In numerous practical situations, Assumptions (6) and (7) are simply moment-like conditions, as in the GMM
methodology: there is a map g : R™ — RY, with /i > m, such that

0(z) = glmi(Bo. By 2), - - -, mu(Bo. By 2)},

where m(5,y), ..., mz(B,y) € R are “moment” relations based on the underlying distributions. In case (6), these
moment relations are directly linked to conditional copulas, viz.

mB.y) = EplaUz.B"Z)B"Z =y} = Bg[Egx(Uz. WIZ)BTZ = y]
= B {f)(k(u,y) Cdu|Z)B'Z = y} = ka(u,y) Cy(dulB"Z = y), ®)
for some known functions y1, ..., Y-

In case (7), there exist some “moments” my(83,y) € R based on the underlying distribution of (X, Z) given
BTZ =y, viz.

m(B.y) = Eglx (X, Z)BTZ = y) = f (. 2) Hy(dx, dzlfTZ = ).

During the estimation procedure, the latter moments n1, or more generally the CDFs Cg(:|6" z) and Hp(-|3" z)
in (6) and (7), will be replaced by some empirical counterparts. The formalism of (A2) behaves nicer than (A1),
because it is simpler to work with the observations (X;, Z;) directly rather than with vectors U; (i.e., some iid
realizations of the random vector Uyz). Indeed, since Uz cannot be observed, the latter quantities U; have to be
estimated too, adding another level of complexity.

Example 2: Spearman’s rho. A natural candidate for a moment is given by m (8, 8" z) = p(B, 8" z), a multivariate
extension of the usual Spearman’s rho, defined by

d
pB,y) = f{Cﬁ(ulﬁTl =y) - 1—[ uj} du.

J=1

Through a d-dimensional integration by parts, this moment can be verified to be of the type (8). Therefore, we
work in (A1). Other definitions of Spearman’s rho are possible with an arbitrary dimension d: see, e.g., [40]. Note
that when d = 2, p(B, y) is simply the correlation between F;(X|Z) and F»(X,|Z) given 8T Z. Therefore, it can be
estimated relatively easily, at least when the dimension of Z is “reasonable”.

Example 3: Kendall’s tau. To fix ideas, assume d = 2. The Kendall’s tau of X conditional on Z = z appears in
several papers in the literature; see, e.g., [48]. Under the single-index assumption, it is written here

(B,BT2) = -1+ 4fC(u|z)C(du|z) =-1+ 4fCﬁ(u|ﬂTz)CB(du|,8Tz). 9

Then, managing Kendall’s tau, we work in (A1) usually. The parameter 8 and then y(B,8" z) can be estimated
empirically, replacing Cg(-|3" z) by an empirical counterpart in the previous integral.
If (X, Z) and (Y, Z) denote independent copies knowing Z, note that

Es{1(X; > Y1,Xo > V)BT Z =y} E4[Bp[1{F(X1|1Z) > F\(Y\|Z), F2(Xo|Z) > Fy(Y2|1Z)}Z) BT Z = y]

Eg {fC(HIZ)C(dMIZ)LBTZ =y} = fcﬁ(uly)cﬁ(duly).

This implies that the Kendall’s tau of X given 87Z = y is 7(8, y), under (1). Incidentally, we have proved that
w6572 =1 +4 [ Gt Cotauby), (10)
where C(-|y) is the conditional copula of X knowing BSZ = y. Moreover, since

Eﬁ{l(X] >Y,Xo > Y2)|ﬁTZ = y} = fHB(x,OOIﬂTZ = y) ng(dx, OOIBTZ = y),

5



we identify a functional of Hp as in (A2), and then

7(3,87z) = -1+ 4fHﬁ(x, +00|B7 7) Hpg(dx, +o00|B" 2). (11)

In other terms, Kendall’s tau belong to the two classes (Al) and (A2) simultaneously. Both relations (10)
and (11) are very useful in practice. Indeed, the estimation of Hg(-[y) or C'ﬁ(-ly) is less demanding than the non-
parametric estimation of Cy(-[87z): an empirical counterpart of Hg(x[y) or C‘ﬂ(uly) does not suffer from the curse
of dimensionality because it requires only conditioning subsets in R, contrary to Cg(u[y) that involves conditioning
with respect to z € R” to manage its marginal laws.

In dimension d, many Kendall’s tau can be built. Logically, these Kendall’s tau may be associated to any couple
of variables (X;, X;) with i, j € {1,...,d} and i # j. Or they can be defined formally as in (9), with d-dimension
integrals, or even d’-dimension integrals, d’ < d if we focus on some sub-vectors of X. Globally, all such quantities
are linear function of f C(uy, 17|z) C(du;, 15|z), where I is a subset of {1, ..., d} and [ is its complement. Obviously,
uy, 15 denotes a d-dimensional vector whose components are u; when k € I, and are equal to 1 otherwise. These
dependence measures are candidates to yield convenient moments. Note the two usual generalizations of Kendall’s
tau in dimension d: the first one has been proposed by Joe [23] as

74(2) = 2(1—1_1 {—1 +27 f C(ulz)C(dulz)}, (12)

and the second one has been introduced by Kendall and Babington Smith [26] as the average value of Kendall’s
tau over all possible couples (X, X;) with k,£ € {1,...,d} and k # €. See Genest et al. [17] for details and
complementary results. In every case, the same arguments as above apply, providing straightforward d-dimensional
extensions of (10) and (11). As a consequence, such generalized Kendall’s tau belong to the two classes (A1) and
(A2) simultaneously and can be written as functionals of éﬁ itself.

Now, let us specify our estimator ¢. The simplest solution we adopt is to invoke kernel-type regression func-
tions. In (A1), we can replace simply the conditional copula Cs(-|37Z = y) by a consistent estimator CB™Z =y).
Several candidates exist in the literature. Historically, Fermanian and Wegkamp [16] studied a nearest-neigbor
estimator of conditional copulas. Gijbels et al. [18] proposed other nonparametric estimates, including Nadaraya—
Watson, Galer—Miiller, etc.

In the class (A2), for every S € Band y € R, set zﬁ(ﬁ, y) = ‘I’{ﬁﬁ(~|y)}, where

Hgx, 2ly) = ) ws jnWUX; < x,Z; < 2), (13)

J=1

B'Z;i=y\ o (B Ze—y
Wg,jn(y) = K(—hn )/; K(—hn ),
for some kernel function K : R — R and some bandwidth sequence (%,), h, > 0. Hereafter, we remove the latter
sub-index n, i.e., h = h, simply for any bandwidth.

To satisfy Condition (4), we have to rely on the functional link between the parameter ¢ and the underlying
distributions, as evaluated in (6) and/or (7). This depends on the regularity of the corresponding functionals ¥ and
on the uniform distance between the conditional empirical CDFs and true ones.

For instance, assume in (A2) that ¥ is Lipschitz, as in the case of Spearman’s rho and Kendall’s tau, with a
Lipschitz constant A (at least when 8 € B and z € Z, and then 87z belongs to a real compact subset). For such
couples (B, z), we have

(B, 8" 2) = ¥(B, 8" 2)| < ANlH(-B"2) = Hp(18" 2)llco-
Assuming FIB is given by (13) and applying Corollary 3 in Einmahl and Mason [15], we obtain

max (8,87 Zi) —¢(B,B" Zilwin < 1 max IHpCIBT Zi) = Hp(|B™ Z)|Xeotwin = O,

i€{l,...,n} €l{l,...,

a.e. and uniformly with respect to 8 € 8. This is sufficient to satisfy (4).
More generally, in (A2) and if W is Hadamard differentiable, there exist continuous linear maps ¥; such that

l&(ﬁ’ﬁ‘rzi) - w(ﬂ’ﬁTZi)

W{Hs(|1BTZ)} — PIH(IBT Z)))
VAH - H)s(IBTZ)} + ofll(H — H)sCIBTZ)II}.
6



Under some additional conditions (particularly on the ¥;), we typically get the uniformity of the latter identity with
respect to Z; € Z. But, thanks to Theorem 3 in [15], there exists a sequence of positive numbers (a,), a, — 0,
such that
ay sup sup (A — H)p(18" Dlles — 0
PEB ZeZ

a.e. when n — 0. The latter result is true uniformly with respect to bandwith sequences (4,) such that nh,/Inn > 1
and h,, — 0. Therefore, (4) is usually satisfied when ¥ is Hadamard differentiable.

Note that the uniform consistency of the conditional copula function, simultaneously with respect to its argu-
ment and the conditioning value, is not available in the literature. Therefore, checking Condition (4) with (Al) is
more difficult than with (A2).

2.3. The choice of the pseudo-observations U
By assumption, 4 is the index of the underlying dependence functions (copulas) only. Therefore, U/; does not

depend on 8. Now, let us discuss the possible choices for Uy,...,U,, in particular to satisfy (5). Actually, in
Section 3, we consider a generic class of estimates such that, for all k € {1, ...,d},
R 1 v
Fulale) = Fuale) = — 3" aun(X;. Zj,%.2) + 1a(x,2), (14)
=1

for some sequence 7,(x, z) that tends to zero sufficiently quickly uniformly in probability, and for some particular
functions ay ,. Then, we set U,-,k = I:"k(X,-,kIZ,') forallie{l,...,n}and k€ {1,...,d}.

A lot of estimators of F; may be built and satisfy (14). A first example of such estimates is given by parametric
marginal conditional distributions: for every x and z, Fi(x[z) = G g,z)(x), for some family of CDFs G = {Gyy, :
6 € O}. Since this model is parametric, the function 8; depends on a vector of parameters 7; € R™. With a slight
abuse of notations, set 6;(z) = 6x(z, nx), and (-, n) is known for every 1. Assume we have found a consistent and
asymptotically normal estimate 7, and set F «(x|2) = Grg,(z,50(%). This implies 0i,k = G g.zi0 Xik)-

Clearly, for every i € {1,...,n}, there exists Hz’i and n,’; such that

Uik = Uikl < VoG (Xit)l X 10206(Z i Ol X [ = e,

where |0(Z, 1) — 6, ;1 < |0(Zi,fi) — O(Zi, mi)| and |y — ;| < | — muel. Typically, if supg, [VoGi g, (Xi)l and
sup,, [020k(Z;, nx)| are bounded in probability, the condition (5) is satisfied, even without trimming. Moreover, in
a lot of usual cases (M-estimates, for instance), it can be checked by a limited expansion that the functions Fr(x2)
satisfy (14). Typically, for asymptotically normal estimators, we have nr,(x,z) = Op(1), and this result may be
uniform under some conditions of regularity concerning G and 6. Such a choice of conditional margins induces
the estimator we label A,

A second candidate is obtained by nonparametric estimates of conditional expectations. A usual kernel-based
nonparametric estimator of F(-|z) on R is given by

Fxlz) = Z win()1(X; < x),

J=1

with the weights

win(2) = K(Z; = 2. h)| Y K(Ze =2 h), (15)
=1
where K is a multivariate kernel and B = (hy,...,h,) is a p-vector of bandwidths i, > 0. To simplify, we can
restrict ourselves to products of p univariate kernels Kj:
KZ; -z h) = — ﬁ PO (16)
J Z’ _hl"'h[) k=1 k hk ’

Therefore, some nonparametric estimators of every marginal conditional CDF F(x|z) are obtained by setting
F(x|z) = F(x, 00p)z). The marginal “unfeasible” observations are U;x = Fy(X;x|Z;), and their estimated versions

7



are Ui,k =F *(XixlZ;). In this case, it can be verified that (14) is satisfied, even if F (x|z) suffers from the curse of
dimensionality along the z dimension; see Lemma 4 in Appendix A. As a consequence of this lemma, Condition (5)
is satisfied for the nonparametric versions on U; and for a wide range of bandwiths. Let us denote the associated
estimator by S22,

Alternatively, it could be assumed that some conditional distributions F(:|Z) are given by particular single-
index models, but with some parameter 8; € R™ that are different from S. If the latter index B is estimated
consistently by S, then we can adapt easily the previous nonparametric kernel estimator: for any real number y,

Fop () = > wa 01X < %),

=1
where - -
BiZi—y) v BiZe—y
Why.jnY) = K( h /; K )

for some kernel function K : R — R and some bandwidth 2 > 0. Obviously, F k3 (X1y) yields a nonparametric
estimator of the CDF Fyg (x]y). In this case, Uy z = F, k(XkIB,Iz). To deal with pseudo-observations, we set U; g, =
Fyp, (Xi,kW;Z i), and 0i,k =F ki (Xi,kl,éljl ;). For some conditions of regularity, (14) can be verified; see, e.g., Du
and Akritas [13] for such a representation in the more general case of censored data. When all margins are assumed
single-index, let us denote by 3 the corresponding 3 estimator.

Now, let us verify the conditions of Theorem 1, particularly Assumption 3, in some particular cases.

2.4. Examples

Let us illustrate the previous ideas with a few standard copula models.
Example 4: the Gaussian copula. For every # and z and with usual notations, given 3, the underlying copula is
Cp|Z = 2) = Dy {@7 ), ... D™ (ug)),
where the correlation matrix X(z) = [6;.¢(2)]1<k.¢<s depends on the index ﬁg z only. With our previous notations,
2(2) = ¥(Bo, ﬂg z). It is well-known that every component 6; ((z) of X(z) is a function of the conditional Kendall’s

tau that is associated to (X, X;), knowing ,BgZ = Bg Z, viz. O (z) = sin{mty ¢(Bo, Bgz) /2}. The latter quantity can
be estimated by standard nonparametric techniques, and then

~ ~ (o,
£(2) = B.72) = |sin{3 26870}
Even if the latter estimated matrix 3(z) may not be positive definite, this is not required for proving the consistency

of B. At the opposite, it will be necessary to obtain its asymptotic normality and some estimates of its limiting law
(see below). To be specific, we can choose

TreB,y)=-1+4 fék,t’(’/h VIBTZ = y) Crp(du, dviBTZ = y),

for some estimator C'k,g(-I,BTZ = y) of the conditional copula of (X, X)) given 87Z = y. Alternatively, we can
invoke an asymptotically equivalent estimator

feB.B)=-1+4 Z Z win(B 2w in(BT 21Xk < Xy Xii < Xij),

i=1 j=1

for some weights, for instance the standard Nadaraya—Watson kernel

win(y) = K(}ﬂ)/z K(}ﬂ)
h — h

See [18] for alternative weights and estimators.



Once we have stated 1@, it remains to set the marginal CDFs U Lyeons Ud to be able to compute our estimator
,@. To fix ideas, we rely on the standard univariate kernel-based conditional distributions, as given in (15): U,-‘k =
F (Xik|Z;) and our estimator is then [3’(2).

Concerning Assumption 2, the only thing to be checked is (3). This is guaranteed when the random matrix
>1(Z) is staying “under control”, e.g., when all eigenvalues of X(Z) are uniformly bounded from below almost
surely. It is sufficient to assume that

sup sup Amin{Y/(B,872)} > 1> 0, 17)
ZeZ peB

where Anin(X) denotes the smallest eigenvalue of any nonnegative matrix X. In this case, it is easy to bound the
log-density of X (conditional on Z) from above, and to satisfy (3).

Assumption 3 is the trickiest. In Section 12, some sufficient conditions are given to satisfy (4). It remains to
verify (5). We can apply our Lemma 4: under its conditions and if all the bandwidths we consider in U; behave as
the same power of 7, say n™" (the usual case), there exists a constant C such that, with probability 1,

lim sup max |U; — U;| 1(Z; € Z)/6, < C, where 8, = y/In(n)n~7P0/2 4 7,
n isn

Note that, for consistency purposes, we can choose any n such that 7 < 1/p, and v, can be chosen arbitrarily as
long as we have v, > ¢,, and then the condition (5) is satisfied.
Assumption 4 is satisfied for the Gaussian copula, as in most usual copula families. In our case and under (17),

we choose
d

d
r@) o Y (O @) and  Fw) o @) DD (u)) x (g0 07w}

k=1 e=1,0%k
Therefore, the estimator B(Z) is consistent under the Gaussian copula framework.
Example 5: the Clayton copula. The Clayton copula is often useful in finance, because it induces left-tail depen-

dence, a common feature of asset returns. When the values of its parameter are strictly positive, the conditional
Clayton copula is written, for al u € (0, 1)4,

d

-1/0(%)
Clulz) = [Z w"® —d+ 1] ,

k=1

with 6(z) = ¥(B, 8" z) under the single-index assumption. As with the Gaussian copula model, we can evaluate
 with conditional Kendall’s tau, because of their one-to-one mapping. Indeed, invoking Example 1 in Genest et
al. [17], the Kendall’s tau for a Clayton model is equal to

d-1

1 JET 1+ k0
=S {—1+2 H(2+k0)}.

k=0

It is easy to check that the latter mapping between 7 and 6 is one-to-one. The density of the Clayton copula with
parameter 6 > 0 is given by

d-1 d d
In cy(ulz) = Zln(l +k0) — (0 + I)Z In(uy) — (% + d) In [Z u;e _ 1]_
k=1 k=1

k=1
Assume that there exists § and 6 such that, for every z € Z and every 8 € B, 0 < y(B,BTz) < 6. Then
Assumption 2 is satisfied. Indeed, note that

d

d d
0<In [Z u’ —d + 1] < Zln(du,;‘)) <dln(d) - éz In (uy) .
k=1 k=1

k=1
Letting V denote a U(0, 1) random variable, we have

ElIn{Fy(Xi|Z)}] = Eg [Ey z[INFXUZNZ]| = Ez {Ey z[In V) = (-1),
9



and (3) follows.

Assumption 3 is satisfied with the same arguments as for the Gaussian copula. Assumption 4 can be verified
relatively easily. Concerning Vy In cy(u|z), the relevant reproducing U-shaped function is given by the product of
the functions ry(u) o< —In(u)1(uy € (0,1/2]) — In(1 — w)1(uy € (1/2,1)) with k € {1,...,d}. To see this, use the
following inequality: for every u € (0, 1)¢,

d - d
| Yy u? Inug|  maxy ug o 5d 1|lnuk|
< - E In uy.

Suf—d+1 Suf—d+1

To manage V,, In cy(u|z), the relevant reproducing U-shaped function is obtained by replacing r, above by 74 (u) o
u;'(1 = w)™". Assumption 4 follows by setting 7(u) = Fi(ue) [T 71(1).

Example 6: the Gumbel copula. The d-dimensional Gumbel copula is given by

d -1/6
>, |1nuk|"] }

k=1

Co(u) = exp {—

for some parameter 6 > 1. It exhibits right-tail dependence.
Its Kendall’s tau in dimension d, as defined by (12) has been calculated by Genest et al. [17] as

+203 ¢, o (—)m_l ﬁ {ﬁ(k - 1/9)}%]
d=1)! g=1 \t=1 ’

where i = (my, ..., mg) withm = m; + - - - + my, and the summation is taken over all d-uplets of integers such that
my +2my + -+ - + dmy = d. For every m, Cy; denotes a positive constant. Note that

Ry !4 (] mg
(5) l_[ {l_[(k - 1/9)} = (5) 1_[ {]_[(ke— 1)} = xa(0),
q=2 \ (=1

Td:2

and
d g-1 km d q-1
(lnm)(@oc—(d—lnqzz;; ke (d—l)+;k:1mq 0.

Therefore, every function y; above is invertible, and the mapping between 6 and 7 is one-to-one, as usual. We can
use the empirical (conditional) Kendall’s tau to evaluate the under parameter 6 (or (z) more generally).
The Gumbel copula density is a linear combination of the functions

d j/9—d d |1 |971
nu
cj(w) = Colar) [Z |In ukr’) [
k=1 k=1

for some je{l,...,d}. Inthe single-index model, 6 is a function of z. Assume that 6(z) belongs to a fixed interval
[0,6] C (1, +00) almost everywhere. Therefore, the density cyz) of a Gumbel copula satisfies

d jlo-d " |9 ]
n
coz)(1) < KoxC(u) max {{Z |In uk|0] 1_[ Ui }

0c(0.6)

for every u € (0, 1)¢ and some constant K. By taking the logarithm of the previous right-hand side, it is easy to
check that (3), and then Assumption 2, are satisfied.

Assumption 3 is satisfied with the same arguments as above. After lengthly calculations, we can check As-
sumption 4 too, by noticing that

sup [Ougco()| < Kyxhy(u)Co(w)/u; = Fr(u),
0€[6.6]

for some constant K; and some slowly varying functions /; (deduced from the powers of the functions u,; — Inu,
with € € {1,...,d}). The function 7 belongs to R, since Cy(u) behaves as u; when iy tends to zero. Therefore
E{U(1 = U7 (U)} < oo.

10



3. Asymptotic normality of the estimators
3.1. Notations and assumptions
For convenience, set ¢; = (B0, 8 Z:) and y; = ¥(Bo, B Z)).

Assumption 5. For every z € Z, assume that Yz : B — 0,8 +— y(B,B" z) is three times continuously differen-
tiable. Moreover, set Inc : (0,1)¢ x ® — R, (u,6) — Incy(u). Assume that Vy Vg In cy(u) exists on (0,1)? x @.
Assume that B — M(() is twice continuously differentiable. Its Hessian matrix at point S is denoted ¥ = VéM Bo),
and is invertible.

Such conditions of regularity are standard and can be easily checked most often. Simple calculations yield

1

2= 5z e 2 B Voin codoms WDV B8 Z20) + Vi codomy, UV Vi i} 1(Zi € D))

Assumption 6. Assume that, for k € {0, 1,2},
k 7 T k T h_
sup |VEi(B,B"2) — V(B BT 2)| = 0r(1), (18)

BeB,ZeZ

sup W(Bo, By 2) — ¥(Bo. By 2| = Op(i1n),

;ug Vsl (B. BT 2)ip=p, — Vst (B, B Dip=p,| = Op(M20)

with 8,1, = o(n™'?), for j € (1,2}, 1, = o(n™'?), and mums, = o(n™'1?).

The latter assumption requires that the rate of uniform weak consistency of i (and some of its derivatives)
is sufficiently quick. For the clarity of these developments, some additional technical assumptions have been
postponed into Appendix B.2. They are related to the regularity of the underlying model distributions/functions
and some of their estimates. Broadly speaking, the key point is to check Assumption 6 in practice.

3.2. Main results
Now, let us state the main theoretical result, that will be key to obtain the asymptotic normality of /3.

Theorem 2. Under Assumptions I to 12,

—1 n
B=Bo=——= 2 winValn ooy, (O)Vpt(B. B Zipop, + 0p(n”'7).

i=1

The proof of Theorem 2 is given in Appendix B.2. Invoking a few additional assumptions (see Appendix B.3),
we finally obtain the asymptotic normality of /3.

Corollary 3. Under Assumptions 1 to 16, we have n'/z{Z(B - Bo) + b} ~ N(,S) as n — oo, where S =
E(woy MiM)), and

Voco

M, UV (B.B"Z1) =, + YuVe(ln Og=pipo 1 Z,) U1 W(Z1, X)Vey(B,B"Z1)p=p,

Co o=y,

for some d-dimensional random vector W(Z 1, X1) that is defined in Assumption 15 of Appendix B.3, and
by = E{(win — wMi} = B{LU; €[0,117 &,, Z; € IM).
Moreover, if
E[VauVo(n o)y 5, g7 7, UD W(Z 1, X)V(B. BT Z 1 =g,
{1(Uk1 = vl < 80) + 11 = Upy = val < 8} | = 0™, (19)

foreveryke{l,...,d}, then n'?b, = o(1) andnl/z([i—ﬁo) ~ N(O,Z71ST Y as n — .
11



This result is proved in Appendix B.2. Note that the bias b, cannot be removed in general, even if E(a; ;) = 0.
Indeed, the trimming part E{(w;, — w;)M;} is typically of order §,, and has no reason to be o(m~'?). To remove
the asymptotic bias, we need (19). The latter condition is easily satisfied with purely parametric or nonparametric
estimates, because W(Z, X) is zero or most often negligible in such cases; see the discussion of Assumption 15
in Appendix B.3).

The asymptotic variance of 3 in Corollary 3 can be estimated easily in most cases. Indeed, set

We can consistently estimate X by

= P Z<D) ; {V(,(ln C(J)|9:J/,-(Ui)v[2;lpi +V;(In Ca)|9=.],,.(Ui)V/3¢iVﬁT¢i} WZ; € 2),

where Pr,(Z € Z) is the empirical probability of observing Z in Z. Note that 3 is not definite positive in gen-
eral. Nonetheless, several techniques exist to build definite positive approximations of any symmetric matrix; see,
e.g., [21, 37]. Moreover, estimate S by the definite positive matrix § = n~!' ¥ | &; , M; M, where

M = V(I )y, (U Vil + Vu Vo(In co) oy, (U). W(Zi, X)) Vi,

for some functions W that consistently estimate W. It is difficult to specify W because its analytic expression
depends on the selected definition of the pseudo-observations U;. Nonetheless, note that we can set W = 0 when
the U; are obtained through kernel-based estimates; see Appendix B.3.

It is possible to verify that the conditions above (1 to 16) apply to get the asymptotic normality of 3 in the case
of the copula families in Section 2.4; see Appendix B.4.

4. A short simulation study

To investigate the finite-sample behavior of our estimate /3, we consider the following simulation setting. Let
Z € R* be a random vector with independent margins that are 7/(0, 1). The conditional (marginal) distributions of
X and X, given Z = z are respectively taken as

Xi|lZ=z~N@'z1), X|Z=z~N@'zl),

with @ = (0.2,-0.3,0.1,0.1)7. Concerning the conditional copula model, the dependence structure of (X;, X»)
given Z = z is a Clayton copula of parameter 3] z. We recall that a Clayton copula with a parameter 6§ > 0 is
defined as Cy(u,v) = ™ +v=? — 1)"19. Set By = (Bo.1,B0.2-B03:Po4) = (1,0.7,1.2,0.8)T. We then assume

Biz/3.7

6(z) = ¥(Bo. By 2) = T-p 274
T2/

Therefore, the values of the random parameter 6(Z) belong to (0, 2). The corresponding values of the conditional
Kendall’s tau coefficient (which depends of Z) lies between 0 and 1/2. Under our simulation scheme (independent
covariates Z uniformly distributed over (0, 1)), this leads to an average value of 1/4 for (83, gZ ). The sample size
is n = 1000. We consider 1000 replications of this simulation scheme. For each simulated sample, we compute
our estimator ﬁ as defined in (2). The conditional margins are estimated using a kernel estimator as in (A.1), with
products of univariate Gaussian kernels K; = --- = K4 = ®. The bandwidth used in the estimation of the margins
is taken as 7 = 0.12 as per Scott’s rule in R*; see [42], p. 164. In contrast, we consider different values of the
bandwidth for computing the conditional Kendall’s T estimators, to understand its impact on the performances. To
measure the estimation errors, for each simulated sample and each value of the bandwidth, we introduce

L 5 1B - Bo.
D=3,

The latter number measures the mean relative absolute distance between the true parameter 3y and its estimate. The
mean value of e(5) over the 1000 replications is then calculated, providing é(5). For a grid of realistic bandwidths
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between 0.03 and 0.2, the obtained range of é([?) is [1.3%, 6.1%], with an average value of 3.5%. If we look at the
results component by component (i.e., if, for each sample, we compute ei(ﬁ) = IB,- - ﬁ(),,-ll,[fo,,~|‘1 fori € {2,3,4}),
we obtain similar levels of errors: ez(ﬁ) lies between [2.0%, 7.8%] with an average value of 4.7%, e_g(ﬁ) between
[0.8%,4.9%] with an average value of 2.8% and e4(ﬁ) between [1.0%,5.9%] with an average value of 3.8%.
Regarding the standard deviations and defining s,-(ﬁ) = Var(ﬁ[)l/ 2 fori = 2,3,4, we have s, /Boz € [0.9%,4.8%]
with an average value of 3.8%, s3/603 € [0.1%, 3.2%] with an average value of 2.5%, and s4/Bo4 € [0.7%, 3.6%]
with an average value of 2.9%.

As another error measurement criterion, we considered the empirical estimation of the quadratic error E{(3 —
Bo)*}. This error goes from 0.0040 to 0.0049 for our range of bandwidths. A bias/variance decomposition of
this error, i.e., E{(B — Bo)?} = var(B) + {E(B) — Bo}?, may give us indications on the relative influence of the bias
with respect to the error. The empirical estimation of {E(8) — 8,}? goes from 24.7% of the global quadratic error
to 36.3%. Such error levels are very reasonable. However, the asymptotic normality of 3 may not be achieved
for this sample size, since the null hypothesis of a Shapiro—Wilk test is strongly rejected. A larger sample size
may be required to obtain this asymptotic normality. As expected, there is an impact of the bandwidth on the
practical behavior. However, we focus here on estimating 3, which is relatively weakly sensitive to the choice of
the bandwidth. Indeed, it is based on the maximization of a criterion where the nonparametric kernel estimators
are averaged.

Appendix A. Technical lemmas
Lemma 4. Foreachk €{l,...,d}, define Fras
Fuxlz) = )" win(@1(X 4 < ), (A1)
=1
with the weights given by (16). Assume that, for some s > 2, the following conditions hold:
(i) fz, the density of Z, exists and is strictly positive on Z. Moreover, it is s-times continuously differentiable.

(ii) For every real x and every k, the function hi(x,-) : z = Pr(Xy < x|Z = z)f7(2), defined on Z, is s-times
continuously differentiable. Moreover,

sup sup |dzhi(x, 2)| is bounded.
xeR ZeZ

(iii) The underlying kernel K(-,1) is continuous, bounded, of bounded variation, f K(z,1)dz = 1 and it is
compactly supported. To be specific, this kernel has to be “regular” in the sense of Einmahl and Mason [15],
i.e., it has to satisfy Assumptions K.i-K.iv. Moreover, it is a multivariate s-order kernel, i.e.,

4
[ 11z x@vaz=o.
j=1

for every p-uplet of integers (ay, . ..,ap) such that aj € {1, ..., s — 1} for some index j.

Then, for all k € {1,...,d}, we have

n

. 1
Fuxlz) = Fudl2) = = 3 ain(Xj, 2, %,2) + 1a(%, 2),
n

1
an(Xj,Zj, x,2) = ]% [K(Zj -z, W1(X;r < x) - EB{K(Z; - z, H1(Xj; < x)}

— Pr(X; < AZ = 2) [K(Z; - 2.h) ~ E{K(Z; - 2. )} .
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where, by setting

172
n H?:] h[ 1
Un1 = > ., anduy) = 55
max{—In([T,_, &), InInn} maxee(1,..p} 1y
there exist positive constants Cy, C, such that
lim sup min(ui 1sUn2) sup |r,(x,z2)| £ Cy (A.2)
n ’ xeR,ZeZ

and

lim sup min(u,, 1, u,2) sup |Fi(xlz) — Fi(x|z)| < C; ae.
n xeR,ZeZ

Proof. Eq. (A.2) is deduced directly from Theorem 2 in [15]. Moreover, by straightforward calculations, we get

1 2
rak(X,2) = rfz,,z(x, 7)+ rfly,f(x, 2),

_ Eh(x,2)@ -E2*(x) _ (h—Eh)(x,2)@ - Ed)(2)

(1
T T ) §DER()
Eh(x, 2)
@ _BMxng)
Tk 2) F22) (xkl2),
R 1 n 1 n
h =— ) K(Z;—z,h)1(X;; < 8x)=- ) K(Z;—z,h
(x,2) ”;:1 Zj-zm X< x),  8()=- ,; (Zj=zh),

that tends typically to g = f7z and h(x,z) = Pr(Xy < x|Z = z)g(z). By invoking Egs. (3.7)—(3.8) in the proof of
Theorem 2 in [15], we get the uniform convergence of f (resp. &) towards Eh (resp. E§) almost surely, at the same
rate u,. Note their Remark 8 justifies the choice of different bandwidths for every component of Z.

Moreover, by usual limited expansion of Eg — g and Eh — h, we can deal with the bias term. Due to our
assumptions concerning the order of the kernel K and the regularity conditions on the underlying laws, we obtain

easily that rflzlz(x, z) = O(maxe(1,... py h3), providing the result. O

Lemma 5. Consider an integrable function y on (0, 1)? x Z. Assume that there exist two deterministic sequences
(&,) and (6,), &, — 0, 6, = o(v,), such that

Pr( max |U; - U, > 26,,Z; € z) -0

ie(l,....n)
when n — oo, and
E (Ui, ZHIZ; € DA(Uix = val <26,) + 11 = vy = Uigl < 26,)}] < &,
forallke{l,....d}. Then Y.} W(U;, Z;)(®in — wip)l/n = Op(&p).

Proof. Let us fix € > 0. For any constant A > 0, we have
1 < 1< .
Pr{— Z (Ui, Z)| X i — winl > Afn} < Pr{— Z (Ui, Z)| X i — win1(U; — Uyl < 26,,) > Afn}
= =

+Pr{ max |U; - U, > 26,.Z; € z} =P, + P,.

ie(l,....n}

First, we have

d n
1 A
Py Pr{; DWW ZON(Z; € Z, Uik = val <1034 = Uel) > Afn/(2d>}
k=1 i=1

d n
1 N
+ ; Pr {; Z} W(Ui ZOINZ; € Z,|1 = vy — Uisl < |Uis — Uial) > Afn/(Zd)}
2d &

< ;E[W(Ui,zau(zi € 2)1(Uix = val £26,) + 1|1 = v, — Uil < 26,)}]

< 2d/A,
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which is less than &£ > 0 for A large enough. This means P; = Op(&,). Second, by assumption, P is less than &
when 7 is sufficiently large, proving the result. O

Remark 2. In particular, it is tempting to define, with obvious notations,

& = mkaxE sup  (up, Uik, ZDINZ; € Z)

U, |ug—v,|<26,

+ mI?XE[ sup W, Ui, ZHINZ; € D),

g |ug—1+v,|<26,

or even, when this term tends to zero,

& =max  sup sup sup [ (ug, U—g, 2)|
U=V <26, U €[y, =26, 1-v,+26, 14! Z€Z

+ max sup sup sup |y (ug, u_g, 2)|.
K U= 14v,<26, U _ye[v,~26,,,1-v,+26,1% ZeZ

Lemma 6. Under the assumptions of Theorem 2,

sup [VzM,,(B) = VM (B)| = op(1).
PeB

Proof. We have

I’ll‘+1

1 v N - .
ViM,B) = > Valincyyyg, (U)VEIB.BTZ) b
i=1

1 <& A
= > Vi coy, (UDVpdi Vi i = Biu(B) + Bra(B).
i=1

Furthermore,
1 < VgCg 2 A T N
Bi.B)—— ) ——  (WU)VgB.B Z)win
[ Co =i

i=1 |6=
is equal to

1< R R
- Z {Ve(ln )=, (Ui) — Va(Incp) gy (Ui) + Vg(In cg)y—y, (U) — Vo(In Ce)w:w,-(Ui)} Vi B.BTZ) i

i=1
1 v . . .
= = > AVaenco)og,(U).U;: = U)) + V5 y(n co)g—y: (U).(i = )} Vol (B. BT Z:) @i
n i=1

for some U} and ¢ such that |U; - U,| < |l7,- =Ul, -yl < Itﬁ — ;|. From Assumption 11, and using the same
arguments as in the proof of Theorem 1 (see the term 7»(8)), we get

1< o 5 .
Sup |~ " Vi (0 o)y, (U) (U = UDVI(B.BT Z)) din| = 0p(1).
B i=1
From Assumptions 9 and the uniform consistency of (8, 87 z) (see (18)), we have
1O o 24 ToaNA | _
sup |~ > V3410 o)gmy; (Ui i = W)VRB.BTZ0) in| = 0p(1),
B i=1

and we deduce

1 v . .
sup |B11(8) = = " VoIn Copomy, (UDVRH(B, B Z0)ibin| = 0p(1),
BeB =

Invoking Assumption 6, Eq. (18), we get

peB

1 n .
sup |B1u(B) = — ) VaIn -y, UV (B.BT Z)ia| = 0p(1).
i=1
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Since the score function is uniformly integrable (Assumption 4) and applying Lemma 5 (or the dominated conver-
gence theorem simply), we can replace &;, by w;. Therefore, supg By ,(8) — Bi(B)| = op(1), with

1 n
Bi(B) = — ) Voln ooy (U)o (B fT Z)w;
i=1

Similarly, one can deduce from Assumptions 11 and 6 that supg |B2,,(B) — B2(B)| = op(1), with

1 n
BoB) = — > Vaglin codoms, UV BB 2V w(B.B" Z .
i=1

From Assumption 10 and (B.2) and (B.3) in Assumption 9, we can apply Example 19.7 and Theorem 19.4 in [46]
to deduce that

sup |B,(8) — E{B1(B)} + B2(B) — E{B2(B)}| = op(D).

BB
Since (n; + 1)/n tends to Pr(Z € Z) a.e. and X = [E{B1(8)} + E{B2(B)}1/Pr(Z € ), we obtain the result. O

Lemma 7. Let co(u,v) denote the first order partial derivative of C [’),‘;’ (ulw) with respect to w evaluated at point

w = v, where Cg’(ulw) denotes the conditional copula function of U given 87 Z and ||Z||o < M (ie., Z € Z). We
have

VsCY WlB™ Z)pp, = colu, By ZNZ — E(ZIBJ Z. Z € 2)).

Proof. The proof is similar to the proof of Lemma 5A in [12], and of Lemma 3.4 in [29]. Observe that

CywB"2) = B(ly_, |82, Z € Z) = BE(\y4|2)B"Z,Z € Z} = E(C, u|B; 2)B"Z, Z € Z),
where we used the single-index assumption. Next, let

Ty, 7(B1.82) = BICY wl(Z.B) + B Z)B3 2. Z < Z),
where a(Z, 1) = B; Z — 3] Z. Hence, Cg’(uIBTZ) =T, z(B.B). As a consequence,
VsCy @B’ Z)p-, = ViTy 7 (B.Bodp=p, + Volyy 7 Bo-Blg=p-
where V; represents the gradient vector with respect to ;. Observe that
ViTy, 7B Bo)p=p, = —E{Zco(u, By Z)|B; Z}.

Moreover, T, 7 (B0,8) = C[’Z(ulﬁTZ), which leads to Val'y, 7 (Bo, B)is=p, = Zco(u, ) Z), and the result follows. [

Lemma 8. Assume that the transformation ¥ is Hadamard differentiable. Then, for all v,

fVﬁ‘ﬂ(ﬁ,ﬂTZ)&ﬁodl’rzwgz(zlv) =0.

Proof. Let W{C(-)}[D(-)] denote the Hadamard derivative of ¥ at point C, applied to function D. Recall that
Y(B,BTz) = ‘I’{Cgl(lﬂTz)}. Hence, using Lemma 7,

Vi (B, 8" 2ip=p, = {2 = E(Z|By Z = By 2)MH(Cp, (1B )} co(1B 2))-

This shows that V(8,87 2)3-p, = {z—E(Z|B; Z = B} 2)}A(B; z), for some transform A, and the result of Lemma 8
follows. O

Finally, Lemma 14 invokes two propositions from [15], that we recall here.
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Proposition 9. Let G denote a class of functions bounded by 1, and let O'é = Sup,eg var{g(X, Z)}. Then, for all
t>0,

n

{unf3:

i=1

g(Xi, Z;) - E{g(X;, Z))}

A 2
>A(Ge + t)} <2 {exp [—Ltz] + exp(—Azt)} ,
no-

I

where (&;)1<i<n are iid Rademacher variables independent from (X1, Z1),...,(X,, Z,).

for some universal constants A; and A,, and

n

G, =E{sup
’ {geg ;

g X, Z))e;

Proposition 10. Assume that G is a class of functions satisfying the assumptions of Proposition 9 and such that
N(g,G) < Ce™ for C > 0 and v > 0. Moreover, assume that there exists o> < 1 such that sup,cg E{g(X, Z)’} <o
Then, G, < An'?c In(1/0).

Proposition 11. For each k € {1,..., p}, let Fi(x|2) denote the kernel estimator of the conditional distribution
function F(x|z) as given in Eq. (A.1), i.e., Fi(x|2) = Ni(x|2)/f(2) with

A 1 & A 1< 1 L Ziy—2
zwm#;}hmm@rzm,f@=;2K@pam,K@famzmmhrv4iﬁl)
i=1 i=1 P =1

Define
P(t) = Pr{ sup [ﬁk(xlz) - Fk(xlz)| z t}’
xeR,ZeZ

and assume that

sup |B{Ni(x12)}/B{f(2)} = Fi(xlz)| = by,
xeR,ZeZ

for some sequence b, — 0. Then, for B large enough and t > max{2b,, Bn~ Y2 1n(1/ ming hy)(hy - - - h,,)’l/z}, there
exist positive constants (a, 3,7y, 0) such that

P(t) < 4{exp(—anh; - - hptz) + exp(=Bnhy - - - hytt) + exp(=ynhy - - - hp) + exp(=onhy - - - hp)}.

Proof. Let
P() =Pr {sup Fr(xl2) - w > t}, Pi(f) =Pr {sup INe(xl2) = E{Ne(x]2)}] = t},
%2 E{f(2)} xZ
and
&m=m%?vw—mﬂmm%.
We have

E(Ni(x]2)} >w%
E{f@) )

where the last probability is zero for ¢/2 > b,.. Hence, an upper bound for P(¢) can be deduced from an upper bound
on P(¢). Define the classes of functions

P(1) < P(t/2) + Pr {sup — Fi(x|z)

xZ

Gi :{(x,z)eRxZHlxrng(z—z’,h):z’eZ,h:(hl,...,hp)eRf,x’eR},

and Gy ={z€ Z— K(z-2.h):2 € Z.h=(h.....h,) eR,, xR}

These two classes of functions satisfy the Assumption of Proposition 10 with 0% o I—[Z=1 hi. Hence, from Propo-
sition 9, we get, for each j € {1,2},

P;(t) < 2[exp{—=Cn(h; - - - h,)*} + exp{=Cn(h; - - - h,)1}],
17



for r > An™'/?In(1/ miny hy)/(hy - - - h,)'/?, with A large enough and C > 0 some constant. Decompose

(1) < Pr {Sup Nk(xlz)—}E{Nk(xlz)} S t/2} . Pr {Sup Nk(xlz)A[f(z)jE{f(z)}] - /2} (A3)
xZ E{f(2)} xZ F(E{f(2)}
< Pi(t/2) + Py(1/2). (A.4)

Next, recall that infze 7z f(z) > fy > 0. Moreover, the bias of the kernel estimator of the density tends to O uniformly
on Z, i.e., supz.~ [E{f(2)} — f(z)] — 0 as n grows to infinity. This, combined with the bound obtained on P5(%),
shows that supz. - |f(z) — f(2)] = 0. Hence, infzcz E{f(z)} > fo/2 for n large enough, which leads to

Pi(1/2) < Pi(tfo/4), (A.5)
and
Py(1/2) < Pr {sup If(z) - E{f(2)}] = f0/4} + Pr{sup |Ni(xdl2)[ £ () - E{f)}el| > f5 r/lé}

Since sup, » [E{Ni(x]2)}| < ||K]leo < o0, we have

Py(1/2) < Pa(fo/4) + Paifyt/(16]|K]|w)}- (A.6)
Gathering (A.4), (A.5) and (A.6) leads to the result of the proposition. ]

Appendix B. Proofs of the main results
Introduce the set of indicator functions

H ={g: 0,11 x R” - [0, 1], (u.2) = 1(u € By .2 € B, ).

d )4
for some Ba,b = l_[[ak,bk] c [0,1]% and Bc,d = l—l[ck,dk] c R[’}.
k=1 k=1

Since all the subsets we consider in H are boxes, it is simple to verify that 7 is universally Donsker (for instance,
see Example 2.6.1 and apply Lemma 2.6.17 in [47].

Appendix B.1. Proof of the consistency of ,3 (Theorem 1)

For inference purposes and a given sample, the sample size that we use is actually #; = }}"_; &;,. This random
number is close to n; = }i_, w;,, the sample size if the U; were observable. Let us introduce

1 n A R
n; + 1 Z WinIncygprz,) (U,

M, (B)

M,B) = nHZwmlnCWﬁTZ)(U)

Mz*(ﬁ) . 1 Z w; ln CW(ﬂ,ﬂTZ,)(Ui)~
! i=1

Note that 3 is the optimizer of M, because neither n; nor #; is a f}lnction of the underlying parameter 5. By
assumption, 8y maximizes M(B) over 8. To prove the consistency of 3, it is sufficient to show that sups g M, (B) —
MPB)| = op(1).

We first show that supg.g |M,(B) — M,,(B)l = op(1). Simple calculations yield

Z Ginsup Vo n co0) | X WW(B.6720) = w657 2))

I’li+l P

IMa(B) = M, (B) - <

Vucws/s Z)
Cy(BBTZi)
18
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for some vectors U* such that |U; - U?| < IU Ul for alli e {1 .., n).

1 ! .
A,‘,, Vgl U,‘ = Op(1).
n[H;w, sup |V In cy(D] = Op(1)

For every £ > 0 and A > 0, we have

1 & R .
+ Pr{- Z G100 = Uy < 26,) sup|Volncy@)| > A
n<= 6@

By (5), the first term on the right-hand side above is less than & when n is large. To manage the last term on the
right-hand side, consider an arbitrary index i such that |U; — U;| < 26, and &;, = 1. Since 6, = o(v,), we can
assume that, for every k € {1,...,d}, we have

Uin/2 < Ui if Uip <172, and (1= U)/2 < (1= Uyp) if Uy > 1/2.
For r, the kth of the U-shaped functions that define r, we deduce

Ui < mUig/2)if Uip <172, and 1 (Uix) < {1l = (1 = Upp)/2) if Ui > 1/2.

In other words, rk(l?,-,k) < 11,1/2(Ujx) for such i and every k. Then, Assumption 4 implies

I~ o .
= D i, 10; - Uil < 26,)

= Z sup|Vy In co(UI@, 100, - Ul < 26,) <
6cO® =1
Md n
< - Z e < =2 3 rUw,
i=1
which is integrable. We get
1 v . E{r(U)w;}
Pri =" dnusup|Volncy(Dp) > A} <&+ MipBlr ) <2,
Sy 00 A

when A and n are sufficiently large. Since n;/n tends to a positive constant a.e., we deduce supg 71 (8) = op(1).
By a slightly more subtle reasoning, we can obtain supg T, = op(1). For every € > 0,

.....

1 Vauc
Pr Z@,nl(w U, < 26, )sup UGG Z) gy (0, - Uy)| > ¢
ni+ 1 4 CyBTZi)

and the first term on the right-hand side is smaller than &€ when n is large. Due to Assumption 4 and for every € > 0,
there exists 7 € (0, 1/2) such that

Jmax, B pU)UdUs <)+ (1= UDLUs > 1= m) IZ € D)) < &
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By applying Markov’s inequality, we deduce that

Vucypprz, U - U
Cuppzy

1 < .
Pri- Z o100, - Uyl < 26,) sup
S B

d n
1 ~ A
< pr{;l Z Z @i 1(U; = Uil < 267U X Ui = Uigl > 8}
k=1 i=1
d n
Z w (U, - Uj| < 26,)7.12(U;)
k=1 i=1

IA

Pr{

S| =

x{10ix = Uiallin < Ugge < 1=} + Ugd(Uise < ) + (1 = Uid)d(Ui > 1 =)} > &

IA
a)
=

d n 2

20, - 2e

S wiFapUn < Ui < 17} > s/z} 7%
k=1 i=1

IA

26, 2
Pr{ D0 ikl = Ui p(U) > s/z} + 2,

and then 4d, maxg ElwiUni(1 - Uy p(U)
n Max, w;U; — Uil i
PHT:(B) > &} < 3¢ + ~ L ARSI
ne
that is less than 4 when n is sufficiently large, because of Assumption 4. Note that we have used U,;k € (0,1) for
everyie{l,...,n}and k € {1,...,d} above. Since € may be arbitrarily small and »;/n tends to a constant a.e., we
get supg T>(B) = op(1), and we have proved that SUPgeg |M,(B) — M, (B)| = op(1).
Second, due to Assumption 2 and for every & > 0, we have

Pr ¢ sup > &
B

1< A
Pr{ - Z l(U, € 8n,Ui ¢ 8n7Zi € Z) sup|lnc¢(ﬂﬂrzl.)(U,-)| > 8/2
i3 B

1.
; § (wi,n _wi,n) In Cl//(ﬂ,ﬁTZi)(Ui)
=1

IA

1< A
+ PI'{— Z l(U, o2 Sn,U,‘ € 8n3Zi € Z) Sup|lnc¢(‘3ﬁ7zi)(U,-)| > 8/2}
n B

i=1

IA

2 A .
. E[{(1U; € &,,U; ¢ &) + 1(U; ¢ &, U; € ENN(Z; € Dh(U, Z)))

IA

3 B8, - UJl > 26, Z € Z0h(Us, Z)] B.1)

2 . N .
o E[{1(U; € &,,U; ¢ &) +1(U; ¢ &, U; € EHN(U; - Uj| £ 26, Z; € WU, Z))).
But, we have for any i,

l(lfjt - Uz| < 26n){1(Ut ¢ Sm f]i € Sn) + I(Ul € Sm 01’ ¢ Sn)}
d
<2 (WU € [Vh — 260, v +26,1) + 1(1 = Ui € [vyy = 260, Vi + 26,1)}
k=1

that tends to zero a.e. when n — oco. Invoking the Dominated Convergence Theorem and (3), this proves that the
second term on the right-hand side of (B.1) is less than € when n is large enough.
Moreover, due to Assumption 2 and Holder’s inequality,

E(1(U; - Ul > 26,, Z; € 2)h(U;, Z))} < B{h(U, Z)* W(Z € 2}/ Pr(U; - Uil > 26,,Z; € 2)'7"°,
that is less than € when 7 is large enough (Assumption 5). This yields
v
Sup 2 D (@i = i) Cugpgrz(Us) = 0r(D).
i=1
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Similarly, we prove sup| 2 (Wi — wi) IncypprzyUl/n = op(1). We deduce easily that SUpgeg IM,,(B) —
M:*(B)| = op(1) because n;/n tends to a constant a.e.

To conclude the proof, we can apply a usual Uniform Law of Large Numbers. For instance, Lemma 2.4 in [31]
tells us that (3) insures that SUPges |IM;*(B) — M(B)| = op(1). Therefore, we get that ,3 tends to By in probability. [

Appendix B.2. Proof of Theorem 2

First, we need to introduce some additional assumptions. They require that the functions we manipulate (or
their estimates) are “sufficiently regular”: to be Lipschitz, upper bounded by U-shaped functions, or a member of
some Donsker classes of functions, etc. Since we are managing several indices (6, u, z and ), the uniformity with
respect to some of them is most often imposed.

Assumption 7. Let the functions on (0,1)¢ x Z defined by
S, z) = Volncopyp, s72) (@) and f,z)=Vyn Cotp=i (o8] 2)W)-

For almost every realization, the functions f and f belong to a Donsker class for the underlying law of (X, Z), that
is denoted F.

Assumption 8. Let the functions on Z defined by
Pz p2) = V(BB Dp=s, and Pz p(z) = V(B B 2)ip=p,-

For almost every realization, the functions p and p belong to a Donsker class for the underlying law of (X, Z), that
is denoted T.

Assumption 9. Assume that E{sup,.e |V§ Incy(Uz)|(Z € Z)} < co. Moreover, for every (u,u’) € (0, D, we
have

IVolnco(u) — Volncy )l < &m)|6 -6, (B.2)
[V Incom) - Vilncp@)| < Em)lo-0), (B.3)

for some function @ such that E{£(U)} < co. Moreover, there exists a function r3 in Ry such that, for every
u € (0,17,

sup |V; Inco@)| < r3(w), E{rs(Uz)I(Z € Z)} < 0.

[Z=C]

Assumption 10. Assume that, for every (81,5:) € B2 and j € {1,2}, there exists a finite constant C such that

sup V3u(B1. BT 2) = Vi (B2, B3 )| < C B = Bal.
Ze

Assumption 11. Forevery k € {1,...,d}, there exists a function T’y € R; and some some « € [0, 1) such that

Zug 10, Vo(ln co)(m)| + 2ug Iﬁung(ln o)) <Tr), EU-U)TUz)NZ € 2)} < 0.

The next assumption is less intuitive and highly technical. It is required to control for the behavior of (unob-
servable) U; close to the boundary of [0, 11¢, i.e., when # is large and the trimming function “fills the hypercube”.

Assumption 12. For any u € R?, set

gu,z)=  sup sup  [Vylncy(v)l,
0eB(60(Z).1m1n) VEBU,25,)

where B(u, 0) (resp. B(6,1n)) denotes the closed ball of center u (resp. 6) and radius 6 (resp. n). Assume

sup Elg(U:, Z)W(Z; € Z,|Uis — vyl < 26,)} = o(n™"7), (B.4)
ke{l,....d}

and similarly after having replaced v, by 1 — v,,.
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The latter assumption is usually satisfied with a lot of usual copula models. Broadly speaking and when ¢y is
continuous with respect to its arguments and 6 itself, it means that

5 f IVaco(tt—se valDomsnio| 1z € Z)du_i dPrz(2) = o(n'),

and the same replacing v, by 1 —v,. We have denoted by (u_;, v,,) the d-dimensional vector whose components are
uj, when j # k, and whose kth component is v,,.

Second, let us prove Theorem 2. By definition of 3, VﬁMn(,B) = 0. Next, a first order Taylor expansion leads
to —=VgM,(Bo) = B - ﬁo)VéMn(ﬁ), where B = By + op(1), using the consistency of 3. From Lemma 6, we have
V[%.,M,,(B) = VéM (B) + op(1). Moreover, from Assumption 5 and the consistency of 3 (hence the consistency of 3),
we get VéMn(ﬁ) =X + 0p(1). Next, we have

1< PR .
VsMa(Bo) = ~ > VoIncge i (UVpl(B.BT Zi)pop, i
i=1

A. From the trimming functions @;, to w;,. Under Assumptions 3 and 12, we can apply Lemma 5 with the
function

x(W;, Z;) = sup sup |[Vglncg(v)|sup sup [Vay(B,5" 2)l
0By VeBig BeB ZeZ

and B,y = B{6y(Z;), n1,} and B; ; = B(U;,26,). This implies

1 n R 4 -
VsMa(Bo) = ~ > Voln o, (U)VIB.BT Zi)p-poin + 0p(n™2).
i=1

Now, decompose VgM, (By) = A1, + Az, + Ry + Ry, + Ry, where

1 n
Ay, = - Zve In ooy, UV (B, B" Z:)\p=p, Wi n»
n3
1 v .
Aw = = D Vel Copmy, (0 = Vo In oy, U0 B B Zjp-po i
P
1 N ~
Ry, = , Z Voln ooy, UV (B. BT Z)p=p, — Vo (B: BT Z1)p=p, }Wi s
P
_ Ix ; P T
Ry, = y Z{Ve Incyg-y,(Ui) — Vo In comy, (U (B, B Z 1) p=p, Wi

i=1

and
n

1 R . .
Ry, = ~ Z{Va In cgg_g,(U) = VoI coomy, (U} X VB, BT Zi)ip=p, — V(B B” Z)ip=p }in-

i=1
In this decomposition, we show that only the first two terms (A}, and A,,) matter, and that for each j € {1,2, 3},
the term R}, is op(n~1?).

B. Study of R,,. First observe that

1< . ,
Riy = = 3" Volncgomy (UNPZ) = p(ZD}win + Ry,
n i=1

n

1 N
Ry, = — > Vo ln ooy, (U) = Vo In cpomy (UDNPEZD) = pZ)wr

i=1
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By a limited expansion, we have

1< .
R}, = - Z{Vuve(ln co)o=y,(UD) (Ui = UDKP(Z:) — p(Z)}wip,

i=1

S

for some U such that [U; — Uj| < \U; - Uy Reasoning as in the proof of Theorem 1, we can write

Pr(n'?IR), | > &) < Pr( max_ \U; — Uil > 26,,Z; ez)

+

1 ol X R
Pf{m D Va0 ooy, (UD| [U: = Uilewnal p(Z:) - pZIN(0; - Uil < 26,) > s}

IA

g+pr{’71"ZZwk,/z(U)tnU,k— Uil 1(0; - U|<26>>s}

i=1 k=1

for n large enough and invoking Assumption 6. Note that

Ui = Uil 1(U; = U] < 26,)win < Cq U - Ui Ui = Uigl'™, ace.

for some constant C,,, when n is sufficiently large, i € {1,...,n}and k € {1, ...,d}. This yields
Pr(n'?R, |>€) < e+Pr { Camnb™” i irk UHU (A -Uip)*w; > 3}
In = a2 s 12U Uy ik) Wi
< &+ dCan—Snmé,ll” max E{lh12U)UF(1 = Uip)" wit

for some constant C/,. Thanks to Assumption 11, Pr(n!/ 2IR’lnl > &) < 2¢ when n is large enough, implying
R, = op(n~1?). Moreover, with obvious notations, R}, can be rewritten as

n

1 A
Rin == 3 (@(X0 Z)) - 8(X0n Z0)) i + ),
n i=1

where g, and g both belong to 3 = F; > H, which is a Donsker class of functions. Indeed, the fact that 73 is
a Donsker class follows from the permanence properties of Examples 2.10.10 and 2.10.7 in [47]. Moreover, from
Assumption 6,
sup  [Za(x,2) = g(x, 2)| = op(1).
XeR4,2€Z

Therefore, the asymptotic equicontinuity of Donsker classes (see Section 2.1.2 in [47]) yields,

Ry, = f Voco (u){ﬁ(Z) - p(Z)}wn(u, Z)dPI‘(U Z)(u’ 2) + OP(H_I/Z)_
Co 10=y(B0.83 2) ,

We can replace w,(u, z) above by 1(z € Z) if

f IVaco@)o=y(p 57 2)] X |0 (8, 2) — Weo(w, 2)| du dPr 7(2) = 0(n~ 172y,

This is guaranteed under Assumption 12. Then, under our assumptions, we can apply Fubini’s theorem. This
yields

fva In Cop=y(p, 572 @{P(2) — p(2)}L(z € -Z)dPF( )(u »2)
= [0 - p@rarez @] [ s @163 € 2Py g} -
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by definition of w(ﬁo,ﬁgz), which maximizes E{ln cy(Uz)|Z = z} with respect to 6, for any z € Z. This shows that
R, = op(n~'/?), and is therefore negligible.

C. Study of R,,. Write, from Assumption 11 and with obvious notations,

1 & [ Vee Ve /
Roy == { =Wy~ <Uz->} Vel (B. B Z)p=p, win + RS, (B.5)
n ¢ 0=y

' o o=y, 0 |

where

’ 1 I r
R;, = - {VoIn cgo_y,(Us) = Vo In copmy, (Ul (B, 87 Z:) p=p,Win

i=1

1 n
=~ D Vol cge (U = VoIncoomy, (UDIVpU (BB Z0)p-py i
i=1

1 ¢ . N
= D V30 c)omy, (02) = V30 co)omy, (U} Wi = UV B BT Z)jp-po i
i=1

1 & N ~
+ o Z{Vs(ln colo=y: (U;) Vo (In cg)ig=g, (UNY Wi — ¥) P Vu(B, BT Z:) =, win
=1

1 v . .
- Z VuVin co=y, U U = U) i = vV (B, BT Z)p=p, win
=1

+Op { max Wi — lﬂi|2} ,
1€ n

for some U;, ¢ and §; such that |U; — U;| < |U; = Uil, [y — il < W — il and [§f; — il < Wi — wil. Note that
we have invoked Assumption 9 to bound the last term on the right-hand side in probability. The main term on the
right-hand side is Op(11,6}™*) = op(n~'/?) from Assumptions 11 and 6 (mimic the treatment of R}, as above). We
deduce R, = op(n™'7?).

Next, invoking Assumptions 6 and 11, the first term on the right-hand side of (B.5) can be rewritten as

1 n
= h,(Ui, Z;) — iU}, Z))wip,
”Z{ WU, Z)) - (U, Z))w;,

13

where supy, 7 |1, (@, z) — h(u, z)| = op(1), and h, and h both belong to ¥4 = p.H.F1, as a consequence of Assump-
tion 7. This is a Donsker class from Example 2.10.10 in [47]. The asymptotic equicontinuity of the Donsker class
¥4 allows to write

Ry = f{Ve In Coo-iyipy pr2) @) = Vo In Coo-y (s, 57 2) @)} X VU (B, BT 2)p=p,wn(u, Z)dPr(U,Z)(”’ 2) +op(n”'7).

Decompose w,(u, z) as w, (u)wuy(z), where w, (@) = Lnin, min(i-u.u0)2v,» a0d wp(2) = 1jz1<m. The function

Y% \%
sio= [ {G—C" () - == (u)}wv(u)dPY(UZ=z)(u),

Co  1o=ip(Bo.B3 2) Co  lo=y(Bo.B3 2)

is a function of Bz only. This is due to the fact that the distribution of U given Z only depends on 5] Z, because
of the single-index assumption. With a slight abuse in notations, denote ¢,(z) = ¢,(8; z). This leads to

Ry = f ¢n(v){ f Vﬁ‘//(ﬂ,ﬁTZ)LBﬁan(Z)dPr(ngZ)(dv)} dPry 7 (v) + op(n™11?).

Next, as a consequence of Lemma 8, use that

fVﬁw(ﬁ,ﬂ-rZ)w:ﬁowM(Z)dPr(ngZ:v)(z) =0.
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This implies Ry, = op(n~'?).

D. Study of R;,. By the same reasoning as for R;,, we get

n

1 N
Ry =~ D {VsIn -5, U0) = VoI cgomy, (U} X {V50B, BT Zi)=py — V(B BT Zi)ipepsy )i + 0p(n™"1%).

i=1
Due to Assumption 6 and Assumption 9 (see equation (B.2)), we obtain R3, = op(n~'/?). O

Appendix B.3. Proof of the asymptotic normality of B (Corollary 3)

First, we need to introduce the way we estimate U; by pseudo-observations U;. Again, additional technical
assumptions are required.

Assumption 13. Forevery k € {1,...,d}, there exists a function {; € R, (see Definition 1) such that

sup |02 Vo(Inco)@)| < &) and B{U}(1 - U'&G(Uz) WZ € 2)} < oo,
0O

or some y € [0, 1]. Moreover, 527 = o(n~1?).
Jf Y

The latter assumption is of the same type as Assumption 11. Now, we impose that the estimated conditional
margins can be rewritten as i.i.d. expansions, a rather light requirement in general.

Assumption 14. Foreveryk € {1,...,d}, x € R and z € Z, we can write

n

A 1
Fixlz) = Fi(xlz) = = > ain(X ), Z ), %, 2) + ra(x, 2),
n =

for some particular functions ay, and for some sequence (r,) such that

Sup sup |7, (x, 2)| = rye0 = 0p(n~'?).
xeR ZeZ

The latter assumption implies that, for every i € {1,...,n}and k € {1, ...,d},

n

N 1 12
Uik —Uix = p § ainXjs Z s Xigs Zi) + 1 0/ ,Ef{rllaX } |7l = op(1).
i€{l,..., n
Jj=1

Denote a,(X;,Z;, X;, Z;), or a; even shorter, the d-vector whose components are ax (X}, Z j, Xix, Z;) for all k €
{1,...,d}.

In the case of the kernel-based estimates ' of Lemma 4, Assumption 14 is satisfied by using s-order kernels
K such that max; i, = o(n~"/?9) and n'/? ]—[2’:1 hy > nforsomea > 0. If h, = n" forall k € {1,...,d}, this
necessitates s > p and € (1/(2s), 1/(2p)).

Now, we require that the expectation of the previous terms a,(X;, Z ;, X;, Z;) in the expansion tends towards a
deterministic function sufficiently quickly and uniformly with respecttoi € {1,...,n}.

Assumption 15. Define Ay, 577) = VuVo(In co)g=y(s, 577), and assume that
FucoBAIA 5, 5 2, (UDlwn(Us, Z)} = o(n™'12), (B.6)
Assume that there exists a function W such that

sup [E{a,(X;, Z;,x,2)} — W(z,%)| = W, = o(n”'/?),
XeR4 ZeZ

and such that
WaeoF { |y 552, U WCZis XD D 5.5 Zp

w,-,,,} < co. (B.7)
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Choosing the kernel-based estimates ﬁk of Lemma 4, we see that E{a,(X;,Z;,x,z)} = W(z,x) = 0 and
Assumption 15 is automatically satisfied. This is most often the case with parametric marginal models, too.

Moreover, (B.6) and (B.7) are often easily satisfied when E{|A¢(ﬂ0ﬁgz/_)(Ui)| 1(Z; € Z)} < o. Note that the
Gaussian copula model does not fulfill the latter condition. Nonetheless, Assumption 15 will be satisfied with a
convenient choice of bandwidths, kernels and trimming sequences; see Appendix B.4.

When Assumption 15 was related to the bias of U ;, the next one seeks to control its variance.

Assumption 16. Assume vﬁ =Ella,(X>,Z>,X1,Z,) - Ela,(X2,Z», X1, Z) | X1, Z1}|*] < o0 and
Vi BUA 4, 572y UDPwin} 1 = o(1).

We are ready to prove Corollary 3. We use the same notations as in the proof of Theorem 2. Recall that

n

1 N
Av = — > (Va1 oy (0 = Vo 10 oy, DI B B Z0)p-po i

i=1

which can be rewritten as
Ay = 1Zn:A U (U; - UV TZ,; i+ Op(627) = A -l
2.n = n Y \Yi ( i 1) ﬁw(ﬁ’ﬁ l)|ﬁ=ﬁ0wl,n + P( n )— 2.n +0P(n );
i=1

thanks to a limited expansion and invoking Assumptions 15 and 13. Next, under (B.6), we have

n

, 1 < -
Ay = =5 > D MU @i VBB Zi) gy win + 0p(n™ ).

j=1 i=1

’

%»» Where

The leading term in A}, | can be decomposed into A, + A

, 1 n n
Ay = =5 > D MU E@i 21, X)VaU B. BT Z)popy i

j=1 i=1

and
n

, 1 n
A== D AuU) (i)~ E@i,|Zi. X)) Veu (BB Zi)g-s, i

j=1 i=1,i#j
Due to Assumption 15, Eq. (B.7), we have

, 1y _
Ay =~ > A U) WEZi XVl B. BT Z)ip-p, i + 0p(n”' 7).
i=1
Next, observe that the main term of A’, is of the form };. ; W(Z;, X;, Z, X;), after symmetrization, where
EWZ;,X,,Z;,X)|Z; X;} =B{WZ;,X;,Z;,X)IZ;,X;} =0.

So, A, is a degenerate U-process of order 2. It can be easily verified that its expectation is zero and

v
var(A),) = O{E f|/\w(ﬁ0ﬁgz)(u)|2 IVt (B, 8" 2)ip=p, | wn(ut, 2) dPr(U,Z)(u,Z)}-

Under Assumptions 16, we get A’, = op(n~'%). We have obtained
1< .
A+ Az =~ 3 01 Ya 0 Coom UV (B.BT Zidip
i=1

1 ¢ _ 1< _
+ ; Winly,(UD).W(Zi, XV g0 (B, BT Z:)jp=p, + 0p(n™"/?) = p ; wiM; + B, + op(n”'1?),

by introducing a bias term B, = )", (w;, — w;)M;/n, due to the trimming procedure. Its expectation is denoted
b, = E{(w1,, — w;)My}, and its variance is O(n"'6,). The asymptotic bias is negligible under (19), by recalling
Assumption 12, and then applying Lemma 5. In every case, the result follows from a standard Central Limit
Theorem, recalling the expansion of Theorem 2. (]
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Appendix B.4. Examples (continued)
Here, we analyze the conditions 1 to 16 to obtain the asymptotic normality of 3 in the case of the copula

families in Section 2.4. The reader will note that all such assumptions can be checked in practical terms, even if
such a task may be slightly boring.

Example 4 (continued): the Gaussian copula. Obviously, Assumptions 5, 9 and 10 are satisfied. This is the case
for Assumption 7 too, because X — In(|X]) is Lipschitz under (17) and invoking Example 19.7 in [46].

To deal with Assumption 8, note that p and p are Lipschitz transforms of conditional Kendall’s tau 7(8, 8" z)
and #(8, 8" z), respectively. From Example 19.20 in [46], it is sufficient to show that the functions z > V(8. 8] 2)
and z = V1 (B, B z) belong to a Donsker class a.e., assuming the underlying dimension d is two. It follows from
Lemma 7 and from the relation 7(8o,8)z) = =1 + 4 f Cp,(u|B] 2)Cp,(dulB; z) that

Vzez  Vpt(Bo.By2) = fi(By2) + 2/2(By 2),

with

i)

_E(Zlﬂgz =v,Ze2) {fco(u, V)Cpg, (dulv) + fCﬁo(ulv)co(du, v)} ,

HO) Z{fco(u, V)Cp, (dulv) + fCﬁo(ulv)co(du, v)},

using the notations of Lemma 7. In a Gaussian copula family, the maps z = f;(8]z) and z fj’ (B, z) are uniformly
bounded on Z. Therefore, V(8,3 z) belongs to the class G = {z € Z — f(B]z) + 28(B8; 2). f.& € C(M)} with
CM) = {f : Ifllo + 1/l < M}. The collection C(M) is a Donsker class from Theorem 2.7.1 in van der Vaart and

Wellner [47]. Moreover, G is Donsker from Examples 2.10.7-2.10.8 in [47].
It is also the case for V4. Indeed, with the notations of Appendix C, we can write

BB ) =-1+—— > X, <XDK;(B"Z; - B 2)K;(B"Z; - B 2).

HZfE(IBT 2) IJZZI J h i T i

A differentiation with respect to 8 easily shows that Vz7(8y, 8, z) is of the form Vs7(8y, 8] 2) = f By +z fz(ﬁg 2).
The results of Appendix C allow to show that, for j € {1, 2},

sup |£5(812) — fi(BI 2)| = Op{h2 + (Inn)'2n~ 112} 312
zeZ

and
sup |f/(B 2) — £} (Bg 2)| = Opthy, + (nm)' >0~ 20;, 72,
ZeZ

Therefore, z € Z +— V(8.3 z) belongs to the Donsker class G when nhd — 0.
Eq. (18) of Assumption 6 is coming from the results of Appendix C, and simple calculations prove that As-
sumption 11 is satisfied for every @ > 0. Recalling the notations of Appendix C, we have

sup [#(Bo. B 2) — T(Bo. By 2)l = Op{h® + (Inn)' 2n~ 120712} = Op(i1,)
ZeZ

and
sup V28,85 2) — Vs, (B0, B 2)l = Opth® + (In )20~ 2h732) = Op(pn).
ZeZ
To fix the ideas, assume /1 ~ n™7, for some 7 > 0. Then, to satisfy 51,7,, = o(n™'/?), it is sufficient to have 457 > 1,
§ > 2 and 47 < 1. Recall that we had set 8, ~ n™™ + Inp n.n=17P"/2_ To satisfy 6177, = o(n™'/?) for j € {1,2}, it
is sufficient to have 1 < (1 — @) min(2sn, 1 — pr) + min(237, 1 — 37).
Concerning Assumption 12, it can be verified that the left-hand side of (B.4) is O[4, vul® 1 (v,)}?]. Nonetheless,
& '(v,) ~ —+(=2)Inv,, when v, — 0; see [11]. A sufficient condition is then 6,v, In(v,) = o(n~'/?).
Assumptions 14 and 15 are trivially satisfied because we have chosen nonparametric marginal CDFs and we
apply Lemma 4, for which we have seen that we set W(z, x) = 0.
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Assumption 13 is the most demanding and cannot be obtained by the same reasoning as for Assumption 12.
Actually, we recall that the former one has been requested only in the proof of Corollary 3 to show that

1 v o 4
= D Va0 ooy (U (Wi = Ui Vot (B. 87 Z)popy i = 0p(n™'7),

i=1
for some random vectors U?, |U; — U,| < If] i — U;|. Due to Assumption 3, it is sufficient to check that
S2EAVa Vo (I co)yo=y, (UD Vet (B, BT Z)p=po|win} = o(n™'?).

Due to the boundedness of cy, the latter expectation is less than a constant times

O~ (1-v,)
f |t| exp(£2/2) dt.
(]

()

The latter integral behaves as exp[{®~'(v,)}*/2]. Since ®~'(v,) ~ —V(=2)Inv,, it is sufficient to satisfy 62 /v, =
o(n~'/?). Usual variance calculations for kernel densities prove that Assumption 16 is true when nh? = n!=P* — oo,
i.e., when prr < 1.
Gathering all the previous constraints, we can exhibit explicit combinations of parameters. For instance, we
can set
s=2p, §=4, m=1/Qs+p), 7=1/9, hy~nVCHP =p715r  fo~ 0,

-2/5 -1/5

for some « < 1/2, implying 6, ~ n=~'> and we choose v, = n
even in the bivariate case (p = 2).
Similar reasonings allow to exhibit explicit tuning parameters to manage Clayton and/or Gumbel copula mod-

els. They are left to the reader as an exercise.

. Note that we need high-order kernels in general,

Appendix C. Conditional Kendall’s tau

In this section, we show how to check Assumption 6 in general, when the conditional margins are estimated
nonparametrically. Incidentally, we prove some theoretical results related to the estimation of conditional Kendall’s
tau, that are valuable per se.

We consider the situation of a d-dimensional random vector X, whose conditional copula is parameterized by
7(8,8" z), the conditional Kendall’s tau coefficient of this vector as defined in (11) when d = 2, and (12) more
generally. In other words, we consider the case where ¥(B,87z) = g{r(8,8"z)} for some “sufficiently regular”
function g. Indeed, Kendall’s tau are commonly used for inference purposes of parametric copulas, particularly
Archimedean and elliptical copulas. Moreover, as explained in Section 2.2, (6) and (7) are satisfied in such cases.
Finally, we do not suffer from the curse of dimensionality because conditional Kendall’s tau are those associated
to the copula of X knowing 87 Z.

Introducing a kernel estimator F 5 of Fg(xly) =Pr(X < x|B7Z =y) as 13 B(xly) = Flﬁ(x, ooly) (recall (13)), define

(B, z) = 5T {—1 +24 f Fﬁ(waz)Fﬁ(dwaz)}.

In Lemma 12 below, we show that the uniform consistency of the conditional Kendall’s tau coefficient is
obtained, provided that we have some convenient convergence rates for .

Lemma 12. Assume that

sup  |Fp(x|7z) — Fp(x|8" 2)| = Op(£n0). (C.1
XeR43eB,ZeZ

Then

sup [#(8,8"2) — 7(B,8"2)| = Op(&n0).-
peB,ZeZ
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Proof. Decompose
Q! - DEB.B 2) — 1(B.BT2)} = 2¢ f{Fﬁ(xLBTZ) — Fy(x|72)} Fp(dx|B" 2)

+2° f Fp(x|8" 2){F(dx|B" 2) — Fy(dx|B" 2)).

The first term is Op(g,,) due to (C.1). For the second, observe that
| FateT Dt atanlse) - FataxlgT2) = (-1 [ (Fu(xlpT2) - Fytap"2) Fldsi )

which is less than supy. 5 7 |[F3(x|87z) — F4(x|8" z)|, and we use again (C.1). O

Lemma 12 yields some tools to verify the first part of Assumption 6, if one assumes that the function g is regular
enough (i.e., Holder with some high enough Holder exponent). Similarly, we can derive the uniform consistency
of Vé% for j € {1,2}, which allows to check the remaining conditions in Assumption 6.

Lemma 13. Assume that

sup  [VjEp(xB72) - VAFa(x|BT 2 = Op(en)), (C2)
XeR BeB,ZeZ

for j € {1,2), and that

max | |V1Fa(dxlg™2)| +[ViFa(dxls™2)| < Co,
jel12) A A
for some positive constant Cy. Then

sup |[Vgt(B,872) — Vst(B, BT 2)| = Op{max(&p,1, 40)}

peB,Ze
and
sup [V52(8,872) = V51(B, 8" 2)| = Op(max(s,2, &n.1, €n0))-
peB,ZeL
Proof. This is a consequence of applying the V-operator to #(8, 8" z), and of the compactness of Z. O

The next step is to verify that, under reasonable conditions, (C.1) and (C.2) hold. To this aim, let us introduce
some assumptions.

Assumption 17. Let K denote a univariate symmetric kernel function of order 5, § > 2. It is twice continuously
differentiable with bounded derivatives up to order 2. Moreover, h, denotes a bandwidth sequence, where h, =
o(n%) for some a > 0 and nh,, — .

Note that, in general, the latter triplet (K, h, §) is different from the similar quantities (K, A, s) that have been
invoked to define the pseudo-observations U;; see Lemma 4.

Assumption 18. Let f3(y) denote the density of B7 Z evaluated at point y. Assume that infgeg ze7 infy f3(y) > ¢, for
some ¢ > 0. Moreover, assume that fs is s-times continuously differentiable, with uniformly bounded derivatives.

The latter assumption is satisfied most of the time, because 87 z belongs to a compact subset when 8 € B and
z € Z. For instance, assume the arguments y above belong to a fixed interval [a, b] and that Z follows a Gaussian
N(0,%). Then 8TZ ~ N(0,87EB) and fa(y) = exp{—y*/2(B87EB)}/(V2rB8TLB). Since BTXA belongs to a compact
[c,d], ¢ > 0, the latter density is larger than exp{—b*/(2d*)}/( \V2rd) > 0.

In the single-index literature, some authors relaxed this assumption, by only assuming infz inf, f5, (y) > c.
Nevertheless, Assumption 18 requires to introduce a trimming procedure, in order to avoid parts of the distribution
for which some f3(87 Z;) are too close to zero. Such trimming procedures (generally working in two-steps), that
can be extended straightforwardly in our case, have been investigated in detail for example in Lopez et al. [29].

Let A denote a generic set of functions with envelope F. For a probability measure Q, let N(g, A, || - ll2,0)
denote the number of L?(Q)-balls required to cover the set of functions A, and

N(e,A) = sup  N(&llFlg, Al 20
Q:lIFllg<eo
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Assumption 19. A is a class of functions bounded by 1 such that N(e, A) < Ce™". Moreover, for ¢ € A, let
mg(y) = E{¢p(X, Z2)|B"Z = y). Assume that the functions mg are twice continuously differentiable, and their
derivatives up to order 2 are upper bounded by some finite constant M that does not depend on ¢.

We first state Lemma 14, that yields consistency rates for kernel weighted sums.

Lemma 14. Let L denote a class of functions satisfying Assumption 19. Under Assumption 17, we have

1 B'Z-B"z B'Z;-B"z\|| _ 12, -1/25-1/2
— X, Z; _ AX;, Z; _ — 1 h .
s, w3 2ok (PP b 2ok (FE LR < o i
Proof. Let
B'Zi-B"z B'Zi-B"z
B= AX;,, ZHK AX;, Z)K ,
I e R e |
and

B. =E{sup gA(X;, Z)K

where (&;)1<i<, are iid Rademacher variables. Due to Proposition 9, we have

N : (BTZi —ﬁTZ)
h

I

Pr{B > A((B; + 1)} < 2[exp{—AL2/(nh)} + exp(=Aat)], (C.3)

where AJ is a constant. Indeed, since the functions A are uniformly bounded by 1,

sup var {/l(X Z)K(ﬁ Z 7 — 'z )} = 0(h).

Bz

Next, observe that the class of functions

d :BTZ ﬁT 7 +
Li={g:R"'XZ - R,(x,2) = Ax,2)K 7 ‘ueZ,LeEBheRY},
satisfies the assumptions of Proposition 10 with o2 = O(h) and that, for some C and v,
N(e, Lg) < Ce™. (C.4)

The property (C.4) can be obtained from the following: Lemma 22 in Nolan and Pollard [32] shows that N(g, K) <
C,e7"2, where

{(x z)eRdeHK(ﬁTzhﬁT ):ueZ,ﬁeB,ixeR*}.

Using Assumption 19 and Lemma A.1 in Einmahl and Mason [14], we get that Lz = £ K satisfies (C.4).
Therefore, we can apply Proposition 10 to deduce that

B, < A'n'?RV2(=Inh)'? = A”n' 2RV (Inn)' 2. (C.5)
It follows from (C.5) that, for r; > 2A,A”,
Pr(B > t;n'?h*(Inn)!/?} < Pr{B > A1 B, + t;n'*h'*(Inn)'/? /2).
Applying (C.3) with = r,n'/2h'?(Inn)"/?/(2A,), we get
Pr{B > 1,n'*h'*(Inn)'?} < 2[exp{~A41 Inn/(4A?)} + exp{—Ast;n' PR (Inn) 2 /(2A))}],
and the result follows. O

This lemma is the cornerstone of Lemma 15 below, which ensures consistency rates for F s and its derivatives.
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Lemma 15. Let A denote a class of functions satisfying Assumption 19. Then, under Assumptions 17 and 18,

sup sup
PEA BeB,ZeZ

f d(x, ) Fp(dx|B"z) — Fﬁ(deTz)}‘ = Op(h® + (Inn)'2n~ 1277112,

Proof. Write

ki

ig(B72) = f 9(x, 2)Fy(dx|f"2) = Z¢(X,,Z>K

—
hﬁ;(ﬁT h
where

s 1 n L (BTZi- Tz

To# Z)_nﬁ;K( 7 )

is an estimator of the density f3(8"z) of 87 Z evaluated at 8" z. Let
7 T B'Z 'z ﬂ _» T\ A (Rl
hy(B72) = Z BXis ZOR (=== | = g6 ) fp (6 2),

and my(8" z) = my(B"2) f3(B" z). It follows from Lemma 14 that

(lnn)'/z}

sup [y (8" 2) — E{ffiy(B" )} + sup fs(8"2) = E{fs(8"2)) = OP{ VA

B.Z.¢

Moreover, using classical arguments on kernel estimators (and Assumptions 19 and 17), we have
sup [E{ig(B72)} = ma(872) +sup [EL3(672)} = 587 2)] = O,
pe B2

The result of the lemma follows from the fact that the density fz(8"z) is bounded away from zero by Assump-
tion 18. O

Lemma 15 allows to verify Condition (C.1) by considering ¢(x, z) = 1(x < xg), for some constant vectors xg.
This shows that, in this case, &,9 = 7° + (Inn)"/22~"/2h~1/2_ 1t also permits to obtain the uniform consistency rates
for Vlgﬁﬁ for j € {1,2}, with

(Inn)'/?

75 75
En1 =N+ ——, go=h"+
nh3/2 ’

(Inn)'/?
S

Indeed,

>

| = 1 = (B"Zi-Bz
Vpiy(B z) = ) ; 1X; £x)(Z; - 2K (T)
and the convergence of this term can be studied using Lemma 15, but replacing K by K’, and setting ¢(X, Z) =
1(X < x) (Z — z). The latter function is indexed by (x, z) that lives into R x Z, defining the convenient class A to
apply Lemma 15. The other terms obtained by differentiation can be studied in the same way.

Hence, the latter results allow to verify whether Assumption 6 holds. Indeed, under some (light) conditions of
regularity, we have obtained that

sup [#(B,87z) — T(B, BT 2)| = Op{h* + (Inn)'2n~ 21712y,
peB.ZeZ

sup |Vpt(B,872) — Vpr(B. 8" 2)| = Oplh® + (Inn)' *n~'2H712),
peB.Zel

and

sup [V3#(B.872) = Vir(B.BT2)| = Opth’ + (Inn)'*n~' 2R,
BeB,ZeZ
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